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Abstract: In this paper, we introduce a fractional g-extension of the g-differential operator D,
and prove some of its main properties. Next, fractional g-extensions of some classical g-orthogonal
polynomials are introduced and some of the main properties of the newly-defined functions are
given. Finally, a fractional g-difference equation of Gaussian type is introduced and solved by means
of the power series method.
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1. Introduction

Q-fractional calculus is the field of mathematical analysis which deals with the investigation
and applications of derivatives and integrals of arbitrary (real or complex) order (see [1-8] and
the references therein). It is an interesting topic having interconnections with various problems
in function theory, integral and differential equations, and other branches of analysis. It has been
continually developed, stimulated by ideas and results in various fields of mathematical analysis.
This is demonstrated by the many publications—hundreds of papers in the past years—and by the
many conferences devoted to the problems of fractional calculus.

A family {P,(x)}, (n € N:={0,1,2...}, k, # 0) of polynomials of degree exactly n is a family
of classical g-orthogonal polynomials of the g-Hahn class if it is the solution of a g-differential equation
of the type

0(x)DgD1 /4Py (x) + T(x)DgPu(x) + AnPu(x) =0, 1)

where o (x) = ax? + bx + c is a polynomial of at most second order and 7(x) = dx + e is a polynomial
of first order. Here, The g-difference operator Dq is defined by

D) — L) =100

, #0971
and D,;f(0) := f'(0) by continuity, provided f'(0) exists.

The polynomial systems that are a solution of (1) form the g-Hahn tableau (see [9,10] and
the references therein). These systems are contained in the so-called Askey-Wilson scheme [11].
The following systems are members of the g-Hahn tableau: the Big g-Jacobi polynomials,
the g-Hahn polynomials, the Big g-Laguerre polynomials, the Little g-Jacobi polynomials,
the g-Meixner polynomials, the Quantum g-Krawtchouk polynomials, the g-Krawtchouk polynomials,
the Affine g-Krawtchouk polynomials, the Little g-Laguerre polynomials, the g-Laguerre
polynomials, the Alternative g-Charlier (also called g-Bessel) polynomials, the g-Charlier polynomials,
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the Al-Salam—Carlitz I polynomials, the Al-Salam—Carlitz II polynomials, the Stieltjes—Wigert
polynomials, the Discrete g-Hermite I polynomials, and the Discrete g-Hermite II polynomials.

In [12], the authors have defined some fractional extensions of the Jacobi polynomials from their
Rodrigues representation and provided several properties of these new functions. They introduced a
fractional version of the Gauss hypergeometric differential equation and used the modified power
series method to provide some of its solutions. Note that, very recently, these Jacobi functions were
used in [3] to provide new connection formulas for Jacobi polynomials. Note also that the previous
Jacobi functions contain ultraspherical, Chebyshev of first, second, third and fourth kinds and Legendre
functions as special cases.

In [13], the authors defined the C-Laguerre functions from the Rodrigues representation of the
Laguerre polynomials by replacing the ordinary derivative by a fractional type derivative, then they
gave several properties of the new defined functions.

In this work, we introduce a new g-differential operator of fractional order and use it to
introduce the Little g-Jacobi, the Little g-Laguerre and the g-Laguerre functions. The hypergeometric
representations of the new defined functions are given and the limit transitions are provided. Note that
we obtained the results for the Big g-Jacobi, the Big g-Laguerre, the Big g-Legendre, the Al-Salam
Carlitz-I and II and the Stieltjes-Wigert polynomials but did not include them because they are not of
nice form.

The paper is organised as follows:

1. In Section 2, we present the preliminary results and definitions that are useful for a better reading
of this manuscript.

2. In Section 3, we introduce the fractional g-calculus

3. In Section 4, we introduce a new fractional g-differential operator D;‘,l and apply it to
some functions,

4. In Section 5, fractional g-extensions of some g-orthogonal polynomials are given and their basic
hypergeometric representation provided. We prove for some of these new defined functions some
limit transitions.

5. In Section 6, we introduce a fractional g-extension of the g-hypergeometric g-difference equation
and provide some of its solution.

