@ axioms

Article

Fuzzy H-Quasi-Contraction and Fixed Point Theorems in
Tripled Fuzzy Metric Spaces

Yunpeng Zhao 1, Fei He '* and Xuan Liu !

check for
updates

Citation: Zhao, Y;; He, F,; Liu, X.
Fuzzy H-Quasi-Contraction and
Fixed Point Theorems in Tripled
Fuzzy Metric Space . Axioms 2024, 13,
536. https://doi.org/10.3390/
axioms13080536

Academic Editors: Lu-Chuan Ceng
and Jen-Chih Yao

Received: 11 June 2024
Revised: 26 July 2024
Accepted: 5 August 2024
Published: 7 August 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, China;

zyp.12345@163.com (Y.Z.); Ixuan97@163.com (X.L.)

Teaching Department of Basic Course, Shanxi Vocational University of Engineering Science and Technology,
Jinzhong 030619, China

*  Correspondence: hefei@imu.edu.cn

Abstract: We consider the concept of fuzzy H-quasi-contraction (FH-QC for short) initiated by Ciri¢
in tripled fuzzy metric spaces (7-F MSs for short) and present a new fixed point theorem (FP7T
for short) for FH-QC in complete 7-F MSs. As an application, we prove the corresponding results
of the previous literature in setting fuzzy metric spaces (F MSs for short). Moreover, we obtain
theorems of sufficient and necessary conditions which can be used to demonstrate the existence
of fixed points. In addition, we construct relevant examples to illustrate the corresponding results.
Finally, we show the existence and uniqueness of solutions for integral equations by applying our

new results.
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1. Introduction

In 1965, in [1], Zadeh introduced the theory of fuzzy sets. From then on, many re-
searchers have discussed and developed this theory and applied the results to various
different areas, such as mathematical programming, multi-attribute decision making, cy-
bernetics, neural networks, statistics, computational science, and engineering (for example,
see [2-7]). In 1975, Kramosil and Michalek [8] first proposed the concept of F MSs. In
1988, Grabiec [9] initiated studying Banach and Edelstein’s FP7T in an FMS. In 1994,
George and Veeramani [10] slightly modified the conditions of the notion to obtain a Haus-
dorff topology. The modified definition, called George and Veeramani’s type of fuzzy
metric space (GV-F MS for short), is now considered to be the appropriate concept for a
fuzzy metric. Since then, many types of 7P7Ts and related results have been presented
by different authors (for example, see [11-22]). In 2002, Gregori and Sapena [23] defined
fuzzy contraction in an FMS and obtained a fuzzy Banach contraction theorem. In
2013, Wardowski [24] introduced a new concept of fuzzy H-contraction by mapping 7,
which is a generalization of fuzzy contractive mapping. Inspired by the notion of quasi-
contraction introduced by Ciri¢ [25], in 2015, Amini-Harandi and Mihet [26] introduced the
concept of FH-QC and obtained FP7T's for this mapping in a complete F MS. In 2020,
Jing-Feng Tian et al. [27] gave the notion of a T-FMS, which is a new generalization of
the GV-FMS, and deduced FPTs for fuzzy ip-contraction. Moreover, Jing-Feng Tian
et al. [27] introduced the concept of a neighborhood into the 7-FMS and obtained a
first-countable Hausdorff topology. Recently, many authors have obtained FP7s and
other results in the setting of 7-F MSs (for example, refer to [28,29]).

Motivated by the above works, we present the notion of 7H-9C which involves
ten metrics in a 7-FMS. First, we construct examples of 7-F MSs. Second, we establish
a FPT for FH-QC in such a space. Third, as an application, we clarify Amini-Harandi
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and Mihet’s results [26] in the setting of an F MS using our new results. In addition, we
give another form to the theorems of sufficient and necessary conditions which can be used
to demonstrate the existence of fixed points. In the meantime, we provide two illustrative
examples in support of our new results. Finally, we discuss the existence of a solution for
the integral equations formulated in the 7-FMS.

2. Preliminaries

Some related concepts and conclusions will be recalled below. Throughout the paper,
we always denote sets of real numbers, sets of all non-negative integers and sets of all
positive integers as R, N and N, respectively.

Definition 1 ([30]). A function * : [0,1] x [0,1] — [0, 1] is said to be a continuous t-norm if the
following conditions satisfy

(i)sxl=1Ixsandsx (Ix1) = (sx1)*71for0<s,,7<1;

(ii)sx1=a,for0<s<1;

(iii) s x| < T A whenever s < tandl < Afor0<s,l,T,A <1,

(iv) * is continuous.

According to Definition 1, we know that for 0 < sand ! <1, #,(s,!) = min{s,/} and
*p(s,1) = sl are continuous t-norms.
The notion of a 7-F MS was introduced by Tian et al. [27], defined as follows.

