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Abstract: The ERW model was introduced twenty years ago to study memory effects in a one-
dimensional discrete-time random walk with a complete memory of its past throughout a parameter
p between zero and one. Several variations of the ERW model have recently been introduced. In
this work, we investigate the asymptotic normality of the ERW model with a random step size and
gradually increasing memory and delays. In particular, we extend some recent results in this subject.
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1. Introduction and Main Results

In 2004, Schiitz and Trimper [1] introduced the now famous elephant random walk
(ERW model) in order to examine memory effects in a non-Markovian random walk. Over
the years, the study of the ERW model has captivated a lot of attention in the probability
and statistic communities. In particular, Dedecker et al. [2] considered a nice variation of
the ERW model, allowing the elephant to have a random step size each time the elephant
moves to the right or to the left. Recently, Aguech [3] investigated the asymptotic normality
of this new model when the memory of the elephant is allowed to gradually increase in
the sense of the model introduced by Gut and Stadtmiiller [4]. In this paper, our main
contribution is the investigation of the validity of the central limit theorem for the elephant
random walk with random step sizes and gradually increasing memory and delays. Our
work can be seen as an extension of some results established in [2-5]. First, we recall the
definition of the one-dimensional ERW model introduced by Schuiitz and Trimper [1]. At
time zero, the position Sy of the elephant is zero. At time n = 1, the elephant moves to the
right with probability s and to the left with probability 1 — s, where s € [0, 1] is fixed. So,
the position of the elephant at time #n = 1 is given by S; = X;, where X; has a Rademacher
R (s) distribution. Now, for any n > 1, we uniformly choose at random an integer n’ among
the previous times 1, ..., n, and we define

Xp1 = {

where the parameter p € [0, 1] is the memory of the ERW. Then, the position of the ERW is
given by

—‘an/
— X

with probability p
with probability 1—p

Sn+1 = Sp + Xn-i—l'

Recently, Gut and Stadtmiiller [4] considered the case of variable memory length in the
ERW model. This means that, at each time n > 1, the random integer n’ is no longer
uniformly chosen from the previous times 1,2, ..., n, but rather from between 1,2, ..., my,
where (1,),>1 is a nondecreasing sequence growing to infinity satisfying m, < n and
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where n~'m,, — 0 as n goes to infinity. Bercu [6] introduces the model with delays but

using all the last steps: 1,2,...,n. One year later, Aguech and El Machkouri [7] considered
the general case of a nondecreasing memory satisfying m, < nand n~'m, — 0 as n goes
to infinity where 0 € [0, 1] is fixed, proving the following result:

Theorem 1 (Aguech and El Machkouri [7]). Let (my),>1 be a nondecreasing sequence of
positive integers growing to infinity such that n='m, Y 6 for some 6 € [0,1], and denote
n 0

T=0+(1-6)2p—1).
(1) 0 < p < 3/4, then Y25 L”—”UN(O,%w(l—e)).

n—+o0

o NI Law (146)2
Q) ifp=3/4 then Y T N (0, 505),

2(1-p) 4
(3 if3/4<p<1,then w % TL where L is a non Gaussian random variable. In
n——+00

addition, if 1/ mip73|n’1mn — 60| ——— O then
n——+00

2(1-p) 2
4p-3 Snmn . Law T .
\/ my (n TL) N(O, pr— +0(1 9))

n—r—+o00 —

where L is a non-Gaussian random variable (see [6], Theorem 3.7]).

In this work, we are going to extend the result established in Theorem 1 by allowing
the elephant to have a random step size, and also by including a possibility for the elephant
to have stops, which means that the elephant can sometimes stay in its current position.

When comparing this study to earlier ones, its primary contribution is as follows:
In contrast to [7], we allow the elephant to pause and take steps of any size, which is an
extension. Additionally, in contrast to [2], where the elephant’s memory is increasing and it
only remembers steps up to m,, in [8], the elephant’s memory is decreasing and it can take
random steps.

The ERW with random step sizes was introduced by Fan and Shao [9]. In what
follows, we investigate an extension of the model introduced in [9]. More precisely, let
6 be a fixed constant in [0,1] and let (m,),>1 be an nondecreasing sequence of positive
integers growing to infinity and satisfying m, < n and lim,_, . m,/n = 0. Consider
also a sequence (Zy),~; of positive i.i.d random variables, with a finite mean v = E(Z;)
and variance Var(Z;) = ¢ > 0. An ERW with random step sizes may be described
as follows: At time n = 1, the elephant moves to Z; with probability s € [0,1] and to
—Z1 with probability 1 — s. So, the position S; of the elephant at time n = 1 is given by
S1 = X1Z1, where

X0 — 1 with probability s
"T -1 with probability 1 —s.

