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Abstract: Orthogonal polynomials on radial rays in the complex plane were introduced
and studied intensively in several papers almost three decades ago. This paper presents
an account of such kinds of orthogonality in the complex plane, as well as a number of
new results and examples. In addition to several types of standard orthogonality, the
concept of orthogonality on arbitrary radial rays is introduced, some or all of which
may be infinite. A general method for numerical constructing, the so-called discretized
Stieltjes—Gautschi procedure, is described and several interesting examples are presented.
The main properties, zero distribution and some applications are also given. Special
attention is paid to completely symmetric cases. Recurrence relations for such kinds
of orthogonal polynomials and their zero distribution, as well as a connection with the
standard polynomials orthogonal on the real line, are derived, including the corresponding
linear differential equation of the second order. Finally, some applications in physics and
electrostatics are mentioned.

Keywords: orthogonal polynomials; radial rays; inner product; norm; recurrence relation;
zeros; numerical construction; quadrature formula
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1. Introduction

Orthogonal polynomial sequences play a fundamental role in mathematics (approxi-
mation theory, Fourier series, numerical analysis, special functions, etc.), and also in many
other computational and applied sciences, physics, chemistry, engineering, etc. In this
paper, we give an account on polynomials that are orthogonal on the radial rays in the
complex plane, as well as some new results and examples for such kinds of orthogonal
polynomials. We introduced and studied such polynomials in several papers [1-5], includ-
ing an electrostatic interpretation of their zeros in the case of the generalized Gegenbauer
polynomials, assuming a logarithmic potential [6]. Polynomials that are orthogonal on
radial rays were mentioned in the book [7] (p. 111) . An extended Dunkl oscillator model
based on our generalized Hermite polynomials on radial rays [1,2] was discussed very
recently by Bouzeffour [8] (see also [9]). Also, we mention here the references [10,11], which
may have some connection to our results.

This paper is organized as follows. In Section 2, we present some basic facts from
the standard theory of orthogonality on the real line, necessary for the development
of orthogonality on the radial rays in the complex plane, while in Section 3, we very
briefly mention some classes of orthogonal polynomials in the complex plane. Orthogonal
polynomials on the radial rays are presented in Section 4, including the existence and
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uniqueness of such polynomials, the general distribution of their zeros and some interesting
examples. The numerical construction of this class of orthogonal polynomials is presented
in Section 5. In particular, the cases on finite and infinite radial rays are considered,
as well as the cases with Jacobi weight functions on equidistant rays. An approach, called
the discretized Stieltjes—Gautschi procedure, has been developed as the main method for
the numerical construction of orthogonal polynomials on arbitrary radial rays and with
arbitrary weight functions. The fully symmetric cases of orthogonal polynomials on radial
rays and their zero distributions are studied in Section 6. In particular, the cases with Jacobi
and Legendre weight functions on [0, 1] and generalized Laguerre and Hermite weights on
[0, +0), as well as their connection with the standard orthogonal polynomials on the real
line, are discussed, including differential equations. Finally, in Section 7, some applications
in physics and electrostatics are considered.

2. Orthogonal Polynomials on the Real Line

Orthogonal polynomials on the real line R, related to the inner product

(h.9) = [ p(Oa)du(t) (g€ L*®idp)), )

are the most important in applications. Here, dy is a positive measure on R, with finite
or unbounded support, for which all moments y = [, t*du(t), k > 0 exist and are finite,
and po > 0 (cf. [12,13]). If we work with complex polynomials (polynomials with complex
coefficients ), then the second component g(t) in (1) should be conjugated, i.e., q(t).

An interesting class of the measures are those when y is an absolutely continuous
function. Then, p/(t) = w(t) is a weight function, which is non-negative and measurable in
Lebesgue’s sense for which all moments exist and ¢ > 0.

Because of the property (tp,q) = (p, tq), the orthogonal polynomials 77y () on R satisfy
a three-term recurrence relation of the form

1 (t) = (F — a) i (t) — Berme—1(t), k=0,1,2..., 2

with 719(t) = 1 and 71_1(#) = 0. The recursion coefficients ay and By in (2) can be expressed
over the inner product as

we Gy k20 BRI

) (k=1),

and they depend on the weight function w (in general, on the measure dy). The coefficient
Bo, which is multiplied by 77_1(t) = 0in (2), can be arbitrary, but usually, it is convenient
to take B = . In this case, we have ||t ||? = (7, %) = BopB1 - - Pr-

Alternatively, these recursion coefficients can be expressed in terms of the Hankel

determinants
A A A1 A
k+1 k k—18%+1
ap = ———— (k>0), = —"T (k>1),
where

Mo M1 oo Hik—1 Ho M1 - Hi—2 Hk
1 2 ... k 1 2 ... k—1 k+1
A = P‘ H H and A},{ _ V H H Hi+

Hik—1 Mk --- Hok—2 Hk—1 MKk -+ Hok—3 H2k—1
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The polynomials 7t;(t) and k > 1, which are orthogonal with respect to the inner
product (1), have only real zeros, are mutually different and are located in the support of
the measure du. Moreover, the zeros of two consecutive polynomials, pi(t) and py1(t),
interlace, i.e.,

(k+1) (k)

(k+1)
T <'ﬁ

< (k)

(k+1)
<7

<oo<rl (0 _ (k+1)

<TG <TGy

where T1(k> < 1'2(’()
pp- 99-101).
(n)

The zeros of the orthogonal polynomials 77, (t), in notation T, k=1,2,...,n play

(k)

< -+ < 7’ denotes the zeros of 71 (t) in increasing order (see [13],

an important role in the Gauss quadrature formula related to the measure du. Namely,
for each n € N, there exists the n-point Gauss formula

[ r0an) = & AT A+ Ru), ®

=1

which is exact for all algebraic polynomials of degree at most 2n — 1, i.e., R, (f) = 0 for
each f € Py,_1 (P denotes the space of all algebraic polynomials, and Py, is its subspace
of polynomials of degree at most m). Thus, there is a deep connection between the Gauss
quadrature formula (3) and the orthogonal polynomial sequence {7, () }. The quadrature
nodes Tk(”), k =1,2,...,n, are zeros of the polynomial 77, (t), i.e., the eigenvalues of the
symmetric tridiagonal Jacobi matrix

w0 VR o
VB a VB

Jn(du) = VB2 a2 , (4)
) . ﬂn—l
L (0] ,Bn—l Xp—1 |
while the weight coefficients in the quadrature rule (3) are given by A,En) = ﬁovfrl,

k=1,2,...,n, where vy is the first component of the (normalized) eigenvector vy, corre-
sponding to the eigenvalue Tk("), with Euclidean norm equal to unity (v{ v = 1).

The Golub-Welsch procedure [14] is one of standard methods for solving this eigen-
value problem. Thus, the knowledge of the coefficients ay and By in the three-term re-
currence relation (2) is of exceptional importance. Unfortunately, only for certain narrow
classes of orthogonal polynomials are these coefficients known in the explicit form, includ-
ing classical orthogonal polynomials , which can be classified as follows:

e The Jacobi polynomials, with the weight w(t) = v¥f(t) = (1 —t)*(1 + t)P (a, B > —1)
on the finite interval (—1,1);

o The generalized Laguerre polynomials, with the weight w(t) = t*e ! (x > —1) on (0, o0);

e The Hermite polynomials, with the weight function w(t) = e on (—o0,00).

There are several characterizations of the classical orthogonal polynomials (cf. [15-17]).
Orthogonal polynomials for which the recursion coefficients are not known in explicit form
are known as strongly non-classical polynomials ([13], p. 159), and they must be constructed
numerically, but such a construction is usually an ill-conditioned process. Because of this,
the use of strongly non-classical polynomials has long been limited.

Four decades ago, Walter Gautschi developed the so-called constructive theory of or-
thogonal polynomials on R for numerical generating orthogonal polynomials with respect
to an arbitrary measure (see [18,19] and the book [12]). Three approaches for generating
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recursion coefficients were developed: the method of modified moments as a generalization of
the classical Chebyshev method of moments, the discretized Stieltjes—Gautschi procedure, and the
Lanczos algorithm. This constructive theory opened the door for extensive computational
work on orthogonal polynomials, many applications, as well as further development of the
theory of orthogonality in different directions (s and c-orthogonality [20-23], Sobolev type
of orthogonality, multiple orthogonality [24], etc.).

Recently, however, there has been substantial progress in computer architecture (arith-
metic of variable precision), as well as progress in symbolic calculations. These advances
enabled the direct generation of recurrence coefficients in the relation (2), using only the
original Chebyshev method of moments, but with an arithmetic of sufficiently high pre-
cision, which avoids the ill-conditioning of the numerical process. The corresponding
symbolic/variable-precision software for orthogonal polynomials and quadrature formu-
lae is now available: Gautschi’s MATLAB package SOPQ and our MATHEMATICA package
OrthogonalPolynomials (see [25,26]), which are freely downloadable from the website
(Mathematical Institute of the Serbian Academy of Sciences and Arts, Belgrade, Serbia):
http://www.mi.sanu.ac.rs/~gvm/.

