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1. Introduction

Metric fixed point theory can be settled in the intersection of two disciplines; (nonlinear) functional
analysis and topology. From the fixed point researchers’ aspect, the first application of the metric
fixed point theory is on the solution of differential equations. However, according to the point of
view of researchers in applied mathematics, metric fixed point theory is a tool in the solution of a
first-order ordinary differential equation with an initial value. Indeed, fixed point theory appears,
firstly, in the paper of Liouville in 1837, and, later, in the paper of Picard in 1890. In the paper of Picard,
the method of the successive approaches was used to investigate the existence of the solution. In 1922,
Banach reported the first metric fixed point result in the setting of complete norm space that would be
called Banach space later. Examined enough and carefully, we realized that Banach’s theorem is the
abstraction of the successive approaches. The characterization of the nominated fixed point theorem of
Banach, in the complete metric space, was reported by Caccioppoli in 1931. This can be accepted as the
first generalization of Banach’s theorem. After this, a huge number of papers, on the generalization
and extension of Banach'’s fixed point theorem, has been released.

Extensions and generalizations of Banach’s theorem are based on two elements: by changing the
structure (abstract space) and by changing the conditions on the considered mappings. The immediate
examples of these new structures are partial metric space, quasi-metric space, semi-metric space,
b-metric space, etc. Among all of these, we shall consider the b-metric that is the most interesting and
most general form of the distance. The notion of b-metric has been discovered by several authors, such
as Bourbaki [1], Bakhtin [2], and Czerwik [3], in different periods of time. Roughly speaking, b-metric
space is derived from metric space by relaxing the triangle inequality.
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As it was mentioned before, the theory has been advanced by reporting several new fixed point
results that are obtained by changing the conditions on the given mappings. As a result, in the
literature, there are so many different types of metric fixed point results that cause a disturbance,
conflict, and disorder. For overcoming this problem, it needs to consider new theorems that cover
several different results. One of the successful results in directions was given in [4] where admissible
mappings were introduced to combine different structures. Other interesting results were given in [5]
in which the notion of the simulation function was defined to combine many distinct contractions.
The notion of the hybrid contractions can also be considered as a result of this trend: in two recent
papers [6,7], the authors introduce a new type of contraction, namely admissible hybrid contraction, in
order to unify several linear, nonlinear and interpolative contractions in the set-up of a complete metric
and b-metric spaces.

One of the main aims of this paper is to unify the several existing results in the literature
by combining the interesting notions: admissible mappings, simulation functions, and hybrid
contractions. Besides unifying the results, we express our results in the most generalized form:
in the setting of a complete b-metric space. Next, we shall consider applications for our obtained
results. In particular, we shall consider the well-posedness and the Ulam-Hyers stability of the
fixed point problem. We shall give some consequences and we shall indicate how one can get more
consequences from the main theorem of the paper. In the next section, we shall give some basic notions
and results to provide a self-contained, easily readable paper.

2. Preliminaries

In this section, we shall collect the necessary notations, notions, and results for the sake of the
completeness of the paper. We first express the definition of the b-metric, as follows.

Definition 1 (See, e.g., Bourbaki [1], Bakhtin [2], and Czerwik [3]). Let X be a nonempty set and let s > 1
be a given real number. A functional d : X x X — [0, 00) is said to be a b-metric with constant s, if

1. d is symmetric, that is, d(x,y) = d(y, x) forall x,y,
2. dis self-distance, that is, d(x,y) = 0 if and only if x = y,
3. d provides s-weighted triangle inequality, that is

d(x,z) <sld(x,y) +d(y,z)], forall x,y,z € X.

In this case, the triple (X, d, s) is called a b-metric space with constant s.

It is evident that the notions of b-metric and standard metric coincide in case of s = 1. For more
details on b-metric spaces, see, e.g., [8-11] and corresponding references therein.

In what follows, we express the following immediate interesting examples of b-metric space to
indicate the richness of this abstract space.

Example 1. Let S be any set that has more than three elements. Suppose that Sy, Sy are the subsets of S such
that S NSy = @and S = S; U Sy Let s > 1 be arbitrary. Consider the functional d : X x X — [0, 0),
which is defined by:
0, a=b,
d(a,b):=< 2s, abe S,
1, otherwise.

It is obvious that (X, d, s) forms a b-metric space.

Another simple, but interesting example is the following;:
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Example 2. Let X = R. The function d : R x R — [0, 00), defined as
d(x,y) = |x =yl M
is a b-metric on R with s = 2. Clearly, the first two conditions are satisfied. For the third condition, we have

x—yl? x—z+z—y?=|x—zP +2x —z|lz—y| + |z -y

2[lx —z* + |z - yI?],

IA I

since
2x —zllz—yl < |x =z + |z -yt
Thus, (X, d,2) is a b-metric space.

