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Abstract: In this work, we obtained exact solutions of Einstein’s field equations for plane
symmetric cosmological models by assuming that they admit conformal motion. The space-
time geometry of these solutions is found to be nonsingular, non-vacuum and conformally
flat. We have shown that in the case of a perfect fluid, these solutions have an energy-
momentum tensor possessing dark energy with negative pressure and the energy equation
of state is p + p = 0. We have shown that a fluid has acceleration, rotation, shear-free,
vanishing expansion, and rotation. In the case of a cosmic string cloud, we found that the
tension density and particle density decrease as the fluid moves along the direction of the
strings, then vanish at infinity. We shown that the exact conformal solution for a static
plane symmetric model reduces to the well-known anti-De Sitter space-time. We obtained
that the space-time under consideration admits a conformal vector field orthogonal to
the 4-velocity vector and does not admits a vector parallel to the 4-velocity vector. Some
physical and kinematic properties of the resulting models are also discussed.
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cloud; dark energy
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1. Introduction

General relativity, a gravitational field theory, is described from the viewpoint of
geometry and physics by Einstein’s field equations, which are highly nonlinear. Because
of this nonlinearity, it becomes very difficult to solve these equations unless we assume
certain constraints, such as symmetries, on the space-time metric. However, finding exact
solutions to such equations and their physical interpretations is sometimes more difficult.
Despite these difficulties, there are many exact solutions to these equations. In addition to
the exact solution, there are also non-exact solutions that describe certain physical systems.

One of the most successful ways of finding exact solutions to Einstein’s field equations
has been to consider that the space-time under study admits one of symmetries. Symmetries
also provide us with deeper insights into the properties of space-time. Besides the interest
of these symmetries from the geometric and physical aspects of space-time, they play an
important role in simplifying Einstein’s field equations and providing a classification of
space-time according to the structure of the corresponding Lie algebra.
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In the theory of general relativity and its equivalent theories, symmetries are studied
on the basis of the geometry corresponding to each theory. In the context of Riemannian
geometry, different types of symmetries such as isometric, homothetic motion, conformal
motion, matter collineations, and Ricci collineations ... etc, have been extensively studied
in the theory of general relativity.

Of course, the most studied type of these symmetries in general relativity is the Killing
symmetry, and many examples and uses of it are known [1]. Killing symmetry is a special
case of homothetic symmetry whose generalization is conformal symmetry. Duggal and
Sharma [2] presented the characterizations and classifications of the space-times of general
relativity admitting Killing, homothetic and conformal symmetries. A more detailed
discussion of the different types of homothetic symmetry can be found in [3-14].

In a series of papers [15-19] Gad, Alofi and Al Mazrooei studied the homothetic
symmetry using Lyra’s geometry. In this case, space-times were classified according to
admit of such symmetry. It turns out that in the case of a zero displacement vector field, the
results obtained in the context of Lyra’s geometry agree with those obtained previously in
the theory of general relativity, using Riemannian’s geometry. While in the case of a constant
displacement vector field, it is not possible to compare the results obtained in the context of
Lyra’s geometry with those obtained in general relativity, using Riemannian’s geometry.
This showed that in Lyra’s geometry, if the displacement vector field is taken to be constant,
this does not give meaningful results. Killing and homothetic symmetries have also been
studied in the theory of teleparallel gravity, using Weitzenbock’s geometry [20-22]. In
the context of Finsler’s geometry, Sanjay et al. [23] investigated the charged gravastars
with conformal motion. They examined charged gravitationally vacuum stars under the
background of Finslerian gravity with the use of the conformal Killing vector and have
considered charged stellar objects with three different regions and distinct equation of state
parameters to analyze the structure of such objects.

In this work, our focus will be on studying the conformal symmetry of a static plane
symmetric cosmological model and finding exact solutions to the Einstein’s field equations
without assuming any restrictions either on the variables or on the physical properties of a
given space-time, as is common in the literature. We will only assume that the model under
study admits a conformal motion.

One of the important properties of conformal symmetries is they preserve the causal
character of space-time. That is, if there is a conformal vector field in a space-time which, if
the metric is dragged along it, the causal structure of space-time remains constant. One
small drawback of these symmetries lies in the fact that, unlike isometry and homothetic
symmetries, do not leave the Einstein tensor constant, and in this respect, they can be
considered non-natural or accidental. However, although this drawback some solutions
with conformal symmetries are known.

