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1. Introduction

The intensive development of science and technology consistently drives the search
for effective control methods for various natural, economic, social, and technical processes.
Mathematical models of such processes are represented by optimal control problems for
different classes of evolutionary systems [1-5].

There are many approaches used in the investigation of control problems for differen-
tial equations and inclusions, with asymptotic methods being used fairly extensively [6].
One of the most successful among these is the averaging method, which was originally
developed and rigorously justified by Krylov and Bogolyubov for the approximate analysis
of oscillating processes in non-linear mechanics, and then further refined for control-related
problems (see, e.g., the monograph by Plotnikov [7]). Motivated by modern engineering
control applications, the averaging method has been recently applied to the solution of
optimal control problems for linear control systems with rapidly oscillating coefficients
within a finite interval [8] and on the semi-axis [9]. The approximate solutions of the opti-
mal control problems for non-linear systems of differential inclusions with fast-oscillating
parameters were investigated in [10,11] for the cases of a finite interval and on the semi-axis,
respectively. The optimal control problem on the semi-axis for the Poisson equation with
nonlocal boundary conditions was studied in [12]. The averaging method can also be
applied to the study of singularly perturbed systems [13,14] and optimal control problems
for differential equations with rapidly oscillating coefficients, both on a finite time interval
and on the half-line [15,16]. Further applications of the averaging method for parabolic
systems with fast-oscillating coefficients were considered in [17-20].

In the present paper, we use the averaging method for the investigation of the optimal
control problem for nonlinear parabolic differential inclusion with fast-oscillating coeffi-
cients (with respect to the time variable) on a semi-axis. In contrast to the generic non-linear

Axioms 2025, 14, 74

https://doi.org/10.3390/axioms14010074


https://doi.org/10.3390/axioms14010074
https://doi.org/10.3390/axioms14010074
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-6032-0343
https://orcid.org/0000-0002-7799-5996
https://doi.org/10.3390/axioms14010074
https://www.mdpi.com/article/10.3390/axioms14010074?type=check_update&version=1

Axioms 2025, 14, 74

20f13

case of [11], we specifically make use of parabolicity in our setup. With this, we prove
that the optimal control for the averaged problem can be considered as an “approximately”
optimal one for the original problem. It is noteworthy to say that the results of [17-19]
differ significantly from those of the current paper since only optimal control problems for
parabolic equations were considered in [17,18], and while the optimal control for parabolic
inclusions was considered in [19], it was only considered on finite intervals. The current
paper, however, addresses the optimal control for parabolic inclusions on infinite intervals,
which poses substantial challenges and requires an essentially different method of investi-
gation. In particular, differential inclusions require the proper treatment of multi-valued
functions, and the infinite interval for the corresponding optimal control problem raises an
additional challenge in estimating the “tale” in the cost functional.

2. Problem Statement

Let O C R", n € N be a bounded domain. In a cylinder Q = (0, +o0) x (), let us
consider an initial boundary-value problem for a parabolic inclusion

Yeay+f(Lytx)+gu, (Lx)€Q,
3/|aQ =0, (1)
Yli=0 = yo(x).

Here, ¢ > 0is a small parameter, f : R x Ry — conv(R) (the space of nonempty, compact,
convex subsets of R) is a given multi-valued mapping, ¢ : R — R, g : QO x R — R are given
real-valued mappings, A is a Laplacian operator, y is an unknown state function, and u is
an unknown control function, which satisfies the following constraints:

ueucI}(Q) 2)
J(y,u) = /e_7tq(x,y(t,x))dtdx + tx/uz(t,x)dtdx — inf, 3)
Q Q

where 7, « are positive constants. Later, in Section 3, under natural and mild conditions on
f, g, u,q, we will show that the problem of optimal control (1)—(3) has a solution {j*, ¢},
i.e, for every u € U and for any solution y* of (1) with control u, it holds that

J@ a) < J(y*,u).