Example 3. Let X = {a,b,c} and d : X x X — R such that

=d(ba)=d(a,c)=d(ca)=1,
M@)Zd(W—WZZ
=d(bb)=d(c,c)=0.
Then, N
d(x,y) < [d(x z)+d(z,y)], fora,b,c € X.

Then, (X, d, %) is a b-metric space.
Example 4 ([8]). Let B be a Banach space with the zero vector Op. Suppose that P be a cone whose interior is

non-empty. Suppose also that < forms a partial order with respect to P.
For a non-empty set S, we consider the functional d : X x X — B that fulfills

(M1) 0g = 4(a,b),

(M2) 6(a,b) =0ifand only ifx =y,
(M3) 6(a,b) < é(a,c)+6(c,b),
(M4) 6(a,b) =6(b,a),

foralla,b,c € S. Then, § is said to be a cone metric (or, Banach-valued metric). Furthermore, the pair (S, 6) is
called a cone metric space (or Banach-valued metric space).

Let E be a Banach space and P be a normal cone in E with the coefficient of normality denoted by K.
Let D : X x X — [0,00) be defined by D(x,y) = ||d(x,y)||, where d : X x X — E is a cone metric space.
Then, (X, D, K) forms a b-metric space.

Example 5 (See, e.g., [1]). Let X = LP|0, 1] be the collections of all real functions x(t) such that
fo |x(#)|Pdt < oo, where t € [0,1] and 0 < p < 1. For the function d : X x X — Ry defined by

1/p
</ |x(t) pdt) , foreach x,y € LP[0,1],

the ordered triple (X, d,21/P) forms a b-metric space.

Example 6 (See, e.g., [1]). Let p € (0,1) and let

X=1(R) = {x = {xn} C Rsuchthat ) |x,|F < oo}.

n=1
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Define d(x,y) : X x X — [0,00) by

oo 1/p
d(x,y) = (Z |Xn _]/n|p> :

n=1
Then, (X,d,21/P) is a b-metric space.

Definition 2 ([12]). A mapping ¢ : [0,00) — [0, 00) is called a comparison function if it is increasing and
@"(t) = 0,asn — oo, forany t € [0, c0).

Example 7. Let 7y : [0,00) — [0, 00) be a function such that
v(t) = ctforall t € [0,00) where ¢ € (0,1).
Then, «y forms a comparison function.

Example 8. Let B : [0,00) — [0, 00) be a function such that

t
B(t) = T forall f € [0, 00).
Then, -y forms a comparison function.

Lemma 1 ([10]). If ¢ : [0,00) — [0, c0) is a comparison function, then:

(1) each iterate <pk of ¢, k > 1, is also a comparison function;
(2) @ is continuous at 0;
(3) ¢(t) <t foranyt > 0.

Definition 3 ([12]). A function ¢ : [0,00) — [0, 00) is said to be a c-comparison function if

(1) @ is increasing;

(2) there exists kg € N, a € (0,1) and a convergent series of nonnegative terms Y, vy such that
k=1

PL(t) < agk(t) + oy, fork > ko and any t € [0, 00).

Remark 1. Note that 7y in Example 7 is also c-comparison function. On the other hand, B in Example 8 is not a
c-comparison function.

It is evident that the c-comparison function is not useful to work in the setting of b-metric space
due to the third axiom, s-weighted triangle inequality. In the setting of b-metric space, we should

"
S

involve the b-metric constant “s” in our analysis. That is why the b-comparison function was suggested
by Berinde [10]. Indeed, the idea is so simple. In order to investigate fixed point results in the class of
b-metric spaces, the notion of c-comparison function was extended to the b-comparison function by

involving the b-metric constant “s”.
In what follows, we remind readers about the formal definition of the b-comparison function:

Definition 4 ([10]). Let s > 1 be a real number. A mapping ¢ : [0,00) — [0, 00) is called a b-comparison
function if the following conditions are fulfilled:

(1) @ is monotone increasing;

(2) there exist kg € N, a € (0,1) and a convergent series of nonnegative terms Y, vy such that
k=1
KLkt (t) < ask X (t) + vy, for k > ko and any t € [0, 00).
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Example 9. Let s > 1 be a real number and vy : [0,00) — [0,00) be a function such that
v(t) = ctforallt € [0,00) where ¢ € (0, %)
Then, y forms a comparison function.
The following lemma is very important in the proof of our results.
Lemma 2 ([10]). If ¢ : [0,00) — [0, 00) is a b—comparison function, then we have the following conclusions:
(1) the series kfo sk (t) converges for any t € [0,);

(2) the function Sy, : [0,00) — [0, 00) defined by S,(t) = § skk(t), t € [0,00), is increasing and
k=0
continuous at 0.

Remark 2. Due to the Lemma 1.2., any b-comparison function is a comparison function.