Definition 2 ([27]). A triple (X, L, x) is called a T-F MS if X is an arbitrary non-empty set, *
is a continuous t-norm and L is a fuzzy set on X x X x X x (0, c0) such that forall o, B,7y,6 € X
and all T,0 > 0, the following conditions hold:

(T-FMS-1): Lyp(T) >0

(T-FMS-2): Lop (1) =lifand onlyifa = B =;

(T-FMS-3): Lang(1) > Logy (1) for 7 £ B

(T-FMS-4): Ea}g,y(’l') = a7ﬁ< ) ‘C’y,ﬁ,a<T) =...,

(T-FMS-5): Lp(+):(0,00) — (0,1] is continuous;

(T-FMSE-6): Lop(T+0) > Lyss(T)* Ls,5,(0).

We can construct an example of a 7-FMS by an F MS in the setting of a GV-FMS.
Example 1. Let (X, F, ) bean FMS. Fora, B,y € X and T > 0, we define
Lapy, (1) = min{F(a, B, 7), F(a,7,7), F(7,8,7)},
and (X, L, *)isa T-FMS.

Proof. It is not difficult to see that £ satisfies (T-F MS-1)-(T-F MS-5). Next, we verify
that £ satisfies (T-FMS-6). If o, 8,7,6 € X and 7,0 > 0, we have

,C“,}g/y(’f—‘re) = min{F(a, B, T+80), F(a,v,T+06),F(B,v,T+0)}
> min{F (a6, 7) * F(J,B,0), F(a,6,7) * F(6,7,0), F(B,7,0)}
> min{F(«,8,7) * F(6,B,0), F(a,6,7) *x F(3,7,0), F(a,é,7)*x F(B,7,0)}
= F(a,6,7) *min{F(4,B,0), F(6,7,0), F(B,7,0)}
= L455(T) % L5,5,,(0).

Therefore, L satisfies (T-F MS-6), and then (X, L, *)isa T-FMS. O
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Example 2. Let &, € N1, & >, and « = x,; we define

n—+Tt

= T)ﬂ(\a—ﬁlﬂﬁ—v\ﬂa—ﬂ) Va,B,7,6 € (—o0,+00), T > 0.

Lap(T) = (
Then, (X, L,*)isa T-FMS.
Proof. It is not difficult to ascertain that £ satisfies (7-F MS-1)-(T-F MS-5). Next, we
verify that £ satisfies the condition (7-FMS-6). In fact, if o, 8,7y, € (—c0,+0), T > 0

and 0 > 0, we have

Lopr(T+0) = (215 ulaplelp=al+lar)

C+t+s

> (1FTH0 pala—sl+|p-)+1p-1+15-7)

T C+T+0

= (T sy (M TE O u(ipal+pnl+lo-7)
c+1t+0 c+t+0

> (ﬁli;f)Zmafé\x (ﬁjtg)uﬂﬁféHﬂﬁ*kaJ*vD

- C+T c+0

= L4s5(T) * Ls5p,,(0).
Hence, L satisfies (T-FMS-6),and (X, L,*)isa T-FMS. O

Tian et al. [27] obtained a Hausdorff topology by defining an open neighborhood,
R(wg,7,7) ={pe X: an,ﬁ,/g(’r) >1-—r7, [:“0,“0,/3(1’) >1—r},

and then the concepts of convergence and £-Cauchy sequences (£-CSs for short), related
propositions, were given as follows.

Definition 3 ([27]). Let (X, L, *) bea T-FMS and {z,} C X be a sequence.

1) zp > 2zp € X(n = o0)<= VT > 0,0 <r <1 ANy € N st Vn > N,
zn € R(20,7,7), 1.6, Loy 2,2,(T) >1—r,and Ly, -,(T) >1—1.

(2) {zu} is an L-CS or a Cauchy sequence (CS for short). <= VT > 0,0 < r < 1,
INy, € N*s.t. Vm,n,1 > Niy, L), 2,2/ (T) > 1 —1.

(3) A T-FMS is L-complete, or complete. <= VL-CS {z,} C X, I zp € X s.t. zy — 2.

Proposition 1 ([27]). Let (X, L, *) bea T-FMS and {z,} C X be a sequence. Then,

Dzp =220 X <= V1 >00<r<1,3INy, € N“s.t.Vn > Npy, Lo ,2,(T) >1—1.
<= V1 >00<r<1,3IN, € N“s.t.Vn > Npy, Ly 292, (T) >1—.
= Loy2020(t) = Lor Ly, 22 (t) = 1(n — o) ¥Vt > 0.