Many researchers have studied spherically symmetric perfect-fluid space-times ad-
mitting a conformal Killing vector field. Gad [24] studied these solutions and derived a
different coordinate representation of the solutions obtained in [25,26]. Exact solutions of
Einstein’s field equations are found in the case when the conformal Killing vector field
is parallel to the 4-velocity vector field u?. Recently, non-static of these space-times have
studied in [27]. Several families of exact analytical solutions are found for different choices
of the conformal vector field in both the dissipative and the adiabatic regime. Recent and
old literature also provides some important results using conformal Killing vector field (see
for example the references [28-34]).

The contents of the paper are organized as follows: In the next Section, the physical
and geometric parameters for a static plane symmetric space-time are given. We solve
conformal equations for this space-time and get the conformal Killing vector, conformal
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factor and the relation between the coefficients of the metric. The results obtained must
be satisfied Einstein’s field equations, and this is what we will do in the two subsequent
sections of Section 2. In Section 3, we consider the matter represented by a perfect fluid.
In Section 4, we consider the case of a cosmic strings could. In Section 5, we discus that
the conformal vector field orthogonal to the 4-velocity vector and does not admits a vector
parallel to the 4-velocity vector. In Section 5, we study a vector field that is orthogonal to
the 4-velocity vector and a vector that is parallel to the 4-velocity vector. We discuss which
vector fields are allowed by the space-time under study and which are not. In Section 6,
some physical and kinematic properties of the resulting models are also discussed. Finally,
in Section 7, concluding remarks are given.

2. Version of Model and Conformal Vector Field

Let M be a four-dimensional, Hausdorff, smooth manifold with a non-degenerate
metric tensor g with signature (+,—,—, —).

A vector field { on a space-time (M, g) is said to be conformal vector if the following
is satisfied

ECgah = ga;b + éb;a = 2¢(t/ X, yrz)gub <~ ga;h = wgab + Fubr (1)

where the conformal factor ¢ = 1(x”) is a scalar function, £; denotes a Lie derivative
operator relative to { and semi-colon (;) denotes a covariant derivative w. r. t. the metric
connection. If ¢, = 0, that is, ¢ is constant on M, then the conformal vector field ¢ is
called homothetic (proper homothetic vector field if ¢y = const. # 0 on M). If = 0 on
M, { is called a Killing vector field. In components form, the first equation in (1) takes the
following form

gab,cgc + gﬂcg,ch + gcbg,ca = 21/Jg11h~ (2)

A general plane symmetric space-time can always be written in the following form
dSZ — eZA(t,x)dtZ o eZC(t,x)dx2 o €ZB(x) (dyZ + dZZ)

For a static plane symmetric cosmological models, the coefficients of the metric will be
independent of time ¢. In this case x can be redefined to get rid of the coefficient of dx?, in
the above equation, which now reduces to the standard representation and is given by [1]

dSZ _ eZA(x)dtZ _ dxz o EZB(x) (dyZ + de), (3)

with the convention x? = t (cosmic time), x! = x, x2 = y and ¥ = z and the scale factors
A(x) and B(x) are functions of x only.

As shown in [1], the above space-time (3) admits four independent Killing vector
fields which are as follows:

|

99
t" oy’ oz’

[o5]

y g —Z @ .
The physical and geometric parameters of the space-time (3) are determined by the following [35]:

1. The only non-vanishing component of the 4-acceleration vector, 11, = u,,, ub ,1s

= 7A// (4)
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2. The only non-vanishing components of the rotation, wg), = u|,;) + ti[5up), are
wpr = —wyg = A'e”, ©)

where prime denotes to the derivative w. r. t. x.
3. The expansion scalar

4.  The shear scalar

0? = 00",

where 1
Tab = t(ap) + Ualtp) = 3©O(8ap + hathp)-

For the space-time (3), we get
o0 =01 =0 =033 =0, 0% =0. @)

That is, the space-time (3) is shear free.