Despite proving the existence of a solution to (1)—(3), its construction is a challenging
problem due to the presence of fast-varying coefficients. To address this issue, we consider
the problem of finding an approximate solution of (1)—(3) by transitioning to the averaged
coefficients. For this purpose, we assume there exists f : R — R such that uniformly with
regardtoy € R

~

T
distyy (f(y), ! /f(s,y)ds) —0, T — oo, 4)
0
where dist(A, B) is a Hausdorff metric between sets A and B and the integral of the
multivalued map is considered in the sense of Aumann [21]. Having the averaged version

f of multi-valued mapping f at hand, we pose the following optimal control problem:

Yeay+fy) +su, (Lx)€Q,
y|80 =0, (5)
Yli=o = yo(x),
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uelcL*Q), Q)
J(y,u) = /E*Wq(x,y(t,x))dtdx—l—zx/uz(t,x)dtdx — inf. (7)
Q Q

The primary objective of the paper is thus to prove the convergence

J(75,a%) — J(y,1), €—0, (8)
where {i/%, ¢} is the solution of (1)—(3), and {7, i1} is the solution of (5)—(7).

3. Preliminaries and Notation
Subsequently, we assume the following assumptions for the parameters of problem (1)—(3)
are fulfilled:

(f1) Multi-valued function f : Ry x Ry — conv(R) is continuous and there exist
C,Cy > 0 such that

Vi>0 VyeR |f(ty)ll+:= sup [¢llr < C+Cillyllr, )
cef(ty)

where ||¢||r denotes the Euclidean norm of ¢ € R”;
(g1) function g : R — R is a continuous function and there exists C; > 0 such that

Yy eR [Ig(y)lr < Co (10)

(q1) function g : 3 x R — R is a Caratheodori function and there exists C3 > 0 and
functions K; € L?(Q), K € L}(Q) such that

lg(x, &)l < Callgll + Ki(x),  q(x,&) > Ka(x); (11)

(Uy) U C Ly(Q) is closed and convex, 0 € U;

(1) 7 >2CT +1+Cy;

(A1) uniformly with regard to y € R, there exists the limit (4).

Foru e Uand yg € L%(Q), we understand the solution of (1) as a mild solution on ev-
ery finite time interval; i.e., y isa solution of (1). If y € L? (0, 400; H}(Q2)) N L (0, +00; L2(QY))

loc loc

such that VT > 0, Vo € H}(Q), V7 € C3(0, T) the following equality holds:

T T T
— [ @)u-y'dt+ [(Vy, Vo)u-ndt = [(I(t), )u - ndt+
0 0 0
T (12)
+ [&@)w @)t 11) € f(Ey)
and | € L2 (0,+00; L2(Q2)).
Hereafter, we denote by || - ||y and (-, -) the classical norm and scalar product in

H = L*(Q),by | - ||v the classical norm in V := H}(Q), and by V* the dual space to V.
Note that due to assumptions (f1) and (g;) and the properties of operator A for y,
from the definition of the mild solution we have

)
a% € 12 (0, +00; V*).

Following this, we denote by F* (or F) a set of all pairs {y, u}, where y is a solution of
(1) (or (5)) with control u.
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The following lemma gives us result about the solvability of the optimal control
problem (1)—(3).

Lemma 1. Let the conditions (f1), (31), (1), (Uy), and (vy1) hold true. Then, for every € > 0, the
problem (1)—(3) has a solution {if°, i}, that is,

J@ a) < J(y,u) V{y,u} € F~ (13)

Proof. We fix arbitrary € > 0 and drop index e throughout the proof for readability. First
of all, note that by Theorem 3.1 from [22], the set of admissible pairs F* is not empty. For
further investigations, let us consider some a priori estimates for solutions. Taking into
account the definition of the mild solution for parabolic inclusion, suppose that V¢ € H}(Q)

%(y, ¢)+ (Vy, Vo) = (f1(t), ¢) + (¢(y)u, ¢) for almost all (a.a.) + > 0 (14)
fi(t) € f(ty(t))

Thus, we can consider the following equality:

s

/ (v (£), y(1)) ,t + / (Vy, Vy) it = /(f1 b+ / )t (15)
0

0

Integrating by parts, and taking into account Young’s inequality and the assumption (g1),
we obtain

ly(s) 1% +2Cf||}/ (OISt < lyollf +f(||f1 (DI + Ny (D11 de+

+C (fIlu Izdf+f||y |2df>

(16)

where C is the constant from the inequality || Vy||%, > C|ly||? for an arbitrary y € H}(Q).
Using (9), we have