3. Orthogonal Polynomials in the Complex Plane

Beside the orthogonality on the real line, there are several concepts of orthogonality in
the complex plane. In the next subsections, we mention some of these concepts.

3.1. Orthogonal Polynomials on the Unit Circle

This kind of orthogonality on the unit circle was introduced and studied by
Szeg6 [27,28] and Smirnov [29,30]. A more general case was considered by Achieser and
Krein [31], Geronimus [32,33], etc. (for details see the books [34-36]). The inner product is
defined by

(p.g) = /Om p(e?) q(e®)dpu(6),

where dyu(0) is a finite positive measure on the interval [0, 277] whose support is an infinite
set. This inner product does not have the property (zp,q) = (p, zq), so that the three-term
recurrence relation like (2) does not exist! But, (zp,zq) = (p,q), which is important in
proving that all zeros of the corresponding orthogonal polynomials ¢ (z) are inside the
unit circle |z| = 1.

This kind of polynomials has many applications in digital filters, image processing,
scattering theory, control theory, etc.

Similarly, orthogonal polynomials on a rectifiable curve or arc lying in the complex
plane can be studied (cf. [34,37]), as well as ones related to the inner product defined by
double integrals.

3.2. Orthogonal Polynomials on the Semicircle

In [38], we introduced and studied orthogonal polynomials on the semicircle with
respect to the quasi-inner product given by

(o) = [ p(eate)do (pgeD)

where the second factor is not conjugated, so that this product is not Hermitian, but it
has the property (zp,q) = (p,zq). This means that the corresponding monic orthogonal
polynomials satisfy the three-term recurrence relation like (2). This kind of orthogonality
was later generalized, together with W. Gautschi and H. Landau [39], using the weight
function w on the open interval (—1,1), with possible singularities at +1, and which can be
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extended to a holomorphic function w(z) in the half disc Dy = {z € C: |z| < 1, Im z > 0}.
This generalized quasi-inner product is given by

() = [ Pl ds (pg e 0)

The corresponding (monic) orthogonal polynomials 71, with respect to this inner
product exist uniquely under the mild restriction Re g = Re fon w(el?) do # 0 (see [39]).
A detailed study of these polynomials (recurrence relation, zeros, differential equation, etc.),
as well as some applications in numerical integration and numerical differentiation were
given in several works [40-44], including, also, a general concept of orthogonality with
respect to a complex moment functional £[zK] = u; = (1,2F) = I e (i) df (cf. [45])
when k runs over Ny or Z.

4. Orthogonal Polynomials on Radial Rays

We consider M (€ N) radial rays /s, given by complex points z; = ase; € C, a; > 0,
es = elfs s =1,2,..., M, with different arguments 65, 0 < 0] < 8y < --- < 0Oy < 27T. Some
of a5 (or all) can be co. The case M = 6, with z5 = oo, is shown in Figure 1.

Figure 1. The rays in the complex plane (case with M = 6).

We now define an inner product (p, q) over all radial rays ¢, which connects the origin
z = 0 and the points z;, s = 1,2,..., M, in the following way:

Mo S
(h.9) = Yo [ p@aE) i@ldz (g ), ®)
s=1 s

where z — w;(z) are suitable complex (weight) functions on the radial rays /s, respectively.
Here, we suppose that the functions

x = ws(x) = |ws(xes)| = |ws(z)] (z€ls,s=1,...,M)

are weight functions on (0, a5), i.e., they are non-negative on (0, a5) and fél * ws(x)dx > 0.
In the case a; = 4o, it is required that all moments exist and are finite.

As we can see, this inner product (5) can also be expressed in the form

M
(p,q) = Z/o p(xes)g(xes) ws(x)dx. (6)
s=1

Remark 1. Without loss of generality, we can assume that 61 = 0.
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Remark 2. In a simple case when M = 2,601 = 0 and 6, = 7, (6) becomes

(h.) = [ PG @ndx+ [7 p(-0a(=x) wa(x)dx,

ie.,

b
(h.9) = [ P w@dr (pg e ),

where a = —ap, b = a1, and

wi (x), 0<x<b,
w(x) =
wy(—x), a<x<0,

which means that it reduces to the case of polynomials orthogonal to (a, b) by the weight functionx
w(x).

By the characteristic function of a set L, defined by

1, z€L,
x(L;z) =
0, z¢& L,

and taking L = ¢ U4y U - - - U £y, the inner product (5) reduces to a standard form

(b.0) = [ P@7EARE) (pae?), @)

with the measure

{Zss |ws(2)] x(€s; 2 )}dz. (8)

4.1. Existence and Uniqueness of Polynomials Orthogonal on the Radial Rays
Consider again the inner product defined by (6). As we can see, (p,q) = (4, p) and

Ipl2 = 2 [} p(aes) Peas(xiax >,

except p(z) = 0. The corresponding moments are given by

pej = (25,2)) Zsk ]/ K Hwg(x)dx  (k,j > 0). )

(s)

Let y;” denote the single moments (of order k), which correspond to the weight
functions x — ws(x) on the rays /s, i.e.,

O = [" by dx, s=1,...,M
He = A ws(x)dx, s=1,...,M,

and then,
M 65, () ;
= L, kj>o. (10)
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Since y]((s) > 0 for each k > 0, from (10), we can conclude that

M
=t and =Y py) >0 (kj>0). (11)
s=1

Now, we use the so-called Gram matrix of order 7, constructed by the moments (9),

ie., (10),
Ho,0 Hoi - Hon-1
H1,0 Hia - Hin—
Gn == . . " , n Z 1
Un—-10 Mn-11 - Hn-1n-1

According to (11), the matrix G, is Hermitian (G, = G, = (TE) and non-singular,
ie, Ay = detG, # 0, because the system of functions {1,z, 22 ... ,z”’l} is linearly in-
dependent. Moreover, the Gram matrix is also positive-definite, which means that the
moment determinant A, = det G, > 0. Formally, we introduce Ag = 1.

The existence of a sequence of orthogonal polynomials {77, (z)} is ensured by the
following result:

Theorem 1. For each n > 0, the monic polynomials {71, (z) } 155, with respect to the inner product

(6), exist uniquely. Their determinant representation is given by

Moo Mol -t Hon-1 1
H1,0 i1 - Hin—1 z
0 (2) = Ai : , n>1, (12)
Pu10 Hn-11 - MPaoipe1 20
Hno ml 0 Han—1 20

as well as the norm of polynomials:

A
72| = 72“, n>0. (13)
n

Proof. Let us denote the monic polynomial of order 7, from the sequence {7, (z)}, by

and consider the orthogonality conditions

n

n
(70,2 = Y &l (20,25 = Y el gk = 17l Pom, K<,
v=0 v=0

where 6, is Kronecker’s delta. These conditions give the following system of equations:

[ woo mor v pon | océ") | 0

Hio0 M1 M ,Xg”) 0 1)

Hno Hul - Hnn &n L ||7T"H2 ]
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(1)

Since A, +1 > 0, the system (14) has a unique solution for the coefficients a), /', v =
0,1,...,n. Notice that the leading coefficient 0{;(1’1) is given by oc,(qn) = |mallPAn/ Dyt =1,
according to (13).

Similar to the proof for orthonormal polynomials (cf. [13], Thm. 2.1.1), we prove
the equality (12) for monic polynomials, which are orthogonal with respect to the inner

product (6). O

Now, we prove an important extremal property of polynomials orthogonal on the
radial rays. With P, (¢ P,,), we denote the subspace of all monic polynomials of degree 1
and consider the following extremal problem:

M

as
inf / P(xes)|? ws(x) dx. 15
Jnf 3 [ 1P Pes() (15)

Theorem 2. Foreach P € (TDH, we have
M ag
1P =3 [ 1P (res) Pwos(x)elr = 1 (16)
s=1

where {1}, is the sequence of monic orthogonal polynomials on M radial rays with respect to
the inner product (6).

Proof. Let P € P,,. Then, P(z) can be expressed in the form
n
P(z) = Y cemi(z),
k=0
where ¢, = (P, ) /|||, k =0,1,...,n,and ¢, = 1. Since

n
IPI? = 3 lePllmmel® > ll7mal?,
k=0

we obtain (16), with equality if and only if P(z) = 7, (z). O

According to (15) and (16), we conclude that the best L2-approximation of the mono-
mial z — z"*1, with respect to the norm ||p|| = 1/(p, p), in the space of polynomials of
lower degree P, i.e.,

inf n+1 _ _ ,
Jnf 1z p(2)|l = [[7nsall
is given by p(z) = p*(z) = z"T! — 7,11 (2). The problem of L?-approximation of functions
will not be treated in this paper.