(2){zn} isan L —CS <= V1 > 0,0 <r <1,3IN¢, € N*s.t. Vim,n > Ny,
[’Zmrzn,Zn (T) >1-—r.
— 'Cznrzrnrzm(t) — 1(71,1’}’1 — OO) Vt > 0.

Proposition 2 ([27]). Let (X, L, ) be a T-FMS. Then, if w and B € X, Lypp(-) is
non-decreasing.

Proposition 3 ([27]). Let (X, L, %) be a T-FMS and g, Bo and vy € X. Let sequences
{an}, {Bn} and {yn} be in X. If xy — g, Bn — Po and v, — 7o as n — oo, then, for any
t >0, Loy gy (t) = Lag,posyo(t) as n — oo
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The following notion of fuzzy H-contraction was introduced by Wardowski in [24], as
a generalization of the fuzzy contractions of Gregori and Sapena [23].

Definition 4 ([24]). Denote by H the class of mappings i : (0,1] — [0, 00) such that n is strictly
decreasing, and v transforms (0, 1] into [0,00).

Note that if 7 € H, then 7 is continuous, and 7(1) = 0. Combining the concepts of a
T-FMS and 1, we have the following proposition.

Proposition 4. Let (X, L, x) bea T-FMS and n € H. With a sequence {ay,} in X, then the
following are valid.
(1) {an}isan L-CS. <= ngrg 7(Layapmam(t)) =0Vt > 0;

2) ay — 0 = nli_ﬁ{}o’?(ﬁan,aA(t)) =0or nli_r)rolon(ﬁaman,a(t)) =0Vt>0.

Proof. (1) Let any € > 0 be fixed. According to the definition of 7, then n~1(e) € (0,1); for
€ €(0,1—-n"1(e)), wehave 1 — €’ > 571 (€), so we deduce that (1 — €’) < e. Remarking
that {a, } is an £-Cauchy sequence, for above ¢’ and any ¢ > 0, we see nyp € N such that
Loy smam (£) > 1—€ foralln,m > Ny. Hence, (L, apmam(t)) <n(l—¢€") <e.

Foranyr € (0,1), then(1—r) > 0. Applying this condition, for € = (1 — r) and any
t > 0, we see nyg € N* such that 7(M(ay, &m, an)) < 17(1 —r) for all m,n > ny. Therefore,
M(ay, m, ) > 1 — r. The proof is completed.

(2) The proof for (2) is analogous. O

3. The Main Results
Now we give the definition of FH-QC in a T-F MS below.

Definition 5. Let (X, L, x) bea T-FMS. A mapping & : X — X is called FH-QC relating
ton € H if we can find k € (0,1) such that the following conditions satisfy

N(L p0,28,4(T)) <kmax{(La,pq (7)), 1(Lae,20,24(7)), 1(Lp,2p,2p(7T)),

1Ly, 24,2:(T), (L, 28,28(T)), 1(Lp, 5,5, (T)), 1(Ley, 20,24 (T)),
1 (ﬁa,,@%ﬂw (T) )r n (Eﬁ,ya,ﬁzx (T) M (Ev,gzﬁ,z@ﬁ (T) } 1)

forany «, B,y € X and T > 0.
Our main theorem is related to FH-QC ina T-FMS.

Theorem 1. Let (X, L, *) be a complete T-FMS and let & : X — X be FH-QC relating to

n € H such that
@a=pxy=na)<n(B)+n(v),Vapv€{Lyi,ri,r,(r):z€X,T>0ij€eN}k
(b) for ¥ v € X and each sequence {t,} C (0, 00), which is decreasing and convergent to 0,

{n(Ly1y,19(%)) 1 i € N}y and {n(L., ., 1,(7;)) : i € N} are bounded.

Then, T has a unique FP in X.

Proof. For any a € X, take a := ag and define {a,} in X by a, = Pua,_q,n € N*T.
Denote a set {(w,n) : w € N,n € Nt and w < n} by D. For any T > 0 given, define
Pr:D — [0,00) by

Pr(w,n) = max{n(Lau;a; (7)) 1w < ,j <}

Now, we will show that {a, } is a Cauchy sequence in four steps.
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Step 1. We prove that for any T > 0,
Pr(w+1,n) < kPr(w,n) for any (w,n) € D withn > w + 1. ()

Let (w,n) € Dwithn > w + 1be given. Forany i,j € Nt withw +1 <1i,j <nand
T > 0, by Equation (1), we have
U(E“ir“]’/lx]'(T)) = W(ﬁTai,l,Taj,l,Tuc,,l (7))
< kmax{r](ﬁaiflr“jflrlxjfl (), 1(Lay 1000, (T)), W(ﬁajfl,a/,a; (1),
W(Eajfl,vzj,aj('f)) 1(La; 1ocj,vzj(T))/W(ﬁajfl,ocj,aj(T))/’?(ﬁajq,ai,oq('f))r
(Lo (T)) 11 (L i (1)1 (L0 (T)) }
< kPr(w,n), (©)

which shows that Pr(w + 1,1) < kPr(w,n) < Pr(w,n).
Step 2. We verify that for each 7 > 0,

Pr(w,n) = max{ﬂ(ﬁzxw,o&pl,am (7)), 1 (Lagmomp, (T)) : @ < p1,p2 < n}. 4)
Let (w,n) € Dbe given. If n —w =1, then n = w + 1, and hence

(Lao o (7)) }

(E“pz Aw,Xw (T)) w < pP1, P2 < 7’[}.

