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Abstract: In this paper, a novel class of rational cubic fractal interpolation function (RCFIF) has been
proposed, which is characterized by one shape parameter and a linear denominator. In interpolation
for shape preservation, the proposed rational cubic fractal interpolation function provides a simple
but effective approach. The nature of shape preservation of the proposed rational cubic fractal
interpolation function makes them valuable in the field of data visualization, as it is crucial to
maintain the original data shape in data visualization. Furthermore, we discussed the upper bound
of error and explored the mathematical framework to ensure the convergence of RCFIF. Shape
parameters and scaling factors are constraints to obtain the desired shape-preserving properties.
We further generalized the proposed RCFIF by introducing the concept of signature, giving its
construction in the form of a zipper-rational cubic fractal interpolation function (ZRCFIF). The
positivity conditions for the rational cubic fractal interpolation function and zipper-rational cubic
fractal interpolation function are found, which required a detailed analysis of the conditions where
constraints on shape parameters and scaling factor lead to the desired shape-preserving properties. In
the field of shape preservation, the proposed rational cubic fractal interpolation function and zipper
fractal interpolation function both represent significant advancement by offering a strong tool for
data visualization.

Keywords: fractal; iterated function system; fractal interpolation function; zipper fractal interpola-
tion function

MSC: 28A80; 26A18; 41A05; 41A29

1. Introduction

Interpolation is the process of finding the value of a function at a point from its
neighboring points, or it is a method for generating new data points within the range of a
discrete set of known data points. In numerous areas of scientific computation, especially
computer graphics, the science of biology and physical science, and the field of geology and
numerical computation, interpolation techniques are necessary, specifically when it comes
to repeatedly visualizing discrete data. In the field of science and engineering, visualizing
discrete scientific data in continuous form is crucial. Based on their graphical representation,
the collected data from any experiment are broadly categorized as positive, monotonic,
concave, complex, or constrained by their combination, curve, and surface. For example, in
chemical experiments, the quantity of obtained product is always positive, and in the case
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of metals, the resistivity with temperature monotonically increases in nature. Also, with a
certain given initial angle and velocity, the trajectory of a projectile is always concave, and
in the case of alternating current, the amplitude during some specific time interval shows
both concave and convex properties. For representing discrete data as a continuous curve,
splines have proven to be extremely valuable. For the initial development of spline theory
for various types of data polynomial splines studied, see [1-4].

Classical interpolants are suitable for approximating functions with irregular data sets
because some of the derivatives of classical interpolants are globally smooth, and some are
piecewise; however, it is not possible to preserve the hidden shape properties of the data.
This is why it is not an ideal method for designing irregular curves and surfaces. When non-
desirable oscillations occur, like a pendulum’s motion on a cart placed in an electrochemical
system [5] or a spherical ball falling in a hot micellar solution [6], the observed results
are extremely misguided, violating the inherited nature of the data; meanwhile, fractal
interpolations are ideal methods for irregularity. Apart from the theoretical significance
of fractal interpolation, fractal interpolation has a self-similarity property and the ability
to possess fractality in the functions or their respective derivatives, which helps them to
approximate nonlinear phenomena accurately. Fractal interpolation is an advanced and
modern technique that can be used to analyze numerous scientifically obtained data from
some scientific phenomena and unknown complicated functions. Fractal interpolation
not only helps construct rough structures but also ensures that smooth structures can be
constructed. Depending on the values of parameters of iterated function systems, such
structures can have a non-integer dimension [7-9].

The word “fractal” was coined by the mathematician Mandelbrot in 1975 to describe
sophisticated and irregular natural objects and to better understand some scientific experi-
ments that have the presence of self-similarity. The roots of fractal theory began to form
in the 17th century when Leibniz mistakenly considered the case that self-similarity only
occurs in straight lines. Karl Weierstrass, on 18 July 1872, presented a paper in which he
gave the first definition for a function that was continuous everywhere but differentiable
nowhere. Soon afterward, Georg Cantor, in 1883, presented examples of a subset of the real
line, known as the Cantor set, which had some irregular properties that made it a fractal. At
the end of that century, Henri Poincare and Felix Klein introduced another type of fractal,
known as a self-inverse fractal. In 1904, Helge Von Koch extended Poincare’s idea and
was also not satisfied with the abstract and analytic definition given by Weierstrass. He
presented a definition that was more geometric, along with a hand drawn image of such a
function; these functions are now known as Koch snowflakes. Wactaw Sierpinski made
his contribution in 1915 by presenting the triangle and carpet. The fractal interpolation
function was presented by Barnsley [8,10] in 1986. There, he introduced a real-valued
interpolation function, which was defined on a compact interval of R. This function works
well with objects that are present in nature, with some geometrical self-similarity. Ever
since, fractal interpolation has been attracting more attention, as it can be used in almost
every field of life science, including medicine, visualization, engineering science, finance,
and other areas. Fractal interpolation has a wide area of use in the real world; it is used in
movies, medical science, image compression, etc. Knowledge of fractals and ecosystems to-
gether is used to determine the acidrain spread of smoke. The best method to construct the
fractal interpolation function is using the theory of IFS [11]. Harrington [12] introduced the
k-times differentiable fractal interpolation function (FIF). The smooth FIF [13] was shown
by Navascués in 2006. Many researchers have worked on shape-preserving smooth FIFs
since they are useful in many scientific and economic areas such as medicine, stock markets,
etc. Rational splines are one of the most used shape-preserving interpolants as they are
more flexible [14-18]. M. A. Navascués introduced the concept of « fractal function [19],
and M. Nasim Akhtar, together with M. A. Navascués [20], introduced the local non-affine
« fractal interpolation function. In recent years, many authors have worked on different
areas of fractal theory, such as fractal dimensions and fractal surfaces [21-28]. Recently,
Bilel Selmi discussed the dimension of fractal functions on the product of the Sierpinski
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gasket [29]. M. A. Navascués [30] discussed a new type of contraction and the existence
and uniqueness theorem of this map. In Ref. [31], the fractal interpolation function using
the Kannan contraction is discussed, and the generation of fractals using the IFS of the
Kannan contraction in a controlled metric space is presented in [32].

Shape preservation is one of the most important properties of fractal interpolation. The
geometrical characteristics of the interpolating data are maintained using shape preserva-
tion. Shape preservation involves three key properties of functions: positivity, monotonicity,
and convexity. All these three properties are essential in numerous real-world applications
as they can define or maintain the curvature and nature of functions or data within their
domain. Positivity is important in various real-world applications, including physical
quantities such as mass, length, probability distributions, time series analysis, and more.
The positivity of various classical and fractal interpolation functions has been discussed
in the literature. For detailed studies, see [33-37] and the references therein. Similarly,
monotonicity is another crucial property. This property ensures that the function follows a
consistent trend (non-decreasing or non-increasing). Monotonicity is useful in preserving
the trend and order of functions or data, which is crucial in maintaining the integrity of
time series data and other applications. The monotonicity of various classical and fractal
interpolation functions has been discussed in the literature; for detailed studies, see [38-40]
and the references therein. The convexity is also equally crucial for many real-world ap-
plications, such as in the stock market. It helps in predicting market trends and behavior.
The convexity property ensures that the function maintains a specific smoothness in the
shape of the function or data. The convexity of various classical and fractal interpolation
functions has been discussed in the literature; for detailed studies, see [41-44] and the
references therein.