For any integer n > 1, we also define

Xy,  with probability p € [0,1]
Xpi1 = { —Xy, with probability g € [0,1]
0 with probability 7 € [0,1]
where (p,q,7) €]0,1[3 are fixed parameters satisfying p +q +r = 1 and L, is a random
variable uniformly distributed on the set {1,2,...,m,}. From now on ,we assume that
(Zn)n>1 and (X, ),>1 are independent, and we define the position S, of the elephant at
time # > 1 and the sum of X D, at time n by

n
Sw=)_ XiZx, Dn =Y X
k=1 k=1

n
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In the sequel, we use m and L to, respectively, denote m,, and L, throughout the paper.
Additionally, we assume, without a loss of generality, that v = 1.
Moreover, we introduce the o-algebra ¥, = 0(Xy, X, ..., X,;) and the notations

n
Y=Y Xg and 1, =P[X;=0|F,] form+1<k<n.
k=1

The expression of 7, is given in the following lemma:

Lemma 1. Forallk € {m+1,...,n}, given Fy,, the probability that the elephant does not move
is given by

/ py pa Zm
= — 1-— | =1-(1-r)—. 1
"k m + ( m ) (1-1) m @
Proof. Conditioned on F,,, the probability of X = 0 is the probability that the elephant

previously chose to make a step not equal to zero, but he decides to not move, plus the
probability that the elephant previously chose a step equal to zero.

r,’czifzn;"—i—(l—i;"):l—(l—r)z]:. 2)

The term % is exactly the probability of choosing a step from 1 to m not equal to 0 and
deciding to not move, and the term 1 — % represents the probability of choosing a step
from 1 to m equal to 0. O

The following result is a key lemma in obtaining our main results:

Lemma 2. Forallk =m+1,...,n, conditioned on Fy,, the distribution of X, is given by

PX; = +1|Fu] = (1—f% N (p_EI)Dm>,

2 2m
1—7/ —q)D
I = ~115,] = (157 - 500,
P

P[Xe =0/Fp] =7, =1—(1— r)W.
Recall that Dy, = 3121 X;.

Proof. Let m +1 < k < n, then, for L uniformly distributed on {1, ...,m},

EXk|Fm] = pEXL|Tm] — qEXL|Fn] = (p — 9)EXL|Fun] = (p — q)E

(p = Q)EDw|In] _ (p=a)p

m
Y Xl =y [T
=1

m m

In order to complete the proof, it suffices to note that fork =m+1,...,n,
P X = 1|Fm] + P[Xy = —1|F ] + P[Xx = 0|F ] = 1.
O

2. Asymptotics When the Elephant Has Full Memory

In this section, we suppose that m, = #n, which means that the elephant remembers all
its steps from the past. The following result gives the almost certain asymptotic of (X,);>1
as 1 goes to infinity.
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Lemma 3 (Lemma 2.1, [8]). Forany p, q, and r in [0, 1], we have

2
n a.s. Z

nl=" n—doo

where X has a Mittag-Leffler distribution with parameter 1 — r.
The main result of this section is the following theorem:

Theorem 2. Let X be a Mittag-Leffler random variable with parameter 1 — r. We assume that

Zy has a mean of 1 and a finite variance of o*. Consider the notations p, := 1, and for any

P7<3/4/
2 1—r
T 3(1—r)—4p’

1. If0 < p, < 3/4 (diffusive regime), then

Su Law 2 2
T o VEN (0.7 +0%),

where the random variables ¥ and N (0, o? + (72) are independent.
2. If pr = 3/4 (critical regime), then

Sn Law
— V(1 =1z N, 1),

where the random variables ¥ and N (0, 1) are independent.
3. If pr > 3/4 (superdiffusive regime), then

S Prob
; n LNy
n2r+r=1 noeo

where M is a non Gaussian and non-degenerate random variable.