2. Preliminary Definitions and Results

This section contains some preliminary definitions and results that are useful for a better reading
of the manuscript. The g-hypergeometric series, a fractional g-derivative and fractional g-integral
are defined. The reader will consult the References [4,6,11,14] for more informations about these
concepts and some applications.

Definition 1 (See [11]). The basic hypergeometric or q-hypergeometric series s is defined by the series

ai, - ,ar 00 (all s, Ay q)n n (k) 1+s—r z
;2| = _— -1 2
s <b1,---,bs 1 ) n;)(bl, n(( )'a ) ;

—bsq) (@:9)n”
where
(ﬂll' o /ar)n = (al}Q)n ce (ar;Q)nl

with

n—1 ,

T(1—ag) ifn=1,23,

(ai;9)n = § j=0
1 ifn=0

For n = oo we set

@) = [1001—ag"), lg] <1.
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The notation (a; q)y is the so-called q-Pochhammer symbol.

From the definition of (4;¢), it follows that for 0 < |g| < 1, and for a nonnegative integer #,
we have
(@ = ()

(@9 9)ec’
Definition 2 (See [11]). For any complex number A,

(4;9)

(;9), = ,0< g <1,
= Caah 00w q

where the principal value of g is taken.
We will also use the following common notations

1—-4°
la]y = 1_q,a6(C,q7é1,

{Zz}q:mzoémén,

and

(xoy))=(x-y)(x—qy) - (x—q""y).

called the g-bracket and the g-binomial coefficients and the g-power respectively.

Proposition 1 ([11], Page 16). The basic hypergeometric series fulfil the following identities

a | _ — (@q)n _, _ (az; ) oo 0 . : .

e <_ qu> n;() (11?‘1);12 (Z;q)oo ’ < “ﬂ <1, |Z| <1, )
alc (c/a;9)eo

191 <C a) NCTNK 0<|ql <1 3)

Relation (2) is the so-called g-binomial theorem.
The next proposition gives some important Heine transformation formulas for basic
hypergeometric series.

Proposition 2 ([15], p. 10). The following transformation formulas hold

p a,b , B (az,b;q)oo p c/b,z
e c - (C,Z;q)oo =1 az

q;b), |z| <1, 4)

21 b 7z = Mz% ¢/ bla q;abz/c |, )
c (29)oo c
a,b  (1z9)e a,c/b
21 ( c Z)  (Z9)e 292 < c,az bz), 2l <1,
a,b  (1z9)e a|
201 ( 0 Z) = Wl‘/’l (az q,bz), z[ < 1. (6)

Proposition 3 ([16]). The g-hypergeometric g-difference equation

2(q° = q" " 12)(D2u) () + ([cly — (¢"laly + 4°[b +1]g)z) (Dgu)(2) = [alyblgu(z) =0 (7)
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has particular solutions

ui(z) = 2 (qﬂc;cqb q;z> , and  ux(z) =z (q1+ﬂ:2'q:+b_c q;z) :
Definition 3 (See [11]). The q-Gamma function is defined by
() = 2D (1), 0<q <t ®)
Remark 1. From Definition 2, the q-Gamma function is also represented by
Ty(x) = (1= 9)" 7 (g:9)x—1
Note also that the g-Gamma function satisfies the functional equation
p(x+1) = [x]gTy(x), with T,(1) =1
Note that for arbitrary complex «,
H _ %9k E(_1ykgth= ) — Iy(a+1) ©)
kK, @aor Lok +1)T(a —1)

The exponential function has two different natural g-extensions, denoted by e;(z) and E;(z),
which can be defined by

() = 190 (f

Eq(z> = 0o (:

These g-analogues of the exponential function are clearly related by

eg(z)Eq(—z) = 1.

> " 1
2z | = = , 0< <1, |z| <1, (10)
7 ) ;o(q;q)n (2 9)eo i i

and

q,— ) Z (—z9)eo, 0< g <1 (11)

Corollary 1. The following expansions apply.

