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1. Introduction

Let Q) be a bounded domain of C" and H () the class of all holomorphic functions on
Q). For a given holomorphic function (self-map) ¢ : 3 — Q and a function ¢ € H(Q)), we
define the linear operator ,Cy : H(Q)) — H(Q) by the following equality:

(yCof)(2) = $(2)f(9(2))(z € Q).

The latter equation is a weighted composition operator for f € H(Q). If (z) = 1, itreduces
to the composition operator, whereas for ¢(z) = z, it becomes the multiplication operator.
In 1930, Cartan [1] was the first to characterize the six types of irreducible bounded
symmetric domains. These comprise four bounded symmetric classical domains, also
called Cartan domains, and two exceptional domains, whose complex dimensions are
16 and 27, respectively. Rj(m, n), Ry(p), Rui(g), and Ry (n) denote the Cartan domains
of the first type, second type, third type, and fourth type, respectively. In addition, Yin
introduced the Hua domains [2], which include the Cartan-Hartogs, Cartan-Egg, Hua,
generalized Hua domains, and the Hua construction. GHE;, GHEy;, GHEyy, and GHEy
denote the generalized Hua domains of the first type, second type, third type, and fourth
type, respectively. The fourth type of the generalized Hua domain is defined as follows:
GHEy (N1, N, - -+, Ni;m;q1, g2, -+, qr; k)

r
—{Ge ez e Rl IR < (| =220 =12 1,
j=1

where
Ry (n) := {z eC": 1+ |zzl|2 —2zz7 >0,1— |zz/|2 > O}

is a Cartan domain of the fourth type. g = (gﬂ, . ,(ijj), j=1,---,r; 2 denotes the
transpose of z; z is the conjugate of z; Ny, - - - , N,, nn are positive integers; and ¢y, - - - , g, are
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positive real numbers. Without a loss of generality, it is assumed for N;=1,{; € C, j =
1/ e /rlg = (glr tet rgi’) and Hgnzq) = }/:1 |Cj‘2qi’ Let

(G, 0)p = (C1,01)T + (L2, 02)P + - -+ (Lr, vp) T,
We also write

(G gl < [(G1,v0) ™|+ [{G2yv2) ™[ + -+ + [{Gry vr) 7|
SIS T N 1 e e A AL

For convenience, the fourth type of the generalized Hua domain will be referred to
as GHEI\/.
On GHEyy, the (&, k)-Bloch space B(**) comprises all f € H(GHEyy), such that

£l g == 1F(0,0)[ +  sup  [(1+]z2'* =2z = |ZI[5]*Vf(2,0)] < e,
(Z,g)GGHE[V

where

f(z0) 9f(z8)  9f(z0) 9f(z0) af(Z/C))‘

ViEO = (S T e o

It is clear that B(*¥) (GHEy) is a Banach space.
On GHE}y, a Bers-type space A4 s comprises all f € H(GHE}y), such that

gy = sup  [(1+ |2/ P — 22 ~ 1ZIBIFIf(z )] < oo.
(Z,é)EGHEIV

It is evident that A (g ) (GHE|v) is a Banach space with norm || - || A

In fact, for ¥ (z,{) € GHEy, we have 0 < (1 + |z2|? — 2|z|?)% — ||Z]|2 < 1; hence, it is

easy to prove that || - || 4 (s 1S @ norm using conventional methods.

To show that || - || 4, 51 1s complete, assume that {f} is a Cauchy sequence in A g

and for Ve > 0 (assume ¢ < 1), 3K > 0. Whenever p,! > K, we have

= fillagy = sup [+ 222 =212 = [ZBIFI — @D <& ()
(z,0)eGHEyy

For any compact subset F in GHE}y, it must exist 6 € (0, 1), such that
(1+ |22 = 22 = ||l = 6, ¥(z,0) € F.
From (1), we know that
@0~ fiE0I< 5 @D EFR
Hence, there exists a holomorphic function f in GHE}y, such that

klggo fk (Z/ C) = f(Z/ g)/ (Z, 5) € GHEyy,

and {f,} converges uniformly to f on every compact set of GHEpy. In (1), let [ — oo,
whenever p > K, we obtain

1fp = flagy = sup [+ 221> =21z = 1IgI51P1fp (2, 0) — f(z 0) < e
(z,) eGHEpy
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In particular, 3Ky > 0, whenever p > Ky, we obtain || f, — f| A < 1, hence

1l agpy < fkor1llaggy + I fkowr = fllag, < Ifxosillag, +1

therefore, f € A ).

The boundedness and the compactness of the weighted composition operators on
(or between) the spaces of the holomorphic functions on various domains have received
significant attention. Indeed, the literature has already presented very thorough conclusions
on the unit disc [3-6], the unit polydisk [7-11], and the open unit ball [12-18]. In the setting
of the infinite dimensional bounded symmetric domains, Zhou and Shi [19] characterized
the compactness of the composition operators on the Bloch space using classical bounded
symmetric domains. Hamada [20] studied the weighted composition operators from
H® to the Bloch space of infinite dimensional bounded symmetric domains. Allen and
Colonna [21] investigated the weighted composition operators from H* to the Bloch space
of a bounded homogeneous domain.

Since establishing the Hua domains, many issues have been investigated in these
domains. Some examples are the Bergman problem, the convexity problem of the Hua do-
mains and the extreme value problem of the Hua domains. Yin et al. [2] obtained the explicit
formula of the Bergman kernel function on Hua domains of four kinds. Although many
researchers investigating complex variables have made significant achievements, research
on operators in the Hua domains is still limited. For example, Bai [22] investigated the
weighted composition operators on Bers-type spaces on Cartan-Hartogs domains of the
first kind. Su and Zhang [23] characterized the composition operators from the p-Bloch
space to the g-Bloch space on Cartan-Hartogs domains of the fourth kind. Su, Li, and
Wang [24] studied the boundedness and compactness of weighted composition operators
from the u-Bloch space to the v-Bloch spaces on Hua domains of the first kind. Su and
Zhang [25] studied the weighted composition operators from H* to the («, n)-Bloch space
on Cartan-Hartogs domains of the first type. Su and Wang [26] discussed weighted compo-
sition operators between Bers-type spaces on generalized Hua—Cartan-Hartogs domains.
Jiang and Li [27] studied the boundedness and compactness of weighted composition
operators between Bers-type spaces on Hua domains of four kinds. However, there is
currently relatively little research on the boundedness and compactness of weighted com-
position operators on generalized Hua domains. Therefore, the research in this article is of
great significance.

Weighted composition operators have widespread applications. For example, R. F.
Allen, W. George, and M. A. Pons [28] investigated the properties of the topological space
of composition operators on the Banach algebra of bounded functions on an unbounded,
locally finite metric space in the operator norm topology and essential norm topology.
The authors characterized the compactness of the differences between two such composi-
tion operators. Z. Guo [29] studied the boundedness, essential norm, and compactness of
the generalized Stevi-Sharma operator from the minimal Mobius invariant space into
the Bloch-type space. S. Heidarkhani, S. Moradi, and G. A. Afrouzi [30] characterized the
existence of at least one weak solution for a nonlinear Steklov boundary-value problem
involving a weighted p(-)-Laplacian. Stevi¢ and Ueki [31] investigated the boundedness,
compactness, and estimated essential norm of a polynomial differentiation composition
operator from the Hardy space H? to the weighted-type spaces of holomorphic functions
on the unit ball.