1AM < 2(c20l+Cly@)}).
Then, from (16) we obtain
S S S
I(5)16 +2€ [ Iy (It < lvolly +f2c2|0|dt+E)fzc%ny(t)n%lm
+f\|y |2df+C2fH |2df+C2f||y 3,0t =

||l/o||2 +2C2\Q|S+C2f||u 1% dt+(2C2+1+C2 f||y )13t

and using Gronwall’s inequality, we arrive at
2
Iy < (10l +2C2100 + Callull 20y ) P42 17)
Note that from (16) and (17), we can conclude that M > 0:
||y”L20Tv)<MVT>O (18)
Due to the inclusion from (1), (9), and (17), we obtain

IA®OE < V2(C?Q|+CM)Y? foraa.t >0 (19)

Iy (B)llv+ < Clly®)llv + ClOf + C1v/ My + Co||u(t) |1~ foraa.t >0, (20)
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where M; = (Hy0||2 +2C?Q|T + C2||u||L2 O oo H))e(ZC%H*CZ)T, and as a consequence,

there exist M, := (2(C?|Q) + CM;)T )1/ and M3 > 0 such that
IAllzorm < M, 1Y l20,rve) <Mz VT > 0. (21)

Taking into account (g1), we obtain

T(y,u) < /e M(Callyllp + Ki(x ))dtdx+oc/u2(t,x)dtdx. 22)
Q Q

In view of (17), we have

fCae"”Hyanadfdx <

<G f e (llyol3, +2C200t + CollullZagq,, gy ) e2THHEV At = I+ o + .

)

Due to (1) and (g1), we obtain

+oo )
I ;= C3 f 6(77+2C1+1+C2)t”y0”%{dt _

0
_ _ Gliwl e(w+2c%+1+c2)t|+°° _ (23)
—y+2C3+1+C, 0
Glwoly, Gyl

—+2C2+1+4C, — = (2C3+14+Gy)”

I, =Cs f 2C2|Q|f€ +2C2+1+C2)tdt

2 —7+2C2+14Cy)t (—r+2C3+14Cp)t

— G2 '““e ; o c2c?|0)f f e (24)
—y+2C+1+C, —1+2C+1+C,

_ cs2c?|le! “rH2CHHO) o _ c32c2|0|
(—r+2Ci+14G)2 10 (—7+2C3+14G)?”

+oo "
I = GG f H”||%z(0/+oo;H)€(_7+2C1+1+C2)tdt =

(25)
C3C2H”HL2 (O +e0H) ,(—y+2C3+14+Co)t | T _ C3Callulls g 4o
= G ¢ 0 = g G
Further we have that
+o00
Joe VK (x)dtdx = f e’7tdt~fK1(x)dx =
o 'yt +00 1
— e le dx— le x)dx < 26)
1/2 1/2
o) 1/2
= i(fdx> : <fK%(x)dx> = Kl 2(0-
Q Q
Taking into account (23)—(26), we have
GCallyollZ; C52¢2[Q) e L P
J(y,u) < 7—(2C3+14C,) + (—y+2C2+14C5)2 y— (zc2+1+c2)
Q1/2
L 1Kl 2y + ol ) < @7)

< L(||}/o||2 1l g sy + IK 1200y +1) <

where L = max{

G L GG, 02 Ca2C2 }
—(2C34+1+GC,)’ v—(2C24+1+Cy) T (= +2CH+1+G Q)2
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Now, let {y,, u, } be a minimizing sequence, that is,
1 — 1 . J¢
Jim ] (yn, un) = {y,lla?é]-‘s J(y,u) =:J. (28)
Note that in view of (q1) V{y, u} € F¢, it holds that
K K
Hyu) > Kl s IKallp o) _—
Y Y
From (28), for rather large n
I(yn/un) < ]_8“1‘1- (29)
On the other hand,
1K2lz, (0
T tn) > === &l oy (30)

Inequalities (29), (30) imply that {u, } is bounded in L?(0, +oo; H) and thus for subsequence
uy — uweakly in L2(0, +-o00; H) (31)

In view of the convexity of U, we have that u € U. From (17), (18) we obtain that VT > 0
{yn} is bounded in L?(0, T; V) N L*(0, T; H), from (21) we have that {aait”} is bounded in
L%(0, T; V*). Due to the Compactness Lemma from [23], we conclude that up to subse-
quence VT > 0
Yn — yweakly in L%(0,T; V),
yn — y in L2(0, T; H),

32
Vit >0 yu(t) — y(t) weakly in H, (32)
ya(t,x) = y(t,x) a.e. in Q.
Let us consider y,, to be a mild solution of the problem
aaitn = Ayu + fin(t) + 8 (yn)un
Ynloa =0 (33)

Ynlt=0 = yo(x)

with fia(t) € F(t,ya(1)).