(@) 2 (plig), gt Y,
o B Vi v L ")
eq(

nz) i f {n} (_“)k (—Bz)"
Eq(Bz) n=0 k=0 k q B (G9)n
Next, we recall some basic knowledge about fractional g-calculus. The usual starting point

for a definition of fractional operators in g-calculus taken in [1,2,7,8,17], is the g-analogue of the
Riemann-Liouville fractional integral

a—1

56) = fg ) a0 f it = s [0 a7 f(agt (12)
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This g-integral was motivated from the g-analogue of the Cauchy formula for a repeated g-integral

z t b1 ty
Baf@) = [ gt [ gt [ dgtaae [ At (13)
a a a a
n—1

z 'z
[Tl—l]q!] /O(q q)n 1f() q
The reduction of the multiple g-integral to a single one was considered by Al-Salam in [18]. In [8],
the authors allow the lower parameter in (12) to be any real number a € (0,z). There are several
definitions of the fractional g-integral and fractional g-derivatives. We adopt in this work the definition
of the fractional g-integral given in [7].

Definition 4 (See [7]). The fractional g-integral is

a—1

U5eN0) = foiy [ atroneafdgt = s [y f0dyt, (@B

In [7], it is proved that fora € RT, A, A +a € R\ {—1,-2, - }, equation is valid:

I,(A+1)
I (x© o= 1

a+A
ﬂ_m(XQc)+, (0<C<X>. (14)

q
Definition 5 (See [7]). The fractional q-derivative of Riemann—Liouville type of order & € R is

(Djef) (x) = (D" I ™ F) ), (15)
where [a] denotes the smallest integer greater or equal to «.

Mahmoud Annaby and Zeinab Mansour ([17], p. 148) prove that the Riemann-Liouville fractional
operator Dy , coincides with a g-analogue of the Griinwald Letnikov fractional operator defined by

DN = oy °_°O<_1)n[“LW

b n ——=+n(a—n)

_ 1 v (D o
- xa(l_q)zxn;) (4 9)n q"f(q"x). (16)

3. More g-Fractional Operator

Since many Rodrigues-type formulas for some of the orthogonal polynomials of the g-Hahn class
are expressed in terms of the g-operator D, -1 instead of Dy, and since our new functions are defined
using the Rodrigues-type formula of each family, there is a need to develop a fractional calculus
for D;-1. The more natural way to do it is to start by the power derivative of D;-1. The following
proposition (see [19]) gives the result.

Proposition 4 (See [19]). Let n € Ny and f a given function defined on {q*, k € Z}. Then the following
power derivative rule for D, -1 applies

Yl+1)

( n
n _ 92 k| B = =1k £ k—n
Dy f (%) = Gy kgo( 1) qu f(g" ). (17)
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Proof. This proof is also from [19]. The result is clear for n = 0. Assume the assertion is true for
n > 0, then:

(n;rl) " .
Dn+lf( ) — qinD . (xn (_1>k n (2),(,1,1)](]_( knx))
(1—q) ) [qu 9
_ q(";rl) q . n AL (’2‘)_(;1_1)]( .
(=) (1= (" L [qu fa")

k=0

—g"x " i(_l)k |:Tl:| q(’;)—(n—l)kf(qk—n—lx)>
k=0 kl,
(n+1)

_ Ut k+1{ n } 5= (n=1)(k=1)—n ¢/ k—n—1
T (1= q)rtiant <k_21< 1) k—qu 2 fla x)

_20 Hq nlkf(kn1)>
("1

q2 " k n N _(n—1)(k=1)—n k—n—1
T (1 —q)rtiynt <1;1<—1) [k_qu(z) (0D f (g x)

-y -vff] q<5>—("—1>kf<qk—"—1x>)
q

k=0
q(VHZ) n+1 *y—nk k—n—1
= WZ [ 0 qu fl@ ).
O
Note that, using the obvious relation [Z] = [n i k] , and reversing the order of summation,
q q
(17) reads
n (”‘*’1) - n ("5 —(n—1)(n—k) —k
Diaf() = gy L= [ k} q 2 fleq™)
k=0 q

(n+1) n

- kzé) [ ] (=018 (g kY.
q

Next, using the fact that

(n;k) 1) (n—k) = (n—k)(n—k—l)Z—Z(n—l)(n—k) :_<;1)+ (l;)’

we get
Dn_lf(x) = (nﬂi n i {n:| n)"r(z)f(xq—k)
q X" = k g
- ] ") f gk
_1 e (1 [kL 2 f(xq™"). (18)