4.2. General Distribution of Zeros of Orthogonal Polynomials on the Radial Rays

Let 7,(z) be monic polynomials orthogonal with respect to the inner product
(p.q) = [, p(2)q(z) du(z), where the measure is given by (8), i.e.,

M
du(z) = {Zles_llws(Z)IX(fs;Z)}dZ-

Let Co(A) be the smallest convex set containing A, known as the convex hull of a set
A € C, and let the support of the measure dy(z) be denoted by S = supp(dyu). Since
SCL=/4;UlU-- Ul using a result of Fejér, we can state the following theorems (cf.
Saff [46,47]).
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Theorem 3. All the zeros (3, .. ., {n of the orthogonal polynomial 7, (z) lie in the convex hull of
therays L =01 Ul U--- Ul

Furthermore, an improvement can be also performed.
Theorem 4. If the support of the measure, Co(supp(dp)), is not a line segment, then all the zeros
of the polynomial 7t,,(z) are in the interior of Co(supp(du)) C Co(L).

4.3. Some Examples

Using the previous “determinant approach”, here, we give a few simple examples of
polynomials orthogonal on the radial rays, including the distribution of their zeros.

Example 1. We consider the case with thee unit rays (M =3,as =1,5s =1,2,3), with 61 =0,
0, = 27/3, 03 = 471/3, and the Legendre weight on the rays ws(x) =1, s = 1,2,3 (see Figure 2).
The moments (10) are

, 1 . A ) .
(kY — i27t(k—j)/3 idrt(k—j)/3 P>
mj = (z,7) 7k+].+1(1+e +e ) k,j >0,

so that, for example, for n = 10, we obtain the symmetric matrix

3 0 0 2 0 0 2 0 0 %]

010 0 3 0 0 3 0 O

o300l o0 d

200 2 00 & 00 &

Go= | © 3 (3) 0o 1 2 (. (3) 0

NN RN

7 (1) 0 i (1) 0 43 (1) 0 4

0 1 (3) 0o 1 (3) 0 i (3) 0

00 00 d 00

35 00 F 00 20 0 &)

The determinants A,, = det G,, are

9 243 81 2187
N=1, AN =3, NM=3 M=2, M=-—\ A=-——, - =%
0 ! 2 375 THT 500 70T 22407 T° T 1576960

531441 59049 14348907

Ay etc.,

~ 25113088000 8 = 502261760000 7~ 50624469575680000

as well as the corresponding orthogonal polynomials, with respect to the inner product (12):

1 1
m(z) =1, mz)=z m@) =2 m@E)=2-7 m@E=2=-3z
4 2 1
7-[5(2) :ZS_gzzr 7T6(Z) =20 - 523+£, 7T7(X) :Z7—Z4+62,
8 5 20 21 , 21
my(z) =2 - g2 4 g mla) =2 - Ttk 52—

11
11_§Z8 @25_7 2

20° Tgs% T 197 e

3 1
mo(z) =210 =227 + 224 — —z, m(z) =2

Zeros of the polynomial 7tg(z) are presented in Figure 3. According to Theorem 4, these zeros
lie in the convex hull of the rays L = £1 U £y U £3 (see Figure 3, left).
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Notice that rtg(z) = z*(z® — %23 + %), so that we can calculate its zeros in the explicit
form. Indeed, {1 = {p = 0 (double zero), and other six zeros are solutions of the equations

28 = %(22—3\/ﬁ) :r‘;’ and 23 = %(22+3\/ﬁ) :rg,

where 11 =~ 0.678959 and r, == 0.939729. Thus,

2irt/3 4irt/3 2irt/3 4irt/3
7 7 4 .

(3=r11, Qf4a=re (5 =r1€ (e =12, (7=re (g = e

As we can see, all zeros also lie on the concentric circles with radii r1 and ry. This property will be
analyzed in the sequel.

10F
)
05-
%)
0.0 h °
21
{3
~05}
Z
71'07\ 3 1 1 \7
-10 -05 0.0 05 1.0

Figure 2. Three rays {1, £, and /3 in the complex plane, given by the complex points z; = e2i(s=1)7/3,

s=1,2,3.

0] o LOF

0.0 : \: 0.0

-05 e : -0.5

....................

Figure 3. Zeros of 7g(z) (M = 3), with the Legendre weight w(x) = 1, lie in the convex hull of the
rays (left) and on the concentric circles (right).

Example 2. (i) An interesting inner product is

(o) = [ [p(x)a03) + pli)a () + p(—)7() + p(—i)a (i) | v, (17)

with the same (Legendre) weight function on all the rays. It is a case with four unit rays (M = 4),
equidistantly distributed: 65 = (s — 1)int /2,4, = 1,5 =1,2,3,4.
Since y,(f) = fol xkdx = 1/(k + 1), the moments (10) are

1 i Qils—1)(k=)m/2 _ 147
k+j+1 ktj+1

s=1

(14 (=1)),

Hkj =
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ie.,
—, j=k d 4),
=4 k+j+1 J =k (mod4)
0, otherwise,
so that, e.g., for n = 8, we have
(4 0 0 0 2 0 0 0]
03000 %2 0 0
002 00 0 3 0
4 4
G| 000 200 0 g
2000 2 0 0 O
4 4
07000 # 00
00 %000 & 0
Lo 00 &£ 0 0 0 & |
As we can see, this matrix is symmetric. The corresponding determinants A, = det G, are
16 64 256 16384
N=1 M =4 ©M=— M=— M=— = —
e T T 5 L
1048576 67108864 A — 4294967296
7 12733875° 7 13408770375 °  24336918230625°
so that the orthogonal polynomials with respect to the inner product (17) are
2 3 41
mo(z) =1, m(z) =2z Ta(z) =27, ms(z) =2, my(z)=2z"— 5
3 5 7 0 5
_ .52 _6_2.72 _7_7.3 s8_ W4, 2
mi5(z) =z =% me(z) =z 9% 7(z) =z TR mg(z) =z 137 + 17

etc. In the sequel, in Remark 5, we present a simple way for calculating this sequence of orthogonal poly-
nomials.

These polynomials are discussed in detail in [2]. Their zeros are simple and located symmet-
rically on the radial rays, with the possible exception a zero of order v (€ {1,2,3}) at the origin
z=0.

(i) Similarly, introducing an inner product with the weight function w(x) = x2(1 — x*)1/2,
instead of Legendre’s w(x) = 1 as in (17), we have

var(t2)
()

In the same way, after much calculation, we obtain the corresponding orthogonal polynomials:

1
R =
0

etc.

Example 3. We consider the case with four unit rays (M =4,a, =1,5s =1,2,3,4), with6; =0,
0 = 11/2, 05 = 31w /4, 04 = 371/2 and the Legendre weight on the rays ws(x) =1,5s =1,2,3,4.
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Since yl(:l) = fol xkdx =1/ (k + 1), the moments (10) are

1 i(k—j)m/2 | Li(k=f)37/4 | Li(k—j)3m/2 ;
= > 0.
Hej = ; 1(1+e +e +e ), k,j>0

For example, for n = 5, we have

_ 4 %(1—}—(3_3%) _% %(1+e_i%) % -
%<1+e%ﬂ) 3 %(14"973%) - %<1+e*%>

Gs = -4 H(1+e%) ¢ Hi+e ) L ,
Hieef) -l 1eeF) 4 1+ ¥)

L i) o (14l s

while for A, = det Gy, we can calculate

_ B _ 58+3V2 1658 4 243V2

AO—L A1_4r AZ_T/ AS_T/
A, _ 3238241+ 1019800+/2 A _ 6319849979 + 3000852550+/2
4 3024000 T 33339600000 ’

so that
1
mo(z) =1, m(z)=z— E(Z —V2+iV2),

() = 22— 24 1952 +i(46 +113v2) _ L 2432 6451/2 + (1280 + 453V/2)
S 1673 20076

7

etc., with norms, according to (13),

Il = 2 IIN\I—E 58 +3v/2 IIH\I—E 47353 + 4560/2
N 3~ Ty 8365

The zeros of polynomials 71, (z) for n = 2,3,...,7 are presented in Figures 4 and 5.

0.5 050 N 1 ost .

00 : 0of | 00

~05 ~05] 5l 1 —osl

. o' . 2
Zeros:n=2 N | | Zeros:n=3 | ] Zeros:n=4
o N

-10 . —10f o T —10f

Figure 4. Zeros of the orthogonal polynomials 77, (z) for n = 2, 3,4 in Example 3.
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10 1 190p e N 110

“ ‘s‘ . ‘\
05 ) L 1 ost | 105

00 > | 00 L | 00 .

