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Abstract: The questions of solvability of a nonlocal inverse boundary value problem for a mixed
pseudohyperbolic-pseudoelliptic integro-differential equation with spectral parameters are considered.
Using the method of the Fourier series, a system of countable systems of ordinary integro-differential
equations is obtained. To determine arbitrary integration constants, a system of algebraic equations is
obtained. From this system regular and irregular values of the spectral parameters were calculated.
The unique solvability of the inverse boundary value problem for regular values of spectral
parameters is proved. For irregular values of spectral parameters is established a criterion of existence
of an infinite set of solutions of the inverse boundary value problem. The results are formulated as
a theorem.

Keywords: integro-differential equation; mixed type equation; spectral parameters; integral conditions;
solvability

1. Statement of the Inverse Problem

From the point of applications, partial differential and integro-differential equations are of great
interest [1,2]. The presence of the integral term in the differential equation plays an important role [3,4].
Also important to study the spectral questions of solvability of the differential and integro-differential
equations [5-10]. In References [11-13], using the results of the theory of complete generalized Jordan
sets it is considered the reduction of the partial differential equations with irreversible linear operator
of finite index in the main differential expression to the regular problems.

Direct and inverse boundary value problems, where the type of differential equation in the
domain under consideration changes, have important applications. Direct boundary value problems
for differential and integro-differential equations of mixed type were studied in the works of many
authors, in particular, in References [14-24]. In References [25,26] the inverse problems for second
order mixed type differential equations were considered in rectangular domain. In this paper,
we study the unique classical solvability of a nonlocal inverse boundary value problem of mixed
pseudohyperbolic-pseudoelliptic integro-differential equation for regular values of spectral parameters.
We also study the solvability conditions of the inverse boundary value problem for irregular values of
spectral parameters.

In multidimensional domain QO = {-T < t < T,0 < x1,xp,..,%y < I} a mixed
integro-differential equation of the following form is considered

m T
utt - Z [uttxixi - Uxixi] = Vle(t/S) u (S/ x) dS +f1(t) gl (x)/ t > 0/

i ° (1)
ul‘t - Z [uttxixi + wzuxi Xl‘] =V f KZ(t/ S) u (S/ x) ds +f2(t> gZ(x)/ t < 0/

i=1 -T
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where T and [ are given positive real numbers, w is positive spectral parameter, x € R", v is real
non-zero spectral parameter, 0 # K;(t,s) = a;(t) b;(s), a;, b; € C[-T;T],0# f € C[0;T],0 # fo €
C[-T;0], g; € C(Q]') are redefinition functions, Q" = [0;1]™,j =1, 2.

Problem 1. Find in the domain Q) a triple of unknown functions
U(tx) € C(Q)NCH(Q)NCH(Q)NCHZHQ)N
NG Q) NG (@) 0 n G0 (),
gi(x) e C(QY"), i=12,

satisfying the mixed integro-differential Equation (1) and the following nonlocal boundary conditions

T

/u(t,x)dt:go1(x), x e Qf, ()
0

0

/U(t,x)dt:(pz(x), xeqrn, @)
-T

U(t,0,xp, x3, ..., xm)=U( 1, x2, X3, ..., xXp) =
=U(t,x1,0,x3, ..., x)=U(t, x1,1,x3, ..., %)= ... =
=U(t, x1, ..., Xp1,0)=U(t, x1, ..., X1, 1) =
=Uyx,x,(t,0,x2, x3, ..., xm) =Uxyx, (t ], X2, X3, ..., Xp) =
=Uqyx, (t, x1,0,x3, ..., xm) =Uxx, (E, X1, L X3, .0, X)) = ... =
=Uyxx, (X1, 00, X1, 0) =Uxyx, (b x1, oo, X1, )= .00 =

- Uxmxm(t/ O/ x2/ x3/ crcy xm) - uxmxm(t/ l/ x2/ x3/ crcy xm) -

= uxmxm(tr xl/ 0/ x3/ crey xm) = uxmxm(tz xl/ l/ x3/ crey xm) = =
= Uxmxm(t/ xl/ ety xm—ll 0) == uxmxm(t/ xl/ crcy xm—ll l) = Or O S t S T/ (4)
and additional conditions
U(t;, x)=9i(x), i=1,2 xeQf, (5)
where ¢ ;(x), i(x) are given smooth functions, ¢;(0) = ¢;(I) = 0, ¥;(0) = p;(I) =0,i = 1,2,
t1 € (0;T), tp € (=T;0), O = QU{xy,x0,..,xm = 0} U{x1,x0, ..., x = 1}, Q Q_uQ.,

Q- ={-T<t<0,0<x,%x0,00,Xm <1},Q4y ={0<t<T, 0<x1,%x0.,xm <1}, Q={-T<
t<T, 0<xq,x0, ..., <1}

2. Expansion of the Solution of the Direct Problem (1)—(4) into Fourier Series. Regular Case

The solution of the integro-differential Equation (1) in domain () is sought in the form of a
Fourier series

u(tl x) - Z un1,”.,nm(t) l9n1,“.,n,n(x)/ (6)
ni,..., nm=1
where
e () = [ U (%) 00, ()4, )
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1 1
Ju 0o, m@dx= [ [0, 0@ dx . dx,
af 0 0
2 m
Oy, (X) = (\/?) sin ?M... sin %xm,
Qr =[0;0"ny, ..., nm=1,2,...
Also suppose that
gi(x) = 2 gi'fll ..... nm7-9n1 ,,,,, nm(x), (8)
ny,..., =1
where
8iny, ..., i = gl(x)ﬁih ..... nm(x)dx, 1=1,2
QWI

Substituting series (6) and (8) into Equation (1), we obtain a countable system of integro-
differential equations

,,,,, s >0, 9)
ul;gl,...,nn,(t) +)‘%Ll,...,nmwzunh---,ﬂm(t) =
0
= v [ 2(t)b2(5) .y ()5 + F2() 2y, £ <0, (10)
T
2
where A2 nm:%,ynl ,,,,, nw =F/n3+ ...+
By the aid of notations
A
e = [ 01(8) s, n, (), an
0
0
,Bnl,...,nm: /bZ(S)unl,...,nm(s)dS/ (12)
T

..... Nmr t > 0/ (13)

ulffll ..... nm(t)'f'/\%l ..... nmwzunl ----- nm(t) :Vaz(t).Bnl ----- nm—'_fz(t)gznl ,,,,, Nm7s t<0. (14)