Let a« : X x X — [0,00) be a function. We say that a mapping f : X — X is a-orbital
admissible ([13]) if
a(x, fx) > 1= a(fxr, f2(x)) > 1.

An w-orbital admissible mapping f is called triangular a-orbital admissible ([13]) if
a(x,y) > land a(y, fy) > 1= a(x, fy) > 1, forevery x,y € X.

Lemma 3. Let (X, d) be a b-metric space with constant s > 1, and let f : X — X be triangular a-orbital
admissible mapping having the property that there exists xo € X such that a(xo, f (x9)) > 1. Then,

a(xp,xp) >1, foralln,meN,
where the sequence (xp ),y is defined by x, 11 = f (x,), n € N.

Very recently, an interesting auxiliary function, to unify the different type contraction, was defined
by Khojasteh [5] under the name of simulation function.

Definition 5 ([5]). A simulation function is a mapping { : [0,00) x [0,00) — R satisfying the following
conditions:

(C1) ¢(t,8) <s—tforallts>0;
(C2) if (tn)yen - (Sn) pen are sequences in (0,00) such that nh_r)rgo t, = r}glgo sy > 0, then

limsup {(ty, 1) < 0. ()

n—00

In the original definition, given in [5], there was an additional but a superfluous condition
¢(0,0) = 0. We underline the observation that a function {(t,s) := ks — t, where k € [0,1) for all
s, t € [0, 00), is an instantaneous example of a simulation function. For further and more interesting
examples, we refer e.g., [5,14-18] and relate references therein.

A self-mapping f, defined on a metric space (X,d), is called a Z-contraction with respect to
¢ e Z[5]if

C(d(fx, fy),d(x,y)) >0  forallx,y € X. 3)

The following is the main results of [5]:
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Theorem 1. Every Z-contraction on a complete metric space has a unique fixed point.

As it is mentioned above, the immediate example {(t,s) := ks — t implies the outstanding Banach
contraction mapping principle.

Definition 6 (cf. [7]). Let (X,d) be a b-metric space with constant s > 1. A self-mapping f is called an
admissible hybrid contraction, if there exist ¢ : [0,00) — [0, 00) a b-comparison function and a : X x X —
[0, 00) such that

a(x,y)d(fx, fy) < ¢ (R} (x,y)) )

where g > 0and A; > 0,i =1,2,3,4,5 such that Z?:l A =1and

1/q
R}d(x,y) _ ) [Ny, forg>0xy€X, 5)
P(x,y), forq=0,xy¢€X.
where
N(x,y) := Mdl(x,y) + Aod(x, fx) + A3d?(y, fy)
Ay, fy) (1+d(x,fx)) \ 7 Ay, fx) (1+d(x,fy)) \ 1
s (R s ()
and

P(x,y) = d%(x,y) - d"2(x, fx) - d%(y, fy)

, (d(y,fyxud(x,fx)))M , (d(x,fy>+d<y,fx>>A5
1+d(xy) 2s :

Definition 7. Let (X, d) be a b-metric space with constant s > 1. A mapping f : X — X is called admissible
hybrid Z-contraction mapping if there is ¢ : [0,00) — [0, 00) a b-comparison function, a : X x X — [0, 00)
and { € Z such that

& (oé(X,y)d(fx,fy),go (R;(x/y)» >0, forall x,y € X, (6)

where R;(x, y) is as above.

3. Existence and Uniqueness Results

Theorem 2. Let (X, d) be a complete b-metric space with constant s > 1 and let f : X — X be an admissible
hybrid Z-contraction. Suppose also that:

(i) f is triangular a-orbital admissible;
(ii) there exists xog € X such that a(x, f (x0)) > 1;
(iii) either, f is continuous or
(iv) f?is continuous and a(fx,x) > 1 for any x € Fix 2 (X).

Then, f has a fixed point.

Proof. Let xo € X be an arbitrary point. Starting from here, we recursively construct the sequence
(Xn)pen @s Xp = f" (xo) for all n € N. Supposing that there exists some m € N such that fx,, =
Xm+1 = Xm, we find that x,, is a fixed point of f and the proof is finished. Thus, we can presume,
from now on, that x, # x,,_1 for any n € N. Under the assumption (i), f is an admissible hybrid
Z-contraction, if we consider in (6) x = x,_1 and y = x,, we get

0< Z(alrnr, xn)d(f (xn-1), f (xn)), P(R}(Xn-1,%1)))

< (R} (xn—1,%n)) — a(xu—1,%n)d(f (xu-1), f (xn)),
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which is equivalent to
a(xp—1, Xn)d(f (xp-1), f (xn)) < (P(ij(xnflr Xn))- @)

Taking into account that f is triangular a-orbital admissible, from (ii) and Lemma 1.3., we have
a(x,_1,%,) > 1. In this way, the above inequality becomes

d(xn, Xn 1) < (-1, %0)d(f (xu-1), f (xn)) < QR (xu-1,3n))- ®)