. b .
. e A .
Zeros:n=5 o Zeros:n=6 “‘ R Zeros:n=17
. . .

il B X
-10 1 -10¢ 1-1.0

210 =05 00 05 ) 210 <05 00 05 10 Z10 ~05 00 05 10

Figure 5. Zeros of the orthogonal polynomials 77, (z) for n = 5,6,7 in Example 3.

Example 4. Consider now a case with three rays M = 3, given by a1 = +o0, ap = a> = 1,
with 01 = 0, 0, = 71/2, 03 = 371/2 and the weight functions on the rays wi (x) = exp(—x?) and
wa(x) = ws(x) = 1.

Since the inner product is defined by

()= [ P Cdx+ [ [plingi +p(-imgCin)dr, a9

the moments are

1./1,. (—i)kT 4 (1)k7 .
ky=2T(=2 A >
(z5,2)) 2F<2(]+k+1)>+ F k,j>0,
so that the corresponding orthogonal polynomials are
mo(z) =1, =« (z)—z—#
0 — 4L 1 - 4+ \/E,
2 100 —
a(z) = 22 — 32+ 31 - 00 — 97 ,
26 + 204/t + 37 6(26 + 20/ + 37)
my(z) =20 — % (5656 + 1104y/7 + 1357) 22
3 3/2 3
+ 10A (25088+7722\/E 62107 — 6757 )Z—i— A(11257'c 26384), ...,

where A = —3008 4 3675+/7 + 17467 4 135773/2,
These three rays and zeros of polynomials 7t;(z), where k = 3,4,5, are presented in Figure 6.

00 05 10 15 20 25

Figure 6. Zeros of the orthogonal polynomials 713(z) (brown), 114(z) (red) and 75(z) (green) in
Example 4.
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5. Numerical Construction of Orthogonal Polynomials Related to the
Inner Product (6)

In this section, we describe a much better and simpler numerical method for construct-
ing orthogonal polynomials on arbitrary radial rays.

Let 714 (z) (k € Np) be monic orthogonal polynomials related to the inner product (6),
i.e., (7). Since mp(z) = 1 and the polynomial 7ty (z) — z7rx_1(z) (k > 1) is of degree at most
k — 1, then for each k € N, it can be expressed in the form

k-1
M (z) — 21 (2) = Y, Bii(2), (19)
=0
ie.,

m(z) =zm(z) + Bromo(z),

m(z) =zmi(z) + Boomo(z) + Pumi(z), (20)

Ttn(2) - 270, -1(2) + Bro7to(2) + Bu17t1(2) + -+ + Bun-17Tu-1(2),

where [Sk]- (j=01,...,k—1, k=1,...,n) are some constants. If, for a fixed n € N, we
introduce two n-dimensional vectors

au(z) = [m0(z) m(2) ... my1(z)]" and e, =[00...01],

as well as the following lower (unreduced) n-order Hessenberg matrix:

B1o -1 o .- 0
B20 B -1 - 0
Bl’l - 7
Bu-10 PBu-11 -1
L ,Bn,O ,Bn,l ,Bn,nfl |

then the system of equalities (20) can be expressed in the matrix form

Tt (z)en = 2qu(2z) + Buqn(z). (21)

Now, we state an important result on the determinant form of the monic orthogonal
polynomials 71, (z) and their zeros.

Theorem 5. The monic orthogonal polynomials 1t,(z) can be expressed in the following determi-
nant form:
71y (z) = det(zl, + By), (22)

where Iy is the n X n identity matrix. Moreover, {; = g](’”, j=1,...,n,are zeros of this polynomial

704 (z) if and only if they are eigenvalues of the Hessenberg matrix — By,.

Proof. Let gi = g]("),j =1,...,n,be zeros of the polynomial 77, (z). Taking z in (21) to be
any of {; (j = 1,...,n), then the matrix relation (21) reduces to the eigenvalue problem

—Bnqn(z) = zqu(z)
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for the the Hessenberg matrix —B,;, where {3, ..., {, are eigenvalues of the matrix —B,,,
and qx(C1), --., qu({n) are the corresponding eigenvectors.

From (21), i.e., 7y (z)e, = (zI, + By)qn(z), we conclude that g1 =12,...,n, are
zeros of the polynomial 71,(z) if and only if they are the eigenvalues of the matrix —B,,.
Evidently, (22) is true. O

For computing zeros of 71,(z) as the eigenvalues of the square matrix — B, (=m), we
use the MATHEMATICA command Eigenvalues [m].
Using the relation (19) and orthogonality of the polynomials 7t from

k-1
(7Tk, 7-[711) - (an—l/ 7Tm) + Z :Bk](ﬂ// nm)/ O S m S k - 1/
=0

for m = j, we obtain

(z7t—1, 71;)

0<i<k—1; keN). 23
(%, ) (0<j< €eN) (23)

Brj = —

Now, we have the problem of how to numerically compute these coefficients.

5.1. Case When All a5 Are Finite

The inner product (6), in this case, can be transformed to M integrals over (0,1),
with respect to the weight functions Qs (t) = ws(ast), s = 1,2,..., M. Namely,

M 1 -
(p' Q) = Z/O asp(ﬂsgsf)q(ﬂsest) Qs(t)dt (24)
s=1

Since we have M integrals with the weight functions Q(t), s = 1,..., M, it is enough to
apply the n-point quadrature rules of Gaussian type, with respect to the weight functions
(i.e., with respect to the measures dys(t) = Qs(t)dt, s =1,..., M),

/01 o(1) Qs (H)dt = i AP (") + Rus(9), s=1,..., M, (25)
v=1

where Tv(n’s) and Al(,”’s), v =1,...,n, are the corresponding nodes and weight coefficients of

these quadratures (see (3)).

The construction of these quadrature parameters (with respect to the weight functions
Qs(t)) can be performed by using our MATHEMATICA package OrthogonalPolynomials
(see [25,26]). Since each of quadratures in (25) has the maximal degree of precision 2n — 1,
ie, Rys(¢) = 0 for each ¢ € P,,_1, we conclude that the inner product (24) can be
calculated exactly as

A& () (s o ()
(pg) =Y as Y AV p(asesty™) g (asesw,™). (26)
s=1 v=1

Since for each j < k — 1 and k < n, the maximal degree of polynomials in the inner
product (z7t;_1, 77;) in the numerator of (23) is

dmax = deg(zrmy_1) +deg(mj) =1+ (k—1)+j=k+j<2k-1<2n-1,

it is absolutely sulfficient to take n nodes in the quadrature formulas (25).
Thus, in this way, all the elements fy; of the Hessenberg matrix B, can be accurately
computed, except for rounding errors.
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5.2. Cases When Some of as (or All) Are Infinity

In these cases, we should take the corresponding n-point quadrature rules of Gaussian
type over (0, +c0). For example, in the case considered in Example 4, for the first integral
in the inner product (18), we can use the one-sided Gauss-Hermite quadrature formula:

|7 fe a = 3o AP F) + R @)
v=1

where Tv(n) and Asn), v =1,...,n, are the corresponding nodes and weight coefficients.
Since the moments for this weight function are y = %F(lzik), k € Ny, the recurrence
coefficients in the relation (2) (i.e., in the Jacobi matrix (4)), as well as the quadrature param-
eters in (27), can be calculated by our MATHEMATICA package OrthogonalPolynomials
(see [26], p. 176). Therefore, only the knowledge of the moments of the weight function

is required.

5.3. Discretized Stieltjes—Gautschi Procedure

The main problem is how to numerically calculate the elements of the Hessenberg
matrix By, in an efficient way. Our proposal to solve this problem is to use a kind of Stielt-
jes procedure, which we call the discretized Stieltjes—Gautschi procedure ([13], pp. 162-166).
Namely, we apply Formula (23) for recurrence coefficients fy;, with the inner products in a
discretized form, in tandem with the basic linear relations (19), i.e., (20).

Since 1p(z) = 1, we can compute B1g from (23). Having obtained B19, we then use
the first relation in (20) to compute 771 (z) for all {asssTén’s) } to obtain its values needed to
reapply (23) with k = 2. This yields B9 and 51, which in turn can be used in (20) to obtain
the corresponding values of 71>(z) needed to return to (23) for computing B3g, B31 and B3;.
Thus, in this way, alternating between (23) and (20), we can ‘bootstrap” ourselves up to any
desired order n.

In a numerical implementation of the previous procedure, it is very convenient to use
WOLFRAM (MATHEMATICA) or MATLAB.

As we have seen, a good way of discretizing the original measures on the radial rays
can be obtained by applying suitable quadrature formulae to the corresponding integrals
like (26) or (27).