From (21), (32), and Lemma 3.2 from [24], we have that f1, — f; weakly in L%(0,T; H),
yn — yin C(0,T; H) VT > 0, where y is the solution of (1) and f1(t) € f(t,y(t)). Thus,
from (32) and Lebesgue’s Dominated Convergence Theorem, we can pass to the limit in the
equality (12), which we can apply to {yx, u,} and receive that {y,u} € F*. In view of to
the pointwise convergence,

e q(x,yn(t, x)) — e Tq(x,y(t x)) ae. in Q,
Given Fatou’s lemma and the weak convergence in (31), we obtain

R T . —t
JE= nlg{}of(ynr”ﬂ) > lim fe q(x, yn(t, x))dtdx+

n—)ooQ

+ lim a [ u?(t, x)dtdx > J(y,u).

n—oo Q

Therefore, {y, u} is a solution of (1)-(3). [
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Remark 1. In view of the properties of the Hausdorff metric, we have that Condition ( f1) is satisfied
for the averaged function f(y) with the same constants as for f(t,y). Indeed,

Vee fty): ISlr < C+Glylr

T
Due to the condition disty <f, 1 ff(s,y)ds) — 0, T — oo, we obtain that Ve > 0 3Tj :

T
VT > Ty we have f(y (% I f(s, ) Furthermore, we obtain
0
1 ’ 1 r
IFWI < |7 [ fspds| +e< 1 [Ifsylds+e< C+Crllyl +e.
0 + 0

The existence of a solution {ij, i1} to (5)—~(7) can be proved following similar arguments to the proof
of the existence of {ij°, i} for problem (1)-(3). Note, however, that the construction of {ij, i} is
much simpler than that of {ij°, 1} due to the averaged nature of the coefficients involved.

4. Main Result

Theorem 1. Suppose that the assumptions (f1), (g1), (q1), (u1), (1), and (A1) are fulfilled and,
moreover, that for every u € U there exists a unique solution of the problem (5). We additionally
assume that Vi > 036 >0Vt > 0Vy,z € R

ly = zllr < & = dist(f(t,y), f(£,2)) <. (34)

Let {i/°, i®} be a solution of (1)—(3). Then,

J(7,a*) — (7, 1), e =0 (35)

and up to subsequence
7° — gin L*(0,+o00; H), (36)
i€ — @ weakly in L2(0, +-o00; H). (37)

Here, {yj, i1} is a solution of (5)—(7).

Proof. Let ¢, — 0 and {i",1"} be a solution of (1)-(3) for ¢ = ¢,. Since {7",i"} is an
optimal pair, we obtain

J(@", @") <] (yn,0),

where y,, is a solution of (1) with ¢ = ¢, and u = 0. Therefore, from (27) and (30), we obtain

1Kzl () -
— B a8 2 ey < LClolE + 1Kl 2y + 1)- (38)

Applying similar reasoning as in the proof of Lemma 1, we conclude that on subsequence
for some 7, 1i:
i" — i weakly in LZ(O, +o0; H), n — oo, (39)

7" — 7 in the sense of (32), n — oo. (40)

Let us show that {7, 1} € F, i.e., § is a solution of the corresponding averaged problem
(5) with control #. In order to achieve this goal, we have to make a limit transition in
the equality
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n

(

<
—

T
T), @)y — Wo @)y + [(VF", Vo) ydt =
‘ (41)

Ct—

T
(A" (), @) et + [ (8(57")", @) et
0
for arbitrary ¢ € V and T > 0, where f;"(t) € f(&,7").