Pr(w,n) = max{n(Lay,,u,a,(T))

= max{n(ﬁawﬂpl Apq (T)

VQ

We now suppose that n — w > 1. Forany i,j € N* with w 4+ 1 < i,j < n, by Equation (3),

we obtain U(cai,aj,aj(T)) < Pr(w+1,n) < kPr(w,n) < Pr(w,n). Thus,

PT((U,Tl) = max{’?(ﬁlxwr“pl/“pl (T))/ U(ﬁaw/aw/ﬂ‘pz (T)) W< pLp2 < 1’1}.
Step 3. We shall show that for every T > 0, we can find M > 0 satisfies
pT(O/n) S M Vn S N+

We find a sequence {b; } which is positive, strictly decreasing and } ;°; b; = 1. By Equation (4),
we obtain Pr(0, 1) = max{n(Lag,a,, ap, (7)), 1(Lagaguy, (T)) : 0 < p1,p2 < n}.

Let us consider the following two cases.
Case 1. We can find that the positive integer p; < n satisfies

U(»ctxo &y Apy (Z blT))
I=1
< (’cﬂéoﬂélal Z bit)) +77(’c“1“p1“p1 Zblt
I=g+1

According to condition (b) and the continuity of 77 and L, 4, (-), we have

Pr(0,n) <limsup i(Lagay (Y, bi7)) + 1(Lay oy, a1y, (T))
g—r00 I=q+1

<limsup 7(Lagay,a (Y, biT)) +kPe(0,n).
g—0 I=q+1
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Hence,

PT(O/ 7’1) S

1 7 imsup 1 (Lag a0 ( Z biT).
g0 I=q+1

Case 2. We can choose for the positive integer p, < n to satisfy

Pr(0,1) = 1(Lag gy, (T))

[e9)

‘C’XO X0, pqy Z

(»Clxotxouq Z blT +77(’C’Xl A1,8pq ZblT

<
I=g+1
Similarly,
1 . s
PT(O/n) S 1 k hmsupn(ﬁlxor“oﬂl( Z blT))
T g I=q+1
Let

M =: max{ khmsupiy(ﬁaom1 ” 2 b)), . khmsup’?(ﬁlx(]lxole Z bT))
I=q+1 I=q+1

We conclude that
P (0,n) <M VneNT.

Step 3. We shall prove that {«, } is an £L-CS.
For each T > 0 and w,n € N* and w < 1, by applying Equation (2), we have

17 (E‘XWI‘XH!‘XH (T))

VAN
!

(w,n)
(w—1,n)

»
$’

“p,(0,n)

VAN VAN VANRVAN!

> oy e
R :
<

Therefore, 17(La,, upu,(T)) = 0as w,n — 0. We know that {«,} is an £-CS from Proposition 4.
Next, we shall show that «’ € X is the FP of & .

Since (X, L, ) is complete, x’ € X such that x, — x’ € X' (n — o). By Equation (1),
we have

(Lo, 10,10 (T)) <kmax{n(La,ar,a (7)), 1 (L1001 (0,1 (Lo, 1o, 10 (7)),
(Lot o, 100 (1), 1 (Lo, 100,100 (), 1 (Lot 1o, 100 (7)),
(Lot 1,051 (D)1 (Lo 100,100 (T)),
(Lot 101 (D)1 (Lo, 1,10 (T)) }
=kmax {1 (Lo, a2 (7)), 1 (Layy 1,001 (1) 1 (Lot 100,100 (1))
1Ly, a0 (T)), ’7(£a/,an+1,an+1 ()}
Letting n — oo in the previous inequality, according to Proposition 3 and the continuity of

1, wehave (L 1o 1o (T)) < k(L 70 1o (T)) for V T > 0; therefore, 17(Ly 14 1o/ (T)) = 0
for V T > 0, and it follows that L, 1,/ 7,4 (T) = 1for V7 > 0,and so &’ = Ta/'.
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Finally, we shall verify that a’ is the unique FP of 2. If p’ is also an FP of T, then
for V T > 0, by Equation (1), we see