In the general (asymmetric) cases, we have to use the discretized Stieltjes—Gautschi
procedure as a basic method in numerical construction.

5.4. Jacobi Weight Functions on the Equidistant Rays

We now consider an important case with M equidistant points on the unit circle in the
complex plane, z; = €5 = el27(s=1)/M ¢ C, s = 1,..., M, but with different Jacobi weight
functions on the rays, when

/01 p(esx)q(esx) ws(x)dx, (28)

M=

(p.q) =

I
—

S

where wg(x) = (1 — x)%xPs, with ag, Bs > —1,5 = 1,2,..., M.

In this case, we can successfully apply the discretized Stieltjes—-Gautschi procedure,
with discretization using Gauss—Jacobi quadratures, to construct the corresponding orthog-
onal polynomials on the radial rays. Namely, for t = 2x — 1,

w(x)dx = (1 — x)*xPdx = (1—1)*(1+t)Pdt,

BTl
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so that the weights of the integrals in (28) reduce to the Jacobi weights on (—1,1). For
calculating these integrals (28) on (0,1), we simply apply the standard Gauss—Jacobi
quadrature formula:

/f deZ(XJEWZA(“ﬁ f(Ga+a), (29)

where T,Efxv’ﬁ ) and A%’g ), v =1,...,n, are nodes and weights of the n-point Gauss—Jacobi
quadrature formula, with respect to the Jacobi weight v*#(t) = (1 — t)*(1 +t)f, a, > —1.
These parameters are connected with the symmetric tridiagonal Jacobi matrix (4), via the
Golub—Welsch algorithm [14], which is realized in our software OrthogonalPolynomials
(see [25,26]) as

<< orthogonalPolynomials*

{nodes, weights} =
aGaussianNodesWeights[n,{aJacobi,alpha,beta},
WorkingPrecision -> WP,Precision ->PR];

thereby giving, e.g., WorkingPrecision->40 and requiring Precision->30, if we need
parameters with the relative errors about 10~%.
Below, we give a few examples.

Example 5. Let M be the number of unit rays and n be the degree of the orthogonal polynomial
z +— 11,(z) related to the inner product (28) with the same weight function x — w(x) on all rays.
In this example we consider two cases.

(i) Chebyshev case of the first kind , when w(x) = 1/+/x(1 — x), with M = 5 rays.
Using the discretized Stieltjes—-Gautschi procedure, we obtain the corresponding polynomials:

63 143
mi(z) =2° (k=0,1,2,3,4), 75(z) =2 - ssg T6(2) = 28— g %
2431 4199 260015
_ 7 e 2 _ 8 _ 3 9 4
r(2) =2~ gty M) =2 - gmE W) 320472°
tio(z) = 210 — 339246925 309677219
1= 3880064~ 7946371072’

1 19670724726 3348446513 z
189709312 22414884864

mi(z) =

etc.

In Figure 7, we present zeros of 1112(z) and 1109 (z). In the first case, ten zeros are on the five
rays while two concentric circles and one double zero is at the origin, whereas in the second case, all
twenty zeros lie on the five rays and the four concentric circles (see Theorem 9 in the sequel).

(ii) Chebyshev case of the second kind w(x) = /x(1 — x), with M = 6 rays.

As in (i), we obtain the following polynomials:

429 2431
k 6 7
= k=0,1,2,3,4 =z - _ a7
me(z) = 2% ( 0,1,2,3,4,5), me(z) =2z 209" m7(z) =z 102402,
4199 185725 570285
_ 8 _ 2 _ .9 =3 _ 10 A
HS(Z) z 12288 7'(9(2) z 439296 7‘[10(2) z 1171456

1 411705 5
6336512

12 724279545 6 103127749255
1144543232 4688049078272’

mi(z) = m2(z) =

etc.



Axioms 2025, 14, 65

18 of 33

10F L I

0.5+

0.0t

-0.5F u

~10k D d-10l

-1.0 -0.5 0.0 0.5 1.0 -10 -0.5

Figure 7. Zeros of polynomials of degree n = 12 (left) and n = 20 (right) for Chebyshev weight of
the first kind on M = 5 rays.

In Figure 8, we present zeros of t15(z) and 11g(z). Figure 8 (left) shows twelve zeros on six
rays, and two concentric circles and one triple zero at the origin, while the Figure 8 (right) displays

eighteen zeros on three concentric circles and six rays.

1LOF
[T S e eillieadaaanizs
p codbong \ e . o .
d P < N * ™
. IS ;. 3
,I RN // S \\
0.5t . KRN 0.5 =97 O
kY L/ kY
. /o
A N \ re \“\ \
I G (Y e 1Y
1 2 VoA X ’ Vit
P [ 1,0 K \ N
S N Y ! \ N
0.0 . <o—e —o 00l oo ° : —on
! g + + * >~
“ | oy L i )
L [ [ \ ' T
1 o [ i i
\ \ R \ % i
" LAY L
_ Y pa / _ NS ’
0.5 N, < -05 . b 3
[ sy, G
. ., .
- 2 s
“ - d VA » ;
-10%, ‘ T ‘ d-tol Tt
-10 -05 00 0.5 1.0 -10 -0.5 0.0 0.5 1.0

Figure 8. Zeros of polynomials of degree n = 15 (left) and n = 18 (right) for Chebyshev weight of
the second kind on M = 6 rays.

Example 6. Here, we consider eight rays (M = 8) and the inner product (28), with eight different
Jacobi weights on (0,1):

{\/x(l—x), \/1;x, ,/%, xW1—x Vx, \/ff_%, xlS;Lx, ﬁ(l—x)}.

Using the discretized Stieltjes—Gautschi procedure, we calculate Bgg, so that we are now able to
construct all polynomials 71, (z) for n < 60 and determine their zeros by solving the eigenvalue

problem for the Hessenberg matrix —B,,.
To save space, we now only mention the matrix Bz, whose elements are given with only a few

decimal digits:
0.0837609 — 0.0100600i —1.000000 0
Bz = 0.0871212 — 0.1071982i  0.181465 — 0.088039i —1.000000

—0.0245078 + 0.07748731 0.154522 — 0.1725071 0.119911 — 0.06107931
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The first five orthogonal polynomials are

mo(z) =1, 71(z) =z + (0.0837609 — 0.0100600i),
1y (z) = 2% + (0.265225 — 0.098099i)z + (0.101435 — 0.116398i),
m3(z) = 2> + (0.385137 — 0.159178i)z% + (0.281769 — 0.3168681)z

0.0082466 — 0.0413304i),

0.404671 — 0.165400i)z> + (0.318252 — 0.388245i )z
0.0479628 — 0.1086000i)z — (0.0301391 — 0.0021550i),

my(z) = 24 +
0.454259 — 0.1543171)z* + (0.291573 — 0.439576i)z>
0.083702 — 0.122281i)z% — (0.1066780 — 0.0425364i)z
0.0051564 — 0.02846931).

m5(z) = 2> +

~ o~ o~ o~ o~ o~ o~ —~

The zeros of the polynomials 7t5(z), 110(2), 7120 (2) and 7149 (z) are presented in Figures 9 and 10.
We notice that as the degree of the orthogonal polynomial increases, we have a buildup of zeros towards
the ends of the radial rays.

10 T P = T T 10 P e
’
0.5 .
’

v 4 05

0.0

4 00| 4o
"

.
/1 -05

-1.0 -0.5 0.0 05 1.0 -1.0 -0.5 0.0 05 1.0

Figure 9. Zeros of 715(z) (left) and 7110(z) (right) in Example 6.

0.5+

|
0.0
W

71‘0 70‘5 _OO 0‘5 1‘& -1.0 -0.5 _0 D_ 0.5 1(;
Figure 10. Zeros of 11y0(z) (left) and 74(z) (right) in Example 6.

6. Symmetric Cases of Orthogonal Polynomials on the Radial Rays

In some special cases, it is possible to find the moment determinants in an explicit
form. Then, we can obtain the corresponding orthogonal polynomials, as well as some
other properties of these orthogonal polynomials, including recurrence relations, zero
distribution, or even an electrostatic interpretation of their zeros (see [6]).
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6.1. Symmetrical Case of Equal Rays, Equidistantly Spaced and with the Same Weight Function

Consider the symmetric case withas = a > 0,0; = 2n(s —1)/M,s = 1,..., M,
with the same weight function on the rays

lws (xes)| = |ws(z)| = w(x) (z€4s, s=1,...,M).