Basic constructions of the zipper have been reported [45,46]. The fractal interpolation
functions using the zipper provide greater flexibility due to the presence of a binary
vector, also known as a signature. Sangita Jha discussed the zipper quadratic fractal
interpolation function and its positivity [47]. They also ensured that the discussed function
is non-negative in the defined interval. Vijay and Chand [48] proposed the zipper fractal
interpolation function considering variable scaling. By considering variable scaling, one
can enhance the adaptability of the function. The convexity of the zipper cubic fractal
interpolation function with a quadratic denominator has been discussed by Vijay and
Chand [49]. In this paper, we present the construction of a zipper-rational cubic fractal
interpolation function. Interpolation with constrained data has a wide application in real-
world applications, such as removing undesired wiggles in prominent lines of automobile
roofs, in engineering, preventing oscillations between points, and more.

The aim of this paper is to construct a family of shape-preserving rational cubic fractal
interpolation functions, including their zipper form, and to demonstrate their advantage
over the classical interpolation functions. The qualitative features of an interpolant curve
depend mainly on the scaling factor and shape parameters. The constrained RCFIF is
designed to ensure that it lies above the straight line for all real values that share this char-
acteristic. This paper is organized as follows: In the Section 2, we provide a short review of
the fractal interpolation function (FIF) and the zipper fractal interpolation function (ZFIF).
First, we discussed the fundamental concepts and mathematical construction of the fractal
interpolation function, along with its uniqueness and existence theorems. This section also
highlights the difference between classical interpolation functions and fractal interpolation
functions. Then, we discuss the zipper fractal interpolation function, including its basic con-
struction and the presence of a signature, which enhances the flexibility of the interpolating
function or data. In the Section 3, we present the construction of the rational cubic fractal
interpolation function, and the zipper-rational cubic fractal interpolation function. For the
rational cubic fractal interpolation function, we consider a rational function of the form

i(0 . . . . . . . . . uje(
Z]‘EG; , while for zipper-rational cubic fractal interpolation, the rational function is Z] Ef’; ,
] J:€

where the numerator is a cubic polynomial, and the denominator is a linear polynomial
with one shape parameter. In the Section 4, we discuss the convergence of the rational cubic
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fractal interpolation function and the zipper-rational cubic fractal interpolation function re-
garding the data-generating function. Their respective theorems are given with proofs. The
convergence analysis includes the error bound and conditions that guarantee the precision
and reliability of the considered interpolant. In the Section 5, we constrain the RCFIF and
ZRCFIF so that they lie above the straight line. In the Section 6, sufficient conditions are met
to obtain the positivity conditions for the rational cubic fractal interpolation function and
zipper-rational cubic fractal interpolation function. We derive the mathematical framework
to provide the necessary and sufficient conditions for the function to be non-negative.
To support the theoretical part, we provide an example with graphical representations.
The respective theorems for providing sufficient conditions for the rational cubic fractal
interpolation function and zipper-rational cubic fractal interpolation function to be positive
are discussed. In the Section 7, we conclude the work done in previous sections and discuss
their results. We also suggest potential future work in this area, which can be done by
extending the given function to higher-order dimensions and other possible extensions.

2. Basics of Fractal Interpolation Functions and Zipper Fractal Interpolation Functions

In this section, we provide a short review of fractal interpolation functions (FIFs) and
zipper fractal interpolation functions (ZFIFs) together with their fundamental equation
and uniqueness and existence theorems. First, we discuss the fundamental concepts and
mathematical construction of the fractal interpolation function. This section also highlights
the difference between classical interpolation functions and fractal interpolation functions.
Then, we discuss the zipper fractal interpolation function, including its basic construction
and the presence of a signature, which enhances the flexibility of the interpolating function
or data.

2.1. Fractal Interpolation Function

Let {(ym,zm) € ] x K,m € My =1,2,3... M} be the dataset, where K is a compact

set of Rand | = [y1, ym] satisfying y1 <y> <ys3... <ymand J; = [y}, y;j11] for j € My 1,
Mp-1=12,...,M—1. Consider L; : ] — J; the contractive homomorphism defined as
Li(y) = ajy + b; such that Vy, y* € ] and for some 0 < J; < 1.

ILi(y) = Li(yo)| < Lily —y* Li(ya) = yj, Li(ym) = yj1,j € Mpa (1)
Define F; : K:= ] x [c,d] — R such that, for and let §; € (—1,1),
Fi(y,z) < |éj|lz = 2+ Fi(y1,21) = 2j, Fi(ym, 2m) = zjs1,j € Mp1 - (2)
Now construct a function
Mji:] X R—Ji xR,

ui(v,z) = (Lj(y), F(y,2)),j € Mm-1.

Theorem 1 (see [8,10]). The iterated function system {J x K; p;, j € Mpj_1} possesses a unique
attractor H, which is also the graph of the continuous function g' : ] — R that satisfies g'(y;) =

The above function g’ is known as the fractal interpolation function corresponding
to the IFS {J x K; ptj, j € Mj—1 }. The most widely studied fractal interpolations and their
applications are taken from the following iterated function system:

{IxKpi(y,z) = (Lj(y), Fi(v,2));j € Mm-1} (3)

Li(y) = ajy + b, Fi(y,z) = 6jz+ Qj(y), where Q;: ] — R is a continuous function. The
multiplier §; is known as the vertical scaling factor of a continuous map ;.
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Let C"(]) be the collection of all r-times continuously differentiable real-valued func-
tions on . The differentiable fractal interpolation functions are given by the following theo-
rem:

Theorem 2 [12]. Let {(ym,zm) € ] X K:m =1,2,..., M} be the dataset, where y; < y <
.. <ym Let Li(y) = ajy + b, F(y,z) = 6jz+ Q;(y), where Q; is a continuous function for j €
52+Q)" (y)

Mp—1. Suppose that for some integer v q > 0, 5j| < a}?,j € Mpj_1. Let F]-’r(y,z) =—,
]
Q](.r) (y) be the rth derivative of Q;(y)
er) (y1) Q&Z)_l(yM)
21,y = ﬁrZM,k = (,)7'7 =12,...,q
a; —o1 Api_q — SM-1

If Fi1,(ym zmyr) = Fir(y1,21,) for j € My—2 & r =1,2,...,q then a fractal interpolation
function g’ is determined by an iterated function system {J x K;ui(y,z) = (Lj(y), Fj(y,2)),
j € Mag_1} and the fractal interpolation function ¢'") € C[y1, yu] is determined by an iterated
function system {] x K, u;(y,z) = (L;(y), Fi»(v,2)),j € Mp—1}.

2.2. Zipper Fractal Interpolation Function

In this subsection, we review the construction of the zipper IFS for a given data set.
First, we recall the definition of a zipper.

Definition 1. Consider a non-surjective map y;,j € Mpi—1 on a complete metric space (X, d).
Then, the system S = {X;u;:j € Mp_1} is known as the zipper-iterated function system
with the vertices (v1,va, ..., 0p) and a signature e = (1,2, ...,en) € {0, 11171 if jj satis-
fies pj(v1) = Vjteyr y]-(vM) = Vji1-¢; Vj € Mpy—1. Let B C X be any compact set satisfying the
self-referential equation
M-1
B = U]-:1 ‘u](B)

This is known as the attractor corresponding to the zipper IFS §. The definition of IFS with ver-
tices (v1, 02, ..., vm) and the definition of zipper IFS coincide if we take the signature vector ¢j = 0
j € Mpi—1. The following review of the zipper fractal interpolation function is based on [10,46,50].