1L p,p (7)) =1(Lra,rp, 16 (T))
<kmax{n(Ly g p (7)), 1(Lar, 10,72 (7)), 1L, 78 (T)),
1(Le,rp 1 (1)), 1(Lar,p,1p (7)), 1 (L, 1 (1)), 1( Ly Tar, 00 (T)),
(L g1 (7)), (L 1o, 12 (7)), 1 (L 178 (T))
=kmax{n(Ly g p (7)), 1(Los a5 (T))}-

Similarly, 17(Ly o p (7)) < kmax{n(Ly o g (7)), 1(Larpr (7))}
Hence, VT >0

max {1 (Lo w,p (7)), 1(Lar,gr,pr (1))} < kmax{n (Lo ,ar,p (7)), 1( Lo prp (7))}
max{n(Ly 0 p (7)), 1(Lar g p (7))} = 0. Therefore, o’ = . O

Note that & is not required to be continuous in Theorem 1; now, we construct the
following example to illustrate this.

Example 3. Let X' = [0,2] and * = ;. Define

3+T

i T)\‘" ﬁ‘+|7_/5|+‘7_"‘|for a,B,v € Xandt > 0.

Lopy(T) = (

From Example 2, we see that (X, L, %) is a T-FMS; furthermore, (X, L, *) is L-
complete. Now, we consider the following mapping:
7 5 = 0/

‘%:{ , 6€(0,2].

For 77(t) = Inl,t € (0,1], obviously, 77(t) € H. Then, the following holds:
(1) #: X — X is FH-QC related to 7 = In1 € H;
(2) & is not continuous on &, and & allows for a unique 7P in X.

W= 0ol

Proof. (1) It is sufficient to prove that #(Lrq,1p,1,(7)) < IM(a,B,7) forany a, B,y € X
and T > 0, where

M(a, B,v) =max{n(Ly,pq (7)), 1(La,Ta,12(T)), 1(Lp 18 T8(T)),
(Lo, 1,19 (T)), 1 (Lay8,18(T)), 1 (L 1, 19(T)), 11 (L, Ta, 10 (T)),
(Lo, y,19(T)), 11 (L 0,70 (7)), 11 (Lo, 1p78(T)) }-

Let us discuss three cases:
Casel. Ifa=0,8,v € (0,2], thenforany v > 0,

n
n

NM—*

(1)? = (Lazprp(T))?.

Hence, 7(Lra,1p,1/(T)) = -3 In(Ly,1p,7p(7)) = %W(ﬁzx,Tﬂ,Tﬁ(T))' Therefore, for any ¢ > 0,
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Case2. Ifa =B =0,7 € (0,2], then forany T > 0,

t+3
t+4

D=

(1) = ()1 = (Lg1 1 (1)) = (Lpry14())2.

L T)=L111 11
To1p Ty (T) = L1211 1,1

Similarly, for any T > 0,
1
1(L1a,1p1(7)) < 5 M2, B, 7).

Case3. Ifa =p=7=0ora=p=1¢€(0,2], then(Lryrp1,(T)) = 0, and apparently,
forany T > 0,

1(Lra,1p1/(T)) < %M(oc, B,7).

Note that 7(t) = Ini(t € (0,1]) and =, satisfy (a),(b) of Theorem 1; hence, all the
conditions of Theorem 1 are fulfilled. ,
(2) 2 is not continuous at § = 0. In fact, forany T > 0, L1 1 (1) = (31L)n — las

n — oo; hence, % — 0 as n — . However, @(%) = % # 2(0) %. Therefore, & is not

continuous on X.
Obviously, § = § is a unique FP of 2. O

In 2015, Amini-Harandi, A. and Mihet, D. considered the concept of FH-QC in an
FMS-(X, F,x) as follows.
The mapping & : X — X is called FH-QC related to 7 € H if k € (0,1) satisfies

1(F(Za, 2B, 7)) <Amax{n(F(w, B, 7)), 1(F(a, Pa, 7)), 1(F (B, 2B, 7)),
n(F(a, Z2B,7)),1(F(Puw,B, 7))} foralla, p € X and T > 0.

We will clarify their results in [26] using Theorem 1 as a consequence of our
theorem shortly.

Corollary 1 (See Theorem 2.3 of [26]). Let (X, F,*) be a complete FMS andlet & : X — X
be FH-QC relating to € H such that
@a>Bxy=nw) <yB)+n(y),Ya B,y € {F(Pz Pizt):z€ X,T>0,i,j € N},
(b) for ¥ v € X and each sequence {T,} C (0,00) which is decreasing and convergent to 0,
{N(F(y, Py, 7)) i € N} is bounded.
Then, & has a unique FP in X.

Proof. Foralla, 8,7, € X and T > 0, define

‘C“/ﬁz%(t) :min{]:(zx,ﬁ,T),}"(oc,'y,T),f('y,ﬁ,T)}.