3
a=0"

model (3) is based on solving the ten reduced equations (due to the symmetry of the metric

Study of conformal vector fields, { = {%(t,x,y,z) on a static plane symmetric

gap) Obtained from the first equation of (1). For the space-time (3), the corresponding
conformal equations are given by the following system of equations:

N+ AT =y(x), ®)
A - =0, 9)
A0 — P75 =0, (10)
A% — P03 =0, (11)
L=9(), (12)
Pri+h =0, (13)
P+ =0, (14)
75+ B =y(x), (15)
3+405=0, (16)
5+ BN =yp(x). 17)

where the commas denote partial derivatives w. r. t. the coordinate indicated.
Integrating (12) w. r. t. x, we get

7= /1p(x)dx +FY (L y,2). (18)

Using this result back into Equations (8)—(17), taking into account that ¢ = ¥ (x), and after
some algebraic calculations, the above system of equations gives the following components
of the conformal vector field and constraint relation

7% = const. = ¢

1_ 9
g _gr (19)
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7% = const. = ¢y,
73 = const. = c3,

FY(t,y,z) = const. = ¢,

A(x) = B(x). (20)

where ¢;,a = 0,1,2,3 are constants of integration.
Inserting the above results back into Equation (18) and integrating the obtained results,
we get
p=A'et = Bleb. (21)

After the previous discussion, the following result can be established.

Theorem 1. A plane symmetric space-time described by the metric ansatz (3) admits a conformal
Killing vector if the following conditions are satisfied

A=B
= Alet.
The conformal Killing vector corresponding to this case takes the following form

0

o (22)

[ = coi+eAi+czi+C3
ot ox oy
According to the previous theory, in order to a static plane symmetric model (3) admits
conformal motion, it must be the well-known anti-De Sitter space-time, which takes the
usual form
ds? = 240 (di? — dy? — d2?) — dx. (23)

To find the unknown coefficients of the metric (3), we need to solve the Einstein’s field
equations. This will be done in the next section.
The covariant components, {; = g¢’, of the conformal vector are

o = coe*4,

gl - 76A1 (24)
0o = —cpe%8,
73 = —cze?b.

It is clear from Equations (22) and (24) that the obtained conformal vector is non-null
conformal vector field, where ?{, # 0.

3. Solutions of Einstein’s Field Equations for a Perfect Fluid

In this section, we will assume that the space-time under study admits a conformal
vector field (conformal motion) and then solve the Einstein’s field equations by considering
that the matter in this space-time is represented by a perfect fluid. In general, the Einstein’s
field equations are of the following form:

1
Rab - ERgub = KTubr (25)

where R;; is the Ricci tensor, R the Ricci scalar and T, the stress energy tensor, which
describes the matter field in the space-time. In Equation (25), x is the coupling constant
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defined by x = S?TG, where G is a Newtons gravitational constant and ¢ the speed of light

in vacuum (For convenience, we assumed that natural units ¢ = 871G = 1). In the case of a
perfect fluid the energy momentum tensor, Ty, is

Tap = (0 + p)tatiy — PSab, (26)

where p is the pressure, p the energy density and u, the 4-velocity vector. The contravariant
and covariant components of the 4-velocity vector, for the space-time (3), can be defined by
u? = (e‘A,O, 0,0),u, = (eA,O, 0,0), and they are verified gabu“ub =1.

For the line element (3), Equations (25) and (26) give the following system of equations

3B +2B" =p (27)
B? 4+ 2A'B' = —p (28)
B?4+B"+A'B + A%+ A" = —p (29)

From Equations (28) and (29), we have
A"+ B" —A'B'+ A% =0. (30)
Using the constraint relation given in Theorem 1, A = B, in the above equation, we obtain
A" =B"=0. (31)
Integrating this equation, we get
A=B=ax+b, (32)

where a and b are constants of integration.
As a result, the exact conformal solution of the Einstein’s field equations for a static
plane symmetric space-time (3) is given by the following form

d52 _ eZ(aerb)dtZ _ dxz _ eZ(llirb) (dyZ + de), (33)
and p and p (the physical variables) are
p=—p= 3a>. (34)

Now, we can conclude that in the case of a perfect fluid, the assumption of conformal
symmetry reproduces the well-known static plane symmetric solutions (3) to give the
anti-De Sitter in the following form

ds? = 2 H0) (42 — dy? — dz?) — dx>. (35)

4. Field Equations and Their Solutions for a Cosmic Strings Cloud

In this section, we will study the gravitational effects for the space-time (3) of a cosmic
strings cloud. To do this study we consider the Einstein’s field Equation (25) in a mixed
form and the stress tensor T} takes the following form

Ty = pu'u, — AX" Xy, (36)

where p and A are a rest energy density and a string cloud tension density for a string cloud
with particles attached to it.
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Here, u” is a 4-velocity vector of particles, as defined before, and X a unit space-like

vector representing the direction of strings orthogonal to a 4-velocity vector. the vector

X must be taken along any of the three directions aa—x, %, %. For the space-time under

consideration, we choose X to be parallel to %, sothat X = X2 = X3 =0, and X! £ 0.
The components of the vectors u and X satisfy the following conditions

uu’ = =X, X" =1, u,X*=0. (37)
For the space-time (3), in a comoving coordinate system, we get
X" =1(0,1,0,0),

X, = (0,—1,0,0).