Let {(Ym,zm) € ] X R,m € My} be the dataset with y; < yp < ... < ypm. Consider | =
i, yml & J; = [V, yje),j € Muro. Let Lj: ] = J; the affine map given by Li(y) = ajy +
bj,j € M1 such that

Li(y1) = Yjre; Li(ym) = yj1—; 4)
0= Yi+1—¢; = Yj+e; o YMYj+e; — Y1Yj+1—¢;
J ym—y1 Ym— W ’

Letj € My 1, Fj: K:=] X [c,d] — R be a function defined as

Fi(y,z) = 0;z+ Q;(y)

where Q; : | — R is the continuous function and 6; be the vertical scaling factor such that |6, =
max{|d;| : j € My—1} < 1, and the following condition holds:

Fi(y1,21) = Zjse;, Fi(ym, 2m) = zj1-¢;,j € M1 (5)

Now, defineamap p;: K — J; X R,j € My as

wi(y,z) = (Li(y), Fi(y,2))¥(y,2) € K.
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The system ' = {K; i, j € My_1} is a zipper-iterated function system with vertices
{(Ym,zm),m € M} and a signature ¢ = (e, €, ...,€p—1). The construction of Zipper-FIF
is presented in the following theorem from [51].

Theorem 3. The following conditions hold for the IFS {K; u;,j € Mp—1}

o There is a unique compact set H C K such that H = U].Aif‘uj(H).
e The continuous function g : ] — R that interpolates the dataset { (ym,zm) € ] X R:m €

M}, ie, H={(y,82(y)) :y € ]} & & (yj) = zjVj.

3. Construction of Rational Cubic Fractal Interpolation Function and Zipper-Rational
Cubic Fractal Interpolation Function

This section is divided into two parts. In the first subsection, we discuss the construc-
tion of the rational cubic fractal interpolation function, and in the second, we discuss the
construction of the zipper-rational cubic fractal interpolation function:

3.1. C'—Rational Cubic Fractal Interpolation Function

In this subsection, we provide the construction of the rational cubic fractal interpolation
function with one shape parameter. Let {(yu,zm) € ] X K;m € My} be the given set of
data for an original function ¢ such that y; < y» < ... < yum. Let {J x K; uj(y,2) = (L;j(y),
F]-((y),z))Vj € Mp_1} be the IFS, where Li(y) = ajy +bj, Fi(y,z) = 6;z+ Q;(y), Q;(y) =
ui(y
W,
’5]| < llj,j € Mps_q. Let

u;(y) is a cubic polynomial and v;(y) is a linear polynomial, v;(y) # 0Vy € ],

5d + Q" ()
@ el N
F(y,d) = P
where Q](l) (y) is the first-order derivative of Q;(y), y € [y1,ym]- The following join-up
conditions are satisfied by F; (v, 55)

Fi(y1,59) = 2z, Fi(ym, S%) = zj41,

6
Fj(l) (]/1/ dl) = d]/ F](l) (yM/ dM) = dj+1/ ( )

where d; is the first-order derivative of S? regarding y at knot yj- The attractor obtained

by the above-iterated function system will be the graph of the C!-rational cubic fractal
interpolation function. Now, from (3), it can be observed that the FIF can be written as:

(6
S (L) = 5:5° () + Q)(y) = §5°(y) + 4, 7)
01(6)
ui(0) = A(1—6)> + B(1—0)%0 + C(1 — 6)6* + D6°,
0j(0) = 1+5;(1-0),0 = L= 1= yy —yrwy € J,

and s; is a positive shape parameter. The following conditions are imposed to ensure that
the rational cubic fractal interpolation function is C!-continuous:

Sé(L/‘(l/l)) =z, 5‘5(Lj(J/IM)) = zj41,
(55) (Lj(yl)) =dj, (56) (Lj(yM)) =dji1,] € My-1.

From Equations (7) and (8), it is evident that if we take y = y; in Equation (7), then
we obtain

(®)

A
SJ(L](]h)) =zj=zj= §]‘Zl + Y = A= (1 +S]') (Z] — 5]'21).
]

1+s
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Similarly, to calculate the value of D, if we take y = y)s in Equation (7), then we obtain
5 D
S°(Li(ym)) = 21 = Zjs1 = djzm + 7 = D=z11-zm-

Differentiate Equation (7) with respect to the y,

() ()L O =6 (s°) ) + @ V)

Now, to calculate the value of B, if we take y = y; in (S° ),(Lj(y)) and use Equation (8),
we obtain
= B = (3 + ZS]‘) (Z] — (5]'21) + l] (1 + S]) ({Il]d] - 5]d1)

Similarly, to calculate the value of C, take y = yy in (5°)’ (Lj(y)) and use Equation (8).
Then, we have

(~C+3D) —D(~s))

lj

/
(S‘S) (L](]/M)) = dj+1 = lljd]qu = 5de +

= €= (3+5) (241 — jzm) — 1j(ajdj1 — Ojdm)
Now, by substituting the values of A, B, C & D into Equation (7), we obtain the required
well-defined C!-rational cubic fractal interpolation function, whose numerator is:

u](G) = (1 + S]) (Z] — 5jZ1) (1- 9)3 + {(3 + 25]‘) (Z] — 5]'21) + l] (1 + S]) (a]d] - 5]{11) }(1 — 9)29
+{ (3 + S]) (Zj-H — (5]ZM) — l] (Lljdj+1 — 5]dM) } (1- 9)92 + (Zj-H — (SJ'ZM)Q?’.

U;

*

The derivatives d,,, m € M can be calculated either using numerical methods or from the
given set of data if it is not given. We calculated it using the arithmetic mean method on a
given set of data.

Remark 1. If §; = 0, then the rational cubic fractal interpolation function will be reduced to the
rational cubic interpolant, which is of the form

ui (t)
SW) = 5rp¥ € Wivinl, )

with

(1) = (1+5)z;(1 = 1)> + {(3+25))zj + hj(1 +5)d; } (1 — £)*t + { (3+5)zj11 — hydj1}

(1= + 2z 0 () =1+sj(1 )t = L8 ye]

Ym—hn

Example 1. To verify the diversity and flexibility of the rational cubic fractal interpolation func-
tion over the classical cubic fractal interpolation function, we provide an example considering
the interpolating points (0,0), (2,10), (4,15), (7,38), (10,50). Throughout Figure 1, the shape
parameter s; is considered (50,50,50,50). The rational cubic fractal interpolation function is
shown in Figure 1. Now, if we compare the figures with each other, the change is visible and is
due to different values of the scaling factor. We have taken different values for each figure. In
Figure 1a, we have taken the scaling factor 6 = (0,0,0,0) and 6 = (0.2,0.25,0.45,0.5) in Fig-
ure 1b, comparing Figure 1a,b, Figure 1a is less detailed, whereas Figure 1b is more detailed
and dense due to the increased scaling factor. Similarly, in Figure 1c,d, the scaling factors
are 6 = (0.3,0.24,0.6,0.72) and 6 = (0.04,0.15,0.35,0.75), respectively. Figure 1d is more
basic compared to Figure 1c, where the shape is more filled in and intricate. Figure le with scaling
factor 6 = (0.14,0.42,0.56,0.92) and Figure 1f with scaling factor § = (0.04,0.15,0.35,0.75) can
be compared similarly. In this way, we can compare all these figures based on the scaling factor.
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Figure 1. Rational cubic fractal interpolation functions S° with the change in scaling factor.

(a) Rational cubic fractal interpolation with scaling factor § = (0,0,0,0). (b) Rational cubic

fractal interpolation with scaling factor 6 = (0.2,0.25,0.45,0.5). (c) Rational cubic fractal in-

terpolation with scaling factor § = (0.3,0.24,0.6,0.72). (d) Rational cubic fractal interpolation
with scaling factor § = (0.04,0.15,0.35,0.75). (e) Rational cubic fractal interpolation with scal-
ing factor § = (0.04,0.15,0.35,0.75). (f) Rational cubic fractal interpolation with scaling factor

6 = (0.14,0.42,0.56,0.92).