Recently, we studied the boundedness and compactness of weighted composition
operators from the a-Bloch spaces to the Bers-type spaces on generalized Hua domains of
the first kind [32]. Motivated by [32], we characterized the generalized Hua’s inequalities
on the generalized Hua domains of the fourth kind. These inequalities are used to study the
boundedness and the compactness of weighted composition operators from the (&, k)-Bloch
spaces B(*K) to the A (g x) spaces built on generalized Hua domains of the fourth kind and
we obtain some necessary and sufficient conditions.
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Notes: We investigated the boundedness and the compactness of the weighted
composition operators from a-Bloch to Az on generalized Hua domains of the first kind
in [32]. We also discuss these issues in a similar way on generalized Hua domains of
the second kind, excluding the discussion presented herein. We must use new basic
knowledge and skills to discuss these issues on generalized Hua domains of the fourth
kind. Regarding generalized Hua domains of the third kind, we cannot discuss these
issues yet since we cannot prove that our results are similar to Lemmas 2 and 4; this is
an open question. We speculate that similar results regarding the boundedness and the
compactness of weighted composition operators from a-Bloch to Bers on generalized Hua
domains of the third kind are also valid.

2. Preliminaries
Lemma 1 ([32]). Let

Z11 212 Z1n

271 272 ... 2oy
Z =

Zml Zm2  --- Zmn

be an m x n matrix (m < n). Then, there exists an m x m unitary matrix U and an n X n unitary
matrix V, such that

A O ... 0 0 ... 0
0 A, ... 0 0 ... 0
z=ul| . . . V(AM>A > > Ay >0)
0 0 Am O 0
and
MO0 0
, 0 A2 0o |,
77 =U _ u,
0 0 ... A2

where A%, - - -, Ay® are the characteristic values of 77 1-77 >0 A < 1.

Lemma 2 ([32]). Let p; (i =1,2,---,r) be positive integers, 0 < km < 1and t € [0,1], then,
1—det(I — #2Z')* + ||t2])2 < 2 {1 —det(I—2Z ) + |3 |,

for (Z,¢) € GHE;.

Lemma 3 ([32]). Let p; (j = 1,2,---,r) be positive integers, 0 < km < 1,t € [0,1],(Z,{) €
GHEj, g = max{p1, p2, - -, pr}. Then, the following inequality holds:

1(Z,2)] < M\/l — det(I— ZZ')7 + I3,

where M = max{\/g, \/E}

Lemma 4 ([32]). Let (Z,{), (S, t) € GHEy, and if 0 < km < 1, then

det(I, — ZZ')* + det(I,, — SS)¥ < 2| det(I, — ZS )¥| )
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and “="holds if and only if (Z,&) = (S, t). If km > 1, then
det(L, — ZZ')* + det(I,, — SS')¥ < 2"| det(,, — 2S5 )¥|. 3)

Lemma 5 ([32]). Assume (Z,{),(S,t) € GHEjand 0 < km < 1, then

[det(l, — ZZ')* = [|E]13] + [det(Ly — SS')* — |[¢]3] < 2|| det(Ln — ZS )| — || &llplItll,| (4)
with equality that holds if and only if (Z,&) = (S, t).
Lemma 6. Assume A,B € C"*" and if [ — AA > 0, 1-— BB > 0,0 < km <1, then

2mA-K) > det(I — AA ) K| det(I — AB')[F 1.
Proof. By [25], we know
2| det(I — AB)|w > det(I — AA')7 + det(I — BB ).

The inequality is obtained on both sides to the power of m(1 — k)and we obtain

21K | det(I — AB)[1% > [det(I — AA")7 + det(I — BB ) |m(1-F)
> [det(I — AA )m]m(1-h

> det(I — AA )1k,
O
Lemma 7 ([26]). Let z = (z1,22,23,24) € Ryy(4). Hence,
1+ |25+ 25 + 25 + 23 — 2(|z1* + |22l + |23 * + |z4]?) >0,

1—|z1 = |z2|* = |z5|* — |z4]* > 0.

There exists a type of linear mapping, where
a1 =21+ iZz, ap = iZg — Z4,

as = izz + 24,04 = 21 — i2p.

These are mapped one by one to a domain Ry(2,2), where
A— < m a2 >
az

14|23+ 23+ 23+ 251> — 2(Jz1* + |z2)? + |z3]® + |za]?) = det(I — AAN.

and

Lemma 8. Let q;(j = 1,2,---,r) be positive integers. q = max{q1,q2, - ,q+}, (2,) €
GHEpy, t € [0,1],0 < k < 1. Then,
M) 1= 1+ 22 P =282 + 1115 < #(1 = (1 + [z = 202+ (1Z][5)-

k
q

2
2 (=0 < M\1—(1+[z2'[> =2z[*)7 + [|Z]lg.

where M = max{\/%, \/E}
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Proof. For z € Ryy(n), there exists a real orthogonal matrix I, such that

z =(2%,25,25,2;,0,...,0)T.

Let
* * * * *
z¥ = (2],25,23,21),

* 5~ K 5~k *
:(zl+zz2 1z3z4>

s~k * * s~k *

iz3 +2z; z] —1iz,

Since 1+ |z*z% |2 = 2|2*|2 = 1+ |22/| — 2|z|> > 0,1 — |z*2"'|? > 0, one has z* € Ryy (4).
From Lemma 7, we obtain A € R;(2,2) and for all z € Ryy(n), we have

1+ 22| = 2z)2 = 1+ |22 |2 — 2|z*|* = det(I — AA)).

Fort € [0,1], tz € Ry (n) we obtain
1+ 4|22/ 2 — 22|z = det(I — 2AA).

According to Lemma 2,

1— (1422 P = 22z 4 |5 = 1 — det(I — PAAY + [i24[F3
< 2[1 — det(I — AA ) + ||Z]I2)
=1 - (1+|zZ)* -

According to Lemma 3 and

AP = |21 + 23 + |21 — 23 + |23 + 252 + 15 — 2

=2(|z1* + |z3)* + |75 + |z51)

=277
:2|Z|2r
we obtain AP
A
2 _
|Z| - 2
< 111~ det(1 — AA)]
= 2k
i _ _ k
= L[ (0 2 - 202
< I - (14122 - 212P)i).