If we define the particle density of the configuration by 11, then the relation between a rest
energy density y and a string cloud tension density A is given by

p=pp+A (38)

Using Equations (36)—(38) in Einstein’s field Equation (25), then for a plane symmetric
space-time (3), we have the following equations

B? +2A'B = A, (39)
B/2+B//+A/B/+A’2+A// — 0, (40)
3B +2B" = u. (41)

Before solving the above Einstein’s field equations, we note that if we assumed that the
direction of the strings is parallel to aa—y (or %), the left-hand side of the Equation (39) equals
zero, therefore either B = const. or B’ +2A’ = 0. According to Theorem 1 (A = B), the
later gives A = B = const. Therefore, the space-time under consideration (3) becomes flat.
So the direction of the fluid is taken to be in the direction of %.

Since the scale factors A and B appearing in the left hand-sides of Equations (39)—(41)
are functions of x only, then A and y must be functions of x only.

As we previously indicated in the introduction, we will consider that the space-time
under study admits a conformal motion. Considering the current case and using Theorem
1, the previous Equations (39)—(41) reduce to the following equations

A = 3B7, (42)
3B” +2B" =0, (43)
3B +2B" = u. (44)
From Equations (43) and (44), we get
u=0.

Integrating Equation (43), using Theorem 1, we obtain

@IN

B = ln(gx—l-a;) +c5=A4, (45)

where ¢4 and c5 are constant of integration.
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Inserting Equation (45) into Equation (42), (assuming c5 = 0), we get
3
A= . (46)
(3x +c4)?
Since y = pp + A, then
3
=——. (47)
Fr (3x +c4)?

From the Equations (46) and (47) one can see that the tension density and particle density
in the strings decrease as the fluid moves along the x-axis and the two densities vanish as
X — 00,

As a result, in case of a cosmic strings cloud, the exact conformal solution of the
Einstein’s field equations for a static plane symmetric space-time (3) is given by the follow-

ing form
4

3
¢k2_.(;x4—q) (dt* — dy? — dz?) — dx*. (48)

As in the case of perfect fluid the metric (3) reduces to the anti-De Sitter metric.

5. Orthogonal and Parallel Conformal Vector Fields

Discussion of conformal vector fields orthogonal or parallel to the 4-speed vector field
gives some physical properties of a given space-time. In this section, we study the two
cases of the space-time (3).

Conformal Vector Orthogonal to u”

In this case
u, = 0.

From the definition of the 4-velocity vector, we get
2 =o.

Using these results, Equations (8)—(17) are reduced to the following equations:

AT =p(x), (49)
Th=0=0h=0, (50)
L =vy(x), (51)
P+ =0, (52)
P +75=0, (53)
{5+ BT =y(x), (54)
3+05=0, (55)
{3+ BT = y(x). (56)

From Equations (49) and (51), we get

¢ =¥ = [yt F), 67



Axioms 2025, 14, 117

90f13

where f(y,z) is an arbitrary function to be determined. Using the results (57) back into the
above equations, we get F(y, z)= constant, without loss of generality, we take it equal zero.
Integrating the result obtained from (57), we get

— In( / P(x)dx) +c, (58)
where c is a constant of integration. Using (58) in Equations (49)—(56), we have
(=00 =al =g
where ¢, and c3 are constants of integration, which will be taken as zeros. We have also
A'=B" = A=B. (59)
Consequently, the conformal vector field orthogonal to the 4-velocity vector is

=02 (60)

To verify that the resulting vector is a proper conformal vector, that is, we prove that the
conformal factor are function in the coordinate x, we use the above results in Einstein’s
field equations.

Case I: Perfect fluid case

In this case, using Equations (58) and (59) in Einstein’s field Equations (27)—(29), we
get the following equations

¥?(x) 29'(x) _
(TyCoa? " Tylodx " oy
39A(x)
(TyGdn? ~ 2
32 (%) P'(x) [yl dx—¢2<x> _
To@a? 2 (o - )
From Equations (62) and (63), we have
'(x) [ dx— ¢?(x) = 0. (64)
The solution of this equation is
P(x) =™, (65)

where m is a constant of integration. Using the above equation in (58), the scale factor A
can be written as follows
A=ax+b=B. (66)

Now the previous discussion can be summarized in the following:

Proposition 1. All perfect ﬂuid solutions described by the metric ansatz (3) admit a conformal

Killing vector field, { | = orthogonal to the 4-velocity vector, u, if the scale factors are

a ax’
A=B=uax+b,

and the conformal factor is

P(x) = ™.
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According to the above proposition, the dynamical variables are
p=-—-p= 3m?.