Remark 2 (See [19,20]). It is known that

k=0

DR = (s L i o8O s 19
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Note that replacing q by q=" in (19), it follows that

1 n " .
Dl f(x) = ———0 (_1)’{ ] g~ G-k p(ak )
0 e 5V,
— qn L _\k n () (n 1) P
CERTE I [kL g~k f (k)
Taking care that
1—q" 1
[Tl]q—l - 1 7q—] — qn_l [n]q,
it follows that
(1] —1'—q_()[ ]
and so we get
|:Tl:| _ - q (2)[1111]:7' _q() (n k) (2)|: :l .
kqfl q ()qu*(z)[n_k]q, \
Now, we can write
n _ 1 n k (k)+("*k)_(n) n _(k)_(n_l)k K
quf(x) = mkzo(—l) g2 T2)=G . qq k Flg)
" ! n n—k (. B
- (q _ql)nxn Z( 1)k K q( 2 )—(5)—( 1)kf(q kx)
-9
-1 i(_nk 1] g2+ k)~ 1)k (g
(q - 1)”x” = -k-q
_ qi’l f( 1)k n- (k) k
n 7% f(xq™").
(g =1t = klg

This is exactely another way to write the result (17) obtained in [19] thanks to (18).

. . . . n .
We are about to define a fractional extension of qul. Since [ k} = 0 for k > n, we can write (18) as
q

n _ 7 - k(1] ek
DS = s L VF || a® e, @)
1 (q—1)"x k_;) k],
We extend Equation (20) to any arbitrary complex number «, D;‘,l in the following way:
@ __ 9 ok 2]k
Dy f) = (i LD [quzﬂxq )

provided that the infinite series of the right hand side converges. Now, using Equation (9), we obtain

(7% )k k ak—(%) (5 —k
1 2)g\2) f(x
q,q) ( )"q 92 f(xq™")

/qk pckf( )

D Lfx) = (q

e im

(q 1 =

We then set the following definition.
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Definition 6. For any complex number «, we define the fractional operator D;‘,l by

o

o x) = q - (q /q)k ock
D1 f(x) (Q*U“x"‘kgo r flxq™), (21)

provided that the right hand side of (21) converges.

Note also that we could use directly (17) to write

44

DI f(x) = Wi(—l)k[k] 17(]2()_(“_1)kf(qk_ax)
q

)
q 2 - K@Dk vk ak—(5) o (5)—(a—1)k ¢/ k—a
= — 1) —=(—-1 2/g\2 X
(1 _ q)txxtx k:o( ) <q’q)k ( ) q q f(q )

g T G %Dk ke ku
= G-g B @ 1T

which may be looked as another fractional extension of D, 1.

Proposition 5. For v € R\ {1,2,3,-- -}, the following derivative rule applies

D;‘,lx”‘ = (22)

A —u.

q (3% aen -

{ =D (et F e AERAN
0, if a—AeN

Proof. From (21), we get

A

=] —A.
DM x% — q (@5 Dk _ax xa—k)a
7 (q—l)AxAk;] @G | S
' & @YDk (A

_ (
-1 = (@) |

A —A

a— q —
s A“”°< v )
A

q (7% 9o
(=D (4" %)

O

Before we state the semi-group property of the operator D{‘;‘,l, we state the following summation
results that will be useful for the proof.

Lemma 1. (See [14], Lemma 10) The following relation applies:

Z%)];A(k,n) = ZZ (k,n—k (23)
n=0k=0 n=0k=0

Lemma 2. (See [15], Exercise 1.3) The following multiplication formula holds true

R NGRS o Ea NG



Axioms 2020, 9, 97 9of 16

Using Lemmas 1 and 2 and the definition of D* |, we prove the following proposition.
q

Proposition 6 (Semi-group property). The following equation applies

Dt 1Df f(x) = D} P f(x). (24)
Proof. We have
Df,lpg,l flx) = Df,l [D;‘,l f(x)}
- G [ )]
B (qqlxl)“ (q—qlﬁ)ﬂxﬁg(q(qi;?jnqﬁn< i ,qkakf (4 nk))
e ”q“(”*k IS
- e 5 (G “z;f;?:":f o™ )t

= (g — 1)*HBxath & Z 4 @ Dn gPf (g = a+ﬁf( )-

This proves the proposition. [

4. Fractional g-Extensions of Some g-Orthogonal Polynomials

In this section we introduce some fractional g-extensions of some orthogonal polynomials of
the g-Hahn class. The families that are of interest here are those which use D; and D;-1 in their
Rodrigues representations.