If0 <p<1,then

n n n
Y lag|P > [ZWH] > P71 Y o]
p p

k=1
One has

: 2 2 2g,1 1

1Zllg = (121" 4 |22 |2 + - - - 4[] )
1_4q 291 297 24qr
>ri (|G T |G T+ T)

14
> ri (|G P+ 1P+ 12 )

Qh—'

P,

©)
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and then
2 o A=Yy
17 <7 Tgllg- @)
Therefore, by combining (6) and (7), we obtain

=\ I21> +[¢]?

q 112 2 5 _l %
< %1— (14 [z2'|2 = 2|z]2) 1] +7 7|l

N

k 2
\/ 1= (14 |zz']2 = 2z) 1] + [|Cllg,

where M = max{\/E, \/rl?} O

Lemma 9. Let (z,{) € GHEyy, (w,v) € GHEpy, 0 < k < 1, then

(D [(1+ |22/ = 2Jz)* = [I2I[5] + [ + |we' P = 2|w]? ) —[lvll§]
< 2)|(1 + 22w — 25 [T lollgl

(i) (1+|ww|? = 2w K1+ 22 ww’ — 2z )|F-1 < 417k,

Proof. For z,w € Ryy(n), there exists a real orthogonal matrix I', such that
z =(2%,25,25,23,0,...,0)T,
s = (wi,w;,w;,wy,0,...,0)T.

* 5~k S~k *

A—( Atz 1Z3—z
izh 4 z8 ZF—izh )’

3T Z4 2 2

Let

* : * * *
B:<w1+lw2 w} — wj )
lwy +w; Wi —iw;

According to Lemma 7, we know that A, B € R(2,2), 1+ |z2/|> — 2|z|? = det(I — AA),
1+ |ww'|? = 2|w|? = det(I — BB') and
1+ 27w’ — 270" =1+ 2" 2" waw’ — 22" w™
=1+ [(z)? + (23)% + (25)% + (22)*](w})? + (w3)? + (w5)? + (w])?
— (Zjw] + w5 + z3w3 + z5wy)

= det(I — AB).

From Lemma 5, we have

[(1+ [22 2 =2z = Zllg] + [(1 + Jww'* = 2|w[?)* — [Jv][}]
< 2||(1+ 22w’ — 220" )| = Zlglvlgl.

From Lemma 6, we obtain

(1+ |waw')? = 2|w|>) 7K1 + 22w’ — 22" |[F1 < 41k,
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Lemma 10. Let q; (j = 1,2, - ,r) be positive integers, g = max{q1,q2,- - ,4r}, 0 < k < }
and f € B (k) (GHEyy). Then, there exists a constant C, such that

Cllf s O0<a<x1
2q
Cllflpwi In a=1
f(z Q) < 5 1+ [z2'2 =2z — |15 8)
1
C||f”3(a/k) a>1

[(1+ |22/ |2 = 2]z/2)k — [|Z]15]*

for¥(z,{) € GHEpy.

Proof.

FEOI=1£0,0)+ [ (Vf0210), G D)
<01+ [ 190tz 10) [ Dl

(14 )22/ |2 — 282 |22)k — [t ]12)% |V £ (t2, £0)|
= 1£(0,0)] + (= 0)] / [(1+ 222 = 222[z2)F — g 3]
_ £ 1l s
<1f0,0)+(z @'/o [(1+ 4z 2 — 26222k — [|eg][5]

! (2.0l
- [1 +/0 [(1+ t4]z2/[2 — 22|z[2)k — |t§||§,,]wdt} [1£1l gs

g ol
= {1 A A A 2 ||tg|§,>]adt} 1 -

According to Lemma 8, we obtain

1 (9]
R e e e e T K

k 2
R e R L
t wk) -
< |oom | e e e T s

By the elementary inequality a — b < q(a% _pi ), we obtain

k 2

o ¢1—1+|zz/2 2028)" + ¢l
t a
o)) (P~ 27+ RIRF Jitge

< 1+M/ L+ |zz' 2 = 2|22k - |12]12) t}lfll

>~ (av,k)
I 1—t2 1— 1+ [z2'12 = 2z2)k + || 2115)]* s

— (M + |22 = 2]z2)% — |3

IN

=1+ M [ o] Wl

B _1 + M/ (1- tK)I(<1 + tK)]zxdt:| ”f”B(a’,k)

< [t m [ et Il

1
tom [ ] g
_ 1—t2 — (4 [22P = 2=RF g ) 1
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where K = \/1 — 11+ |22/ 2 - 20212)F - [IZ113).
Below is a classification discussion of «:
Case B1:0<a <1,
M _
0 < {1+ o 1= =K Ul
M )
<(1+ m)”f“g(mk)
< Cllfll gk
where C =1+ %
Case Br:a =1,
) "
o< 1M H(dt} 1 ltes
= [+ Min 2 1
I 1+K
= _1 + MlIn (1—1()(1—|—K):| ||f||B(a,k)
I 2
< |14 M KZ} T (10)
1 2 2
< | =
S |m2hyoge TMIng szfHB“k
1
< [z + M| In 2 Il
2q
=C||fllp: In ,
(T+ [z2'|2 = 2[z]2)F — [I213
where C = ﬁ + M.
Case Bz:a > 1,
M 1
1701 < 1+ 725 (g = 1) W hses
! /! 1
< {C +C ((1K)“_1 = 1) IIfll gan
o p———
- Blak) (1 _ K)lX*l
. (11)
—Cifl Sht S
N BEOTA = K) (1 + K)Je !
1
-1,
<27°C ||f\|3<a,k>m

1

= C”f”B("‘rk) [(

1+ [z2/|> = 2[z2)F — [|Z]1F]*

where C = (24)*~1C’, C' = max{1, M, }. By combining (9)(11), the proof is completed. [J

Lemma11. Let ¢ = (¢1,¢2, . .., Pntr) be a holomorphic self-map of GHEy and ¢ € H(GHEyy ).
The weighted composition operator ,Cg : Bk (GHEy) — Agx)(GHELy) is compact if and

only if ,,Cy is bounded and for any bounded sequence { f, },>1 in B**) (GHE) converging to 0
YYyple Y q > 8mg

uniformly on compact subsets of GHEyy, ||, Cp fu HA(/S y —0asn — o,
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Proof. This is similar to the proof of Lemma 12 in reference [32]. O

3. Boundedness of ,,Cy : Bk A i

Theorem 1. Assume thata =1, > 0,0 < k < % and that q]-(j =1,2,---,r) are positive

integers, ¢ = max{q1,q2,-- ,qr}. Let ¢ = (p1, P2, , Pn+r) be a holomorphic self-map of
GHEy, with P e H(GHEI\/) and (24), g(/;) = (P(Z, g) If

M= sup  |9p(zO)I[(1+ |22 = 2[z/")* — |2I[71°
(Z,é)EGHEW
1 2 (12)
X In < 0o,
(14 |zpzg|* = 2|29 )% = 12415

then the weighted composition operator ,Cy : B®k (GHE) — A x)(GHEy) is bounded.