Countable systems of differential Equations (13) and (14) are solved by the method of variation of
arbitrary constants:

u”ll,---znm(t) = A1n1,~~~,”m exp {/\nl,---/nmt} +A2”11 ,,,,, N exp{_/\nl,---/nrnt}+
+771n1,...,nm(t)r t>0/ (15)
u”lr---r”m(t) = Blnl ,,,,, Ny Cos A”lw--/nmwt+B2”1r-~~/nm Sin )\nlru-;nmw t+

+’72Y11 ..... nm(t)r t < 0/ (16)
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where Ay, ns Bing, .. (i =1, 2) are unknown constants to be uniquely determined,

17171] ~~~~~ nm(t> V“”l ,nmhlnl ..... l’lm(t)+glfl1 ..... i’lmh2i’l1,.. ,nm(t)/
;72711 ----- ”m(t) Vﬁ”l ----- nmdlnlr- -/nm(t)—’_gznl ~~~~~ ”m(sznl ----- ”m(t)’
1 t
iy (t):i/sinh Muyoomn (=) a1(s)ds,
1re+7Mm Anl,---,nm ) ey

t
1 .
hznlr---/”m<t) = )\ /SInh Anl/---/nm(t_s)f1<s)dsl
0

1 .
Stnsseem) = T [ 80 Ay (=9 a2(s) s,
1s- m 0
1 ;
Onq,... n(t) = " - /sm Auy,.mw (E—5) fa(s)ds.
1, s Mm O

From the statement of the problem it follows that the continuous conjugation conditions
are fulfilled: U (040, x) = U (0—0, x) and U’ (040, x) = U’ (0 — 0, x). So, taking the Formula (7)
into account, we have

om0+ 0) = [ U040, 2) 8y, (x) dx =
oy
:/U(O—O,x)ﬁnl ,,,,, i (X)dX = 1ty (0—0). (17)

W g 0+0) = [ U040, %) 8y, () dx =

m
QI

- / Ui (0= 0, %) Oy, my(x)dx =10y, (0—0). (18)

m
Ql

Taking conditions (17) and (18) into account from representations (15) and (16) we obtain

1

A1n11~~'/nﬂl -5 (Blnlzu-/nm +wB2”11---,nm)’ A2n1 ----- Ny —
2

Then the functions (15) and (16) take the forms

unl,...,nm(t) :Blm,...,nm cosh /\nl,...,nn,t+WB2n1 fm sinh /\nt+771n1,...,nm(t)/ t>0, (19)

.....

Uny,..., m (t) = By ny,..., ny COS /\nl ..... Wt + B2n1 ..... 1, SN Anl ..... nu Wt +Mon, .., nm(t)/ t < 0. (20)

Taking formula (7) into account we will rewrite conditions (2) and (3) in the following forms

T T
/unl,m,nm(t)dt: /U(t, X)dtn, o (x)dx =
0 0
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= [ 010 8y (A = 9101, e
o
0 0
/unl,_,_,nm(t)dt: / /u(t,x)dtﬂnl,__,,nm (x)dx = 22)
=T am-T

The coefficients B1,,,,... n, and B2,,... n, in (19) and (20) are unknown. To find them we use
the conditions (21) and (22):

.....

T
:/[Blnl,...,nmCOSh Anl,...,nmt+WB2n1,...,nmSinh Any nmt+771n1,...,nm(tﬂ dt=
0

1

— p— [(Biny,...,nm SEA Gy, ny T+ @By, gy (COSEAL,, 0, T—1)]+
—I—glnl ..... nm — Plng,..., - (23)
0
/unl ..... n,,,(t)dt:
=T
0
B / [Blnl i €08 Ay, nu@t+ By, n ST Ay, @t +Mon,,. ., nm(t)] dt =
=T
1 .
— — [(Bing,..., SN Any, nw@T 4+ Boyy oy (€08 Ay opuwT—1)] +

+€2n1 ..... nm — P2nq,..., T (24)

.....

Blnl ----- Nm sinh /\nl;-~-r”an+(UBZVll,...,T’lm (COSh /\nl,...,an_ 1) =
= /\nl,...,nm Pinq,...,nm — /\nl,...,nmgln],..‘,nmr
Bl”lr---/”m Sin/\nl ----- nmwT+B2”1 ----- Nm (COS)\nl ----- nmwal):
= Anl,...,nm¢2n1,...,nmw _)\nl,...,nmw anl,...,nm
If we assume that
Unl/ My
=sinh Ay, upT (€OS Ay, npyw T —1) —wsin Ay, p,,w T (cosh Ay, 0, T—1) #0, (25)

then SAE with respect to B1,,,...,n,, and B2y, ... », is uniquely solvable. Solving this system from
(19) and (20) we arrive at the following representations

Unq,..., nm(t/ C‘)) = [4’1n1,...,an1n1,...,nm(tr w) + 472n1,...,an2n1,...,nm(t/ w)"‘
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+§1n1 ..... an3n1, nm(t/ w) +€2n1 ,an4n1 ..... nm(t/ W)] +771n1 ..... nm(t)/ t> 0/ (26)
Uny,..., nm(t’ w) = Lol [Qplnl, ,nlenl,...,nm (t/ (U) + @2n4,..., nmNan ,,,,, i (t, w)+
ny,..., Ny
+Cll’l], ,nmN31‘11 ..... nm(tr C()) +‘:2n1 ..... YlmN41’l] .,l’lm(tl w)] +112711 ,,,,, nm(t)l t < 0/ (27)
where

m(t w) = (cos Ay, nywT —1) cosh Ay, p,t—sin Ay, p,wTsinh Ay unt,

.....

Moy, ot w) = w?(1—cosh Ayy,.  nyT) cosh Ay, pt+wsinh Ay, Tsinh Ay, ut,

i T
M3y, . nn(t, w) = (1 —cos Ay, ny,wT) cosh Ay,

..........