By Example 1, we know that (X, £, *) is a T-F MS. Moreover, it is obvious that (X, £, *)
is L-complete due to the completeness of (X, M, ). Since

L iy, pin, 2ia(T) = min{ F(P'x, P, 1), F(Pla, P'a, 1), F(Ta, Pla, 1)}
=F (P, Tla, 1)

and L, 74,70 (T) = Ly Ta,72(T) = M(a, Tar, T), it follows that T satisfies (a), (b) of Theorem 1
in the T-FMS (X, L, *).

Next, we will prove that &7 : X — X is FH-QC relating to 7 € H in (X, L, *). In fact,
forany a, 8,7 € X and T > 0, according to the definition of £, g ,(7) and Equation (1),
we obtain
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(L pa,zp,24(1)) = n(min{ F (P, PB, 1), F(Pa, P, t), F(Pv, PP, t)})

= max{y(F(Pa, ZB, 7)), 1(F (P, P7v,7)),1(F(Py, PB,7))}

< kmax{y(F(a, B, 7)), n(F(a, Pa,7)),1(F (B, 7B, 7)), 1(F(a, P, 1)),
n(F (P, B,7)),1(F(a,7,7)),n1(F (e, Pa, 7)), 0(F (v, Z7,7)),
n(F e, Ty, ), q(F (v, Ta, 7)), 1 (F (v, B, 7)), 1 (F (7, T, 7)),
n(F(B, 2B, 7)), n(F (v, ZB,0)),n(F (B, Z7,7))}

= knmin{Ly g (T), Lo, 2a,24(T), Lp,28,52(T), Loy, 24,21(t), Lo, 2p,2p(T),
Lp,7,99(T), Loy, 20,20 (T), Lo, 9,50 (T), L, 20,0 (T), Loy, 2p,2(T) }

= kmax{1(Ls,p (7)), 1L, 20,24(T)), 1(Ly, 2y, 24 (tT)), 1(Ley, 2, 5,(T),
1(La,2p,28(T)) 1(Lp, 24,54(T), (L, 20,2 (T)), 1(La, 24,5, (T)),
1(Lp,70,24(T)), 1(Lyy, 2p,25(T)) }-

Therefore, applying Theorem 1, we find that & has an FP x’ € X in the context of the

T-FMS (X, L, ).
This shows that T has a unique F'P in the context of the FMS (X, F,*). O

In the next proposition, we will give an equivalent form of condition (b) in
Theorem 1.

Proposition 5. Let (X, L, *) bea T-FMS,n € Hand & : X — X a mapping. Given v € X,
the following statements are equivalent:

(1) Ae>o £’y,f?’y,,@7(7~—) > 0.

(2) For each sequence {1, } C (0, 00) which is decreasing and convergent to 0,
(L, 2~,2+(1:)) : i € N} is bounded.

Proof. According to Proposition 2, we see L, 5, 5 (-) is non-decreasing. Hence,

/\ ‘C'y,(@'y,,@'y(ﬂf) = tl_l)%}r E7,<@W,9’7(T)-
>0

Suppose Ao L, 2+,2,(T) > 0,and let A~ L, 5,,2,(T) = a > 0; then, a € (0,1] and
L., 7+,2,(T) > aforevery i € N. Remarking that 7 is strictly decreasing, it is obvious that

DL (T)) (@) Vi€ N.
For any sequence {7,} C (0,00), 7, | 0, we can find M > 0 such that
(L, 54,2,(Ti)) < M forevery i € N.
Since 7 is strictly decreasing, we have
L1y, 9 () = 17N 01(Lo (1)) = 171 (M) > O for every i € .
Therefore,

/\ E%g%gz,y(l') = lirniinfﬁ%g%@y(’q) > 17_1 (M) > 0.
t>0

O

Similarly, we can deduce the following result.
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Proposition 6. Let (X, L, ) bea T-FMS,n € Hand & : X — X a mapping. Given vy € X,
the following statements are equivalent:

(1) Ar>o Ev,y,ﬁ”y('[) > 0.

(2) For each sequence {1, } C (0, 00) which is decreasing and convergent to 0,
{n(L,,,2,(7)) i € N} is bounded.

Theorem 1 can be written in a more elegant way, as follows:

Theorem 2. Let (X, L, x) be a complete T-FMS and let & : X — X be FH-QC relating to
n € H such that
@a>Bxy=1ne) <nB)+1(7),Va,pyE€{Lsi, i, (T) :2€ X, T>0,i,j €N}
(D) N0 Loy, 24(T) > 0and Nowo L.y, +,2,(T) > 0forall y € X.
Then, & has a unique FP in X.