Case 1. For the case 4 > 0, we have
ij(xnfll Xp) = [AMdT(xp_1,Xn) + A2d? (X1, f (xn-1)) + A3d?(xu, f (xn))+

d( ns, n (1+d n—1-, n— q d ns, n— (1+d( n—1, n ) q
g (Hndtgtelunll )y g (Hnfg e ) )

= [MdT(xp—1, xn) + A2dT(xy—1, %) + A3dT(xn, Xpp1)+

S|

1
d(xnrxn )(1+d(xn— rxﬂ)) q d(xnfxﬂ)(l'i'd(xnf xn )) Ma
+)‘4( Trd (o) ) +)‘5( (B [y ) ]

= [Aldq (xnflr xn) + Aod(x—1, xn) + A3d(xp, xn+1> + Ay (d(xn/ xn+l))ﬂ

=

= [(A1 + A2)d?(xy—1, %) + (A3 + Ag)dT (xn, X0 41)]9,

and from (8) we get

A(xn, Xp1) < a(xuo1, Xn)d(f (xuo1), f () < @(R}(xn-1,xn)) ©)
= @([(AM + A2)d (xp—1,Xn) + (A3 + Ag)d7 (x4, xp41)]1/9).

Suppose that d(x,,,l, Xn) < d(xp, Xy11). Since @ is a nondecreasing function, Equation (9) can be
estimated as follows:
d(xn, xn1) < a(xn1,X0)d(f (xu-1), f (xn))
< @([(M +A2)d? (xy—1, xu) + (A3 + Ag)d (xn, xp1)]/9)
due to assumption d(x,_1, %) < d(xn, x,11) we get
< @([M + Az + Az + Ag)d? (x, x41)]M1)
when we rearrange it, we get
= (M + Az + A3+ Ag)4d (xn, x011))
on account of the fact that ¢(t) < t, we find
< (M4 A2+ A3+ AV (x0, xp41)
since A1 + Ay + A3 + A4 < 1, we obtain

S d(x}’l/ Xn+1 )/
which is a contradiction. Therefore, for every n € N, we have

d(xnr xn+1) < d(xnflz xn)/
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in which case the inequality (8) yields

d(xn, Xn41) ([(A1 +A2)d (1, %n) + (As + Aa)d (i, X 41)]M9)
(A1 + A2+ A+ 20) (201, ) ) (10)

< @ (d(xn-1,%n)) < @* (d(xp—2,%p-1)) < ... < " (d(x0,%1))-

<¢
<¢
Now let m, p € N such that p > m. Using the triangle inequality and (10), we have

d(xm, xp) < 8d (X, Xppy1) 4+ 52d(Xp1, Xpa2) + ...+ 5P d(xp_1, Xp)
S Sq)m((d(x()r xl)) + qu)m-i_l (d(xO/ Xl)) +.o.. 4+ Sp_m+1q)p (d(XO, Xl))
= it (579" ((d(x0,x1)) + 5" 19" (d(x0,x1)) + ... + P9 (d(x0,x1)))

|
= g1 L 59/ ((d(xo, x1))-
j=m

Since ¢ is a b-comparison function, the series " ¢/(d(xo,x1)) is convergent. Denoting by S, =

j=0
f‘, @/ (d(xp, x1)), the above inequality becomes
j=0
1
d(xm, xp) < g1 (Spfl —Su-1),
and as m, p — oo we get
d(xm,xp) — 0, (11)

which tells us that (x,), .y is a Cauchy sequence on a complete b-metric space, so there exists x* € X
such that
lim d(x,x*) = 0. (12)

n—oo

We shall prove that x* is a fixed point of f.If f is continuous, (due to assumption (iii))

n—oo

d(x*, f (")) = Tim d (x, f (¥0)) = lim d(xs, %11) =0,

so we get that f (x*) = x¥, thatis, x* is a fixed point of f.
Suppose now that f? is continuous. It follows that f? (x*) = 1i_r}1 f2 (xn) = x*. We shall prove
n—oo

that f (x*) = x*. Supposing that, on the contrary, f (x*) # x*, we have from (6)

0 < Zla(f (x*),x)d(f* (x*), f (x)), @(RE(f (x*), x*)))
= (RY(f (x*),x%)) —a(f (x*), x")d(f* (x*), f (x*)),



Axioms 2020, 9, 2 90f17

which implies

d(x*, f (x*)) =d(f* (x), f (x*)) < a(f (x*), x*)d(f (x*), x7)
since ¢(t) < t, we get
< (p(Rq (x*),x*)) < Rj’((f(x*),x*); due to (5), we have

(f
= [MdT(f (x*),x*) + Ao (x*, f (x*)) + Asd?(f (x*), f2 (x*))+

A f () (L (F( ), 2(x)) | Af (), f () (ka2 ) \ 1] 0
A ( THI(e, /() ) s ( TH a0 7)) )
= [MdT(f (x*),x*) + AadT(x*, f (x*)) + A3d(f (x*), x*)+
40 ) L)) df (), f(x)) (Ld(x"x%)) \ ¥
Py (L) + b (i)
(x*, f (x%))]7
1
= [(A1 + A2+ A3+ Ag)]7d(x", f (x7))
<d(x*, f (x%)).