.....

ny (t, @) = w?(cosh Ay, u, T—1) cosh Ay, gt —cwsinh Ay, T sinh Ay, oot

-------------------- nmw t/

comgwttwsinh Ay oy Tsin Ay, g0t

N3yt w) = (1 —cos Ay, nwT) cos Ay, ppwt+sin Ay, pwTsin Ay, g,wt,
Ny, . 0y (t, @) :wz(cosh Auy,cmgT —1) cos Ay, ppwt—wsinh Ay p, Tsin Ay, g,wt.
Taking the following presentations

171n1/~~~r”m(t) Vanl ----- nmhlnlx < M (t)+g1”1/- ~r”mh2n1 ~~~~~ Nm (t)’
172”1 ~~~~~ Nm (t) Vﬁnl ///// nmélnlr---/nm (t)+g2n1 ///// nn152n1 ///// Nm (t)

into account representations (26) and (27) are written in the following forms

unl,...,nm(t/ w) =

+g11’11 ..... 1’ZmP47’ll ..... Tlm(t/ w)"’anl,...,nmPSn],...,nm (t/ CL]), t>0/ (28)

= Q1ny,..mn (b @) V&g, Q2ny, (@) +VBuy,nQany,.my (B W)+
+gln1 ..... an4Tl1 ..... nm(t/ w)+g2n1,...,an5n1,...,nm(tr CL)), t<01 (29)
where
/\nl,...,nm
Plnl .... nm(t, (U) - (0 [q)lnl ///// ”linl ///// ”m(t’ w)+4)2”1,---/";71M2”1,---/"m(t’ LU)],
ni,..., Nm
T
P _ )\1’11 ..... Nm
2nyq,. .,nm(t/ (,d) = 07M3n1,...,nm(t/ ‘U) hlnl,...,nm(t)dt"'hlnl,...,nm(t)/
Ny, N 0
0
Pon () = Mty w)/fslnl, o (D) dt,
Nyyeeey Nm
-T
T
o /\Tll ..... Nm
P4n1,..‘,nm(t1 CU) - o M3711 ..... nm(t/ (U) h27’ll ..... n,n(t)dt+h2n1 ..... nm(t)/
Ny,eee, M
0
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0
A
P5Yll ..... Vlm(tl (U) = L L M4Vl] nm(tr w) /521’11 ..... i’lm(t)dt/
O-nl/ M
—-T
anl ..... Tlm(tl CL)): O_nll 2Ll [q‘)lnl ..... nlenl ,,,,, 'rlm(tl W)+fl)2n1,... nmN2n1, .,nm(t/ w)]/
ny,-eey Nm
A T
Q2n1,..‘,nm(t/ “J) = nlw.,nmN3n1,..‘,nm(t/ “J) /hlnl ..... nm(t)dt/
U”lr N
0
0
Anl,...,nm
Q3n1,...,nm(tr w):7N4n1,...,nm<tr w) 5ln1,...,nm(t)dt""slnl,...,nm(t)r
Onq,....n;
-T
A T
Qo lby @) = SN (@) B2y (DA
Jnll < Mm
0
0
/\nl,...,nm
Q5n1,..‘,nm(t1 (U) = 7N4n1 ..... nm(t/ (U) 52n1,...,nn,(t)dt+(52n1,...,nm(t)-
ni,..., Nm
—-T

We substitute (28) and (29) into (11) and (12), respectively. Then we obtain a countable system of
two algebraic equations (CSTAE)

Knq,..., nm(l_VEnl ..... nm) _,Bnl ..... 1’lmVF1’l1 ..... nm(w) :q>n1 ..... nm(w)/ (30)
@y, V Hign (@) + Bg,n L=V Gy, ) = Yy, (@),
where
T T
Enl,...,nm = /bl (t) P2n1,...,nm (t)dt/ Fnl,...,nm ((,U) = /bl(t) P3n1,“.,nm (t/ w)dt,
0 0
0 0
Huy,. o ny(w) = /bz<t>an1,...,nm(t, w)dt, Guy, .y = /bZ(t)Qmm,nm (t)dt,
-T -T
cI>nl ----- nm(w) = ‘Plnl,...,nmpmm,. ,nm+
+§02n1,.“,nmP02n1,.‘.,nm+gln1 ..... n,,,PO3n1,...,nm+g2n1,“.,nmP04n1 ..... Ny’ (31)
Tﬂl ..... nm(w) = (le,”.,an01n1,...,nm+
+QDZn],...,anOZn],...,nm+glnl,...,anO\’in],...,nm+anl,...,an04n1,...,n,,,/ (32)
A 0
Potnseem = o [ () M, (8 @)ty 0= 1,2,
Onyq,... 1y
-T
A 0
POle1,---,nm = M/bz(t) P1+j,n1,...,n,,,(t/ (U)di’, ]:3, 4,
Onq,... 0;
-T
Al’ll,...,i’lm .
Qoing,...onm = — " [ b2(t)Nin,,. . n,(t, w)dt, i=1,2,
Onq s M
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Onq,...,n

0
Any, . ny .
QOjnl,...,nm = M / bz(t) Q]+j,i’l1,...,1’lm(tl O”))dt’ ]: 3’ 4
m °r

For the unique solvability of CSTAE (30) the following condition is required

A”l/"'/nm(v) =

_(En],...,nm+Gn1,..‘,nm) U—i—l#O. (33)

A quadratic equation has no real roots, if its discriminant is negative. Therefore, from

condition (33) we arrive at the following condition
(En],...,nm - Gnl,“.,nm)z +4Hn1,...,nm(w)Fn1,...,nm (w) <0. (34)

Let condition (34) be fulfilled. Then we solve the CSTAE (30):

o — anl,...,nm(w) +v (Tnl,...,nm(w) Fi’l]z---r”m(w) _q)nlf---r”m(w) Gnl""’nm)
ny,..., Ny Anl,...,nm(v)

7

[B — III;’llz---r”n1<("‘)) +U (q)nlz---r”m ((U) H”lr---/nm (CL)) _Tnlz---rnm(w) E”l;---znm)
ny,..., Ny Anl’.“’nm(]/)

Substituting these solutions into (28) and (29), we obtain

u‘rll ,,,,,
v
+An ., (1/) [Cbm ..... Ny ((U) (1 *VGnl ,,,,, nm) +V1Yn1 ,,,,, N (C(J) Fm _____ - ((;J)] P2n1 _____ nm(t,w)+
Treees m
v
+An B (U) [V q)nl ----- o (w) H”l ----- iy (w) +T”1 ----- M (w) (1 - VEﬂl ----- Ylm)] P3"1 ~~~~~ ”nx(t’w)+
Treves m
+gln1,. Ny 4n1,...,nn1(tlw) + 827’11 ..... 1’1mP5711 ..... nm (tlw)l t > 0/ (35)
u?’ll ..... nm(t,w,l/) - Q1n1 ..... Ny (tlw)—"_
v
+An ) [Py, .o (@) (L= Giy,ony) +V ¥, (@) By, (@)] Q2iny, o, (F )+
Treees m
v
+An ) v ®u,... o, (W) Hpy, ..y (W) + ¥y, ooy (@) (L=VEny,.n,)] Q3my, ., (B 0)+
Treees m
+81 n1,...,an4n1,...,nm(t/ C()) +82n1 ,,,,, 'rlmQ5nl ,,,,, Nim (t,C(J), t < Or (36)