4.1. The Little g-Jacobi Functions

The Little g-Jacobi polynomials have the g-hypergeometric representation ([11], p. 482)

q; qx).

They can also be represented by the Redrigues-type formula

—n, leqn+1

Pa(x30,b]q) = 2 (q

a9,

(4T )n g1 [w(x;a+n,p+n;q)],

w(x;a, B;9)pu(x; 0%, 9P1q) =

where

X, 4 )0
w(x;a, B;q) = an.

Definition 7. Let A € R, we define the fractional Little q-Jacobi functions by

e A1)
AR (Sl ) A Y
w(x;a, B;q) (g 1

P\(x;4% qlq) = Hw(a+A, B+ A;q)). (25)
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Proposition 7. The fractional Little q-Jacobi functions defined by relation (25) have the following basic
hypergeometric representation
q; qx).

A1) a+p+A+1

Py (x:q%, aPlg) = (—1)Aghet=7 (q 74)eo '
)\( 9.9 |‘1) ( ) q (qa+1;q))\(q7“;q)oo2¢1 qﬂchl

Proof. Applying the g-binomial theorem (2), we have

ey a (3%)e
W(X,D(,‘B,q) = X M
_ i (qiﬁ/‘ q)nqn(ﬁ+1)xn+rx‘
=0 (@)n
Thus,
(g~ P ) n(B+A+1 A
w x,‘lX‘i‘A, +A, — N " /5+ + )xn+06+ .
( B+Aq) ;) T
Hence,
D;\,l [w(x;a+ A, B+ A;q)]
2 (g~ P ) n(B+A+1) A [ontatA
= D |x
,;0 (4 9)n 7 [ ]
_ 7 i (P )0 (47" g)os Byt
G-D'= @D (77"77%9)oo
Using the fact that
—n n o _(n+1
(a9 " 9)e0 = (—a)"(a ' ;9)ng™ "2 ) (4;9) 0,
we have
(07" “Nig)e _ (4“0 (@@
(07"37% @)oo (%9 (4*T59)n
Whence

D [w(xa+ A, p+A;q)]
q)\xa (9]_(”‘+)‘)?q)oo 00 (q_(ﬁ+)‘);q)n (qa+A+1;q)”qn(ﬁ+1)xn
G- @%De ;= @Dn (59

Ayt —(a+A). —(B+A) at+A+1
°x" (4 $ 7)o q q pi1
= ;X .
G-D' (g e ( got1 v
q;qx).

Now, applying the Heine-Euler transformation formula (5), we have

<q(ﬁ+A), th+)\+1 q—/\ qa+ﬁ+/\+1
21

i) (3% q)e ,
;Xq =
q ) (qﬁﬂ;q)mz‘m g1

th-i-l
So we have
A . . _
Dy [w(a+A,B+Aq)] _ g (q—(a+A);q)oo2 1 gA, gL ax).
w(x; e, B;q) (a—Dr (7%9)w gt '
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q; qx).

We finally obtain

a+p+A+1

ram (g g) 970
Pait ) = (-t T )U”(

7 (9% q gl

O
Proposition 8. The following limit transition holds:
lim Py (x;4%,4%;9) = pu(x:9%,9%;9),
A—=n
where n is a nonnegative integer.

Proof. It is not difficult to see that
—(a+A).
tim [ (1ot )
A=sn (@)% q)
_ (71)nqu+("§l) (q_(H");Q)oo
@5 9)n(@%q)w

n+1
_ (Cayrgre i (= D" —"g 2 (g () _
(@5 0)n (0% q)w

S0,
lim Py (x;4% q°;q) = pu(x:9", 9% 9).
A—n
O
4.2. The Little g-Laguerre Functions

The Little g-Laguerre polynomials have the g-hypergeometric representation ([11], p. 518)

0
q;9x |.

They can also be represented by the Rodrigues-type formula ([11], p. 520)

—n

pn(x,alq) = 21 (q

g .