As for the left-hand side of the equality (41), the limit transition is a direct consequence
of (40). From the Dominated Convergence Theorem, we have that

g(y ) = g(§) in L2(0 T;H), n — o
ff (pdtdxffff )pdtdx =

T
disty (ff tedtdx, [ [ f( godtdx) <
Qo
T
< disty fff(é,y t,x )(pdtdx,ff 9)qdtdx |.
00 Qo

We still have to prove that

disty (/ ./T.f(;,y )(pdtdx (ZO/T qodtdx) — 0, n — oo. (42)

Q0

First of all, let us note that due to (A1) and [25] VO < a < b V¢ € H, it holds that

disty (({a/bfcn )godtdx //f (pdtdx> 0,1 o0 43)

In view of Egorov’s theorem [26] V6 > 0 HQ{ C Qr such that ‘u(Q‘ls ) < éand
7" — § uniformly on Qr \ Q’{, asn — 0. (44)

Here, 11 is Lebesgue’s measure on R2.
On the other hand, there exists a sequence of step functions

2 vi (X)xap(t), {y'} CH
with { A" = (a}', ") } being a covering of (0, T') such that

y™ — ¢ in L*(0, T; H) and almost everywhere in Q.
Moreover, V6 > 0 3Q5 C Qr such that #(Q3) < & and

y™ — ¢ uniformly on Qr \ Q3 as m — co. (45)
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Furthermore, we have that

dlStH<ff<£ 7 (¢, x))qodtdx ff tx))rpdtdx) <

< disty <Qj;f(£ L7 (t, x))q)dtdx Qf f( 7(t, x) (pdtdx>

+dzstH<f f( (t, x))(pdtdx f Fa, x))(pdtdx> =1 4"
Due to (44), Holder’s inequality, (9), and (17), we have

( <Qf dzstH{ ( (t,x) (gn,y(t x))}q)dtdx <

)
SQT{Q{ dlStH[ (8 L 7( ) (8 (¢ x )}godtdx—k

[ distu [f(L,7(t2)), £ (&, 9(tx) ) | gtdx <
QO

1
< J distH{f(é,y"(t,x)),f(é,y(t,x))}H(p||Rdtdx+ (46)
Qr\Q§
+2C [ @dtdx+2Cy [ ||ly||redtdx <
Qé 0

1 Q1
< dist[f(£7(00), (£ 93))]l|pl e+
Qr\Q§
+2Cllg s - 8/2TY2 +2C1 /Ml 1 - 61/ - T.

Due to (34), fora givend > 03AVn > 1Vt >0

ly —z|lg <A = dist(f(J,y),f(J,z)) <82,

Therefore, choosing 11 such that Vn > ny

sup [|7"(£,x) —9(t, x)|| < A,
(tx)€Qr\Qf

we have from (46) that Vn > ny

1" < V2 2(Qr)llgllu VT +2C | pl| 6"/ 2V T+ (47)
+2C:v/Mi|gl|6 /2T < E(T)8V/2.

On the other hand, for every step function y™ (t, x), we have, using (43), that Vi > 1

dlstH<f f(S L,y (¢, x))godtdx [ fly™ tx))@dtdx) =
Q

Qr

m

—disty | ¥ [ ff(E Yt x )godtdx Z A qodtdx) < (48)
k=10 Am 1O Ap

104

< Z disty (f ff(£ Sy, x))(pdtdx J ff_(y,’f(x))(pdtdx) — 0, n — oo.
O Ay O Ap
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Thus, Vi > 1 3ny, = ny(m) Vn > np

disty (Q/f "t x )godtdx /f (t, x))(pdtdx> (49)

Furthermore, dmg Vm > mg Vn > 1

distH( i f(é,y(t,x))fpdtdx, [ f(stn,ym(t,x))fpdtdx)g
Q

\Q3 Qr\@8 (50)
S distu(F(L9062)). (L9 (%)) ) I pllrdtdx <
Qr\Q3
< oV2u2(Qn)lllu VT,
distH( [ f@t,x))gdtdx, [ f(y™(t x))pdtdx
QT\QZ B _QT\Q2 (51)
S disti (73t %) @, F" (1,5))) [ glladdx <
Qr\Q%
< oV2u2(Qr) [l VT
Combining (48)—(51), we obtain Vm > mg Vn > ny(m)
1" <262 72(Qr)llg|lu VT +6 < E(T)8 /2, (52)

Inequalities (47), (52) imply (42). Thus, we can pass to the limit in (41) and obtain that
(9,1) € F.