Taking (31), (32) and the following relations

A sy
Plnlx-urnm(t’w) = % [(Plnl,“.,anln],...,nm(trw) + (PZT’ll ~~~~~ anznl ///// nm(t’w)] 4
ny,e.., Ny
_ /\Yll,...,l’lm
anl,..‘,nm(trw) - o [(Plnl,...,nlenl,...,nm(trw) + (Pan ..... nmN2n1 ,,,,, nm(trwﬂ
ny,...,Nm

into account the representations (35) and (36) we rewrite in the following views

+&1ny, o Vang,...onn(t @, V) 4+ 82uy g Vang,... nn(t, @, v), >0, (37)
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Uny,. ., (b @, V) = @10y, o Wing, oo (b @, V) 4+ @200, Wang, .o g (B @, V)4
+ &1y, mmWang,.. (b @, V) + 8201, nwWang,.. nn(t, w0, v), <0, (38)
where
Ving,om (b @, V) = 0 My (1 @)+
Unlr s Nm
FP0iny, .y Vong,...,mn (@0, V) + Qoiny, . onwVozuy,...n,(t, w,v), i=1,2,
Ving, . ..onn(t @, V) = Pliyiyny, . n, (b )+
+Pojny,...mm Vorng,...,nn (@0, V) + Qojny, .. nw Vo2us, ... nu (B @, v), j=3,4,
Wi (b @0, 0) = — 2 Niyy (b @)+
Onq,... 10y
+Poiny,...,mWotny,...,nu(t @, V) + Qoing, .., nuWo2ny,...,n (b, @, V), i=1,2,
Wing,. o n (b @, v) = Qisiyny, . ny (B @)+
+Pojny, ..., Wotny,...ne (b @, V) + Qojny,..ongWozny, ..., n,(t w0, v), j=3,4,
Votuy,...,nn(t, @, v)+
v ”,nm(w (L= Gy nn) Panyyooym (b @) +V Hoy, oy (@) Pany, oy (1 )],

Wolnl,...,nm(t/ w, V) =
= [(1 —VGnl,...,T’lm) Q2n1,---rnm(tl (,U) +VHn1r---/"m(w> Q3n1,...,nm(t1 C(J)} s
Anl nm(v)

,,,,,

Woznll"'lnﬂ’l(t’ w, U) =
v
= A N [VFnl ----- N (w) QZH] ..... nm(t, w)_l_(]'_UETl] ..... nm) Q31’11 ,,,,, nm(t; (U)]
Anl/---rnm(v)

Now we substitute representations (37) and (38) into the Fourier series (6) and obtain the following
formal solution of the direct problem (1)—(4)

Ut x, w,v)=

= Bnrrnn () [@1ny, i Ving, o i (b @, V) + @2ny, i Vany, .. nn (w0, V)+

+g1n1 ..... an3n1,...,nm(t1 w, V)+an],.‘.,an4n1,...,nm(t1 w, V)]/ t>0, (39)
Ut x,w,v)=
= Z lgnl,...,nm<x) [(Plnl,...,nmwlnl,...,nm(t/ w, V)+q)2n1,...,nmw2n1,...,nm(t/ w, V)+

+gl}’l1,...,an3Yl1 ..... nm(t/ (U, V)+g2}’l1 ,,,,, nmw4n1,...,nm(tr wl V):I/ t<0 (40)

3. Inverse Problem (1)—(5). The Regular Case of the Spectral Parameter w

We use the additional conditions (5) and from the Fourier series (39) and (40) we obtain that

wl(x) IU(t1, X, w, V) = Z 19711 ..... nm(X)X

ny,...,np=1



Axioms 2020, 9, 45

X [golnl,...,nmvlnl,‘..,nm(tlz wl V) + (I)an,...,anan,...,nm(tlz (U, 1/)+

+81ny, . Vang,...omm (F1, @, V) + 8200w Vang, ..o (F1, @, V)], 0<t1 <T,

Po(x) =U(ty,x, w,v) = i Oy, (X)X
Ny, =1
X [ @1y, Wing, .o mm (B2, @, V) + @200, g Wang, .o (F2, @, V) +
+81n1, i Vang,...onm (2, @0, V) + 820y, Vang,..nm(F2, @, V)], =T < t5 <0.
Assume that the functions 1;(x) are expanded in Fourier series
%

lpi(x) = Z ¢in1,...,nml9n1,...,nm(x)/

ny,..., ;=1

where iy, op = [ i(X)%uy, o, (X)dx, i=1,2, ny, .0 =1,2, ...
o
Then, taking into account (43), from (41) and (42) we obtain
Ying,..oomm = Ping,...onmVing,...m(E1 @, V) F @200, Vony, . ny (F1, @, V)+

+g1n1,...,nmv3n1,...,nm(tlr w, V) +g2n],..‘,an4n1,...,nm(tll w, V)/ 0<t1 <T,
Yong, . im = Ping,.., i Wing,..onm (2, @, V) + 0200, 0w Wang, .. ny (t2, @, V)+

81y, Vang,..mm (2, @, V) ¥ 8201, Vang,... ny(t2, w, v), =T <ty <O0.

10 of 21

(41)

(42)

(43)

Hence we find a system of two algebraic equations for finding the coefficients of the redefinition

functions g14,,...,n,, and &2, ny

Siny, o Vang,...,nm (1, @, V) + 8201, onm Vang, .. ny(H1, @, V) =

=Ping,.mm = Ping,.enm Ving...,mn(E1, @, V) = @200, nn Vony, .. ony (1, @, V),
glnl,...,nmw?anl,...,nm(tZ/ w, V) +anl,...,an4n1,...,nm<t2/ w, V) =

=Vony,mm = Py, Wing,..,nm(£2, W, V) = @201 0 Wong,. . n (E2, 0, V).