Proof. Assume that0 < p, < 3/4. Following [2], we have S, = T, + H,, where

n n
Tn = ZXk and Hn = ZXk(Zk—l).
k=1 k=1

Let t and 7 be a fixed real number and a fixed positive integer, respectively, and let

o= fon( 5]

Using the decomposition of S, the characteristic function ¢, () can be decomposed as

Pn(t) = E{exp <zt]11/:71_1?>}

. T . Hu
= E{exp (lt\/F> exp (zt nl—rﬂ'

To study the asymptotic distribution of the normalized walk, we proceed as follows:

* At the first step, in the last equation, in order to separate between H,, and T, we
condition with respect to F,;

* Inthe second step, we use the fact that I; Xk#O}XZ =ILix, 20y 5
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e In the last step, we observe that, conditionally with regard to ¥, the random variable
Xi(Z — 1) is centered at zero with variance equal to oI (X, £0}-

In conclusion, if we denote by Z; = (Z; — 1) and by 1, the characteristic function of
7, which is centered at zero, for a large n, we have

o -Hoo(s (o )
(o) (5.

Xi(Zg

=E|exp (zt\/i) IﬁE[exp( \/Fl))} |Frn
£X,

n
exp| it
ool 1o )
& 202 1
Ztﬁ)ﬂ 1- H{Xk#o}z 1- r+o(nlr>>]
2,2 \ Zn
=) (-ar) |
21’[1 r
" Ty Y, —to?
i T expl .
But, by Lemma 3, %,/ nl=r converges almost surely to X and, by (Theorem 3.3, [8]),
converges to a suitable normal distribution.
Finally, we conclude the proof using Slutsky’s theorem.
Now, we assume that p, = 3/4, the critical case. The behavior is very close to
the critical case for the classic elephant random walk model [6] . In order to study the

asymptotic distribution of the walk S,,, we employ the characteristic function ¢, (t) defined,
for all t € R and for all positive integers 7, by

itS, o Int Hn
() = Elewp (B )| - Elew (1 2 )
Ty . Hy
= E[exp (zt\/m> exp (lt\/m)] )

Using the same arguments as in the previous case, given F,, and for a large n, we can write

)

. Ty X (Zy — ))}
= Elexp| it—— Elexp(it2o2k 1) |5
p( vnl- ’lnn>H { p( vnl="Inn [T
T, n Xe(Zi—1) 2(Z — 1)
E 141 E —
eXp( vnl- rlnn)kl—Il< 0 ( Vnl="Inn 2nl—"Inn

n 1202
EXp( nl ’ln ) (1 L0y 21 rlnn)]
eXP< ) 1-— £o? >Z”]
nl rlnn 2n1 =" Inn

E g Tn —20? %, 1
P\ e ) TP U2 wirinn )|

)m

=E
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Again, we conclude the proof using (Theorem 3.6, [8]) and Slutsky’s theorem.
For the case where p, > 3/4, we have

Sn Ty Hp

n2ptr—=1 " 2p+r—1 + n2ptr—1°

By (Theorem 4, [3]), (Theorem 3.7, [8]), and (Theorem 2, [7]), we have

TH a.s
n2p+r=1 poeo M,
where M is a non-Gaussian and non-degenerate random variable.
On the other hand, for all € > 0, we have

(|| 2 e) < omlml o B _oED

= 2pApt2r=2 = 2p4p+2r—2 T 2,4p+3r—3"

Since p, > 3/4, then 4p + 3r — 3 > 0, and since F[X] is finite, we deduce that

Hy Prob
2 -1 0
np+r n—co

O

3. Asymptotics When the Elephant Has Increasing Memory

In this section, we assume that the elephant has a gradually increasing memory.

Theorem 3. Let 6 € [0, 1], such that m/n — 6 as n goes to infinity, and let . be a Mittag-Leffler
random variable with parameter 1 — r. Consider the notation p, := 1.

1.  If0 < p, < 3/4 (diffusive regime), then

nmn—wo 1—7’—2(}7—17)

2. Ifp, = 3/4 (critical regime), then

@ Tn Law _ (19))2
n e Ing, noe N(O,((H—(l r) 5 .

"y Su ﬂm/(o, (1—r)(1+9+(;9—q))2+(1_r)9(1_9)+029r+1>_

3. If pr > 3/4 (superdiffusive regime), then

o1 i) 1))M
2 e O+ (1=0)2pr—1))
where M is a non-Gaussian and non-degenerate random variable and the asymptotic distribu-
tion of the fluctuations, around L, is given by

Su_ 1 M(my+ (1—my)2p+7r—1))my !

n 2(p=1)+r

Law
N(O, /\2 + 97+10.2) ,
vV m n—co

where
0+Q2p+r—1)(1—0))>

2|
P 1))

+(1—-r)6(1—9).