Conversely, if the weighted composition operator ,C : B9 (GHE) — Ag ) (GHELy) is
bounded, then

My:=  sup  [p(z,O)I[(1+ |z2'P =20z — IZIFIP (1 + [zp2p | — 21z [)'
(Z,é)GGHEN
2 (13)

X In < o0.
(1 + |zgpzp|* — 2|zg |2k — [ICo 17

Proof. Assume that (12) holds and for f € B (ak) (GHEy ), we know that
[(1+ |22/ > = 2021 = 1G151P1(4Cof) (2, )]
= [+ 22" =212 = IS151P 19 (2 D1 £ (¢(2,0)]-

From Lemma 10, we obtain

[(1+ 22> =21z = 12lIg)P 19 (=, D)1 f (¢(2, )]

< Cly(z, DI+ 221> = 21z = 12]15)P x In 2q

I f1l gt
(1+ [zp2)y |2 = 2]z 2)k — [|Zo )12 ™ "7

< CMu || fll gak)-

For all (z,{) € GHE}y, we have

lyCofllagy = sup  [(1+ [z =20z)* — 15 1P1(yCpf) (2. D] < CMulfll pionrs
(Z,g)EGHE[V
which implies that ,Cy : B*% (GHEry) — A(g ) (GHEy) is bounded.
Conversely, assume that ,Cy : B®X) (GHE) — A(gx)(GHEy) is bounded. For any
(w,v) € GHE}y, let us introduce a test function f,, ) € H(GHE|y), such that

2q

fww(20) = (1+]ww P = 2|w)FIn oo — 27 |
ww (1+ zz'ww' — 220" )k — (T, v)

This means that

wpy k- (1+|ww'|? —2w?) . (1422w’ — 220" )1 (2w — 2zjww')
0z (1+ zz/ww’ — 2z’ )k — (g, v), ’
I=1,---,n.
_ 9i—1__g.
fwe) (1+ |wa'|? = 2]w|?)1 k. qjg].f v e,

a¢; (1+ zz'ww’ — 22" )k — (g, 0)
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There exists a constant C; > 0, such that
(14 122> = 2021 = 12151V freo,0 (2, 0]
_ [+ |22/ 2 = 2|z = 1 2113) (1 + |ww' | = 2|w[?)1*
|(1+ zz'ww' — 22" )k — (T, v) |

1
— n - r _ 2
X {kz\l + 27w’ — 27w P2 x Y 2w - 2zjw’|? + ) \qjg?/ 117j‘7/‘|2}
i=1 =1
[(1+ |22 — 2]z — IIZI5]
T+ 22w’ = 220"k = (I lg vl

x {k(l + Jww'|? = 2|ww ) 1 + 22w’ — 220 [FY 2w - 22000 |
A——— e 2y1-k

| Llag TR| < (ot e - 2Py
=

According to Lemma 9, we obtain

[(1+ |22/ |* = 2]z)k — [|Z113]
11 + 22/ wa” — 22" K| — [[Z |l [lv]l g

X {k(l + lww' > = 2|w )1 4 22w — 277 |F 2@ — 2200 |

1
! —1_, 0|2 _
| L gl g o' 2Py
=1

- 2[(1 + |z2']> = 212" 11 1I3]
T+ 222 = 202k = [12115] + (1 + |ww’ |2 = 2]w(2)F = o][F]

1
_ r o 2
X {k41_k\2w’ — 2zww'| 4+ {Z |qj§?’ 117]-’7f|2] x (14 |ww'? —Z\w\z)l_k}
j=1

1
2

o r
<2x {k41—k(z|w'| +2|z||wa’|) + [Z lg;?
j=1

x (14 |ww'* - 2|w\2)1_k}

1
r 2
<2x {k42’k + {Z \q]-\z} x (1+ |ww'[* — 2\W|2)17k}
=1
<Cy

Since f(u,0)(0,0) = (1 + |ww'|* — 2[w|?)'~*In2g < In2g, one has

1 f i)l g@n = [flwom @0+ sup  [(1+]22'F = 221" = |ZIIF]*V fiwon) (2, 0)
(Z,g)GGHEW

< Cj;+1In2g.
Therefore, we have
oo > (C1 + lnzq)HlpclﬁHB(n,k)_)A(ﬁ’k)

2 llyCofiww A
= sup (142 =212 — 12131P19(2,0) flw) (9(2,0))]

(z,0)eGHEry
> [p(z, O+ 22 * = 20z = 12131P (1 + |we' 2 = 2]w?)
X | In 2q

(1 +zpzjwaw’ — 229" )k — (g, v) '

Let us consider

(w,v) = (29, p) = ¢(2,0),
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so that
sup  [9(z,O)I[(1+ 22> = 21z)F = [ZI51P (1 + |zpzp|* — 2|z [*) ' *
(Z,é)EGHEIV
2q
X In < 00
(1+ |zpzp |2 — 2|29 |2k — [|Co 17
O

Theorem 2. Assume that x > 1, > 0,0 < k < J and that q; (j = 1,2,- - ,r) are positive
integers. Let ¢ = (¢1,¢2, - -+ , Pu+r) be a holomorphic self-map of GHEyy, with ¢ € H(GHEyy)

and (z¢, ) = ¢(z,0). If

[+ |22/ — 21z - Z]2]8
Ms:=  sup  [p(z0) il M i e L
LA [+ 1zg2)P — 2120 = o]

o, (14)

then the weighted composition operator ,Cy : B@5 (GHE) — A (g ) (GHELy) is bounded.

Conversely, if the weighted composition operator ,C : Bk (GHEy ) — Ag ) (GHEy) is
bounded, then

[(1+ |22/[2 = 2022 = 121316 (1 + |29 2 — 2]z )1
My=  sup  [9(z0) ’ o ’

(15)
(2,0)€GHEyy [(1+ |2z}, |2 = 2|29 |2)% — [ICp 1)

Proof. Assuming that (14) holds and f € B(*}) (GHE}y), we have
[(1+ |22 = 2[21)* = 1I51P1 (yCo) (2, 0]
= [(1+ |22 = 20zP)* = 121519 (2, 0) - (Cof)(2,)]
= [(1+ |22 > = 22)* = |12 151P 19 (2, D)1 f (9 (=, D))I-
From Lemma 10, we obtain

[(1+ 122" = 212)* = 1215119 (z, D11 f (9=, D)
[(1+ |22 = 2[z)* — I 5]

< Cly(z,¢
< CMs||fl gk -
For all (z,{) € GHE}y, we obtain
lyCofllag, = sup  [(1+[z2" =2z — I2I51P1(4Cof) (2 )] < CMs]|fll s

(Z,g) €GHEy

This implies that ,Cy B@X) (GHE) — A(g ) (GHELy) is bounded.
Conversely, assume that ,Cy : B@K (GHE) — Ag ) (GHEy) is bounded. For
(w,v) € GHEy, we define a test function f(,, ) € H(GHE}y), such that

(1+ |ww']> = 2]w[*)'*
[(1+ zz/ww’ — 22" )k — (g, v)p]* 1

f(w,v) (Z, C) =

For the test function f, we have

9f(w,v) _ ka-1)-(1+ lww' |2 = 2|w|?)1 K- (14 27w’ — 2z )k1
0z (1 + zz'ww' — 2z )k — (,0) ]
x (2w; — 2zjww'), I=1,---,n.