Solving this system of algebraic equations, we obtain

g1n1,...,nm(wl V) =

1
= [¢1n1,...,nmw4n1,...,nm (t2/ w, V) - lp2n1,...,nmv4n1,...,nm(tl/ w, V)+
rOln],...,nm

TP1ny, . 10y, +¢27’11/...,Ylmrlan/"'fnm} ’ 9
g2n1,-~~/”m(w’ V) -
1
R [—l[J1n1,...,an3"1r---r”m(t2' w, V) + Y2ny,... nm V3n1,---,nm (tlr w, V>+
rOli’ll,..-,nm
TP1nq,. . nm 200,y T §02n1,...,nm722711/~~~'”m} ¢ 45
Where TOlnl,...,nm =
_ V3n1,.”,nm (tl/wlv) W4n1,”.,nm<t2,w,1/) — V4n1,...,7’1m(tl/w/v) W31’l1,---,?’lm (t2,w,1/) # 0/
Miny, ... nm = -V m,.‘.,nm(tl,CU,V) W4ﬂ1/...,nm(t2/wrv) + V4n1,...,nm(tlrwrv) Wi m,.‘.,nm(tzf w,v),

"2ny,...nm = _V2n1,.“,nm(t1/ W/V) W4n1,...,nm (tZ/ w, V) + V4n1,...,nm(t1/ w, V) W2n1,...,nm(t2/wzv)/
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gl(x’ w, 1/)) _ Z 19n1 """ nm(x) [ll)lnl,. ,an4n1,. ,nm(f2/ w, 1/)_
olny,..., Mm onq,...,np=1
~W2ny, s Vang, . (B O, V) + @1y, 1y, + P20, nm7’12n1,...,nm]’ (46)
1 [ee]
g2<x, ©, V)) N Z l9111,---rnm (X) [_lplnl ..... N W3Vl1/---,7’lm(t2/ w, U)+
T’O]nl,. Mmoo, ., nm=1
+1p2n1,”_,an3n1,...,Vlm(t1’ w, 1/)+§01n1 ..... " 21ny,..., n,,,+(P2n1,...,nn,7'22n1,...,nm]- (47)

Now we substitute representations (44) and (45) into the main series (39) and (40):

Ut x, w,v)=

(e}
= Y Oy (X) [P1ny, i D1iny, . (@0, V) + @20y, i D12y, (B w0, V) +
ny, ... ,nm=1
+l/71n1,...,an13n1,...,nm(t/wfv) +wan,A..,anlélnl,...,nm(trwrv)] ’ t> 0/ (48)
u(t,x,w,v)=
oo
= E ﬂnl,...,nm(x) [(Plnl,...,anﬂnl ..... nm<trw/V)+(Pan,...,n,,IDZan,...,nm(tlwlv>+
ny,..., nm=1
+¢1n1,...,an23n1 ..... Nm (tlwlv) + lpan ..... VlmD24TZ],...,}’lm(t/wlv)] 7 t < 0/ (49)
where
Dlinl,‘..,nm(tr CU, V) = Vinl,...,nm(tr (U, V)+
¥ Vo )
71”11’ T V31‘l1 ,,,,, i’lm(t’ (U, 1/>+ 2”/[1:”,11"[ V4111,...,7’lm(t/ w/ V)/ lle 2/
Y01nq,...,ny "Olnq,...,nm
1
D13n1,...,nm(t/ w, 1/) -~ %
"01n4,..., o
X [V?:nl,...,nm(tr (U, V) W4n1 ..... nm(t2/ (U, V)_V4'rl1 ..... 'rlm(t/ (,U, U) W3n1,...,nm(t2/ wl U)]/
1
D14n1 ..... nm(t/ w, V) = X
rOlnl,... N
X [_V3n1 ..... nm(tr w, V) V4n1,...,nm(t1/ w, V) + V4n1,‘..,nm(t/ w, V) V3n1 ..... M (tlr w, V)] 7
DZi?’ll,. .,nm(tl w, V) :Win1 ..... nm(t/ w, V)+
r1; To; .
11"1!"‘/71"’! W3n1,...,nm(tl wl U)+ 2”11’“ o W4n1 ,,,,, 'rlm(tl wl V)/ 121/ 2/
rOlnl,...,nm rOlnl,...,nm
1
D23n1 ..... nm(t/ w, V) = ——X

rOlnl,---/nm

X [W4n1,...,nm(t1 w, V) W3n1,.“,nm(t2/ w, V) - W3n1,.“,nm(t/ w, V) W4n1,...,nm(t2/ w, VH ’

D24n1,...,n,,,(t/ w, V) =X
"01n4,..., o

nm(tll w, V) + W4n1 ..... nm(t/ w, V) V37’l1,...,nm<t]/ w, V)} .

.....
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4. Convergence of Series (46)—(49)

We show that under certain conditions with respect to the functions ¢;(x) and ;(x) (i = 1, 2)
the series (46)—(49) converge absolutely and uniformly in the domain Q. Indeed, according to the
statement of the problem the functions Dy, ... n,(t, @, v) (i=1,2; j= 1, 4) uniformly bounded on
the segment [—T; T]. So | Dijny, ...t @, V) | <ocoforalli=1,2, j=1,4 Since0<Au,,. . un, <1,
then for any positive integers 11, ..., 1y, there exist finite constant numbers Cy; (i = 1, 2), that there
take place the following estimates

max max | D t,w, v ; max |D t,w, v <Cmn

oo, T EN {tE[O T) ‘ 1jnq,..., nm( s W, ) te[-T;0] ‘ 2jnq,..., ‘Vlm( s Wy ) ‘ } 01, (50)
max max ‘ D" t, w,v)|; max ‘ D" t, w, v ‘ < Cop,

1o im€N {te[O;T] g ) te[-T;0] | HMire i )

Condition A. We suppose that the functions ¢;, ¢; € C2[0; []", i = 1, 2 on the domain [0; /]"
have piecewise continuous third order derivatives. Then by integrating in parts the following integrals
three times with respect to the variable x;

(Pinl,...,nm:/@i(x)ﬁm,...,nm(x)dx/ lpim,“. - /lpl 1’!], .o n (x)dx/ Z:1/2
o

we derive that

@i —— <Z)3 m ;i - _ <l>3 m (51)
Iny,..., Ny T n? 4 mmy,..., Ny T n:{) s
where
93¢;(x 93y;(x
(P;II{H, om T 8;1 nlr---/nm<x)dx’ llbl{ll’/l], a-;l r”m(x)dx‘ (52)

By integrating in parts the integrals (52) three times with respect to the variable x, we obtain that

1\? ¢ ¢l
" _ 1ny,..., Nm " . ”’l ,,,,, Nim
q)znl ..... Ny (7_[) 171% ’ lpinl ..... N (7_[> 171% ’ (53)
where
6 6
6) _ [ 9%9i(x) 4 PO _ [ 9%i(x) J
(Plnl,,,,,nm ax?ax% ni,ee., nm(x) X, wznl,.,,,nm ax?ax% ni,ees, nm(x) X.