Remark 1. From the proof of Theorem 1, we know that for any « € X, sequence {T"a} is
convergent to the F'P. We will give another idea of the theorem of sufficient and necessary
conditions which are more widely used for the existence of FPs.

Theorem 3. Let (X, L, %) be a complete T-FMS and let & : X — X be FH-QC relating

ton € Hsuchthat « > Bxy = n(a) < n(B) +1(7), ¥V a,B,v € {Lsi, pi, 2, (T)
z € X, T > 0,i,j € N}, then, T has a unique FP in X if and only if v € X such that

Ar>0 ﬁ%%@v(f) > 0and N\~ £’y,<@v,<@7(7) > 0.

The following example is constructed to illustrate that Theorem 3 has wider applica-
tions in the existence of FPs to some extent.

. |p—altly—pltlr—al, 4

Example 4. Let X' = [0,4], and define L, 5., (T) = [e T | =" forany o, pand y € X

and T > 0; then, (X, L, ) isa T-FMS (refer to [Example 2.8] of [27]). Furthermore, (X, L, %)
is L-complete. Consider & : X — X as follows.

2

50, 0€0,4
Ps=3 3 0,4)

1, =4

Then, the following holds:
(1) & is not continuous on X;
(2) @ is FH-QC relating toy = ln%,t € (0,1] € H;
(3) Condition (b) of Theorem 1 is not fulfilled;
(4) For () = In}, T satisfies all the conditions of Theorem 3, and 2 has a unique FP.

Proof. (1) It is not difficult to prove that & is not continuous at 6 = 4. Hence, & is not
continuous on X.

(2) Now, we will prove that for n = Inl € H, k = %2 € (0,1), satisfying the
following condition:

N

U(ﬁe@rx,{@ﬁ,;@'y(—r)) < gM( B ’)’)

forany a, 8,y € X and T > 0, where

M(a, B,7y) =max{1(Ls,p (7)), 1(Ls,20,24(T)), 1(Lp,2p,25(T)),
ﬂ(ﬁvafv( )/77( afﬁfﬁ(T)>l77(£ﬁf’yJ7( ))rﬂ(ﬁv,ﬁv,yv(T))/
1(La,29,2+(1)), 1(Lp,20,20(T)), 1( Loy, 2p,28(T)) }-
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In fact, for y = ln% € Handa, 8,7 € X, we have

17(‘606,/5,’}’(1—)) — |;Bftx| + |’Y;.B| + |77“|.

We consider the following two cases:
Case1. Supposena € [0,4).
If p€[0,4),7 €0,4), then
5B—al+ 3y —Bl+35lv—al _2

U(ﬁﬂa,@ﬁ,{?v(T)) = T = gﬂ(ﬁa,ﬁ,v(l—))'

Thus, for any T > 0, we have

2
(L pa,2p,24(T)) < M, B, 7).

€8]

If 6 €]0,4),v =4, then
218~ ol + 13611 + 32— 1]
T

1L pa,2p,27(T)) = 1(L2,251(7))
Ifa € [0,3], B € [0,3], without a loss of generality, we assume a > B; then,

2B—a)+(1-3B)+(1—3a) 2-—14B

o T T

1(L pa,2p,24(T))
6
ﬂ(ﬁv,ﬂ'y”@v(ﬁf)) = 77(£4,1,1 (T)) = T
Thus, for any T > 0, we have

2 4 2 2
< p < P 5’7(‘67,@7,@7(7.)) < gM(“/.B/’Y)'

Ifa € [%,4], B e [%, 4], without a loss of generality, we assume a« > f; then,

208 _ 20 2 s
W(Empiny (1) = L FEE DG 5

Thus, for any T > 0, we have

’7(‘69&,32’,6,(@7(7)) <

Ifa € [3,4],B €[0,3], then

1L pa,2p,24(T)) = p.

Thus, for any T > 0, we have

400 2(Q _
s(4-B) _ 5(8-2p8) %U(ga,m(r))ggﬂ/l(a,ﬁ,’r)-

5 < —
N(Lya,7p,74(T)) < S - 3




Axioms 2024, 13, 536

12 of 14

If =4, =4, then

~ 2|3a—1]