—1—g. B
e @ Dag] 5 (AP —2l0P)
ag]' - [(1+ 2z ww' — 2zw' )k — (2, 0) g ’ ]=14 , T
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There exists a constant C, > 0, such that

[(1+ 122" = 202)* = 1151V fow) (2, O]
[(1+ 22" = 2[z[%)F = |1 Z]I5)*

— 12 _ o, 2y1—k _
(1 22w’ — 228k — (L, v) | X (1 Jww'|” = 2w]7) 75 x (a = 1)

1
- n . T L 2
X {k2|(1 + 27w’ — 220 2 < Y 2wy - 2zjwd [P+ Y |qj§?’ 11;j‘7j|2}
=1 j=1
[(1+ |22/ = 2]z)* — |IZ[I5]*
T A+ 22w’ = 220"k = [[Z]lg 0] o|*

X (14 |ww')? = 2|w|>)77F x (0 — 1)

PR— n [
X {k2|(1 +z7 w0’ — 220 T2 % Y 2wy - 2zjwd P +
=1 j

1
r 3
qgi—1__,.
|9’ qu’|2}
=1
(= DA+ [22']> = 2z)* ~ |IZ[I5])"
~ A+ 2w’ = 220"k = [[1Z]lg [0l |*

x (14 |ww'? = 2|w|?)F

1

r 2
7—1_g;2
oy o } }

X {k(l + 27w’ — 220" ) [ % 2@ — 2z’ | + {
]

(= + |22 20z - 1g)2)
(1 + z2/ww” — 228" k| — [[C[lg[|v]l o |*

X {k(l + 27w’ — 220" ) (1 4 |ww'|? = 2|w|?) F2@ — 2200

1
r 112
+ 1+ oo P =20 L lag) ) )
=1

From Lemma 9, we obtain

(a = D)[(1+ |22/ 2 — 21z 2)% — |17]12)*
11+ zz'wa — 220 JF| — [Zlpllollo

X {k|(1 + 27/ ww' — 220" ) [F1(1 + |w'|? - 2|w|?) K@ — 2zwd|

1
r 2
_ qi—1__,.
1+ oo P =20 L lge? o]
=

- (0 = 1)2°[(1 + |22/ |* = 2|z)* — [IZ]15]*
— A+ 122 P = 21z2)F = 12115] + [(1 + ww! P = 2|w?)E = o[

1
r _ 3
X {41_kk|2w’ — 220 | + (14 |ww')? = 2|w|?)F [ ) |qj§;.7/ 11;]»‘7j|2} }
j=1

(= 1)2°[(1 + |22/ |* = 2|z)* - IZ[15]*
(1 +[22'[> = 2[zP)* = [IZ[15 1"

1
r 12
><{41—’<k<|zw’|+|2zww’|>+(1+lww’|22Iw|2)1"‘{2|%57’ ”fﬂ }
=

1
r L 2
<(a— 1)2”‘{42kk + (14 w2 — 2?1k [ Y lgic! 1U].w|2] }
=

< C.
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Since f(q,)(0,0) = (1 + |ww'|* = 2|w[*)'* <1, s0 that

| fwolgen = [fwn @0+ sup  [(1+]z2'* = 2[z) = |ZIZ]*|V fleo (2, D)
(z,0)eGHEyy

<G +1.
It follows that

00 > (C + 1)||¢C¢||B<a,k>ﬁA(5_k)

2 lpCof (o)l
= sup (14|22 = 212" ~ 121511 (2, ) fruow) (2, 0))]

(Z,g)EGHEIV
[(1+ |z2']> = 2|z)* = [II51P (1 + |wa' [P — 2]w]?)!
(1 +zpzpwa’ — 2zp@" )k — (L, v) ]* !

> [$(z,0)]

For (w,v) = (z¢,C¢) = ¢(z,{), we obtain

sup  |¥(z Q)] (14|22 = 2Jz*)* - ||§H%o]ﬁ(1 + |z¢zfp|2 — 2|z¢|2)1*k
(4)€GHE [(1+ [zpzp > = 2lzgP)F = [1Zo[2]

O

4. Compactness of ;,Cy : Bk A1)

Theorem 3. Assumea =1, >0,0 < k < } and that q; (j =1,2,---,r) are positive integers,

q = max{q1,q2,-- ,qr}. Let ¢ = (1,92, , Pn+r) be a holomorphic self-map of GHE}y,
with € H(GHEy ) and (z¢,C¢) = ¢(2,0). If ¢ € Ag ) and

(2 OII(1+ |22/ — 2122 = g2 n 24 ~0, (16)

lim
$(2,¢)>IGHE (1+ |29z |2 — 2|29 |2k — [|Co 15

then the weighted composition operator ,Cy : B®5) (GHE) — A (g ) (GHELy) is compact.

Conversely, if the weighted composition operator ,C : B@X (GHE) — Ag ) (GHELy) is
compact, then Y € A gy and

1~ g 1 /12 2 2\k _ 2 ﬂ 1 112 2 2\1—k
¢(z,§)—1>glGHEIV|¢(Z O+ [z2']7 = 2[2[7)" = [|2lp]7 (1 + [z92¢ |~ — 2[z9]")

=0.
1+ [zgz4|* = 2|zp ) = 1120115

X In
(

Proof. Assume that (16) holds. We have

7

2q
sup |9z O|[(1+ |22 - 2122 — [¢[2]F In <
ol ccin o T zgzy P = 21z P = 15115

then, ,Cy is bounded. Consider the bounded sequence {fxtkz1in B (k) (GHEqy ), which
converges to 0 uniformly on compact subsets of GHEyy. Hence, there exists Q; > 0,
such that || fi| gur < Q1,k = 1,2,---. From (16), Ve > 0, 36 € (0,1), such that for
dist(¢(z, ¢),0GHEy) < J, we have
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12 o120k 1711218 2q
[9(z, OI[(1+]22']7 = 2[z]7)" = [|][4]° In (Ut 27y = 22DV — 15, <e  (18)

According to Lemma 10, we obtain

[(1+ 122" = 2[z)* — 1211511 (4 Co fi) (2, 0
= [(1+ |22 =21z = 1215119 (2, €) - (Copfi) (2, ©)]
= [(1+ 22 =21z = 12llg )Pl (2, )| fil(z, )]

< Clp(z, )II(L + |22/ 2 = 212 = 1SR fell g (19)
2q
X In
(14 [2p2,F — 21z P — 124
< CQue.

On the other hand, let us introduce the set
E5 = {(Z, g) S GHEIV : diSt((P(Z, C), aGHEI\/) > (5},

which is a compact subset of GHEjy. Assuming that { fx } converges to 0 uniformly on any
compact subset of GHE|y and since i € A g ), for such ¢, we know

[(1+ |22 =21z — 1211511 (, Co fir) (2, ©)]
= [(1+ |22 =21z = 1215119 (2, €) - (Cpfio) (2, 0)]

(20)
= [(1+ 22 =21z = 125119 (2, )l | fe((z, D)
< 1l 4 e
Combining (19) and (20), we have
lCofillagy =  sup  [(1+ ]2z 20zP)* — [ZI21F1(pCofi) (2. 0)] = O, k — co.

(Z,g) GGHEIV

Hence, from Lemma 11, we finally have that ,Cy : B (k) (GHEy) — Agy) (GHELy)
is compact.