Some of such cases are presented in Examples 1 and 2, with Legendre weight w(x) =1
on [0, 1], except Example 2 (ii), where we used w(x) = x2(1 — x4)1/2 on [0, 1].
The inner product, in this case, becomes

M g
(h.9) = L [ plxes)alees) wix) dx, (30)
s=1"

and the moments are given by (see also (9))

) M . a .
iy = (2,20) = (&’é]) | () dx.
s=1 0

Note that e = 1 and (zMp, q) = (p,zMq). As in [2], we obtain that

a .
M | ¥w(x)dx, j=k (mod M),
Hkj = { /0 (31)

0, otherwise,

as well as the following result (see [3]).

Theorem 6. The monic orthogonal polynomials {1t (z)} %%, related to the inner product (30),
satisfy the recurrence relation

M

7Tn+M(Z) = (Z - ‘Xn)nn(z) - ,Bn”n—M(Z)/ n>0, (32)

with m,(z) = 2", n=0,1,...,M —1, and ,(z) = 0 for n < 0. The recursion coefficients in
(32) are given by

(nnr 7Tn)
TTh—M, nn—M)

(zMnn, )

om, 720) (n>M).

ay = (n>0), ,Bn:( >

In the case of an even number of rays M = 2m, the previous result can be simplified
(see [2]). Notice that, in that case, for the inner product, we have (z"p,q) = (p,z"q).

Theorem 7. Let M = 2m in the inner product (30). The monic polynomials {1, (z)},}% satisfy
the recurrence relation

Tnam(z) = 2" 10 (2) — bumty—m(z), n >m, (33)
with 7, (z) = 2" forn =0,1,...,2m — 1. The coefficient b, in (33) is given by

(70, 2" T —m) _ | 7T ||2

b = =
" (nnfmr ﬂnfm) ||7Tn—m||2

Because 71, (z) = 0 for n < 0, the coefficients b, are arbitrary for n < m — 1, and we
can take, e.g., b, =0for0 <n <m —1.
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Remark 3. There is a connection between the recurrence relations (33) and (32). Namely, us-
ing (33), one can obtain the recurrence relation

Tnyom(2) = [Z2m — (bn + bn+m)] 1 (2) = bubn—mTTn—2m(2),
i.e., (32), where 2m = M and

&y = by + by, ,Bn = buby—m.

We return again to the general case. For n

Mk + v, where k = [n/M] and
ve{0,1,...,M — 1}, we see that (32) reduces to

(1) +0(2) = (M = dntio) Tt (2) = Bk Tm(e—1) 400 K >0, (34)
so that, fork =0,1,2,... and v=0,1,..., M — 1, we have
vy (z) = (M — )y (z) = 2MHY — 27,
Tomv(2) = (2M = amy) T (2) — B 700 (2)

_ ZZM+1/ _ (DCV + NM_H/)ZMJH/ + ((xVDCM.H/ - ,BM-H/)ZV/

Tam+v(z) = (27 — tamn) om0 (2) — Bamsv T (2),
= PV (o 4 appay + o) 2

M+v
+ (DCI/(XMJrU + avtoN+y + EMvOaM+v — BM+v — ,BZM+1/)Z

- (“U“M-FV“ZM-H/ — M yvBMtv — “v,BZM-&-v)ZV/

etc. We can conclude that the monic polynomials 71,,(z) = 7+, (z) can be expressed in
the following form, with the real coefficients:

K |
(2) = Tppesn (2) =2V ) c](.") Mj

", o
j=0

where k = [n/M] and v € {0,1,..., M — 1}. Thus, we have the following representation:

Tt (2) = 290 M), v=0,1,...,M—1, (35)
where q,((v)

(t),v=0,1,..., M — 1, are monic polynomials of the degree k. Putting (35) in
(34), we obtain

qul(cljr)l (M) = (ZM - "‘Mk+v)ZV‘7;(cv) (M) - ﬂMk+vZV%(<V,)1(ZM)

i.e., the following result (see [3]).

4

Theorem 8. Foreachv =0,1,..., M — 1, the monic polynomials q,(cv) (t) satisfy the three-term
recurrence relations

gl (0 = (t—a) g (1) — b g (1), k=0,1,..., (36)
with q(()v)(t) =1, q(_vl)(t) = 0, where a,({v) =y and bl((v) = Bn forn = Mk+v, k = [n/M],
and n € Ny. Moreover, these polynomials are orthogonal on (0,a™) with respect to the weight function

wv(t) _ t(2v+1)/M—1w(t1/M)l
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where w(x) is the weight function in the inner product (30).

The second part of this theorem can be proven by using the equality

aM [
(Fatrnsmaage) = [ 0l (00 (0 H M Aeo(81/M) db = 5 mages |

obtained by (30) and (35) and the change in variables t = xM. Defining
M

(), = [ pOaB e and [pl, =/(p.p),,

(v)

V) | . As we mentioned in Section 2, the coefficient b, ’ can
1%

we conclude that || 7Ty || = ||‘7](
be arbitrary, but it is convenient to take

M

a aM
by :/0 w, (t)dt :/0 PO/ M1, (/MY Gy =0,1,..., M —1,
so that we have
I = 19012 = 005 b = Buares  Bujso-

Notice that a](-v) = apjry and b]('/) = Bmj+v, as well as

Il Mgyl o) ——
Hq(V) ||1/ - ||7TMj+v|| B bj+1 B lBM(j+1)+V'
]

If we write the recurrence relation (36) with the index j instead of k, the corresponding

recurrence relation for orthonormal polynomials Zﬁv) (t) (: q](,v) (t)/ ||q](~v) ||) is

(37 (1) = \[Baajn 80 (0 + i 8 () + \ [Braeny o Bra (8, =01,

Taking j = 0,1,...,k — 1 in this relation, for a fixed v € {0,1,..., M — 1}, we obtain
the following matrix relation:

M = MM B a Y (1) e,

where ql((V’M) = [z?év) (1) quv) (t) --- Zfl((li)l (1)]" and ]kV’M) is the symmetric tridiagonal Jacobi

matrix given by

&y Bm+v O
Bm+v  amM+v  /Bamiv
]]EV'M) — VBamiv  fmiy .37
Bk—1)M1v
O Bk-1)Mv  X-1)Mtv
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(V M) i.e., the zeros of A(V)( t)

](1/ M)),

It is clear that g e )( t) = 0if and only if tqk = ]k

are the same as the elgenvalues of the Jacobi matrix ]k Also q(v)( t) = det(tl —
where I, is the identity matrix of order k.

6.2. Zero Distribution

The following theorem gives the zero distribution of the polynomials 77,,(z).

Theorem 9. All zeros of the orthogonal polynomials 71,(z), n > 1, related to the inner product (30),
are simple and lie on the radial rays, with the possible exception of a multiple zero at the origin
z = 0 of the order v if n = v (mod M).

Let T].(k'v), j=1,2,...,k denote the zeros of the polynomial q](cv) (t), defined in (35),
in an increasing order, i.e.,

(kv)

0< Tl(k’v> <1 (k).

< e K& Tk
These zeros can be easily calculated using the Golub—Welsch algorithm [14], imple-
mented in our MATHEMATICA package OrthogonalPolynomials (see [25,26]).

(k)

Then, each zero T generates M zeros

g(k,v) M T(k,v) el27(s=1)/M o 1,2,..., M,

jss j ’
of the polynomial 77,,(z). On each ray, we have
0< |2 < g < < 2%, s=12..,M.

If n = Mk + v, where k = [n/M] and 0 < v < M — 1, then there exists one zero of
7y (z) of order v at the origin z = 0.

6.3. Legendre Weight on [0, 1]

Let w(x) = (1 — x)*xP be a Jacobi weight on the interval [0,1], where «, 8 > —1.
Suppose that this weight is on all rays, i.e., the inner product (30), in the form

M

(i) = Y. [ ploeaees (1) dx &
s=1"

Then, the moments (39) become

1 .
M/ (1 —x)*dx, j=k (mod M),
0

Hij = (39)

0, otherwise,

e T(w+1)I(j+k+p+1)
TG+k+atp+2)

and piy; = 0 in other cases. In fact, this is a special case of the general one considered earlier

, j =k (mod M)

Bkj =

in Section 5.4. Here, we study Legendre’s case (x = B = 0) in particular, for which we can
obtain some analytical results.
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Thus, we take w(x) = 1 and the moments (39) become

M
‘uk,m:(zkrzm): T+k+m’
0, otherwise,

m =k (mod M),

ie,fork=Mi+vandm = Mj+v,

M
M(i+j)+2v+1’

HMi+v,Mj+v = 0<v<M-1, ij>0.