Let us now show that {, 1} is an optimal process in (5)—(7).

Due to Fatou’s lemma, we have

lim J(7",a") = J(§,1). (53)

n—o0

On the other hand, for every u € U and any y,—a solution of (1) with control u and
&£ = ¢,—we obtain

J@", a") < J(yn,u)-

Applying similar reasoning as in proof of the Lemma 1 for {y, }, we obtain that y, — y in
the sense of (32), where y is a unique solution of (5) with control u.
Let us show that

/e_wtq(x,yn(t,x))dtdx — /e‘"’tq(x,y(t,x))dtdx. (54)
Q Q

Indeed, due to (g1), we have
e q(x, yn(t,2))] < Cae™ " |lyn(t, 0) IR + e 7 Ka (). (55)

Since y, — yin L?(0, T; H) and a.e. in Q, in view of (1), (17), (23)-(26), we deduce from
Lebesgue’s Dominated Convergence Theorem:

VT >0 /e‘”tq(x,yn(t, x))dtdx — /e‘”tq(x,y(t,x))dtdx, n — oo. (56)
Qr Qr
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On the other hand, from (17) and (55),
+
I [eMq(x, yn(t, x))|dtdx <
o,
< [ e (Gl + 1002 1K 12 ) < )
2
< f e ( C3\|y0||2 +2C2C3|Q|f+C3Cz||uHLz0+00H)) e2CTH14C)t
+\Q|1/2||K1||L2(Q Jat =1+ o+ J3 + Ja
Let us consider each term of the right hand side of (57) separately:
+o0
h= | C3||y0|‘%{e(7'y+zc%+l+cz)tdt _
T
_ _ Glivolly 6(77+2C%+1+Cz)t‘+°° (58)
T —+2CHH1+G T
_ Gl o(—7+2C3+1+Cy)T,
1—(2C2+1+C3) ’
+00 (=7 42C2 +1+Cy)t
_ 2 (=7 +2C24+14Cy)t g _ 2C2Ca|Qlte 17727 oo
- f 2¢ C3|Q|te ] vt = —+2CH1+G, T
2 s S N
2C2C3T‘Q‘e 7+2C2+1+C2)T 2 7+2C1+1+C2) +00 .
g X C3|Q|W T =
C2C3T\Q\e —y+2C3+1+Cy)T C2C3\Q|e —y+2C3+1+C)T '
7—(2C2+14C) (—y+2C2+14G)2 7
+oo 2
J3:= f C3C2||u||L2 (0,001 ° (1T G gt =
- C3C2H“”L20+ o;H) (—v+2C§+1+Cz)t|+°° (60)
—y+2CTH1+Cy T
_ CCallullia o, 4oy (T2 H1+C)T.
r— (2c2+1+c2) ’
e —t 1/2 1/2 e 1|t
Jo= [ e QP2 K]l 2oyt = Q2K ) 5 |7 = 1)
T
Q2||Kq [l 27T
o v
Combining (58)-(61), we obtain (54).
From (54) we obtain the following inequality: V{y, u} € F
J(,4) < lim J(7",a") < lim [(ya,u) = J(y, u). (62)

n—oo n—oo

This means that {7, 1} is a solution of (5)—(7).

Let us substitute u = # in previous arguments. Then, y = § in view of uniqueness.

Thus, from (62), we obtain

J(g,2) < lim J(7",a") < J(9,4).

n—oo

These inequalities imply that up to subsequence

J@",a") = J(§, @), n — oo.