(3m) (3m)
(3m—3) o l 3 (PinT,...,nm (3m—3) o l 3 lpinT...,nm 54
q)znl ..... M T n;ﬂ ’lpinl ,,,,, [ T n?ﬂ ’ (54)

where

0" ;(x g 0" (x)
golnl, .., n = / ax?,axz l l9n1 ..... n;n(x)dx/ llbln:,:l) = / ax3ax3 Z“ ax%ﬂfll ..... Ylm(x)dx.
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Here the Bessel inequalities are true

72
3 3 2 9°" pi(x)
Yo e )< (5) laxgax | ey (55)
RPI  | amn 2 m |
I
> 3m) 2 _(2\" ¢ 3mpi(x) | ’
Z [lpinlr---/nm} < T / 9 38 3 P} 3 dx. (56)
ny,...,np=1 - Xl Xz... Xm_
!
From (51), (53) and (54) implies that
(3m)
) 3m (Pin ,,,,, Nm ll)ln ..... N -
Ping,..., i — (n) W/ Yin,,..., i — (7_[) n?'l' -”?n ,1=1,2 (57)

Taking formulas (50), (55)—(57) into account and applying the Cauchy-Schwarz inequality and
Bessel inequality, for series (48) and (49) we obtain

[00)

Ut x, wv)l < 3 ltng,m(tw,v) [y, (x)] <
ni,..., nm=1
2\" 0
S 7 CO] Z H(Plnl,...,nm|+|(P2n1,.4.,nm‘+|¢1n1,...,nm|+|lp2n1 ..... Nm H S
nq, ..,nm:l
. 1 (3m) . (3m)
<7 l Z 3 3 | Ping,..., nm + Z 3 ‘Q’an ..... i +
nl,...,nmzlnl"‘nm nl,...,nmzlnl
+ Z 3 3 lpll’ll ..... Nm + 2 3 IPZVH, —
Ni,..., nm=1 711 n Ni,..., np=1 711

" 2
2 0 1 - a3m(P1(X)
= 7] M 5 .6 / dx+
< Z) \Jnl,..;lm_ln?"'ngl \lﬂm [aX%ax%ax%

) /[ 9312 (x) rd” [ 231 (x) rm
gy )

9x39x3...0x3,

d9x39x3...0x},

2
N /[ 931y (x) 1dx < oo, (58)

m 3m
where 71 = (ﬁ) Col (%) .
It follows from estimate (58) that the series (48) and (49) converge absolutely and uniformly in

the domain () under conditions (25) and (33).
From the convergence of series (48) and (49), in particular, it follows that the series (46) and (47)

converge absolutely and uniformly in the domain ().

5. Possibility of Term Differentiation of the Series (48) and (49)

Functions (48) and (49) formally differentiate the required number of times

U (t, x, w, v) =
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(e )
= Z 19”1 ----- Vlm(‘x) |:(P1”]r~--;nm ,1,1711 ..... nm(tr w, V) + (Pznl ----- Nm 12n4,..., nm(t’ w, V)—’_

_lenl ,,,,, an/1/3n1,...,nm(t/ w, V)+¢2”11~--r”m D/1/4n1,...,nm(t/ w, V)}/ t>0, (59)

Up(t, x, w, v) =

= Z 19”1 ----- Nm (x) {(Plnl,---,an/élnl,..‘,nm (t’ (U, U) + 4)21’11 ///// ”mD/2/27’11 ..... nm(t/ w’ V)+
ny,..., =1
+lp1n1 ~,HmD/2/3n1,...,nm<t/ w, V) +lP2n1,---zan/2/47’l1 ..... Tl,n<t’ w, U):| 4 t< 0’ (60)
> T2
Upyr (b, x, w,v)=— Y ( zl) Oy (X) X
ny,...,ny=1
X [Golnl,...,anllnl,...,nm(t/ w, V) +§92n1 ..... anl2n1,...,nm(tr w, V)+
‘H/Jlnl ,,,,, an13'rl1 ..... nm(t/ w, V)+l/]2n1,...,an14n1 ..... nm(t/ w, V)]/ t>0/ (61)
s Ty 2
Unim(bx 0 v) == 8 (F7) Oy (1)

ny,..., ny=1

X [q)lnl,...,anzlnl,...,n,,,(t/ w, V) + Pony,... 10, D22n],...,nm(t/ w, V)+

+lp1n1,...,an23n1,...,nm(tr C(J, V)+¢2n1,...,an24n1 ..... nm(t/ (,(), V)]/ t<0/ (62)
ad T\ 2
uxeZ(t/ X, W, V) = - Z (Tz) l9n]r~~/nm (x)x
ny,..., np=1
X [(Plnl ,,,,, anllnl ,,,,, nm(t/ w, V)+fl)2n1,...,an12n1 ..... nm(t/ w, V)"‘
+¢1n1,...,an13n1,...,nm(t/ w, V)+1/)2n1 ,,,,, an14n1,...,n,,,(tr w, U)]/ t>0/ (63)
> n
Uy, x,(t x, w, v) = — Z ( l 2) Oy, (X)X
ni,..., nm=1
X [§01n1,A..,an21n1,. ,nm(t/ w, V)+§02n1 ..... an22n1 ..... nm(t/ w, V)+
‘lenl,...,anZBnl,...,nm (t/ w, V) + ¢2n1,...,nn1D24n1,...,nm (t/ w, V)] , 1< 0. (64)

The expansions of the following functions into Fourier series are defined in the domain ()} in a
similar way

UX3X3 (t/ X, w, V)/ ey uxmxm(tl X, W, V)/uttxlxl(t/ X, W, V)/uttxeZ (t/ X, W, V)I ... /uttxmxm(t, X, w, V)'

The convergence of series (59) and (60) is proved similarly to the proof of the convergence
of series (48) and (49). Let us show the convergence of series (61)—(64). Taking into account
Formulas (50), (55)—(57) and applying the Cauchy-Schwarz inequality and Bessel inequality, we obtain

e}

T 2
s (b x 00 < 8 (FF) Tty @, ) |8y, (1) | <

l
ni,..., im=1

2\ " 2 d
S ( l) (7) COl Z n% Hq)lm ,,,,, ﬂnz|+|(P2”11-~-r”m’+|lp1”1 ///// "m’+|lp2”1/~--r”m H S
ny,..., Nm=
s 1 (3m) - 1 (3m)
< — - -
=T n, ;zn: nn; n Py, +n1,..‘,n1:lnln%"'n;’n P | T
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where 7, = (ﬁ)

Ty 2
‘ux2x2(t’ X, W, V)‘ S Z ( 2) ‘u”]r---/nm(tl w, V)|'|l9”1/--~/”m(x)| S

Ni,eeey nm=1
m
2 T\ 2 > ’
S ? (7) COl Z 7’12 Hngn] ..... N }+’q)27’l] ..... n,,,|+|1p1n1 ,,,,, N ’+’¢72n1 ,,,,, Ny } S
ny,..., nm=
[e9) 1 [e9)
31m) (3m)
<t X 91 + Y | +
= 3 3 3 1nq,..., n 3 3 3 2nq,...,n
ni,...,hp=1 1’11712713. R " ni,...,Am=1 7’11712713 n "
o0 [ee)
1 (3m) 1 (3m)
; v DY v <
3 3 3 1nq,...,n 3 3 3 2nq,..., n =
ny,..., nu=1 111213 -h " nq,..., N 1 ynong -n "

.....