@ g, Deilvmetma),

w(x;a;q)pn(x;q%;q) =

with
w(x;a;q9) = x*(9%;q)co-

Definition 8. Let A € R, we define the fractional Little q-Laguerre functions by

)ux+( (1
Py(x;9%:q) = ?x,a/q)(( H?) o

DqA,1 [w(x; e+ A;q)]. (26)

Proposition 9. The fractional Little g-Laguerre functions defined by relation (26) have the following
representation
qx).

. A1) —(@t+A). oy o 77,0
Py (5:4°]q) = (—1)A gt 5 ) 5 m(

I (L q)r (g~
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Proof. It is easy to see that

00 (n+1)
C e _ . _ q 2 n.,n+u
w(x;0;9) = x*(g%;9) 00 = 1
(x;0;9) = x*(q%;9) n;O (Wm( )
So,
0 (n+1)
w(x;a+A;q) 2 (—1)mxmteth,

=0 M)

Thus, using the definitions of the fractional Little g-Laguerre functions and the fractional
g-derivative (21), combined with the transformations (4) and (6) we have:

o (Y
D?_l[w(x;(x—f—/\;q)] = Eé}q)n(_l)n[)‘;\_l[xnwﬂ}
) (n+1) A n 7(0(4»/\)_
- 2‘7 2 (—1yr 1 (a7"q D)o i

=0 (T9)n (-1 (@7"9% )
_xgt (q’(”‘“);q%o > (6/”‘““4)11 D@ (@7)"
- “1A (g %g 7t <(_)‘7>(.)
(=" (g qn 3 9)n
xtxq)\ (q a+)\ 0(+)\+1 et
RCES e pe |

©) x“q/\ (q (a+A). q) (q iq Oo 47 q“+)‘+l,qx
G- (%0 5 q)e "

@ (9% 0) e (q‘("‘“);q)ooz g0
(g—-1)* (3% q)

_ ( 1)/\q)ux+ (AH) (q_(a+/\);Q)OO (P (,7—)»,0

)

LA % g)w

O

Proposition 10. Let n be a nonnegative integer, then the following limit transition holds true
lim Py(x;9%;q) = pu(x;q%;9).
A—=n

Proof. Since

A= (5 q)a (g
_ (_1)nqnlx+(”§1) (qi(wrn)}q)oo
(@1 9)n(37% 9) o
n+1
= (- 1)nqntx+("+1)( 1)nq—¢an7( : >(q“+1;q)n(q_“;@w -1
(@ 59)n (7% )

—(a+2).
lim <( 1)Aghat 25 (g ’q)f’zl) )

we have, lim Py (x;4%;q) = pa(x;9%q). O
A—n
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4.3. The q-Laguerre Functions

The g-Laguerre polynomials have the g-hypergeometric representation ([11], p. 522)

a+1. —n
o 7 n q
Ll(d )(X;Q) = (q(qq)? 191 <q1x+1

q; _qn+a+1x> )

They can also be represented by the Rodrigues-type formula ([11], p. 524)

o 1- " n
w(x;zx;q)Lgl )(x;q) = ( . 7) Dglw(x;a +n;q)],
(@ q)n
with "
x
w(x;a;q) = (=T

Definition 9. Let A € R, we define the fractional g-Laguerre functions by

(-9 (—%50) I xe |

R e (T

27)

Proposition 11. The fractional q-Laguerre functions defined by relation (27) have the following basic
hypergeometric representation

1 g7, —x
Lt!( x; —_ ; a+A+1
A(xq) (q;q)f%( o |74 )
(4" 9)x ’77/\ a+A+1
= —= ;—X .
@ P\ et | T

Proof. From the definition of the g-exponential (10), it follows that

x”‘*A abA 0 (_1)nxrx+/\+n
=" (—x) = >
(=x70)e =) V;) (4 0)n
Then,
B[] - B,
70 (=% q)eo =0 (@:9)n rq(lx-i—i’l—i—l)

_ x‘xl"q(tx—i-)t—i-l) © (g Mg, -
Toa+1) = (@9)n (gL q)n

o GTpla+A+41) 0,g* AT
T T P e [P
q;—x).