(63)

(64)
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Since J(7,1) = { iI}f _J(y, u), then the convergence in (64) holds for the whole sequence.
yueF
Therefore, (35) is proved. O
Let us consider an example of an investigated problem. Let QO = (0,1), Ay = 32732, and
consider the following problem:
¥ _Aye [e*VZ -sin?(2L), eV -sinz(i)} +u, (t,x) €Q
ot }/ e)’ € ’ ’ 7
y|>¢:0 = y|x:l =0,
-0 = vo(), ©)
J(y,u) = [ e "y*(t, x)dtdx + o [ u?(t,x)dtdx — inf.
Q Q
The corresponding averaged problem is
ad
a—f—Ayz%—i—u, (t,x) €Q,
Ylx=0 =Ylx=1 =0,
Yli=0 = yo(x), (66)

References

J(y,u) = [e"y?(t, x)dtdx + o [ u?(t,x)dtdx — inf.
Q Q

We consider a control u € L?(Q) such that ||u(t, x)||g < 1a.e. We can see that Lemma 1
(Remark 1) and Theorem 1 can be applied to problems (65) and (66).

5. Discussion

Our aim was to establish a theoretical result illustrating the effectiveness of the av-
eraging method in finding approximate solutions for the optimal control problem of a
nonlinear parabolic differential inclusion with rapidly oscillating parameters. Specifically,
we demonstrated that the optimal control of the averaged problem can be regarded as
“approximately” optimal for the original perturbed system. Importantly, this was achieved
under fairly mild and natural assumptions regarding the system’s parameters. To fur-
ther highlight the significance and utility of the averaging method in such contexts, we
intend to extend our research to its application in control problems involving hyperbolic
differential inclusions.

Author Contributions: Conceptualization, N.K. and P.F.; methodology, N.K. and P.F; formal anal-
ysis, N.K. and P.F; investigation, N.K. and P.F,; writing—original draft preparation, N.K. and P.F;
writing—review and editing, N.K. and P.F. All authors have read and agreed to the published version
of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

1. Grammel, G. Controllability of differential inclusions. J. Dyn. Control. Syst. 1995, 1, 581-595. [CrossRef]

Kichmarenko, O.; Stanzhytskyi, O. Sufficient conditions for the existence of optimal controls for some classes of functionaldiffer-

ential equations. Nonlin. Dyn. Syst. Theory 2018, 18, 196-211.

Patel, R.; Shukla, A.; Nieto, J.; Vijayakumar, V.; Jadon, S. New discussion concerning to optimal controlfor semilinear population

dynamics systemin Hilbert spaces. Nonlinear Anal. Model. Control 2022, 27, 496-512. [CrossRef]

Patel, R.; Vijayakumar, V.; Nieto, J.; Jadon, S.; Shukla, A. A note on the existence and optimal control for mixed Volterra-Fredholm-

type integrodifferential dispersion system of third order. Asian J. Control 2023, 25, 1685-2437. [CrossRef]


http://doi.org/10.1007/BF02255897
http://dx.doi.org/10.15388/namc.2022.27.26407
http://dx.doi.org/10.1002/asjc.2860

Axioms 2025, 14, 74 13 of 13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.
24.
25.
26.

Johnson, M.; Raja, M.; Vijayakumar, V.; Shukla, A.; Nisar, K.; Jahanshahi, H. Optimal control results for impulsive fractional
delay integro-differential equations of order 1 < r < 2 via sectorial operator. Nonlinear Anal. Model. Control 2023, 28, 468—490.
[CrossRef]

Bogoliubov, N.N.; Mitropolsky, Y.A. Asymptotic Methods in the Theory of Non-Linear Oscillations; Gordon and Breach Science
Publishers, Inc.: New York, NY, USA, 1961.

Plotnikov, V.A. Averaging Method in Control Problems; Lybid: Kiev, Ukraine, 1992.

Kichmarenko, O.D.; Kasimova, N.V,; Zhuk, T.Y. Approximate solution of the optimal control problem for differential inclusions
with rapidly oscillating coefficients. Math. Mech. Solids 2021, 26, 38-54.

Kichmarenko, O.D.; Kapustian, O.A.; Kasimova, N.V.; Zhuk, T.Y. Optimal control problem for a differential inclusion with rapidly
oscillating coefficients on the semiaxis. J. Math. Sci. 2023, 272, 267-277. [CrossRef]

Zhuk, T.; Kasimova, N.; Ryzhov, A. Application of the Averaging Method to the Optimal Control Problem of Non-Linear
Differential Inclusions on the Finite Interval. Axioms 2022, 11, 653. [CrossRef]

Kasimova, N.; Zhuk, T.; Tsyganivska, I. Approximate solution of the optimal control problem for non-linear differential inclusion
on the semi-axes. Georgian Math. J. 2023, 30, 883-889. [CrossRef]