The convergence of Fourier series for functions Uy,x,(t, X, w, V), ..., Ux,x,(t, X, w, V),
Uttxyx, (b x, w0, V), Uppxyx, (K%, w, V), .., Uppxpx, (X, w, v) is proved in a similar way in the
domain Q"

Therefore, the functions U (¢, x, w, v), 1 (¥, w, v) and g»2(x, w, v) defined by series (46)—(49)
satisfy the conditions of the given problem.

To establish the uniqueness of the function U (¢, x, w, v) we show that, under the zero integral

T 0
conditions [ U (t, x, w, v)dt =0, [U(t x, w,v)dt =0, 0 < x < the inverse boundary value
0 By

problem (1)—(5) has only a trivial solution. We suppose that ¢;(x) = 0, ¢;(x) = 0. Then ¢;,,,,... n, =0,
Yiny,...,n, = 0and from formulas (48) and (49) in the domain ()" implies that
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U, x, w, v)0,,.. u.(x)dx=0.
an

Hence, by virtue of completeness of systems of the eigenfunctions { %Sin i xl},

I I
forallx € Q' and t € [-T; T].

Therefore, under conditions (25) and (33), the inverse problem has a unique pair of solutions in
the domain Q"

{ 2gin M2 x, 5, .., { %sin ”7"’xm} in the space L, (Q]") we deduce that U (¢, x, w, v) =0

6. Calculation of Values of Spectral Parameters

Let condition (25) be violated, that is, we suppose that

i =sinh Ay, T (cos Ay, npw T —1) —

.....

—wsin Ay, an T —1)=0 (65)

.....

2
Hinq,...,
for some values of w, where A7 = H;lzi"’”,ynl,m,nm =T\ /n?+ ... +n2.
4 i nm

,,,,,

From equality (65) with respect to the spectral parameter w we arrive at the quadratic

.....

trigonometric equation

.....

(@ns,...,ny +1) tan? % +2by,

where

_ - 1—1
buy,. . .,ny=coth Ay . 5, T—sinh™ A, ., T

The set of positive solutions of this equation with respect to the spectral parameter w for some
ki, ..., ki is denoted by 1. We call the numbers w € 1 as irregular, since because the condition (25)
is violated for them. The set A1 = (0; o0) \ & is called the set of regular values of the spectral
parameter w, for which condition (25) is fulfilled. If condition (34) is violated, then the kernels of
the mixed integro-differential Equation (1) have at most two values of v1 and v,. We call these real
nonzero numbers as an irregular kernel numbers of the mixed integro-differential Equation (1) and
denote their set {v1, 12} by J». We take away the values v1 and v; of the spectral parameter v from
the set of nonzero real numbers (—oo; 0) U (0; o). The resulting set Az = (—o0; 0) U (0; c0) \ {v1, 12}
is called the set of regular values of the parameter v. For all values of v € A; condition (33) is satisfied.

We use the following notations for sets

Ry ={(w,v) [weA;vEA}; Ra={(w, V) |w €Ty ve (—00;0)U (0; )},

Ny={(w,v) |[weA;veT,}.

For (w, v) € R4 formulas (46)-(49) hold. This is the case when all values of the spectral parameters
w and v are regular. Therefore, in this case, the unique solution of the inverse boundary value
problem (1)—(5) in the domain ()}" is represented in the form of series (46)—(49).
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7. Expansion of the Solution of the Direct Problem (1)-(4) in a Fourier Series. Irregular Case of
a Spectral Parameter w

For some kq, ..., ky and (v, w) € Ry, where Ry = {(w,v) |w € S1; v € (—00; 0) U (0; 00) } we
first find a formal solution of the direct problem (1)-(4). In this case, instead of (28) and (29), we have
the representations

uklr---/km(t’ OJ) = Clkl,---/km COSh )\kl,---/kmt +WC2k1,---/km Sinh )\klr---,kmt_‘_

Fvar, kb, k() T 81k kP 2k, (B), £ >0, (66)
Uiy (B @) = Cigy, o k€08 Ay k@t +Cogy o, SN Agy g t
FVBry, o k01K, ko (E) 82k, kO 2Ky, e (), £ <0, (67)

where Cji, .k, (i =1, 2) are arbitrary constants.
Substituting (66) into (11) and (67) into (12), we obtain

Tikyy .. Pk, k. = Clky, oo Xilky, o kT Cokyen knXi2ky, ook + Siky oo knXidky, .. ks (68)

where
Tiky o ky = L=V Xi3ky,.. hkn 70, 1=1,2, (69)
T T
X1lky,... k= /bl(s) cosh Ay, k., 548, X12ky,... kn = w/b1(5) sinh Ag, . k,sds,
0 0
T T
X13ky, ...k = /bl(s)hlkl ,,,,, ko (8)dS, X1aky,.. kw = /bl(s)thl kn(8)ds,
0 0
0 0
X21ky, ...k = /bz(s) COS Ak, kmWSAS, X22ky,... kyy = /b2(5) sin Ay, k,wsds,
Z °r
0 0
XBky,... oy = /b2(5)51k1 ,,,,, ko (8)dS, Xoaky, ..k = /b2(5)52k1 ..... ke (5)d's
°r °r

We show that condition (69) is always fulfilled, that is,

L= vX13ky, o 70, 1=V X23ky,.. Ky 7 O

First, we suppose that simultaneously take place

1=vxk, ... kw =0, 1=V Xx23k;,... .k = O (70)

Then we come to the conclusion that x134,,... k,, =V 1 xx Kook =V —1, that is, x13 [
X23ky,...,kn- It cannot be, since because x13x,, ...,k
(70) does not hold.

Now suppose that

and X13k,,... k, are different quantities. Therefore,

m

1—v X3k, kw =0, 1=V X3k, ke 7 O (71)

2
=V X13ky, .k X23K1, ook — V (X131, ook T X23K1, ..., k,) +1=0.
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Solving this equation we derive the roots: v1 = . But, by our assumption:

1 -1
X13ky,....km” V2 = X23ky, ..., km
1—=vx23k,,...,kn 7 0. We came to a contradiction. Therefore, (71) does not hold. Similarly, it can be shown

that there is no
1=vX13ky,.. ke 70, 1=V X23ky,... kn = 0.