This is a contradiction, so that f (x*) = x*.
Case 2. For the case g = 0, if we consider x = x;,_1 and y = x,;, we have

==

[()\1 + Ay + A3+ A4)dq

R} (xu-1,20) = d" (x_1,%0) - d" (-1, f (x0-1)) - @ (n, f (x0))-

_ [d(xn,ﬂxn))<1+d<x,171,fxn71>) At [d(xnfl,ﬂxn))+d(xn,fxn71>)}AS
1+d(xn71/xn) 2s
= dM (x,_1,%n) - d2 (X1, x0) - ™3 (X, X 41)-

. |:d(xﬂfxn+1)(1+d(xn71fxn))i| A . |:d(xn—1,xn+1)+d(xn/xn))i| As
1+d(xn—1/xn) 2s

A
= M (1, 00) - @2 (1, ) - 85 (o, ) - AN (i ) - | Tt [

Employing the triangle inequality, we have

ij(xnflz xn) < d)\l(xnfll xn) -dM2 (xnflz xn) -dh (xn/ xn+l) : dM(xn/ xn+1)

) {d(an,xn);d(xn,xm)}As ' (13)

Using the following inequality

k k k
(“”’) Y rallab k>0,

2 2

(13) becomes
quf(xnflrxn) S d/\l (xnfll x}’l) . d/\Z (xi’lfl/xn) : d)\3 (xn/ xn+1)
A A
.d)\4(xn,xn+1) . 5(xn—1rxn)J2Fd 5(x71rxn+1)’

and, from (6),
0< Z(a(xn—1,%)d(f (xu-1), f (xn)), @(R}(xn-1,%n)))
< QRN (Xa1,%0)) = €t X )Af (%ao1), f (50),
which yields that

d(xn, xns1) < a(xp_1,x0)d(f (x4-1), f (xu)) < GD(Rqu(xnflrxn))- (14)
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Supposing that d(x,,_1,xn) < d(xy, X,,41), since ¢ is a nondecreasing function, we have

< d)\l +A2+Az+A4+A5 (

d(xp, Xp41) Xn, Xnt1) = A(Xn, Xuy1),

which is a contradiction. Then, from (14), inductively, we obtain

A, %1) < P(RU(xu1,30)) < 9" (d(x0,x1)). 15)

By using the same arguments as the case g > 0, we shall easily obtain that (x;), . is a Cauchy
sequence in a complete metric space and thus there exists x* such that lgn Xp = x.
n—oo

We claim that x* is a fixed point of f.
Under the assumption that f is continuous, we have

4 (% f (x*)) = lim d (o, f (5)) = Jim d(x %1) =0,

and together with the uniqueness of limit, f (x*) = x*. In addition, if f? is continuous, as in case 1, we
have that f2 (x*) = x* and suppose that f (x*) # x*. Then, we get

0 < g(a(f (x*), x)d(f (x"), f (x*)), p(RE(F* (x*), f (x*)))
= (RH(f* (x*), f (")) —alf (x*), x")d(f* (x*), f (x7)),

which implies

d(x*, f (x*)) =d(f>(x*), f (x*))
<a(f (x%), x*)d(f2 (x%), f (x*))
< @(RE(F2 (x*), f (x%)) = @(R}(x*, f (x¥)),
where
RIx, f(x7)) = dM 22 (x7, F (x)) - {d(x*,ﬂx*>>(1+d<x*,f(x*>>]M, [d(X*,X*Hd(f(X*)J(X*))})‘5
A ’ T+d(x*,f(x)) 2s

= AN (£ () < d(x, f (1)),
Hence, we have
A, f () < 9(RU, f (x')) < p(d(x", £ (x) < d(x", f (x")),
which is a contradiction. [J
Theorem 3. In the hypothesis of Theorem 2, if we assume supplementary that
a(x*,y*) >1,
forany x*,y* € Fix¢(X), then the fixed point of f is unique.
Proof. Let y* € X be another fixed point of f. Suppose that x* # y*. In the case that g4 > 0, using (6),

we have:
0 < Z(a(xy")d(f (x*), f (y), p(RH(x*,y")))
)

y*
< @R y")) —a (', y")d(f (x*), f (v°)),
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which yields that
d(x*,y*) <a(xty)d(f (), f (y)) < p(RE(",y")) < RE(x*,y")
* * x* * q
= [Md(xt,y7) + Aadt (6", f (%)) + Asd? (", f (57)) + Ag (ALY LAHALICD T

1
A S ) (e £ 1)1
s (R )]

= (A1 + As)T d(x",y*) < d(x*, ),

which is a contradiction.