Axioms 2024, 13, 584

9 of 26

3.2. C!-Zipper-Rational Cubic Fractal Interpolation Function

In this subsection, we construct the zipper-rational cubic fractal interpolation function:
Consider the zipper-rational iterated function system, where the rational function is

Qj,s (y) =

where
Uje(0) = Aje(1—0)° + B (1—0)%0 + C; (1 — 0)6* + D; .6°,

vj,s(g) =1+ S]‘(l - 9)

For 0 < § = ;7% < 1,5; is a non-negative shape parameter. Suppose C()={g:]—R,
g(y1) = z1,8(ym) = zpm}- Then, C(]) is the subspace of space C(J) and C(]) is complete
with respect to the uniform norm. Let ¢; € {0, 1}M*1 be fixed and define the Read-

Bajraktarevic (R-B) operator T2 : C(J) — C(J) as:
T (Li(y) = Fi(y,8v)

Aje(1—0)° + B (1 —0)%0 +Cjo(1— 0)6? + D; 6%
1+ S]'(l — 9)

=0;g(y) +

T? is a contraction on complete metric space (6 (N, ||||oo> By the Banach contraction,

theorem, T? possesses a fixed point S¢ that satisfies:

Se(Li(y)) = §iSL(y) + Qje(y) (10)
3 2
_ 580 + Aje(1=6)" + Bje(1—6)°0 + Cj(1—0)6° 4 D; .6°
1+ Sj(l — 9)

The coefficients in this expression Q;.(y) can be calculated using conditions given in
Equation (2), which is an operation similar to calculating them from the relation S (y]') =
Yive; & s? (Yjir1) = Yj+1—¢;- According to [12], for a differentiable fractal interpolation
function, the scaling factor is selected as ‘(5]" < a;j¥j € Mp—1. For the construction of the

C! zipper-rational cubic fractal interpolation function, we need the following interpolat-
ing conditions:

Sg (L](yl)) = ZjJrE]'/Sg (L](yM)) = Zj+1,5j&
() (Li(0)) = djrey, (59 (Litym)) = dii1e,

Y7o

where dj; is the first-order derivative with respect to “y” at knots y;, respectively. To
calculate the value of A; ., take y = y; in Equation (10) and we obtain

Aj,e = (1 + S]) (ZjJFEj — 5]‘21)
Similarly, to calculate the value of D; ., take y = y in Equation (10) and we obtain
Dj,s = Zjtl—g; — 5jZM

By taking the first-order derivative of the functional equation, we obtain

()" (LN Vo =g (s)) " 1)+ Q. V)
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to calculate the value of B;., take y = y; in the above equation, and we obtain
B]',g = (3 + 25j>zj+gj + (1 + S]')h]'dj+£]. — 5j((3 + 25]')21 + (1 + S]‘) (ym — yl)dl)

where ij = yji1-¢; — Yjre;- Again, to calculate the value of Cj, taking y = y in the above
equation, we obtain

Cie = (3+8)zj11-¢; = Mydj1—e; — 6j((3+ )2 — (ym — y1)dm)-
Thus, we obtain the desired zipper-rational cubic fractal interpolation function, which is

u;.(0)
S2(Li(y)) = 6;S2(y) + v;w)

The values of uzg(ﬂ) and v;(0) are provided below:

Mj,g(e) = 1/{]-*,8(9) = (1 + S]) (Zj+€]. — 5]'21) (1 — 9)3 + (Z]'_H_g/. — (S]ZM) 63
+ (3 + 2sj)zj+€j + (1 + Sj)hjdj+€j — 5]((3 + 25]')21 + (1 + S]) (_l/M - yl)dl)) (1 — 0)29
+(B+5))zj1-¢ — hjdjsr—e; — 6((8+5j)zm — (ym — yl)dm)) (1-06)62,

’0]‘,8(9) =1+ S]‘(l — 9)
Remark 2. If the signature is €, = 0, then the zipper-rational cubic fractal interpolation function
reduces to the rational cubic fractal interpolation function
u;(0)
vj(6)

S (Li(y)) = 6;°(y) + Qi(v).Q;(y) = (11)

where the values of u;(0) and v;(6) are given in Section 3.1.

Remark 3. If ¢; = 0 = §;, then the zipper-rational cubic fractal interpolation function reduces to
the rational cubic interpolant, discussed in Remark 1 of Section 3.1.

Example 2. To verify the diversity and flexibility of the zipper-rational cubic fractal interpo-
lation function compared to the rational cubic fractal interpolation function, we provide an ex-
ample considering the interpolating points (0,0), (2,10), (4,15), (7,38), (10,50). Throughout
Figure 2, the shape parameter s; is considered (50,50,50,50). In Figure 2a, we have taken the
scaling factor 5 = (0,0,0,0) and signature as ¢ = (0,0,0,0), and in Figure 2b, the signa-
ture as ¢ = (0,0,0,0) and scaling factor as 6 = (0.2,0.25,0.45,0.5). Comparing Figure 2a,b,
Figure 2a is less detailed, whereas Figure 2b is more is more detailed and dense due to the in-
creased scaling factor. Since we have taken the signature as e = (0,0,0,0), these figures are the
same as Figure 1a and Figure 1b. Comparing Figure 2b,c, we have taken the same scaling factor
as & = (0.2,0.25,0.45,0.5) for both figures and the signature as e = (0,0,0,0) and e = (1,1,1,0),
respectively, Figure 2c is more detailed or enhanced as it is producing a negative graph due to the
change in signature value. Figure 2d,e can be compared as we have taken the same scaling fac-
tor 6 = (0.04,0.15,0.35,0.75) in both figures and signature as ¢ = (0,1,1,0) and e = (1,1,1,1),
respectively. Comparing Figure 2e with scaling factor 6 = (0.04,0.15,0.35,0.75) and signa-
ture as e = (1,1,1,1) to Figure 2f with scaling factor 6 = (0.14,0.42,0.56,0.92) and signature
as e = (1,1,1,1), Figure 2f is more detailed compared to Figure 2e, which is due to the increase in
the scaling factor.
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Figure 2. Zipper-rational cubic fractal interpolation functions S¢ with the different values of signature
¢ and scaling factor J. (a) zipper-rational cubic fractal interpolation with signature ¢ = (0,0,0,0)

and scaling factor 6 = (0,0,0,0). (b) zipper-rational cubic fractal interpolation with signature

€ =(0,0,0,0) and scaling factor 6 = (0.2,0.25,0.45,0.5). (c) zipper-rational cubic fractal interpolation

with signature ¢ = (1,1,1,0) and scaling factor 6 = (0.2,0.25,0.45,0.5). (d) zipper-rational cubic
fractal interpolation with signature ¢ = (0,1,1,0) and scaling factor § = (0.04,0.15,0.35,0.75). (e)
zipper-rational cubic fractal interpolation with signature ¢ = (1,1,1,1) and scaling factor 6 =
(0.04,0.15,0.35,0.75). (f) zipper-rational cubic fractal interpolation with signature ¢ = (1,1,1,1) and

scaling factor & = (0.14,0.42,0.56,0.92).
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The changes in the graphs of Figures 1 and 2 are clearly visible. We have taken the
same scaling factor in some of the graphs, but in Figure 2, due to the presence of signature,
the curve of function is changed.

4. Convergence of Rational Cubic Fractal Interpolation Function and Zipper-Rational
Cubic Fractal Interpolation Function

In this section, we determine the error bounds for uniform distance between the
data-generating function ¢, which belongs to C?[y1,yu], and the rational cubic fractal
interpolation function. It is difficult to calculate the uniform error bound ||¢ — 55H00 using
the standard techniques since the rational cubic fractal interpolation function S° has an
implicit expression. Hence, we use the classical rational cubic function to drive the upper
bound of the uniform error:

o=l < o=l +[ls =] @2

To show the convergence of the C!-zipper-rational cubic fractal interpolation function
S toward the ¢, the data-generating function belongs to C2[y1,yp]. We need to find
a uniform distance between them. It will be difficult to calculate ||¢ — sﬁ”m using the
standard techniques due to the implicit nature of S. Let S be the C! zipper-rational cubic
fractal interpolation function and ¢ data-generating function, respectively. We will derive
an upper bound of the error using S¢ — S°.