Therefore, the condition (69) is always fulfilled. Then from (68) we find that

txkl ----- km = Clkl ----- kmxllkl ,,,,, km + C2k1 ----- kalzkl ,,,,, km +g1k1 ----- ka13k1 ----- km’ (72)
Bri,...;km = Ciky,.. kmX21ke, ..k T C2ky,y oo km K22k, ok T 8 2k1, .. kmX23Ky, ... ko (73)
where X X
_ ki, km idky, ..k .
Rijky oo by = = Ridky, oo by = =, i=1,2,j=1,2.
Tikl/--wkm Tiklz-ulkm

Substitution of values (72) into (66) and (73) into (67) gives us the following representations

Uky, k(B @, V) = Cri kY11 ke ko (B @, V) + Cogy ok Y12k, ko (B @, V)
+g1k1,...,km ((U, V) ')/13k1,...,km(t/ w, V)r t>0, (74)
Uiy, k(B @, V) = Criy, ok Y21k, o (B @ V) + Coky ok Y22k, ke (B @0, V)
+ &2k, ki (W, V) Y231y, .k (B @, V), £ <0, (75)

where

Y13k, b (b @, V) = Hogy i (D) F VR Rk (B) X13Ky, ks
Yoiky, ... (b @, V) =CO8 Mg Wt +VO1k, ki, (E) Xo1ky, .. ks
ryzlkl/- -rkm(t’ w, V) = Sin Akl/---rkmwt+V51k1/---rkm(t) Xszlz S kmr

Y23k, k(b W, V) = 00k ke () FV 1k, ok (B) X23Ky, . K

Then from (74) and (75) yields that the solution of the direct problem (1)—(4) in the domain Q"
for (v, w) € Ry can be represented as the following Fourier series

U, x,w,v)= Y Ok, k() [Ciry,. o Y11k, e (B @0, V) +
-
+ Cokyyoo ko Y12k, ko (B @, V) 4 815,k (W0, V) 13Ky, .k (B @0, V)], £>0, (76)
[ee]
U, x,w,v)= Y B, k() [Cliy .k Y21k, ko (E @, V)
ki, km=1
+ Cokyyoo ko Y22kt ko (B @, V) 4 8241k (W0, V) Y3k, ke (B w0, V)], £ <0, (77)

where Cjg,, ..k, (i =1,2) are arbitrary constants.

.....

8. Inverse Problem (1)—(5). Irregular Case of a Spectral Parameter w

We apply the additional conditions (5) and from the Fourier series (76) and (77) we obtain that

e}

Pi(x, w,v)=U(ty, x, w0, v)= Y. k(%) [Ciky, .k Yitky,... Jon (Fir @, )+
ki, k=1
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+ Coky, oo Yizky oo (Fir @, V) 4 8iky, ko (0, V) Yigky, .k (Fis 0, V)], 1 =1, 2. (78)

Taking the expansions (43) and 7isk,,... k,(t, w,v) # 0,i = 1,2 into account from the
relations (78) we derive

8iky, ook (W V) = Y1k, ki (W, V) - Visky, ok (Fir @0, V) =
— Clkl ///// km * 711 kl ,,,,, km(ti/ w, U) - C2k1 ..... km * ’?12]{1 ,,,,, km(tl', w, 1/)/ l — l, 2/ (79)
where
Y 1
Tk, o don (tir @, V) = (Yizk, ..k (B @0, V), =1, 2,
Y ’yljkl IIII knt(ti/ wl V) L.
i fi = —1,2.
’)/l]klx...,km( irw, V) ')/i3k1 ,,,,, km (ti/ w, 1/) s L]

Substituting representations (79) into the Fourier series (8), we obtain

[ee]
gilv, w v)= Y Bk (X) [W1ky,. ke (@ V) - TVisky, .k (Fir @, V) —
ki km=1
—Ciky,.. ok Vitkyyoo ko (Fir @, V) = Coy k= Vizky, .k (Fir @, V)], 1 =1, 2. (80)

[ee]
U(t,x,v)= Y. B,k ) W1k, 6w Z11ky,... e (E @, )+
ki =1
+ Cikyyokw Z12k4, .k (B @, V) + Copey ko Z13ky, .k (B @, V)], £>0, (81)
o0
U, x,v) = Y Bk (%) [W2ky, .k Z21ky, .k (B @, V) +
ki =1
+ Cikyyokw Z22ky, .k (B @, V) 4+ Coy ko Z23ky, .k (B @, V)], £ <0, (82)
where
Zitky,. k(b @0, V) = Yisky, k(b @, V) - Y izky, e (Fir @0, V),

Zioky, .. kn(t @, V) = Yitky, k(B @O, V) = Yisky, ok (b @, V) - Y ik, ke (B @, V),
Zisky,.. (b @0, V) = Yioky, k(b @0, V) = Yizky, ke (@, V) - T inky, k(b 0, V), i=1, 2.

By virtue of the fact that Z;jx, .. ,(t, w,v) (i = 1,2, j = 1,2, 3) are uniformly bounded
functions and the conditions A are satisfied for the functions ¥;(x), the arbitrary constants Cji, . &,
can be chosen such that the series (80)-(82) converge absolutely and uniformly. The proof of this
statement is carried out in exactly the same way as in the case of regular values of spectral parameters.

9. Statement of the Theorem. Conclusions

The questions of solvability of a nonlocal inverse boundary value problem for a mixed
pseudohyperbolic-pseudoelliptic integro-differential Equation (1) with spectral parameters w and v
are considered. Using the method of the Fourier series in the form (6), a system of countable systems
of ordinary integro-differential Equations (9) and (10) is obtained. To determine arbitrary integration
constants, a system of algebraic equations is obtained. From this system, regular and irregular values
of the spectral parameter w were calculated (condition (25)). From the condition (34) we calculate
regular and irregular values of the spectral parameter v. The following theorem is proved.
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Theorem 1. Let conditions A be fulfilled. Then for values (v, w) € Ny the inverse problem (1)—(5) is uniquely
solvable in the domain Q) and this solution is represented in the form of series (46)—~(49). And for values
(v, w) € Ry the inverse problem (1)~(5) in the domain Q" has an infinite number of solutions. These solution
is represented in the form of series (80)—(82). Moreover, a necessary conditions for the existence of solutions of
the problem are: ¢1(x) =0, ¢2(x) = 0.

In the case of all possible values (v, w) € N3, where X3 = {(w,v) [weA;veTIy},
the questions of solvability of the inverse problem (1)-(5) are studied in a similar way.
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