In the case that g = 0, if we suppose that x* # y*, then we obtain that 0 < d(x*,y*) < 0, which is
a contradiction.

Thus, x* = y*, so that f possesses exactly one fixed point. [

Example 10. Let X = [0,2], d : X x X — [0,00) , d(x,y) = |x—y|? for all x,y € X. Consider
1/2, ifxe]0,1]

and the function a(x,y) =
x/2, ifx e (1,2 f (y)

that the mapping f : X — X is defined by f(x) = {

2, ifx,y€l01],
1, ifx=0,y =2 and the b-comparison function ¢ : [0,00) — [0,00), @(t) = 5, (t,s) = 35—,

0, otherwise.
We can easily observe that:

(X, d) is a complete b-metric space with the constant s = 2;

f triangular a-orbital admissible;

for xg € [0,1], f (x0) = & € [0,1] and hence a (xo, f (x0)) =2 > 1;

fis continuous

f2 (x) = 1 is continuous. Moreover, forx = 1 € Fix > (X), we have o (f (%) %) =u (%, %) =2>1

¢ (e y)d(fx fy), o (RY(xy))) = 0.

Ifx,y € [0,1], then fx = fy =  and hence d (fx, fy) = 0. We have

S s =

4 (0/4’ (R?(x,y)» = %qo (R}(x,y)) >0, forall x,y € [0,1],

and hence

¢ (oc(x,y)d(fx,fy),q) (Rj((x,y)» >0, forall x,y € [0,1].

Ifx =0andy = 2, then if we consider g = 2,A\1 = Ay = A3 = Ay = A5 = %, then we have
¢ («(0,2)d(f (0), £ (2)),9 (R}(0,2))) =19 (R}0,2)) —a(0,2)d(f (0), f (2)) =<=
= 1 [42(0,2) + 12(0,£ (0)) + k22, F (2))+

<d<z,f<z>><1+d(o,f<o>>>)2 T (SO0 )2} :
0
(

+

1
5 1+d(0,2) 1+d(0,2)

—a(0,2)d (%,1)
i [% (16+ 61+ + 100)}%

3587 7 1
1000) 1 2 0.

FNT.

Hence,

¢ (a(0,2)d(£ (0), f (), 9 (R}(0,2)) ) 2 0.
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In all other cases, a(x,y) = 0 and

¢ (09 (R}(xy)) = %qo (R}xm) 0.

Thus, we obtain that f is an admissible hybrid Z-contraction which satisfies the assumptions of Theorem 2
and then x = % is the fixed point of f.

, , 173, ifx € [01] . ,
Remark 3. If, in the above example, we consider f(x) = ) , then f is not continuous,
x/2, ifxe(1,2]

(
but f2(x) = Sandforx =% € Fix > (X), we have a (f (%) %) =u (1 I)=2>1
Let ® be the collection of all auxiliary functions ¢ : [0,00) —[0, c0) which are continuous and
¢(t) = 0if and only if t = 0.

Theorem 4. Let (X, d) be a complete b-metric space with constants > 1, f : X — Xand a : X x X — [0, 00).
Suppose that there exist two functions ¢1, ¢p € @, with ¢1(t) < t < ¢o(t), forall t > 0, such that

¢2 (@(x y)d(fx, f1) < o1 (RY(x,y)) (16)

Furthermore, we suppose that:

i) fis triangular a-orbital admissible;
(ii) there exists xg € X such that a(xo, f (x0)) > 1;
(iii) either, f is continuous or
(iv) f?is continuous and a(fx,x) > 1 for any x € Fix > (X).
(v) ifx*,y* € Fixg(X), then a(x*,y*) > 1.

Then, f has a unique fixed point.

Proof. Let { (t,5) = ¢1 (s) — ¢2 (t) . According to Example 10, if ¢1, ¢ € ® have the property ¢;(t) <
t < ¢o(t) forall t > 0, then ¢ € Z. Thus, the desired results follow from Theorems 2 and 3. O

Theorem 5. Let (X, d) be a complete b-metric space with constants > 1, f : X — Xanda : X x X — [0, 00).
Suppose that there exists a function ¢ € P, such that

a(x,y)d(fx, fy) < RY(xy) — ¢ (RY(x,)) - (17)

Furthermore, we suppose that

(i) f is triangular a-orbital admissible;
(ii) there exists xg € X such that a(x, f (x0)) > 1;
(iii) either, f is continuous or
(iv) f? is continuous and a(fx,x) > 1 for any x € Fix 2 (X).