. Spm

Proof. Assume that p, < 3/4 and denote ¢, (t) = E{el n\/ﬂ] forany t € R. Since Z; — 1is

centred at zero, we have
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fieo(s52)]
g (112 o (12522 ) |

., Tym .Xk(Zk—l)m) }
t E PRk T g,
l 7’lvzm> k=1 {exp(l 1y L |

_ 2 .2 _1)\2
<1+ith(Zk Um P m?(Z—1) )%

@n(t)

= E|exp

nv/2Zm 2 n2%,,

k
)
. Tum 202 m? > g
=E t 1-—
exp | it *Z,,)( 2 E
~ E|lexp| it Tt >ex < o2 m22>}
e s S P, Sl s L N P2 S
T, m 202
~E —— ] ex _9r+1):|
(it ) e~

The last approximation is due to the fact that
& a.s 97_1

Yy n—oo

On the other hand, by (Theorem 2.1, [10]), we know that

m Ty Law (1—}’)(1+6+(p_q))2
N/ Ty N0 N<0' 1—r—2(p—9q) +(1—1’)9(1—9)>,

This concludes the proof in the case of p, < 3/4.
Assume that p, = 3/4. Using similar arguments as in the previous case, we have

. My Su

0=l (s )

[ 1 H,

oo (1 e )|

L ., My Xk(Zk — 1)
[ee(# e ) o

n . My Xk(Zk — 1)) :|
E t———————2 | |7
[eXp<l " nEavi, )"

X (Zp — 1 2 X2(7, —1)?
(Hitmn k(2 >_tzmnk<k>>|gnH

n NS 2n? ¥, In’%,

( )
( )
( )
( )
- () [0 e st o)
( )
( )
( )

1—4#2 ’ﬁt o’ ) =
2n?2y, In’ %,

exp\ — t2 m—z’ 702211
2n?2y, In’%,
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By (Theorem 2.1, [10]), we know that

my Ty - (1-6)\?
vt L ,/\/'<O, (9+(1—r) 7 > ),

and we obtain the desired result.
Now, assume p, > 3/4. By (Theorem 2.1, (iii), [10]), we have

T}’l 1 LZ
W A moe LO+ =01 -7)).

On the other hand, since Z; — 1 is centred around zero, we obtain

H, 1 2 o? c?nl=r
E[<nm2(p_1)+r> ] = e B S e O

consequently
H, 1 12
7m2(l’*1)+7 n—ro0 0.

As before, this is sufficient in order to get the desired result. [J

The following result is given in (Theorem 5.3, [10]) but we provide a new proof.

Theorem 4. We have 5
n - 1—
h}gnnl—_ ((1—r)9 "+ r)Z

where L. is the Mittag-Leffler random variable given in [8].

Proof. Keeping in mind the notation %, = Zzzl X]% for any n > 1, we have

ot B = () s () s o %

1—r
" m "l

and from (Lemma 2.1, [8]), we know that lim,, £,,,/m'~" = ¥, where © has a Mittag-Leffler
distribution with parameter 1 — r. So, we deduce

hm( " )1 ’mzlmr — 9%,

On the other hand, using the strong law of large numbers, for a sufficiently large n, we have

(n) m1 r Z Xj = ( )1 M;;rn_ Z Xi

k=m+1 k=m+1
~ 0T (p+ N
O (2 ) (prg)
~07T(1-6)(p+ )
Finally, we deduce that
lim T = ((1 -0+ r@l_r)Z
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Remark 1. Note that Theorem (3) generalizes many previous results already published in the
literature. Actually,

e for0 = 1and o = 0, it contains results obtained in [§],

e for 0 = o =0, it contains results obtained in (Theorem 4.1, [4]),

o forr =0 =0and 0 =1, we find the result already obtained in (Theorems: 3.3, 3.6, 3.7, [6]),
* forr =0and 60 = 1, we obtain results of (Theorem 1-iii, Theorem 2, [2]),

e forr=0=0and0 € (0,1), it contains results obtained in (Theorem 2, [7]),

e it coincides with (Theorems 2.1-2.3, [3]) when r = 0.

4. Conclusions

In this work, we established new results on the asymptotic normality for a variation
of the elephant random walk (ERW) introduced by [4] in 2022. The ERW model we were
interested in is the so-called elephant random walk with gradually increasing memory for
which a random step size is allowed. Our main results (Theorems 3 and 4) contain previous
results established in [2—4,6-8]. In a future work, it will be interesting to investigate the
question of the validity of the law of the iterated logarithm for this ERW model, but also to
provide a method for the estimation of the parameters p, 4, and r. Another very interesting
and more natural variation of the model would be to consider that the elephant remembers
only its steps from time n — m to time n — 1 instead of the steps 1 to m.
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