Consequently, suppose ,Cy : B@K) (GHE) — Agx)(GHEy) is compact. Letting
f =1, wehave

[(1+ 122/ = 2021)* = 1215 1Pl (2, D)1 = [(1+ |22 = 21z ~ 12 151P1(yCof) (2, D) < oo,

which shows that ¢ € A4 ). Consider now a sequence (w!,v') = ¢(Z, ') in GHEyy, such

that ¢(z/, ') — dGHEy as i — co. If such a sequence does not exist, then condition (17)
obviously holds. Moreover, let us introduce the following sequence of test functions { f; };>1:

2q -1
e ) = {2 )
l (1+ |wiw 2 —2wi[2)k — o3

2
2
(14 zz/wiw” — 2zw" )k — (7, v1),
x (14 |w'w’ P =2/ P)F, i=1,2,--
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Differentiating the above formula provides

ofi 2k(1 + 22 wiw’ — 220" )1 2w — 2zjwiw") (1 + |wiew |2 — 2]w!2) 1K
5 — — ;
9z (1+ zzww” — 2zw" )k — (7, v)y
In —— 24
1422/ @il —2ze0t Ye— (7 v
e
n — , .
(+|ewieol =2l 2~ v
9-1_4. i i i2vi—k  In 2
i qué] v X (14 |w'w"|* = 2[w']?) « (1422 wiw' —2zewi k—(Z,vi)
%j (1+ 22wl = 22000 ) = (G, v1)  Wrlwia P2 2ol

j=1--,r, i=12,---.
There exists two constants C3 > 0 and C4 > 0, such that

[(1+ |22/ = 2[2)* — IZIIF)V fi(2, )]

., A In ___ 23
[(1 + |ZZ,|2 - 2‘Z|2)k - HCH%pKl + |wlwl ‘2 - 2|wl|2>1 k » (1+zz’wiwi'—Zzwf/)k—(g,vi),/,

— —/ . Zq
|(1+ zz/wiw® — 2zwh )k — (Z, v1)| n o P ol
2 o V=112 N (oo P2 - 9=1—q; 2 :
X 4k (14 zz' wiw” — 2z )P x ) 2wl — 270w | +4Z|q]-gj ;|
I=1 j=1

L0122 =202 - g1+ jw'w [ —2|w?)!

(1 + zz/ wiw! — ZZJ/)kl — (g, v1) ]|

In 29
|(1+22 wiw' —2zawl k—(g,vi) |

2q
(1+|wiw! R=2]wi 2k —[|vl][7

1
r 1 2
v2| Liag '] )
j=1

+ 7T

X {2k|(1 + 27/ wiw” — 220" |[F1 |2&l — 2zwlw |

In — Zqi,
|(1+2z' wiw” —2zwi k—(Z,vi) |
29
n — - -
(1 |wiw! 2—2|wi )k~ [[vi]]7

+ 7

[(1+ 22" = 2[z)* = IIZ1I5)

T (1 + 2@l — 2z K| = (G, vi) |

X {2k(1 1w’ F = 2|0 P)1F|(1 4 22/ wiwt — 2zt ) K1

% 2wt — 2zeiw’ | +2 {

1
r 1 ]2 . . _
)R] @ el - 2y,
j=1
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from Lemma 9, we obtain

2
1 T
[(1 + |ZZ/|2 — 2|Z|2)k — HCH%,] n |(1+22 wiw! =2z’ Yk —(g,v1)] tr
,.74,7 — Kl . 1 Zq
(1 + 22wl =220 )| = {Z, v7)] " (w2l Y= o2

X {Zk(l + w0l |2 = 2|0 )| (1 4 27 wie” — 22007 <

1
— __ r . 2 o ,
X |2wl/ - 2zwlw? | +2 { Y |q]-§]7’ 117]»%'\2} (14 |w'w" [* — 2|w’|2)1’k}
=

- 2[(1 + |z']* = 21z)* ~ 11 15]
— . . . 202
(1+ |z2/]2 = 2|2k = [IZ]15 + (1 + [wie’ 2 = 2|0l [)k — (v,

29
|(142z' wie” 7225,)"7@,0")(#\
29
T 2w P T

In + 7T

In
(
r >
— R _ ., )
X {Zk x 417Kl — 2zt | 4 2[ ) |qj§]7] 117qu|2} (1+|w'w" >~ Z\wl\z)l_k}
j=1
2[(1+ |ZZ/|2 - 2|Z|2)k — Hg”é] |(1+Zz/wiwi/_ZZJI)/(_<€/U1'>¢‘

X
1+ |z2/|2 = 2|z2)k — ||¢|I3 2q
(1 == 2 el I war 2o P

1

_ —/ — r —1_ 2 - , _
{4 4 e ) 2| g~ | 14 el P 2gel
]:

In + 7

In — 29 .
<2x {42*" + C3} w1 Itz = V=gl
: (1+]ww! [P=2[c![2)F—]|oT[[5
In % n
< Cy x ‘<1+Zzlwiwﬂ*22;: Y= (Z01)l

In — - p
(1+|w'w” ‘2_2|wl‘2)k_”v,”$;

We now have two cases:

Case ¢: If | (1 + zZ/ wiw! — ZZE/)" — (g, v')y| < 2g, then

[(142zz' Wi’ —2zawh Yk —(Z,v1),| |(142z' wiw' =2zt k| —[(Z,07) 4]
2q - I 2q
n
" e P2l Py T (i P2l Py o
In ol ot %ii/k 21502
< [(1+zz' wiew” =2zew" k| = I, IV7]5
= 2
o AT ST TR
(I+|w'w” P=2|w' )k =o'l
4,
In 1 ___ - — + 7T
(14|22 2=2[z2)k = |2 ]2+ (1+]wiw” P—2|wi2)E—[|vi]
= 2
(1+]ww P=2]w![2)e—||of]|3
49
n — - — + 7T
(1+]w'w! P—2[w![2)E—||ol|[5
< %
n p - -
(1+|wiw” P =2]wi )k~ of][}
7T
<24 2

n - - -
(T P2l PR =T,

<Gs,
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where C5 = 2 + Z5.
—7 —/ .
Case 7: If |(1 + zZ/wiw! — 2zw' )k — (7, v')»| > 2g, then
2
1 — 1 — — .
n |(1422' Wi =220 ¥ —(Z,v1) | T _|In2g —In[(1 4 zZ'wiw” — 2z' K= (g, o)l + 7
n 2q B In 2q
(1+]w @ P=2]w! 2)e—]|of[[5 (1+]ww P=2]w!2)F—]| ][5
- In|(1+ zz'wiw! — ZZJ/)" — (g VY| +
" (oo P2lwi o]
— — .
- In(|(1+ zZ/ ww” — 2zt k| + [Z,v)el)+ 7
- In2
< In(G§ + [IZllpllv'llg) + 7
- In2
k
< In(G§+1)+ 7
- In2
< Ce,
where

Go=n?+2n+1> 1+ z7wivw' —ZZE/L
By using both cases ¢ and 2, we obtain that [(1 + |22/ |> — 2|z|?)k — ||§||%P] IVfi(z,0)] <
QCy, then || fi|| g@r) < QCy, which means that {f;} is bounded, where Q = max{Cs, C¢}. It
follows that f; € B“%) (GHEy) and

2q }71
(z,0)| =4 In ) i i
izl = { A o = 2w Py - o

2
(1 + |wiwi"2 _ 2|wi|2)17k

2q

x —
(1+zZ/wiw” — ZZwil)k — (¢, vi)y

In

-1
2 L X
s{m I .2} X (14 |wiel [2 - 2Jef )1
(1t w2 — 2l Y — o]
2
+7r} .