In this case, the corresponding moment determinants can be evaluated as (see [3,5])
Ayt = EIEO)E(l) L EMED)

k k

v—=1 (i) M-1 ()
Aviewv = [TE TTE,  o0<v<M,
i=0 j=v

where E(()V) =1land

Hvy HM+vy e KM (k—1)+v,v
W _ Hv,M+v HM+v,M+v HM(k=1)+v,M+v
k - .
HuM(k-1)+v  EM+v,M(k-1)4+v -+ BM(k=1)+v,M(k=1)+v

Lemma 1. The value of E,EV) is

011! (k—1)12
.kﬁlo[M(i ) +2v+1]
1,j=

(v) _ aqK?
E" =M

Using Theorem 1 and the previous lemma, we can calculate the norm ||77,|| of the
orthogonal polynomial in this symmetric case, when n = Mk + v, k = [n/M] and v €
{0,1,..., M — 1}, because (see Equation (13))

v)

(
A E
7, ||? = =2 = KHL = Mk 4.
Ay E(V)
k
Theorem 10. We have
M
—, k=0,
) 2v+1
T = 2
2Mk+2v+1 =k Mj+2v+1 o=

where0 <v < M—1.

Using these explicit expressions, we can state the following corollary of Theorem 6,
for the Legendre weight:
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Corollary 1. Let n = Mk+v, k = [n/M]and v € {0,1,..., M — 1}. The monic orthogonal
polynomials {7t,(2)},%%, with respect to the inner product (30), with w(x) = 1, satisfy the
recurrence relation (32), where

~ 2(Mk)2+ (2u+1)[(2k — 1)M + 2v + 1]
T k= DM +2v +1][(2k + )M+ 2v + 1’

_ (MK)?[(k = )M +2v +1]?
Pn = 2(k —1)M +2v +1][(2k — 1)M + 2v + 1]2[2Mk +2v + 1]’

except n =1, when a1 = 3/(3 + M).

Example 7. Recurrence coefficients ay, and By, in (32) for polynomials from Example 1 (M = 3),
regarding Corollary 1, are

(oo, =43 1o 111729 4171 71 "89 1131 '155 '1 209 239
"In=0" 14" 2’8 20’ 2’ 56" 80’ 2’ 140" 176’ 2’ 260" 308’ 2’ 416" 476" """ [’

By, =10,0 9 1 45 144 1 576 3969 9 9801 144
=0T AT T 1127 127 7047 22757 157 91637 63232 1407 1564007 2299”7 [

Consider now an interesting simple case when M = 4 (even number of rays 2m = 4)
and inner product is given by (17), as in Example 2. Then, Theorem 7 reduces to the
following result (see [2]):

Corollary 2. The sequence of monic orthogonal polynomials {7t,(z)},%%, related to the inner
product (17), satisfies the recurrence relation

Tpao(2) = 227, (2) — bumtu_a(z), n>2,

with 1, (z) = 2", n =0,1,2,3, where

16k2 v =01
(8k +2v —3)(8k +2v + 1) Y

Py = (4k +2v — 3)2
v if v=2,3.

(8k+2v—3)(8k+2v+1)

In this simple symmetric case (M = 4), with inner product given in Example 2 (i) by
(17), the extremal problem from Theorem 2 reduces to the following (see [48]):

Corollary 3. Foreach P € P, wheren = 4k +v, k = [n/4], and v € {0,1,2,3}, we have

[ (PR + PGP+ [P0 + [P(-i2)) dx 2 Ko,

where

%1 40: 2
K, 4 <H4(] k+1)>, noa

C 2n+1 ik G2+t
and Ky, =4/(2n+1) for0 <n < 3.

Here, we used Theorem 10 for M = 4.
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6.4. An Analog of the Jacobi Polynomials (M—Generalized Gegenbauer Polynomials)
We consider a symmetric case of M unit rays, equidistantly spaced (e; = e27(s=1)/M ¢

C,s =1,..., M), with the same weight function on the rays:

wx) =1 —xMxM7, w> -1, 9> —%. (40)

The inner product is given by

M 1
() = X [ plxeciales w(x) v @)

Let p,(f’ﬂ ) (t) be the monic Jacobi polynomial on [0, 1], orthogonal with respect to
the weight function (1 — )*t# («, > —1). It is connected to the standard monic Jacobi
polynomial 13,5“”3) (x)on[—1,1] as

o, 1 ~(a,
PP () = P 2t - 1),

Using the three-term recurrence relation for ﬁ,g“'ﬁ ) (x) (cf. [13], p. 132), we obtain the
(a,p)

corresponding recurrence relation for the polynomial p, " (t),

; 1+« ’ ,
PR @) = (1= 255 P 0 - pepl 1), k20,

where
g |
%= Dk tat B2kt atp) (k> 0, exceptag = —aif a + p = 0)
and
By = k(k+a)(k+B)(k+a+p) (k>1, except p1 = —2a(a+1)ifa + = —1).

(2k+a+p)2((2k+a+p)2—1)

According to Theorems 6 and 8, we can prove the following result:

Theorem 11. The monic polynomials {71,(z) :{i%, orthogonal with respect to the inner prod-

uct (41), with the weight function (40), satisfy the recurrence relation of the form (32), and can be
expressed in the form

Tatkan(2) = 2pP) (2M) = 27k PP (22M 1), v =0,1,...,M—1, (42)

where k = [n/M)] and

2v+1
Br=7—1+ M v=0,1,..., M—1.

Remark 4. The case when M = 2m was considered in [2].

Remark 5. As we can see, from (40) and (41) for « = v = 0, we obtain the monic orthogonal
polynomials in Legendre case (cf. Section 6.3):

sy (2) = 2752/ BOP) (22M — 1), v =0,1,..., M -1,

where k = [n/M] and B, = (2v — M +1)/M.
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For M = 4, it reduces to 1y, (z) = Z’kzvﬁlgo’(zv_s)/@ (224 — 1), where k = [n/4] and
ve{0,1,2,3}

Since the leading coefficient in the standard Jacobi polynomial P,g“’ﬁ ) (z) = kpz" +--- is
givenby ky = (n+a+ p+1),/(2"n!) (cf. [13], p. 132), for generating, e.g., the first 12 (monic)
orthogonal polynomials {7t,(z)}1L,, only one command in the WOLFRAM (MATHEMATICA)
14.1 is enough:

Flatten[Table[(k!/Pochhammer [ (4k+2v+1)/4,k])z"v

JacobiP[k,0, (2v-3)/4,2z~4-11,{k,0,2},{v,0,3}]1]1//Simplify
Note that these polynomials for n < 8 were calculated by the complicated “determinant

approach” in Example 2 (i).

Remark 6. Tuking M = 2, the weight function (40) becomes w(x) = x27(1 — x?)*, where
a > —1land v > —1/2. Since it can be written in the form w(x) = |x|?7(1 — x?)*, as well as the
inner product (41),

(pa) = [ [P + p(-2aC D) dx = [ plo)gle () d,

-1

we conclude that the orthogonal polynomials iy, (z) = 2_"2”13,((“’%1/ 2+) (222 — 1), where
k= [n/2] and v € {0,1}, in this case are, in fact, the generalized Gegenbauer polynomials
introduced in 1953 by Lascenov [49] (cf. Chihara ([45], pp. 155-156) and Mastroianni and
Milovanovié ([13], p. 147). This is the reason we refer the polynomials (42) as the M-generalized
Gegenbauer polynomials.

6.5. Some Analogs of the Generalized Laguerre (M-Generalized Hermite Polynomials)

We now consider a symmetric case of M infinity rays, equidistantly spaced as in 6.4,
with the same weight function on the rays

wlx) =M1,y > - (43)
and the inner product given by
M —+o00
() =Y [ plredqlee) w(x) dx, (@4
s=1

with f,({“) (t) denoting the monic generalized orthogonal Laguerre polynomials related to
the weight function t*e ! on (0, +c0). Such polynomials satisfy the three-term recurrence
relation: ([13], p. 141)

W) = [t— @k +a+DILM () - k(k+ )L, (1), k> 0.

)}

Using Theorems 6 and 8, we can prove the following result:

“+o00
n=0-

with the weight function (43), satisfy the recurrence relation of the form (32), and can be expressed

Theorem 12. The monic orthogonal polynomials {77, (z) related to the inner product (44),

in the form
_ _ i) M _[n _ 1.1
T (z) = T (2) = 2L (2Y), k= ,v=01... M—1k=0,1,...,

where vl
v
ay =97y—1+4 M v=20,1,..., M—1.




Axioms 2025, 14, 65

28 of 33

Remark 7. The case when M = 2m was considered in [1,2]. Then, according to Theorem 7,
the polynomials 1, (z), n = 2mk + v, satisfy (33), where for k > 1,

k+14a, 0<v<m-—1,
mek+v

k m<v<2m-—1.

6.6. Differential Equation

In the completely symmetric case, with M rays, using (35), we can prove the following
result (cf. [3]).