Case II: Cosmic string cloud case.
Inserting (58) and (59) into (42)—(44), we get 4 = 0 and

3A% +2A" =0

Using (58) in the above equation and integrating the obtain results, we obtain the conformal
factor and scale factors, respectively, as follows

p(x) = (;q)

A= ln(mx%) +n=RB8.

-

where g and 7 are constants of integration and m = (94—'7> ’

The previous discussion can be summarized as the following.

Proposition 2. All cosmic string cloud solutions described by the metric (3) admit a conformal
Killing vector field, { | = % E%' orthogonal to the 4-velocity vector wu if the conformal factor and
scale factors are, respectively

P(x) = (i)é, A=B= ln(mx%) +n.

Conformal Vector Parallel to u* (@H)

In this case
CH x uﬂ’

then
7t =t

where ¢ is a constant of proportionality. From the definition of u® for the space-time (3), the
above equation gives

€1:€2:€3:0.

Then the conformal Equations (8)—(17) reduce to the following

=9, (67)

Then the parallel conformal vector field is

g =¢).

Therefore, Equation (67) gives i =constant or ¢ = 0, thatis, { = 0 or equal constant. So
the space-time (3) does not admit a conformal vector field parallel to the 4-velocity vector.

6. Physical Properties

In the previous three sections, we discussed a static plane symmetric space-time (3)
and attempted to obtain exact solutions to the Einstein’s field Equation (25). To do this,
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in addition to considering the space-time under study admits conformal symmetry, we
assumed that the matter is represented by a perfect fluid, as in Section 3, and solved the
field equations for a cosmic string cloud in Section 4. To discuss the physical behavior of
the obtained conformal solutions given by the metrics (33) and (48), we need to find the
following physical and kinematical parameters of the model which are very important to
give us a deeper insight into the properties of the cosmology.

For the metric (33), we find the following parameters:

1.  The non-vanishing component of the 4-acceleration is
U1 = const. = —a

2. The non-vanishing component of the rotation is

wp1 = —wWi0 = ae”x+b.

For the metric (48), the above components are

7. Discussion and Conclusions

One of the most common attempts to obtain exact solutions to Einstein’s field equations
is to assume symmetries in space-time. These symmetries are defined by operating the Lie
derivative of the considered tensor, such as, g4, I}, Tap, Rap, -~ etc, with respect to space,
time, or null vector. The resulting geometric objects created by these operators are tensors
with the same index or zero.

This work is devoted to studying one of these symmetries, in particular conformal
symmetry, of a plane static symmetric model in the framework of general relativity. We
focused on this type of symmetries because a space-time admitting it preserves the causal
character of space-time, so it is in an important physical form one. For a static plane
symmetric space-time, we solved the conformal equations and obtained the conformal
vector field that the space-time admits. Furthermore, solving these equations helped us
to obtain a relationships between the metric coefficients. We have used these relationship
to simplifying Einstein’s field equations and got the energy density (o) and pressure (p)
(dynamical variables), which depend on the coordinate x. We obtained new exact solutions
of the Einstein’s field equations for a static plane symmetric space-times by considering
that they admit conformal symmetry. In the case of a perfect fluid, the resulting solutions
have negative pressure, which represents a possible example of a dark energy star, and
the energy equation of state is p + p = 0. Moreover, we have shown that these solutions
reduce to the well-known anti-De Sitter space-times, when the energy-momentum tensor is
represented by a perfect fluid or cosmic strings cloud. In the case of a cosmic string cloud,
we found that the tension density and particle density decrease as the fluid moves along
the direction of the strings, and then vanish at infinity.

For the solutions obtained, all coefficients of the metric are well defined so there is no
singularity present. They have acceleration, rotation, shear-free, vanishing expansion, and
rotation. We have discussed the orthogonal and parallel conformal vector fields and ob-
tained that the space-time under consideration admits a conformal vector field orthogonal
to the 4-velocity vector but does not admits a vector parallel to the 4-velocity vector.
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