8

If |(1 4 zZ/ wiw? — ZZE/)k — (g, v')y| < 2g, then

2q

ln 7 — .
|(1+ zz' wiw! — 2zw! )k — (T, v1)]

-1
2q Pl : _
; < i 2 i12\1—k
(0] < {n TR nw‘u;} x (14w’ [P =2’ P)

2 2
X {ln — 077', - +7‘(}
|(1+4zz/wiw! —2zw' )k — (T, v) |

2q
<qln — - —
(1 + w2 = 2]w! )k — [Joi]],,

-1
} x (1+|wiwi/|2—2|wi\2)1’k

) 2
X {ln — 1/ . +7T}
|(1+ 22wl —2zewt k| —[|C][g ||Vl
< {ln — 29 ; 12
(1 + w2 = 2]w! )k — [Jof]];,

-1
} x (1+|wiwi’|272|wi‘2)l—k

{ . ]
x < In — - T T
[(T+[z2'[* = 2[z[)F = Ig1I3] + [(1 + |ww [> = 2]w! )k — [[vf][,]

S{ln — 20 - —
(14 |wiw! |2 = 2]w!2)F — [v]f;,

-1
} x (1+|wiwi/|2—2|wi\2)17"

4q 2
x <1 +7Ty .
{ AP 2EPF -2 }
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Since 0 < (1 4 |wiw! |2 — 2|w!|?)1~* < 1, we take i — oo and obtain (w', v') — dGHEy.

-1
This implies (1 4 |w'w |2 — 2|w|?)k — |\vi||§0 — 0, then {ln 29 o } — 0.
—_ vT
9

(I |wiw! 2w ?
Consider a compact subset E of GHEyy. For (z,{) € E, it is easy to see that (1 + |zz/|> —
2|z|2)k — ||§||§, has a positive lower bound. Thus, we have fij(z,{) =2 0, i — oo on all
compact subsets of GHEjy.

If [(1 + zZ'wiw? — ZZJ/)" — (g, v')g| > 2g, then

2q
(1+ [wiw’ |2 = 2w )k — oi][7

-1
fi(z ) < {ln } % (14 |wle’ P — 2]l )1

[— — . 2
X {|ln2q —In(|(1 + zZ wiw” — Zzwi,)k — (G, )| + ”}

-1
2 - .
g{m — ‘2} % (1+ [’ [2 — 2]f2)1F
(1+ w2 — 2|2 — o]

) { In(|(1+ 22w’ — 220" )¥| + (T, v}y ) + n}

-1

2 . .

< {ln — q ‘ — } x (14 |w'w’ > = 2| [2)1F
1+ w'w” 2 = 2| [2)k — [[v][5,

x {In(Gf +1) + m}2.

-1
Since 0 < (1 + wiwi/2—2wi21_k§1and{ln — : } — 0as
( | | |w'|%) (1+|wiwi |272\w’|2)"7\lv’\|?p

i — oo, we have fi(z,{) — 0.
The above proof shows that f;(z,{) = 0, i — oo on all compact subsets of GHE}y.
From Lemma 11, this implies that |, Cy fi[| 4 ox — 0- Hence, we conclude that

0 %||¢C¢fl”A(ﬁk>
= sup (142 =21z = [2lIF1Plg(z, O (1 + |w'w' |* = 2| P

(Z,C)EGHEIV
-1
X {ln — 27 , — }
1+ |w'w” 2 = 2|k — [JuT][;,
2
X ln e zq —/ .
(1+ zpzpw'w! —2zpw' )k — (L, V) g

.y . ) . .y . _
> (14 122" 2 =22 2)* — 1Pl (2, )11 + o' |2 — 2|wf )
2q

~1
X{ln — 2q ' 42} x’ln — , —
(14 w'w" |2 = 2| [2)k — o], (14 |w'w" > = 2| [2)E — o],

= |9, T+ |22 P = 202 P)F — |T151E (1 + ' 2 — 2] )1
2q
(1+ [wiw’ |2 = 2w [2)k — oi][2

X In
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Theorem 4. Assumea > 1, > 0,0 < k < } and that q;(j = 1,2,---,r) are some positive
integers. Let ¢ = (¢1,¢2, - -+, Pu-tr) be a holomorphic self-map of GHEy, with ¢ € H(GHE}y),
(29,Cp) = ¢(2,0). If p € Agy) and

19z, O+ |22 |2 =22k = gl17)F
m /12 2\k 2 1 0’ (21)
9(z0)—GHEY  [(1+ [zgzp|* — 2[zg|2)* — [|CpI5]*~

then the weighted composition operator,Cy : B (k) (GHEy) — A g x)(GHELy) is compact.

Conversely, if the weighted composition operator ,C : B®9) (GHE) — Ag ) (GHEy) is
compact, then Y € Ag ) and

N2 _ 2\k _ 218
l9(z,0)|[(1 + |z2')? = 2|z[2) ||€||(p]l — 0 (22)

im
9(28)9GHEN [(1 4 |22} |2 — 2|29 |2)F — [|Gg12]*~
Proof. Assume that (21) holds. We have

up |9z DI+ |22/ = 2]z)* - [IZIIF)°
o)ty (1 1292512 — 2|29 )% — [[ZplI5]4

From Theorem 2, we have that ,Cy : B (k) (GHEy) — A g x)(GHEy) is bounded. Let

{fc }x=1 be a bounded sequence in B{¥) (GHEy ) with { f;} that converges to 0 uniformly
on compact subsets of GHE}y. There exists 6, > 0, such that || fi|| ger) < 02, k =1,2,- .
From (21) and for any ¢ > 0, there is a constant § € (0,1) for dist(¢(z,{),0GHE) < 4,
such that

9z DI+ |z2']> = 2|z)* — II[5)P

23
[+ 225 — 202 P — [ZIB1 1 )
From Lemma 10, we have
[(1+ |22'[* = 2|z = [|Z113]F] (,Cp fi) (2, D)
= [+ |22 P =21z = 12151F19(2,0) - (Cpfi) (2,0)]
= [(1+ |22/ = 21z = I2151F ¢ (z DI fi(9(2,0))] (24)

[(1+]z2'2 = 2[2%)F = |IZII5)°

< ClyY(z, @ 7 -
= W N lses T3 T 2P =2 g B

< C92€.