(v) if x*,y* € Fixs(X), then a(x*,y*) > 1.
Then, f has a unique fixed point.

Proof. Let{ (t,s) =s— ¢ (s)) — t. According to Example 10, { € Z. Thus, the desired results follow
from Theorems 2 and 3. O
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Theorem 6. Let (X, d) be a complete b-metric space with constants > 1, f : X — Xanda : X x X — [0, 00).

Suppose that there exists a function y : [0,00) — [0, 00) such that f(f u(u)du exists and fg’ w(u)du > e, for each
e > 0, with the property that

R (x,)
Coitfefy) < [0 pdn as)

J0
Furthermore, we suppose that

) f is triangular a-orbital admissible;
) there exists xo € X such that a(xo, f (x0)) > 1;
ii) either, f is continuous or
) f?is continuous and a(fx,x) > 1 for any x € Fix 2 (X).
) ifx*,y* € Fixg(X), then a(x*,y*) > 1.

Then, f has a unique fixed point.

Proof. Let { (t,5) =s— fg p(u)du. According to Example 10, { € Z. Thus, the desired results follow
from Theorems 2 and 3. O

Let @ be the class of auxiliary functions ¢ : [0,00) — [0, 00) that are continuous functions and
u(t) = 0if and only if, t = 0.
The following example is derived from [5,14,15].

Example 11. (See, e.g., [5,14,15]) Let ¢; € ® for i = 1,2,3 and 0j Ry xRy — R forj=1,2,3,4,5,6.
Each of the functions defined below is an example of simulation functions:

(E1) o2(t,s) =s—¢3(s) —t forall t,s > 0.
(E2) o4(t,s) = f(s) —t forall t,s > 0, t,s > 0, where the function f : [0,00) — [0,00) is upper
semi-continuous and such that f(t) < t forall t > 0and f(0) = 0.

(E3) o5(t,s) =s— ‘zg’z; forall t,5 >0, where g,h : [0,00)% — (0,00) are two continuous functions with

respect to each variable such that g(t,s) > h(t,s) forall t,s > 0.

(E4) o6(t,s) = sn(s) —t forall t,s > 0, where 5 : [0,00) — [0,1) is a function with the property
limsup,_, . 7(t) <1forallr >0

Remark 4. By using the examples above, we may derive more consequences of our results.

4. Well Posedness and Ulam-Hyers Stability

Considered as a type of data dependence, the notion of Ulam stability was started by Ulam [19,20]
and developed by Hyers [21], Rassias [22], etc. In this section, we investigate the general Ulam type
stability in sense of a fixed point problem as well the well posedness of the fixed point problem.

Suppose that f : X — X is a self-mapping on a b-metric space (X, d) with the constants > 1 and
let us consider the following fixed point problem:

x = f(x). (19)
Definition 8. The fixed point problem (19) is well-posed if

(i) Fixg (X) = {x"};
(ii) If (xn)pen is a sequence such that d (xp, f (xn)) — 0, as n — oo, then x, — x*, as n — oo.
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Theorem 7. Let (X, d) be a complete b-metric space with constant s > 1. Suppose that all the hypotheses of
Theorem 3 hold, and q > 0. Additionally, we suppose that for any sequence (x,),en, with d (xu, f (x4)) — 0,

as n — oo, we have a (x,x*) > 1, for all n € N, where x* € Fixs (X).If M + A5 < ,y%(q), where
v(q) = max {1,297 157}, then the fixed point problem (19) is well-posed.

Proof. Taking into account the supplementary condition, since Fix;(X) = x*, usin g (6), we have

0 < Z(w(xn,x*)d(f (xn), f (x%)), (R} (xn, x7)))
< @(R(xn, x*)) — & (0, x*) d(f (xn) , f (x7))-

We have
d(xn, x*)  <sd(xn, f (xn)) +sd(f (xn), f(x*)) < sd(xn, f (xn)) + sa(xn, x*)d(f (xn), f (x*))
< sd(xn, f (xn)) +S€0(R7r(xn/x*)) < sd(xn, f (xn)) +st(xn, ")

x*,f(x* xXn, f(xn q
< 5 [Mad (0, ) + Ao (0, (50) + a1 (3", f () + Ay (AL 00

=

As (d(x%f(xn»<1+d<Xn ) } +sd(xn, f (xn))

1+d (xy,x*
s[4 < > + Al (i, f (60)) + At (x7,  (50)]7 -+ 5 (i,  (5)
<s [A )+ Aod (2, f (xn)) + 8975 (d (x%, xn) + d (20, f (x0))7]7 7 —i—sd(xn,fl(xn))
<s [Aldq *) + Aod (o, f (xn)) + 297 1T A5d7 (x*, ) + 297 1T A5 (x, f (x4)]7 +
+sd(xn, f (x ))

In this way, we obtain

d1(xy, x*) < 29719\ d7 (0, x*) + 297189\ 0d7 (x, f (x0)) + 22972529 \5d7 (x*, x) +
+22072520 A5 d¥ (x, f (x1)) + 2771877 (x, f (%))

or
(1 — 297190, — 22‘7_232‘7)L5) d(xp, x*) < 207 1s1 (1 + Ay + 2‘7_15‘7/\5)q a1 (xn, f (x1)).