Theorem 13. If polynomials q,(cv) (t),v=0,1,..., M —1, defined in (35), satisfy linear differential
equations of the second order of the form

()Y +qW ()Y + Y (k) =0,

then the monic orthogonal polynomial 11,(z) = Ttpry, (2) satisfies the following second-order
linear differential equation:

22pW) ()Y + zQW) ()Y + RW) (z,n)Y =0,
where
P (z) = p) (M),
QW (z) = Mg (zM)zM — (M 4 2v — 1)p) (zM),
RW(z,n) = M2 (M, (n —v)/M)22M —vM g™ (zM)zM v (v + M)p™) (M),
Starting from the Jacobi differential equation for ﬁ,ﬁ“’ﬁ v) (t) (cf. [50], p. 781)
(1—x)y" + [y —a— (a4 By +2)x]y + k(k+a+ By +1)y =0,

(e,Bv)

i.e., from the corresponding equation for polynomials p, """’ (t) orthogonal on (0, 1),

w41 w41 241
t(l—t)y"—i—['y—i— VAZ —t(a+7+1+ﬁ>}y’+k<k+a+v+ VAZF )y—O,

and Theorem 13, we conclude that the monic polynomials 71,(z) = 74y (z) from
Theorem 12 satisfy the second-order linear differential equation:

2(1—2"Y" —z[(M(a+7) +2)zM =2 - M(y - 1)]Y’
Fnn+14+M@a+9)z2M —v(v+1+M(y—1))]Y =0.  (45)
A similar result can be obtained for orthogonal polynomials from Theorem 12 (see [1]).

7. Applications

In this section, we mention some applications of our orthogonal polynomials on the
radial rays.

7.1. A Physical Problem Connected to a Non-Linear Diffusion Equation

In several problems in fluid mechanics, the equations for the dispersion of a buoyant
contaminant can be approximated by the Erdogan—-Chatwin equation [51]:
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drc = 0:{[Do + (9:¢)°Ds0:c |, (46)

where Dy is the dispersion coefficient. The increased dispersion rate associated with
buoyancy-driven currents is represented by the coefficient D, (cf. [52,53]). Equation (46)
was also derived by other authors, but for some other physical problems.

Analytic expressions for the similarity solutions of the previous equation were derived
by Smith [52], in the case when Dy = 0 (the limit of strong non-linearity), i.e., for

drc = Dady | (3y¢)°),

both for a concentration jump and for a finite discharge. He also studied the asymptotic
stability of the obtained solutions and showed that for the finite discharge, it involves a
sequence of orthogonal polynomials {Y;(z)}, which satisfy the following second-order
ordinary differential equation:

(1—-zYY" —62°Y +n(n+5)z*Y =0, (47)
and the degree # is restricted to the values 0,1,4,5,8,9, ..... The first few polynomials were
listed in [52]:

11 26 221
a4 s 204 22l g
1, z, 1-3z%, z 5z, 3z—|—21,z.

However, it is easy to see that these polynomials, more precisely their monic versions,
form a subsequence of our polynomials considered in Example 2 (ii), with the inner product

()= | [p070) + pli)a i) + p(—0)a (=) + p(—ix)a(—ix) | 2(1 - 5*)" 2.

According to Section 6.4, these polynomials are exactly 4-generalized Gegenbauer
polynomials with respect to the weight function (40), with the parameters M = 4 and
a=vy=1/2,ie,

7a(2) = Ty (z) = 27 K2 B2 (04 1y n—0,1,2,.., (48)

where k = [n/4] and v € {0,1,2,3}. They satisfy the second-order linear differential
Equation (45), which in this particular case becomes

(1-z2HY" —62°Y + [n(n+5)z> —v(v — 1)z 2]Y =0,

where n = 4k+v, v € {0,1,2,3}. Evidently, forn =4k (v =0)andn =4k+1 (v =1),
this equation reduces to the Smith Equation (47).

Thus, the complete system of these orthogonal polynomials is given by (48). Beside
the first nine polynomials, given in Example 2 (ii), here, we list the next six polynomials
(up ton < 14):

18 5 3 2 ¢ 11
mo(2) =2~ 357+ 5% mo(z) =20 - 5120+ 2

26 5, 117 33 4 11 11
7T11(Z) = le — —27 + 723, 71'12(2) = le — 8 oA

T 25° T25° T ap
13, 13 65 45 99 1

13 .9 5 Y :14_710 77 6 -2
g% t 3%~y Tl =20 g7 b 1t T st
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7.2. Electrostatic Interpretation of the Zeros of Orthogonal Polynomials 7t,(z)

As an application of our polynomials 77, (z), orthogonal on the symmetric radial rays
in the complex plane, we give an electrostatic interpretation of their zeros. We mention that
the first electrostatic interpretation for the zeros of Jacobi polynomials was given in 1885 by
Stieltjes [54,55], who studied an electrostatic problem with particles of positive charge p
and g placed at the points x = 1 and x = —1, respectively, and with #n unit charges placed
on the interval (—1,1) at the points x5, s = 1,...,n. Assuming a logarithmic potential,
Stieltjes showed that the electrostatic equilibrium occurs when x5, s =1, ..., n, are zeros
of the Jacobi polynomial Pr(,“’ﬁ ) (x), where the parameters a and p take values 2p — 1 and
2q — 1, respectively. In this case, the energy of this electrostatic system, defined by the
Hamiltonian

n

H(xy,x2,..., %) = — ) (10g(1 — x¢)P +1og(1 + xk)q) — ) loglxg—xjl,
k=1 1<k<j<n

reaches its minimum. Indeed, this is a unique global minimum of H(xy,x2,...,Xy)
(see Szegd [34], p. 140). There are several results on the similar electrostatic problems
(cf. [34,56-67]). Recently, Johnson and Simanek [68] used classical Jacobi polynomials to
identify the equilibrium configurations of charged particles confined to the unit circle.
Their result unifies the theorems from [56]. Generally speaking, problems related to the
distribution of zeros of polynomials and their electrostatic meaning have been and remain
very topical from Stieltjes to the present day (cf. [69]).

Here, we consider a symmetric electrostatic problem with M positive charges of the
same strength g, placed at the fixed points z; = &5 = exp (2i7r(s — 1)/M), s=12,...,M,
and a charge of strength p (> —(M — 1)/2) at the point z = 0, as well as n positive free
unit charges, positioned at the points {3, (2, ..., {». Assuming a logarithmic potential,
it is interesting to find the positions of these n points, so that this electrostatic system is
in equilibrium.

As in [5,6], we are interested only in a solution with rotational symmetry. Denoting
(z—=01)(z—02) -+ (z— Cn) = mu(z), withn = Mk +v, k = [n/M], and using the approach
of equilibrium conditions from [6], we arrive at the differential equation

22(1—z2M)n (2) +2[p— (Mg + p)zM]zn;(z)
+{n[n—1+2(Mg+p))z™ —v(v+2p — 1)} 7ta(z) = 0.

Comparing this equation with (45), we find that
x=27—1 and —1—|—£( -1)
as well as B, = (2p +2v — 1) /M, so that the following result holds.

Theorem 14. The previous electrostatic system is in equilibrium if the points (s, s = 1,...,n, are
zeros of the polynomial 11, (z), orthogonal with respect to (41), with

w(x) = (1 — xM)2a-1xM+2(p=1) (49)

This monic polynomial 1t,(z), where n = Mk + v and k = [n/M], can be expressed in terms of

the monic Jacobi polynomials as 71,,(z) = Z’kzvﬁlgzqfl’(ZpHV*l)/M) (2zM —1).
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Finally, we mention a recent contribution by Bouzeffour [8], who used M-generalized
Hermite polynomials on radial rays from Section 6.5. Taking the case of even rays M = 2m
and writing the inner product (44) in the simpler form

L e~ m
)= X [ plxes)qlees) e dx,
s=1

with the generalized Hermite weight on R, Bouzeffour [8] introduced a new model of the
extended Dunkl oscillator. In addition, he also considered the so-called Supersymmetric
Quesne—Dunkl Quantum Mechanics (SSQM) on Radial Lines [9]. Otherwise, Supersymmetric
Quantum Mechanics has emerged as a powerful framework for uncovering symmetries
between bosonic and fermionic systems.

8. Concluding Remarks

The main concept on orthogonal polynomials on the radial rays is presented, including
existence and uniqueness, a general method for constructing (the so-called Stieltjes—Gautschi
procedure), the main properties of such polynomials, as well as some applications.

Special attention is paid to completely symmetric cases, i.e., when the rays are dis-
tributed equidistant in the complex plane, with equal lengths and the same weights on the
rays. A recurrence relation for these polynomials, a connection with standard polynomials
orthogonal on the real line and a differential equation are derived. It is shown that their ze-
ros are simple and distributed symmetrically on the radial rays, with the possible exception
of a multiple zero at the origin. In a symmetric radial ray scenario, using the corresponding
differential equations, a few applications are given.
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