On the other hand, if we set
Es == {(z,{) € GHEyy : dist(¢(z,{), 0GHEy) > ¢},

we have that E; is a compact subset of GHE}y. For ¢ defined in (23), { fx} converges to 0
uniformly on any compact subset of GHEy. For ¢ € A5, we have

[+ 12212 — 2022 — 11311 (4 Cofe) 2, 0)]

= [(1+ 122 = 21z ~ 1 IBIPI9(z ) - (Copfi) (2 )
= [(1+ 1222~ 21 — Bl (= DI fe(z )]
< 1l 4 e

(25)
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According to inequalities (24) and (25), we see that

lyCofillagy = sup  [(1+ 122/ =20z) = 121511 (4Cofi) (2.0)| = 0, k — co.
(Z,g)EGHE]V

Consequently, from Lemma 11, ,Cy : B (k) (GHEpy) — A g x)(GHE|y) is compact.
Conversely, suppose that ,Cy : B®5) (GHE) — A(g ) (GHEy) is compact. Then,
¢Co : B9 (GHE) — Agx)(GHE[y) is bounded. Letting f = 1, we obtain

[(1+ |22 =21z = 1215019 (2, ©)] = [ + |22/ = 21z1)* = ICIIF1P (4 Cpf) (2, €)| < oo.

This shows that ¢ € A 4. Consider now a sequence (w',v) = ¢(2',¢") in GHEpy,
such that ¢(z/, {') — 0GHEyy as i — oo. If such a sequence does not exist, then condition (22)
obviously holds.

Moreover, let us introduce a sequence of test functions { f;}i>1:

. .y . . 2 l—1+(X
[(1+ |w'w > = 2[w! 2 — [|v']|,]F .
fi(z,0) == e i=1,2--.

(14 zz/wiw! — Zzal)k — (g, vt) )21 I

Differentiation gives

' ; 1291
o Qa—D(1+ w2 —2Jw ) — ol ]F
9z [(1+ 22/ wia’ —2ze0 )k — (L, Vi) o2
X (1+ zZ' wiw! — ZZwl/)kfl(Zw; - 2zjwiw’), 1=1,---,n.
qi—1—g; P ; 2.1
of,  (@a—1)q ) FV(1+|wlew" P = 20w P —[|of[ ]
9; (14 22w — 2z )k — (g, 01} ]2 '

j=1---,r, i=12,---.
It follows that there exists a constant C; > 0, such that
[(1+ |22/ 2 = 2|z2)* = I21Z)* IV £i(z, O]
(2a = [(1+[22'[> = 2|z)* = [I2]*[(1 + |w'e” 2 — 2] 2)k — IIUiHé]%*H“

(1 + zz'wie’ — 2zt & — (g, V) o2

1

i — no— _ r - 1
{1+ 22l — 22 YR Y o] 2 P Yl
=1 prt

R . .2
_ (e-DIa+ |22'[> = 2|z2)* — IZI5]1 (1 + [w'e” [ = 2|w!)* — (v ][ ,)*

|(1+ zZ/ wiw” — ZZJ/)" — (L, vl |

2

Al

—_— — - . .
X {k|(1 + 27 wiw” — 2201 )|F1 x [(1+ Wi |2 = 2| )k — ||V

1
- r - 3 o . 4
X \Zwi/ —2zw'w’ |+ | ) \qjé?’ 117]-"71'\2 x [(1+ \wlw’/\z —2|w! Pk — Hvlufp]%—l}
=

_ a1+ | - 202P)F = IZI2)%[(1 + [wieo! |2 = 2w P)F = [loi[g]°

(1 + 22w’ — 2z )k — (g, Vi) |2

x {k|(1 +z7' wiwt — ZZJ/)|k71[(1 + w2 = 2]w!)FE1 x |ZJ/ — 2zwiw!|

1
r 2
Gi—1—sg. P N 2.1
+ {ZI%‘C/ g x (1w’ P = 2w ) = ([l ]F 1}
j=1
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By the elementary inequality # > +/ab and Lemma 9, we have

.y . )
(20 = D[ + |22/ = 21z)* — IZIF]*[(Q + |w' @' | = 2w’ P)F — [ ]*

1+ 22w’ — 22000 )k — (Z, Vi) o2

X {k|(l + zZ' wiw” — 225/)|k71[(1 + Wi’ P — 2| P)FE T x |ZJ, — 2zwiw|

1
r —1_ . 5]2 S : S 201
| Llagl g R| < @+ ool P - 2o ol
j=1

2712 —2|z|2 )k — ||| ww! 2=2|w|?)k—1v]|2 20
(2a1){[(1+ [*—2|z|*) H@HqJ]Jrz[(lH |“=2[w]*)" | |¢]}

< — —
(14 zzwia’ — 2zel )k — (L, vi) |2

— —/ s . —/ —
X {k|(1 + 27/ wiw” — 220" ) [FT1(1 + |wiw |2 = 2] [P)F x 207 — 2zwiw |
: ‘7]'_1—/'2% i P2 i12yk i1
| L g G| 0+ el 2R - i1
=1

(1 + 22w’ — 220" )¥| — [|Z||o[|v]| o>
10+ 22w’ — 2280 ¥ — gl gllollg P

< (20 -1)

X

{k-4(1‘k> X |2 — 2zt | +c7}

<(20—1) x {k-4(1k) X (|2Jl| + |2zwiw!]) + C7}
< C//.

This shows that f; € Bl@k) (GHEp),i=1,2, -+ and

[(1+ |wiw 2 — 2]l ) — o]~ 1+4

fi(z, O] =

(
|(1+ zz/wiw! — Zzal)k — (g, vt)p[221
[

(1 + |l |2 — 20 [)* — ol )£+

T + 2l — 2z K| = (vl 221

[(1+ |wie” P = 2]wi P)F — [[of|[ 2] 61+

— — — )
|1+ 22w’ — 22600 J¥| = [|g |0 2%
P i in2.1_
B 221 [(1 4 [wieo! |2 — 2] 2 — ||of [ JE 1+
T 222 - 2022~ (1212 + (1 + |wiw? [2 - 2]w )k — [loi 5]
B (Ll o ol P
R R e

Taking i — oo, we have (w', v') — dGHEy. This implies that (1 + |wiw’ |2 — 2|w![2)k —
||vl||§P — 0. If E is a compact subset of GHEpy, for (z,{) € E, we have that (1 + |zZ/|* —
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2|z|2)k —||¢ H%P has a positive lower bound. Thus, we have f;(z,{) = 0, i — co on all compact
subsets of GHE|y. According to Lemma 11, we have that ||, Cyfi| 4 p — 0- Hence,

0 %Hlpcqbfl ”A(ﬁ,k)

= sup [(1+ ][22 P =21z = 1215)P19(z, 0
¢(z,0)€GHEy

[(1+ |wiw 2 = 2]l [)F — o[ 2]5 =1+

(1 +zpzpwic” — 22¢J/)k — (T, V) |22
> (&, )1+ [227 P =212 ) — 1715

(1 + e |2 — 20 P)F — gl

o — 7 .
(1 + Zzhpwiew” —2z4w' )k — (Gy, Vi) o[22

o ‘ ' Zi, i
— [(1 + |ZZZZ |2 — 2|Zl|2)k - ||gl||é],3 ii'2 lp( igz)k il2 a—1"
[(1+ ‘Z(PZ(P‘ - 2|Z¢| )k — ||€¢||q)] k

O
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