By the triangular inequality, we have

<Jo-s

— sﬁHw (13)

HOO

J
H ¢ — Se
o0
Now, we use the convergence result of the classical rational cubic interpolation function S.

Theorem 4. The error between the data-generating function ¢ € C? and the classical rational cubic
function is

1
o) =S < 59| Hesy € Iy yaal, (14)
where ej = Orgt?éla(sj, t)Vs; > 0 and for any positive value of s;, the error optimal constant e; is
bounded by 0 < ej < 0.2685.
Theorem 5. Let ¢ be the data-generating function for the given set of data {(ym,zm) € ] X K,

m € My} and S° be the C'-rational cubic fractal interpolation function. At knot yj, dj,j €
M1 is the bounded first-order derivative. Let

h= 1<I]l}%( 1ﬁ],u( ) = @l + Rjt(1 — 1)y, E*(h) = Z + ht(1 — )&,

&1 = max|dy|, Z = max{|z1|, |zm|}, E2 = max{|d1|, |[dpm|}
1<m<M
then, the condition holds
Ol o
1- ‘5|oo

< eh]ZH(p(z)Hoo +

HOO

o5

wheree = max ej,e; = maxa(sj,t).
1<j<M-1 0<t<1

Proof. Consider C(]) as a space

g (1) = 21,8 (ym) = z2m, 8" (1) = d1, 8" (ym) = dm}
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from Equations (2) and (7), the R-B operator
T : C(J)) = C())
for rational cubic fractal interpolation function, this can be written as
-1
. - uil L (), .
;g (v) = &8’ (L)) + —< : ),y € Jjj € Myi1- (15)

o (1 w)

Clearly, the interpolant S° is a fixed point of T} with 6 # 0 and g’ being a fixed point of T}
with 6 = 0. Since the R-B operator Tj is a contractive operator with ||, as its contractivity
factor, we have

Using the mean value theorem of a function with multiple variables and from Equation (15),
we have

T;S° — T;S

LN R (16)

uf(Lj‘l(y),Tf) }

a{ o (L)
T35(0) = T3S <18l | 1S+ | =55 ;

7| € (0,4;). (17)

Now, we calculate the right-hand side of Equation (17). From the classical rational cubic
interpolation function in Equation (9), we have

S(y) = w1 (Sj, t)Z]' + w> (S]', t)Zj+1 + w3 (S]', i’)d] — Wy (S]', t)d]'_H, (18)
where 3 )
(M) (A=) + (3+2s) (1 — 1)t
wi(st) = T+s,(1-1) 20
B4+ (3+s)(1—t)
wz(Sj,t)— 1—|—s]-(1—t) >0

hi(1+s))(1—t)%t

—hi(1— )2
]( ) >0
1+S]‘(1*t)

T 14s(1-1) T

w3 (sj, t) = > 0 andwy (sj, t)

we can easily verify that w; (sj, t) + wy (sj, t) = 1and ws (sj, 1) — wy (s]-, t) = hit(1—t).
From Equation (18), we obtain

S(y) < hit(1—t P
(y)_m33§1{|2m|}+ it ( )mri}f}’il{‘ m|}

The above inequality is true Vj € Mjys_1; we obtain the following expression:
1Sllee < E(R) = [@lloo + Ayt (1 = £)E1. (19)
As vj(t) is independent of J;, from the first term of the right-hand side of Equation (17),

P} Mf(L;I(y)’-Ff>
5(L'w)

35,

= wq (S]', f)Z1 + CUZ(S]', t)ZM + w3 (Sj, t)dl — Wy (S]', t)dM
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Now, using the same arguments we used for the first part, we obtain the following bound:

a{ (L 4)7) }
o (LW
]( ! y) <E*(ﬁ),‘:Z+ﬁ]’l‘(1—t)Ez (20)

85] -

substituting Equations (19) and (20) in Equation (17), we have
IT5S(y) = ToS(y)| < 1] (E(R) +E(h)),y € [y)yj41]
Since the above result is valid in each subinterval, then we obtain
IT55 = ToSlleo < 10l (E(R) + E7(R)). (21)
Using Equations (16) and (21) in
|s* =] =1

T;S° — T3S T;S? — T}S

=]
o

|+ T8 — T3Sl
[e9)

from the above inequality, we have the following estimate:

{2(h) +E%(h)}

o] < 2 @

Aswehave |9 — ||, < |9 — S|l + ||S — S°||, using the Theorem 4 and Equation (22)
in the above inequality, we obtain the desired upper bound

1600
1- |5|oo

< et + (B(h) + &*(h)} (23)

Jo=s.
]

Theorem 6. Let S¢ and S° be the zipper-rational cubic fractal interpolation function and rational
cubic fractal interpolation function, respectively, for the dataset { (Ym,zm) € ] X K;m € My} with

vertical scaling ‘dj‘ < aj, and then for fixed signature e € (0, M,

8- 5 < Sy 2+ bl (ol ) + ol ) )

where
h= max{’h] ;j S MM,l},w(go, ﬁ) = Ssup {q)(yl) — (p(yz);yl,yz S ]},A = min{)\j ] S MM}
ly1—y2|<h
. 0,ife; =0
A =min{v;.(0):0<0<1)and|e| =4 "7/ .
] { ],E( ) — — } | ‘oo { 1rlf5j7é0
Proof. Using the self-referential equation for the zipper-rational fractal interpolation
function S and rational fractal interpolation function S%, Vy € | i, we have
(1+5') Zjte; —Zj 3 Zjt1—¢, —Zj+1 3
55t - ') + E0Cra) g gy Broam) g

o | T 9. (0)
+ (3+S]')Z]'+1,Ej 7h]'dj+1*€]' - (3+S]‘)Z]‘+1 Jrh]dﬁ,l

o) (1—6)6?
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o5

HOO

using the properties of modulus, the above inequality can be written as

< [6][|S2(y) — S°(v) ||, + )(1+sj|2;.(zg)sj_zj)‘ I ‘(3+25f)(Z/'+sj_Z/'|)J.+(9()1|+S/)h/(dj+sj_di)
1€ 1€
n ’(3+Sj) (Z]'+l—ej *Zj+1> ‘*‘h,‘ (dj+l—ejdj+lg‘ ‘Zj+1—ej*2j+1‘

|0je(6)] [0je(0)]

3|2j41 — zj| + 2Is]w|zj+1 — 7]
’ +ﬁ‘dj+1 — d]‘ + h|s‘oo‘dj+1 — d]|
)

< 8152 = 8], + | e el
gy Ll al M a] ) el

< 10182 = | + el -
4|s| ow (@, h) 4+ 8w (g, h) + hls|w(¢', k) + 2hw (¢, h
2 4 h) + h ' R
§|‘5|°°’S§_55H 1 e, 2HIslo)( w(fp/{ ) +hw(g', b))

which is the required result. [

Theorem 7. Let S be the zipper-rational cubic fractal interpolation function for the considered

dataset {(ym,zm) € | X K;m € My} with fixed signature ¢ € (0,1)™ and the vertical scal-
ing |6;| < aj, then

9] €

<er]|o®| +1= S1BM B W} + 5 {2 sl (el ) + o (9!, 1) )

Proof. Now, since in Theorems 5 and 6, we have calculated the values of |¢ — S0 |, and
152 —5°

- DYy substituting these values in the following inequality:

S §0

= le=sl+]

H ¢—S2
we obtain our desired result. (J

Convergence Result: Since we have |(5]~‘ < aj, this implies [4],, < % From the above
theorem, we can say that the zipper-rational cubic fractal interpolation function converges
to the data-generating function ¢ as i — 0, and in the case of the rational cubic fractal
interpolation function ||, < ?, then from Theorem 6, we can say that the rational cubic
fractal interpolation function converges to the data-generating original function ¢ as i — 0,
if we take ’(Sj’ Sajz.,thenH(p—Sf :O(ﬁz) and H(p—S‘S :O(ﬁz) as h — 0.

leo leo

5. Constrained Rational Cubic Fractal Interpolation Function and Zipper-Rational Cubic
Fractal Interpolation Function

In this section, we discuss the constrained RCFIF and ZRCFIF, whose graph lies above
the straight line. Due to the arbitrary choice of IFS parameters, the RCFIF and ZRCFIF may
not lie above the straight line. Therefore, to avoid such circumstances, we have deduced
the sufficient conditions on the shape parameter s; and scaling factor J;.