1L 2a,28,2,(T)) = 1(L2411(T)) pe

Ifa €0, %), then
2 — %uc

N(Lga,zp,54(1) = ——,

Thus, for any T > 0, we have

SEES
Al

(L pa,2p,2,(T)) <

Ifa e [%,4),then

1(Lgpu,zp,2(17)) = 2

Thus, for any T > 0, we have

Fx4-2

2
(L pa,2p,2(T)) < =

2 6 2
=3 X T 577(57,,@%5”7(7» < EM(UC,/S,’Y)-

SIS
~ [els

<

Case 2. Suppose o = 4.
If B €[0,4),7 € [0,4), then we can conclude that 17(L 54, 25 2,(T)) < IM(a, B, 7)
from a similar argument in Case 1.
If B € [0,4),7 = 4, then we can prove that 17(L 4, 5p,5,(T)) < ZM(a, B, 7), as in the
proof for Case 1.
If B =4,7 =4, then ﬂ(ﬁya,@ﬁ,yv(‘[)) < %M(w, B, ) for any T > 0 apparently.
(3) In fact, for & = 4, we see A= L, 2a(T) = Aro0 La1(T) = Arsole?] ™! = 0, and
N1>0 Lo, 20,24 (T) = 0. Hence, condition (b) of Theorem 1 is not fulfilled.
(4) For 5(t) = ln%, condition (a) of Theorem 3 is clearly fulfilled. In addition, v = 0
such that
/\ Ev,’y,yv(T) = /\ E%y%yv(l’) =1>0,
™0 >0
and thus, &7 and # meet all the conditions of Theorem 3 and T has a unique F"P. Indeed,
thatisy=0. O

Similarly, Corollary 1 (or Theorem 2.3 in [26]) can be written as follows.

Theorem 4. Let (X, M, ) be a complete FMS and let & : X — X be FH-QC relating to
n € Hsuchthata > Bxy = n(a) <n(B)+n(y) foralla,p,v € M(T'z, T'z,t) :z € X, T >0,
i,j € N; then, T has a unique FP in X if and only if y € X such that \r~oq M(y, P7,7) > 0.

4. Application to the Existence of Solutions to Integral Equations

In this section, by using Theorem 2, we discuss the existence of solutions to the
following integral equations:

x(0) =1 [ G(t.0)f(o,x(0))do, ©)

where G : [4,b] X [a,b] = R, f : [a,b] x R — R are continuous functions.
Let X = C[a, b] be a set of all real continuous functions on [a, b], and * = *p. Define
L:XxXxX— (01] by

_ max{|la—BL, [ =l lla=7I[}
T

Lopqy(T)=¢ foralla, B,y € X, 7 >0,
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where [|a — B| = Jax. la(t) =B, 1B—Il = max. 1B(t) =y (t)], [la =]l = Jmax |oe(t) —

v(t)|. Apparently, (X, L, *) is a complete 7-F MS.
Consider the self-mapping T : X — & defined by

Tx(t) =u /ab G(t,v)f(v,x(v))dv

Clearly, x(t) is a solution of Equation (5) if and only if x is a fixed point of T. Suppose the
following conditions are satisfied:
Ml <1

b
2 <1,
( )argz(bfa G(t,v)dv < 1;

8) max |f(t,0) ~ f(t,6)| < |l — .

Hence, we have
T~ T8l =l [ 61,0 (2,2(0)) ~ f (0, B(o))iv]|
<lul [ 6(4.0)|f(o,a(2)) - (@, B(0)|do

b
<lul [ G(t,0)do- lu— B
<lulla - Bl

and then, we obtain ||Ta — TB|| < |u|||« — B|| forallx and B € X. Similarly, || T — Ty| <
|||l — v|| forall Band v € X and ||Ta — Ty|| < |u|||ja — | for all o, B,y € X. Therefore,

max{[|Ta — TB||, ITf — Tv[, [ Ta = Ty|[} < |p| max{{la — Bl | = vll, [le = ¥[I},

foralla, B,y € X. We show that Lty 15,7, (T) > [ L4, (T) foralla, B,y € X.

For 1 = —Int, §(Lro157y()) < ul1(Lap (1) < [1M(w,B,7), for all a, 8,7 € X,
we know that T is FH-QC relating to y € H, and condition (a) of Theorem 2 is satisfied; if
condition (b) of Theorem 2 is also satisfied, then we can conclude that T has a unique fixed
point in X’ using Theorem 2, and then Equation (5) has a unique solution, x(t) € X.

5. Conclusions

In this paper, we present the notion of FH-QC in a 7-FMS and derive FPTs for
this contraction. Satisfyingly, we can obtain Amini-Harandi and Mihet’s results using
our theorem in the setting of a GV-FMS. We propose the conditional equivalence of the
theorem and give another form of the theorem which is more widely used. Moreover, we
construct interesting examples to illustrate our results. As an application, we show the
existence of solutions to integral equations in a 7-F MS.

In addition, because we took only one type of function #, the examples we constructed
in this paper lack variety. Whether richer examples exist is worthy of further investigation.

As future research direction, we point out the following:

1. To study the relationship between the fixed point theorems in 7-FMSs and
GV-FMSs and whether all fixed point results in GV-F MSs can be derived from the
corresponding results in 7-F MSs.

2. To study more applications of fixed point theorems in 7-F MSs, especially numeri-
cal examples with the help of real-life applications.
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