From here, we obtain

o T+ A2+ 79(9)A5)7(q)
A 3) S T — A2 (yas © S ()

Letting 1 — co in the above inequality and keeping in mind that lim d (xn, f (xn)) = 0, we obtain

lim d(x,,x*) =0,

n—oo
that is, the fixed point Equation (19) is well-posed. [
Definition 9. The fixed point problem (19) is called generalized Ulam—Hyers stable if and only if there exists

p :[0,00) = [0,00) is increasing, continuous in 0 and p(0) = 0, such that for each ¢ > 0 and for each y* € X,
which satisfy the inequality

Ay, f()) <& (20)
there exists a solution x* of the fixed point problem (19) such that

d(y*, x*) < p(e).
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If there exists ¢ > 0 such that p(t) := c - t, for each t € R, then the fixed point problem (19) is said to be
Ulam—Hyers stable.

Before stating our theorem, we underline that Ulam-Hyers stability can be potentially applicable
to the study of switched dynamics, see e.g., [23], and the related references therein.

Theorem 8. Let (X, d) be a complete b-metric space with constant s > 1. Suppose that all the hypotheses
of Theorem 3 hold, and q > 0. Additionally, we suppose that o (y*,x*) > 1, for all y* € X verifying (20)
and x* € Fixg (X) . If A+ As < 7%01)’ where y(q) = max {1,271}, then the fixed point problem (19) is
Ulam—Hyers stable.

Proof. Using (6),
0 < Z(a(y",x")d(f (v). f(x*)), 9(R}(y",x")))
< @R}y, x")) —a(y*, x*)d(f (y), f (x*))
d(y*,x*) =d(y*, f(x7)) <sd(f(y"),f(x")) +sd(y", f(y"))

< sa(y™, x*)d(f (y*), f(x*)) +sd(y*, f (y*))
< scp(’R}qf(y*,x*)) +se < SR;(y*,x*)) + se

<s[Mdi(y", 1) + Aad1(y", f (y7)) + Asd? (27, f (x7)) +

=

Al Fx ) (L f ) \ 7 4, Fr ) (L, F(x*)
a (ML) s ( Ty ) ) 7 s

A
= SNy’ ')+ Aoel - sl (", f ()] +se
DNy ) 0o 0 0 ) (4 ()] 4
[Md?(y,x7) + Agel + 207 1TAsd (y", x*) + 2971925 (", f (v° N]7 +se
[Aad?(y*, x*) + Age? + 21715957 (y*, x*) + 297 s A5e7] 0 T 4 se.

ININCIA
w»

w»

In this way, we obtain

dI(y*,x*) < 20T dI(y",x) + 27 15 Agel 4 22125210507 (¥, x*) +
+220-2520 \ e 4 201501

or
(1 — 2071590 — 22%25%5) d7(y*, x*) < 297141 (1 + A+ zq*s%\s)q el.

From here, we obtain

. 1+ A2 +7(q)As5)7(9)
dl(y*,x*) < ( e,
W)= T om - 2(@)s
Hence,

d1(y*, x*) < cel,

where ¢ = w ,forany g > 0and Ay, A5 € [0,1) such that A; + A5 < O

1-y(9)AM—7%(9)As 2(ff)

5. Conclusions

In this paper, we unify, extend, and improve several existing fixed point theorems by introducing
the notion of admissible hybrid Z-contraction in the setting of complete b-metric spaces. Consequently,
all presented results valid in the setting of complete metric space by letting s = 1. On the other hand,
unifying several existing results in the literature, we have used admissible mappings, simulation
functions, and hybrid contractions. We need to underline the fact that, by setting admissible
function & in a proper way, one can get several new consequences of the existence results in the
setting of (i) standard metric space, (ii) metric space endowed a partial order on it, and (iii) cyclic
contraction. One can easily get these consequences by using the techniques in [4]. Furthermore, for the
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different examples of simulation functions (as we showed in Theorems 5 and 6), one can get more new
corollaries. Lastly, by regarding hybrid contraction approaches, one can get several more consequences,
by following the techniques in [21,24-26].

Besides expressing a more generalized result in the setting of a complete b-metric space, we also
present some applications for our obtained results. In particular, we shall consider the well-posedness
and the Ulam-Hyers stability of the fixed point problem. We note that the word ‘hybrid” has been
used in different ways, in particular, in applicable nonlinear fields, see, e.g., [27,28].
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