Theorem 8. Let {(ym,zm) € ] x R:m € My} be the given dataset and S° be the rational cubic
fractal interpolation function. Suppose that the given dataset lies above the straight line L = Y =
ny + k, the parametric form of Lis Y (L;j(y)) = (1 —0)B 4 0 on [y1,ym], then the C! rational
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cubic fractal interpolation function defined here will lie above the straight line if the conditions given

below hold: 0.4
' 0,6] ,c<a
% € { 0,a) ,a<g

where

. zi—Bi zi—Bi—vi zi—7i
g—mm{aj, i ﬁ]/ i— B i ]}
21 21 ZMm
and conditions over shape parameters are
condy <s; < condy

3(z = 9jz1) = 2Bj —vj + (1 + )1 (ajd; — §;dh)
2(zj = 671) — B — v
3(zj=0jz1) —2B;j—v;+(1+s;)1; (a;;—0jd1 )
2(zj—dz1) —Bj—; ’
Z]‘+1—§jZM—l]‘ (“jdj+1 _J]dM
Zj+1—0;ZM—";

cond; =

0,

cond, = max

Proof. Let {(ym,zm) € ] X R: m € My} be the given positive data which lie above a
straight line. The parametric form of the straight line is Y(L;(y)) = (1 —6)B + 6 and if
we take y = y; then B; = Y; = ny; + k. Similarly, if we take y = yp then ;11 = Y1 =
nyjy1 + k.

Now the C! rational cubic fractal interpolation function lies above a straight line if

u;(0
S (L) > Y(L;(9)) = 65°(y) + jégi S (- 0B+ 6y
this implies
:>5]-S‘5(y)+1;]:((zs—((1—9)ﬂ+97) >0 (24)
]
2:(6
= 0;8°(y) + ngeg >0 (25)

0;(0) = A(1—6)° + B(1 - 0)%0 + C(1 - 0)6* + D6°
here,
A= (1+45j)(zj — djz1 — Bj)&D = zj11 — djzpm — j
B =si(2(zj = 971) — B = 7j) +3(2; — §71) = 2B; — v+ (1 +5))1;(ajd; — 5jdn)
C= (2 + S]) (Zj+1 — 5]'21\/1 — ’)/]) + Zj— (SjZM — l] (ajd]-H — 5]dM)
Now, to show that Equation (24) holds, we need to prove that Equation (25) is true for
¥ =y;. As we know, S0 (yj) > 0 because of the scaling factor §; > 0. The shape parameter

sj is non-negative, provided v;(6) > 0. Now, all we are left with is #;(0) and ;(6) > 0if all
the free parameters are non-negative. Therefore, let

N Zi — Ppj ~
A20:>5]-§]7'B]andD20:>(5]'§

Z1

Zi+1 —
Zm

Let B > 0. Then, we have
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B= Sj (2(2]' — (5]'21) - ,5]‘ - ’Y]‘) +3(Z]' — (5jzl) — Zﬁ]’ —j + (1 + S]')l]‘(ﬂ]'d]’ — (5/'111) if we
tjike ajd‘ — (5]~d1 > 0, then s;i >0 an(il 2(2]' — (5jzl) — ,Bj -7 20= (Sj < 21_57;_71, provided
B > 0. Otherwise, to validate that B > 0, we choose

oo 3E—gm) — 2B — v+ (1 s))]i(ajd; — Gjda)
= 2(zj = 6jz1) — Bj —

IfZ(Z]' — (5]'21) — ‘3] - > 0, then

3(zj — djz1) — 2B — v+ (1 +5)]j(a;d; — 6d)
2(zj — 6jz1) — Bj — j

and if 2(z; — djz1) — Bj —7j < 0, then

S]‘>

3(zj — &jz1) —2Bj — v+ (1 +5))]j(a;d; — 6;d)
2(zj — 6jz1) — Bj — j

S]'<

Similarly, let € > 0. Then, we have
¢ = (2 + S]) (Z]'+1 — 5]'ZM — ’)/]) + Zjy1 — (SjZM — l] (a]‘d]qu — (S]dM)

If we:cake dej+1 — 5]dM > 0, then §j ZAO and Zjty1 — (5]'ZM —j >0 = 5] < ZHZliA;Yj,
provided C > 0. Otherwise, to validate that C > 0, we choose
o > G =0z — (4 — Gjdu)

I= Zjt1 = 0jZM —

The above calculation can be written as

, 0,¢] ,¢<a
5]6{ 0,a) ,a<g

where

¢ = mm{aj,

z—Bj Zi— B~ %7
Z1 ! Z1 ! ZM

and conditions over shape parameters are
condy <s; < cond,
3(zj — 1) = 2Bj —vj + (L +5;)1;(a;d; — 6jdn)
2(zj = djz1) — Bj —
3(z=0/71) =28 =+ (L+57)1; (a;d;=¢jeh)
2(zj=dj21) =B;—7; ’

Zj+1 —JjZM—l]‘ (lljd]url —5/'dM
Zj1—0ZM 7]

cond; =

0,

cond, = max

Hence, we obtain the desired conditions for the rational fractal interpolation function to lie
above the straight line.

Similarly, we discuss the sufficient condition for the C!-zipper-rational cubic fractal
interpolation function to lie above the straight line. [J

Theorem 9. Let {(ym,zm) € ] X R:m € My} be the given dataset and S be the zipper-
rational cubic fractal interpolation function. Suppose that the given dataset lies above the straight
line L =Y = ny + k, the parametric form of Lis Y (Lj(y)) = (1 —0)B + 6 on [y1,ym], then
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the C! zipper-rational cubic fractal interpolation function defined here lies above the straight line if
the conditions given below hold:

‘ 0,6] ,g<a
%6{[Q® ,a<g

where

c= min? a: Zj+£j - /3] Zj+€j - IB] - ’Y] Z/‘+1,£]. - r)/]
]/ Zl 7 Zl 7 ZM

and conditions over shape parameters are

condy < s; < condy

3(zj+€]. — 5j21> —2Bj =i+ (1+s)) (hjdj+£/ —Sj(ym — yl)d1>
220 —071) — By =

0 3 (Zj+sj *5;'21') —2B;—7j+(1+s;) (h]'d]'Jrs]- —4i(ym *yl)dl)
7
condy = max 2(zj1;=021) i
Zj+1—sj*‘SjZM*hjdj+1—sj+‘)j(yM*yl )am
Z/+1—ej_‘5jZM_'Yj

cond; =

7

Proof. Let {(ym,zm) € ] x R: m € My} be the given positive data, which lies above
the straight line. The parametric form of the straight line is Y(Lj(y)) = (1—6)B + 0y
and if we take y = y; then f; = Y; = ny; + k. Similarly, if we take y = yp;, then
Bj+1 = Yj+1 = nyj11 + k. Now, the C!-zipper-rational cubic fractal interpolation function
lies above a straight line if