x (qszrl,.q)oo ’ (O, th-l-)\-‘rl
% qoc+/\+l> )

o

(1—g)* (qa+A+1;q)w2 1 g1
Using the Heine transformation (4), we have

” 0, qa+)\+1 oox) = (quc+/\+1,. Q)oo " qf)\; -
gt (4% ) oo (=3 9) oo 0




Axioms 2020, 9, 97 14 of 16

Hence, we have
a+A

o —A._
D2 [ X ]_ * q =X gt
W Cnge) T - ua2 o |1

Finally it follows that

" 1 -
L&)(x'q) (0], ) 24)1 (q 0

Next, using the transformation formula (6) we get

1 g —x atA+1 1 (0" 9)oo g At A1
; = ;—x
G ( o |77 @O @ ) P gt |97

a+1. —A
= M M <q q,._qu‘K‘F)\Jrl)'

3 qac+/\+l>

(7:9)a g*+1

This ends the proof of the proposition. [

5. Fractional g-Gauss Differential Equation

In this section, we give a fractional version of the g-hypergeometric g-difference equation given
by Koorwinder in [16]. Next, we solve this fractional g-difference equation by means of modified
power series.

Definition 10. The fractional q-hypergeometric q-difference equation is defined for 0 < A <1 by
Z)\ (qc _ qu+b+lz/\) (sz\u) (Z)
+ ([clg = (g lalg + 4°[b +11g)z" ) (D) (=) — [al[blgu(z) = . 28)

Definition 11. The fractional q-Gauss function is defined as the series

q°,q°
20 < ¢
q

- qu ) nA
;2 | = upzf 2", 0< A<, (29)
1 ) LI

where

Ty(1+p0+kA) (140 +kA)

JolO) =0 s i o) T E ot k- DA) (30)
_ avvrn_ LI +p+kA)
salo) = 0 k=) (31)
b . I;(1+p+kA)
+<q [a]q"‘q [b+1}17)1—~q(1+p+ (k—l))\) + [a]q[b]qr
and p > —1 satisfies the equation
_ Ty(1+p) I(1+p)

The following assertion is valid.
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Theorem 1. The fractional q-Gauss function (29) is a solution of the fractonal q-Gauss hypergeometric
Equation (28) where f, x(p) and g, x(p) are given by (30) and (31), repectively and p satisfies the condition (32).

Proof. We look for the solution under the following modified formal power series form

[e9)

u(z) = Y dyz" .
n=0
Then,
ad I,(nA+p+1) _
D)\M 7) = d q Z(?Z 1))\+p,
72 g%"mun—nA+p+U

and - T (nd .

DgAu(z) _ 2 q(n Tt ) Z(n72))\+p.

=T T (n=2)A+p+1)

Inserting these fractional g-derivatives in (28), we obtain the following recurrence relation for the
coefficients a,,,

fon(P)dni1 — 8gnr1(p)dn =0,

with f,0(p) = 0, where f;,(p) and g, (p) are given by (30) and (31) respectively. The theorem
follows easily. O

6. Conclusions and Further Perspectives

In this work we have introduced a new fractional g-differential operator D;‘,l and have proved
some of its main important properties. Then, we have used it to extend some families of classical
g-orthogonal polynomials. We have also defined a fractional g-Gauss differential equation, extending
the one introduced by Koorwinder in [16], and solve them by means of the power series method.
It should be noted that we obtained the results the Big g-Jacobi, the Big g-Laguerre, the Big g-Legendre,
the Al-Salam Carlitz-I and II and the Stieltjes—Wigert polynomials but did not include them because
they are not of nice form.

As future works, we plan to provide similar extensions to classical orthogonal polynomials on
quadratic and g-quadratic lattices. To do it, it will be necessary to introduce new differential operators
of fractional order, namely, the Wilson operator [11,21]

Df(x) = f(x+i/2)2;xf(x—i/2)

or the Askey—Wilson divided difference operator [11]

2(al/210) _ F(g—1/24i6
qu(x) = f<iq(q1/2 j q—{sz) sin 0 )

with ‘
f(e®) = f(x), x=cosé.

For these operators, the paper of Cooper [22] will help to define their fractional extensions.
This work is ongoing.
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