Kapustyan, V.O.; Kapustyan, O.A.; Mazur, O.K. Problem of optimal control for the Poisson equation with nonlocal boundary
conditions. J. Math. Sci. 2014, 201, 325-334. [CrossRef]

Grammel, G. Singularly perturbed differential inclusions: An averaging approach. Set-Valued Anal. 1996, 4, 361-374. [CrossRef]
Grammel, G. Averaging of singularly perturbed systems. Nonlinear Anal. Theory Methods Appl. 1997, 28, 1851-1865. [CrossRef]
Kichmarenko, O. Application of the averaging method to optimal control problem of system with fast parameters. Int. J. Pure
Appl. Math. 2017, 115, 93-114. [CrossRef]

Kichmarenko, O. Application of the Averaging Method to the Problems of Optimal Control for Ordinary Differential Equations
on the Semiaxis. Ukr. Math. |. 2018, 70, 739-753. [CrossRef]

Kapustyan, O.V,; Kapustyan, O.A.; Sukretna, A.V. Approximate stabilization for a nonlinear parabolic boundary-value problem.
Ukr. Math. ]. 2011, 63, 759-767. [CrossRef]

Kapustian, O.A.; Kapustyan, O.V.; Ryzhov, A.Y.; Sobchuk, V.V. Approximate Optimal Control for a Parabolic System with
Perturbations in the Coefficients on the Half-Axis. Axioms 2022, 11, 175. [CrossRef]

Kapustyan, O.V,; Kasimova, N.V.; Sobchuk, V.V,; Stanzhytskyi, O.M. The averaging method for the optimal control problem of a
parabolic inclusion with fast-oscillating coefficients on a finite time interval. Bull. Taras Shevchenko Natl. Univ. Kyiv. Phys. Math.
Sci. 2024, in press.

Nakonechnyi, O.; Kapustyan, O.; Chikrii, A. Approximate Guaranteed Mean Square Estimates of Functionals on Solutions of
Parabolic Problems with Fast Oscillating Coefficients Under Nonlinear Observations. About Cybern. Syst. Anal. 2019, 55, 785-795.
[CrossRef]

Aumann, R.J. Integrals of set-valued functions. |. Math. Anal. Appl. 1965, 12, 1-12. [CrossRef]

Denkowski, Z.; Mortola, S. Asymptotic Behavior of Optimal Solutions to Control Problems for Systems Described by Differential
Inclusions Corresponding to Partial Differential Equations. JOTA 1993, 78, 365-391. [CrossRef]

Sell, G.R.; You, Y. Dynamics of Evolutionary Equations; Springer: New York, NY, USA, 2002. [Crossref]

Lions, J.-L. Some Methods of Solving Non-Linear Boundary Value Problems; Dunod-Gauthier-Villars: Paris, France, 1969.

Hermes, H. Calculus of Set Valued Functions and Control. . Math. Mech. 1968, 18, 47-59. [CrossRef]

Warga, J. Optimal Control of Differential and Functional Equations; Academic Press: New York, NY, USA; London, UK, 2014.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.15388/namc.2023.28.31721
http://dx.doi.org/10.1007/s10958-023-06415-z
http://dx.doi.org/10.3390/axioms11110653
http://dx.doi.org/10.1515/gmj-2023-2054
http://dx.doi.org/10.1007/s10958-014-1992-y
http://dx.doi.org/10.1007/BF00436111
http://dx.doi.org/10.1016/S0362-546X(95)00243-O
http://dx.doi.org/10.12732/ijpam.v115i1.8
http://dx.doi.org/10.1007/s11253-018-1530-z
http://dx.doi.org/10.1007/s11253-011-0540-x
http://dx.doi.org/10.3390/axioms11040175
http://dx.doi.org/10.1007/s10559-019-00189-6
http://dx.doi.org/10.1016/0022-247X(65)90049-1
http://dx.doi.org/10.1007/BF00939675
https://doi.org/10.1007/978-1-4757-5037-9
http://dx.doi.org/10.1512/iumj.1969.18.18006

	Introduction
	Problem Statement
	Preliminaries and Notation
	Main Result
	Discussion
	References