. u; (6
SE(LW) > Y1) = 6550 + 250 > -0+ oy
J/€
= (5'55(]/) + uj’g(G) —((1-6)p+06y)>0 (26)
I vj,e(e)
A0
éé%WHV;W)>O (27)

e (0) = Aje(1—0) + Bje(1—0)°0 + Cje(1 — 0)607 + D; 67

here,

~

Aje= (1+5) (Zj+e/ —djz1 — ﬁj>, Dj. = Zjt1—e; — 0j2ZM — V]

N

Bje = s; (2 (Zj+sj - 5;'21) —Bj— 7;') + 3(Zj+€/ - 5]'21) —2Bj =i
+(1+s)) (hjdj+€j —0j(ym — y1)d1)

Cie = (2+s5)) (Zj+1—sj —djzm — 7]') +zjp1-¢; — Ojzm — Bjdjr1—¢; + 0i(ym — v1)dm

Now, to show that Equation (26) holds, we need to prove that Equation (27) is true for
¥y =Yy;. As we know, o (yj) > ( because of the scaling factor §; > 0. In addition, the shape

parameter s; is non-negative provided v;.(0) > 0. Now, all we are left with is ujA/g(G) and

ujA,S(G) > 0 if all the free parameters are non-negative. Therefore, let

o Zite, — B A
Aj820:>§j§# and Dj. > 0=9; <
, 7 ,

Zjitl—¢; — Vj
Zm
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Let B]',E > 0, we have

N

Bie = 5 (2(z4e = 021) = Bj =) +3(2j0; = &21) — 28— v+ (1+57) (i~
5](yM — yl)dl) if we take hjdj+€j — 5](yM — yl)dl > 0, then 5j > 0and Z(Zj-i-s]- — (szl) —

Zjte. —Bi—7j N 5
Bi—v = 0= < ﬁ’zif]], provided B;. > 0. Otherwise, to validate that B;. > 0,
we choose
S 3(Zf+5j — (5]'21) — 218] — ’)’]' + (1 + S]) (h]d]+g] - 5](3/1\/1 - yl)dl)
g
] -

Z(ZjJre]. — 5]'Zl> - ‘B] —j
If2(Zj+€], — 5]'21) — /3] - > (0 then

3(2j4, — 0721) =28 = 1+ (1+5) (e, — Si(yma — 11)éh)
2<Zj+g], — (5]'21) — ‘3]' -

S]'>

and if 2(zj+£]. — §jzl) — Bj —7j < 0then

3(Zj+s/- — 5,21) —2Bj—7j+ (1+5;) (hfdj+sj —6j(ym — yl)dl)
Z(ZjJrgj — (5]21) - ‘B] —j

S]'<

Similarly, let ¢ je > 0, we have

Cie = (2+5)) <Zj+1fsj —djzm — ')’j) +Zj11-¢; — Ojzm — hjdj1—¢; + 6i(ym — y1)dm

if we take _hjdj+1—€]‘ + 5](yM _yl)dM > 0, then §j > 0 and Zj+1—s/- - (5]‘ZM = >
Zjtl—e; Y

T]] , provided ¢ je > 0. Otherwise, to validate that Cj,S > 0, we choose

0:>5]§ 2

. > Zj+1_€j — 5]ZM - hjd]'+1—€]' + Jj(yM - ]/l)dM
j =

Zjt1—¢; — 0jZM — Vj

Hence, we obtain the desired conditions for the rational fractal interpolation function to lie
above the straight line. [J

6. Positivity of Rational Cubic Fractal Interpolation Function and Zipper-Rational Cubic
Fractal Interpolation Function

In this section, we discuss the conditions over the scaling factor and shape parameter
to preserve the positivity conditions for the rational cubic fractal interpolation function and
zipper-rational cubic fractal interpolation function. In shape preservation, we deal with
three properties of functions, which are positivity, monotonicity, and convexity. Positivity is
one of the critical properties of shape preservation. This is important in various real-world
applications such as physical quantities like mass, length etc., probability distributions, time
series analysis, and so on. We constrained the scaling factor and shape parameter to obtain
sufficient conditions for positivity. The shape parameter plays a crucial role in the curvature
of a function and in defining the behavior of a function in its domain. In Theorem 10, we
discuss the positivity of the rational cubic fractal interpolation function, and in Theorem 11,
we discuss the positivity of the zipper-rational cubic fractal interpolation function.
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Theorem 10. Let {(ym,zm) € ] X K;m € M} be the given positive dataset, then the rational
cubic fractal interpolation function S° is positive if the following conditions hold for the shape
parameter and scaling factor:

. Zj Zj41
O§(5j<m1n{aj,],]+}
Z1 ZM

—lj(ajdj — §jd) 1j(a;dj1 — bjdm)
Z]‘ —5]‘21 ! Zj+1 —(5sz

5j > max{O, ] € MM—1}

Proof. To prove that the rational cubic fractal interpolation function S? is positive, it will
be sufficient to show that S° (L i(y)) > 0. By the hypothesis of the iterated function system,
we can say that S° (Lj(y)) will be positive if u;(8) >0 V8 € [0,1]. To prove that u;(6) > 0,
we need to show that A, B,Cand D > 0,sowehave A > 0= (1+ s]-) (z]- — (5]-21) >0, as
s; is a non-negative shape parameter, the scaling factor is constrained as

Zj

Z1

Similarly, D > 0 = Zjy1 — 5]-ZM > 0. Then, we obtain

Zji+1
ZMm

=5

i<

NOW, B Z 0if (3 + 25]‘) (Z] — (5]'21) + l](l + S]) (ll]d] — 5]611) Z 0

—1(a;d; — 0;d1)

= 5; >
/= Zj_‘sjzl

;] € Mp—1, provided z; — 6;z1 > 0

Similarly, c>0 if (3 + S]) (Zj+1 - 5]ZM) - l] (Cljdj+1 - (S]dM) >0

l] (ﬂjdj+1 — (S]dM)
Zjt1 — 0jzm

:>S]2

;j € Mpm-—1, provided zj,1 — djzpm > 0.

O

Example 3. Let (0,0),(1,5),(2,7),(3,9), (4,10) be the positive interpolating points, and with
these data points, we generate the positive rational cubic fractal interpolation function with differ-
ent values of shape parameters and scaling factors. Now, for the positive rational cubic fractal
interpolation function, we have calculated the shape parameters according to the above theo-
rem. In Figure 3a, we have taken the shape parameter, i.e., s; = (2,4,4.2,3) and the scaling
factor 6 = (0.15,0.5,0.35,0.47). The corresponding graph is positive. In Figure 3b and Fig-
ure 3¢, we used the same shape parameter, i.e., s; = (7,9.8,10.2,11) but different scaling factors
0 = (0.24,0.12,0.32,0.55) and 6 = (0.15,0.25,0.32,0.46), respectively. We can easily witness
the change in shape due to the different vertical scaling factors. In Figqure 3d and Figure 3e, we
used the same scaling factor, i.e., 6 = (0.1,0.12,0.23,0.5) but different shape parameters, which
ares; = (5,5.8,6.2,7) and s; = (7,9.8,10.2,11), respectively. The change in the graph of the
positive rational cubic fractal interpolation function is due to the different values for signature and
shape parameters. Similarly, by taking the shape parameter s; = (9,11.2,12.8,13) and scaling
factor, 6 = (0.15,0.25,0.35,0.45), Figure 3f is generated, which is another positive graph for the
rational cubic fractal interpolation function.
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Figure 3. Positive rational cubic fractal interpolation with different values of shape parameter and
scaling factor S°. (a) Positive rational cubic fractal interpolation with shape parameter s; = (2,4,4.2,3)
and scaling factor § = (0.15,0.5,0.35,0.47). (b) Positive rational cubic fractal interpolation with
shape parameter s; = (7,9.8,10.2,11) and scaling factor 6 = (0.24,0.12,0.32,0.55). (c) Positive
rational cubic fractal interpolation with shape parameter s = (7,9.8,10.2,11) and scaling factor
4 = (0.15,0.25,0.32,0.46). (d) Positive rational cubic fractal interpolation with shape parameter
sj = (5,5.8,6.2,7) and scaling factor 6 = (0.1,0.12,0.23,0.5). (e) Positive rational cubic fractal
interpolation with shape parameter s = (7,9.8,10.2,11) and scaling factor 6 = (0.1,0.12,0.23,0.5). (f)
Positive rational cubic fractal interpolation with shape parameter sj = (9,11.2,12.8,13) and scaling
factor § = 0.15,0.25,0.35, 0.45.
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Theorem 11. Let { (Y, zm) € ] X K;m € My} be the considered positive dataset, then the zipper-
rational cubic fractal interpolation function S is positive if the following conditions hold for the
shape parameter and scaling factor:

. Zite; Zj+l—e;
O§(5j<m1n{aj, I ]]}

21' ZM

- (hjd]'Jrg]- —0i(ym — yl)d1) (hjderlfsj —i(ym — yl)dM)

Zjye; — 0j21 Zjy1-¢; — 0jZM

s; > maxy 0, ,J € My

Proof. To prove that the zipper-rational cubic fractal interpolation function S? is posi-
tive, it will be sufficient to show that S¢ (L]- (y)) > 0, and by the hypothesis of the iter-
ated function system, we can say that S (L;(y)) will be positive if u;.(6) > 0V6 € [0,1].
To prove that u;.(0) > 0 we need to show that A, Bj.,Cj. and D;. > 0, so we have

Aje>0= (1+ sj) (Zj+s]- - (5]'21) > 0, assj is a non-negative shape parameter, so
Zj+€]'

Z1

Similarly, D > 0 = Zjp1—g; — djzm > 0, we obtain

Zjt1—e;
ZM

0I\IOW, Bj,s > 0if (3 + 2Sj)zj+€j + (1 + Sj)hjdj+€j — 5]((3 + 25]')21 + (1 + S]) (]/M — yl)dl) >
- (hjd]'Jrsj —6i(ym — yl)d1)

=S5 >
! Zjye; — 021

;] € Mp—1, provided zj.¢, — djz1 > 0

Similarly, C]',E > 0if (3 + Sj)zj+1—5j - hjdj+1—€j - (5]((3 + S]‘)ZM — (ym — yl)dM) >0

(hjderlfs]- —0i(ym — yl)dM)

Zjy1-¢; — 0jZM

= S; > ;j € Mpy_1, provided Z]‘+1,g]. — 5]'ZM > 0.

O

Example 4. Let (0,0),(1,5),(2,7),(3,9), (4,10) be the positive interpolating points, and with
these data points, we will be generating the positive zipper-rational cubic fractal interpolation
function with different shape parameters, signatures, and scaling factors. In Figure 4a, we used
the arbitrary shape parameters, ie., s; = (2,4,4.2,3) and the scaling factor and signature
are § = (0.15,0.5,0.35,0.47) , and ¢ = (1,1,1,1), respectively. The corresponding graph is
non-positive. For the positive zipper-rational cubic fractal interpolation function, we calculated the
shape parameters according to the above theorem. In Figure 4b and Figure 4c, we used the same
shape parameter, i.e., ;i = (7,9.8,10.2,11) but different scaling factor and signature, i.e., 6 =
(0.24,0.12,0.32,0.55), & = (0.15,0.25,0.32,0.46), and e = (0,0,0,0), ¢ = (1,1,1,1), respec-
tively. We can clearly witness the change in shape due to the signature and scaling factor. In Figure
4d and Figure 4e, we used the same scaling factor and signature, i.e., 6 = (0.1,0.12,0.23,0.5),¢ =
(0,1,0,1) but different shape parameters, which are sj = (5,5.8,6.2,7) and sj = (7,9.8,10.2,11),
respectively. We can witness the change in the graph of the positive zipper-rational cubic fractal
interpolation function due to the different values for signature and shape parameters.
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Figure 4. Non-positive and positive zipper-rational cubic fractal interpolation S¢ with different values

N

of the shape parameter s;, signature ¢, and scaling factor é. (a) Non-positive zipper-rational cubic
fractal interpolation with shape parameter s; = (2,4,4.2,3), signaturee = (1,1,1,1), and scaling factor
6 = (0.15,0.5,0.35,0.47). (b) Positive zipper-rational cubic fractal interpolation with shape parameter
sj = (7,9.8,10.2,11) signature e = (0,0,0,0), and scaling factor 6 = (0.24,0.12,0.32,0.55). (c) Positive
zipper-rational cubic fractal interpolation with shape parameter s; = (7,9.8,10.2,11), signature
e=(1,1,1,1), and scaling factor § = (0.15,0.25,0.32,0.46). (d) Positive zipper-rational cubic fractal
interpolation with shape parameter s; = (5,5.8,6.2,7), signature ¢ = (0,1,0,1) and scaling factor
6 = (0.1,0.12,0.23,0.5). (e) Positive zipper-rational cubic fractal interpolation with shape parameter
sj = (7,9.8,10.2,11), signature ¢ = (0,1,0,1) and scaling factor § = (0.1,0.12,0.23,0.5). (f) Positive
zipper-rational cubic fractal interpolation with shape parameter s; = (9,11.2,12.8,13), signature
e =(1,1,1,1) and scaling factor § = (0.15,0.25,0.35,0.45).
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References

If we see Figures 3a and 4a, we have taken the same values for the scaling factor, but
for the C! rational cubic fractal interpolation function, it is a positive graph. For the C!
zipper-rational cubic fractal interpolation function, it is a negative graph.

7. Conclusions and Future Work

In this paper, the C! rational cubic fractal interpolation function (RCFIF) and C! zipper
cubic fractal interpolation function (ZRCFIF) with a linear denominator and one shape
parameter are constructed. The proposed ZRCFIF becomes the classical rational cubic
interpolation function, if we take zero values of both signature and scaling factor. Also,
if only the values of the scaling factor are taken to be zero, then ZRCFIF reduces to the
classical C! zipper-rational cubic interpolation function, and if only the signature is taken to
be zero, then it reduces to RCFIF. The uniform convergence of the C! rational cubic fractal
interpolation function and the C! zipper-rational cubic fractal interpolation function to the
original function is also discussed. The results are also supported by numerical examples
for both the rational cubic fractal interpolation function and the zipper-rational cubic fractal
interpolation function. The graphs of the interpolating function are demonstrated for
various selections of signature, scaling factor, and shape parameters. If one suitably chooses
(as stated in Theorems 10 and 11) the range of scaling factors and shape parameters, then
the proposed RQFIF and ZRQFIF preserve positivity.

Figures 1-4 demonstrate the sensitivity of the proposed class of fractal interpolation
functions with respect to the signature, scaling factors, and shape parameters. We can
also see that the zipper fractal interpolation function is more flexible than the fractal
interpolation function due to the presence of a signature. Duan et al. [52] demonstrated that
cubic spline gives a better approximation with a linear denominator than with quadratic or
cubic denominators. In that way, the zipper-rational cubic fractal interpolation function
with a linear denominator will give a better approximation as compared to the zipper
fractal interpolation function with quadratic or cubic denominators. The proposed C!
RCFIFs and ZRCFIFs can be used for data visualization and in physics.

For future work, the vertical scaling factor can be replaced by a variable scaling for
generating a C! rational cubic fractal interpolation function and a C! zipper-rational cubic
fractal interpolation function with variable scaling.
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