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1. Introduction and Preliminaries

Banach'’s contraction principle [1] has been applied in several branches of mathematics. As a
result, researching and generalizing this outcome has proven to be a research area in nonlinear
analysis (see [2-6]). It is a well-known fact that a map that satisfies the Banach contraction principle
is necessarily continuous. Therefore, it was natural to wonder if in a complete metric space,
a discontinuous map satisfying somewhat similar contractual conditions may have a fixed point.
Kannan [7] answered yes to this question by introducing a new type of contraction. The concept of the
interpolation Kannan-type contraction appeared with Karapinar [8] in 2018; this concept appealed
to many researchers [8-14], making them invest in various types of contractions: interpolative
Ciri¢-Reich-Rus-type contraction [9-11,13], interpolative Hardy—Rogers [15]; and they used it on
various spaces: metric space, b-metric space, and the Branciari distance.

In this paper, we will generalize some of the related findings to the interpolation
Ciri¢-Reich-Rus-type contraction in Theorems 1 and 2. In addition, we use a new concept of
interpolative weakly contractive mapping to generalize some findings about the interpolation
Kannan-type contraction in Theorem 3.

Now, we recall the concept of b-metric spaces as follows:

Definition 1 ([16,17]). Let X be a nonempty set and s > 1 be a given real number. A function d : X x X —
R is a b-metric if for all x,y,z € X, the following conditions are satisfied:

(1) d(x,y) =0ifandonlyif x =y;
(b2) d(x,y) =d(y,x);
(b3) d(x,z) <s[d(x,y) +d(y,z)].
The pair (X, d) is called a b-metric space.

Note that the class of b-metric spaces is larger than that of metric spaces.
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The notions of b-convergent and b-Cauchy sequences, as well as of b-complete b-metric spaces are
defined exactly the same way as in the case of usual metric spaces (see, e.g., [18]).

Definition 2 ([19,20]). Let {x, } be a sequence in a b-metric space (X, d). g, h:X — X, are self-mappings, and
x € X. x is said to be the coincidence point of pair {g, h} if gx = hx.

Definition 3 ([10,11]). Let ¥ be denoted as the set of all non-decreasing functions y: [0,00) — [0,00),
such that Y2 o ¥ (t) < oo for each t > 0. Then:

(i) (0)=0,
(ii) () < tforeacht > 0.

Remark 1 ([18]). In a b-metric space (X, d), the following assertions hold:

1. A b-convergent sequence has a unique limit.
2. Each b-convergent sequence is a b-Cauchy sequence.
3. In general, a b-metric is not continuous.

The fact in the last remark requires the following lemma concerning the b-convergent sequences
to prove our results:

Lemma 1 ([19]). Let (X, d) be a b-metric space with s > 1, and suppose that {x, } and {y, } are b-convergent
to x, y, respectively, then we have:

1 .. .
S—zd(x,y) < lminfd(x,,y,) < limsupd(x,,yn) < szd(x,y).

n—oo n—s00

In particular, if x =y, then we have im0 d(xy, yn) = 0. Moreover, for each z € X, we have:

1tJl(x,z) < liminfd(x,,z) < limsupd(x,,z) < sd(x,z).
s n—oo n—00

2. Results

We denote by @ the set of functions ¢ : [0,00) — [0, o) such that ¢(t) < ¢t for every > 0. Our
main result is the following theorem:

Theorem 1. Let (X, d) be a complete metric space, and T is a self-mapping on X such that:

d(Tx, Ty) < ¢([d(x,y)]"[d(x, Tx)|Pd(y, Ty)]") 1)

is satisfied for all x,y € X\ Fix(T); where Fix(T) = {a € X|Ta = a}, «,B,v € (0,1) such that
a+pB+y>1andp € .

If there exists x € X such that d(x, Tx) < 1, then T has a fixed point in X.

Proof. We define a sequence {x,} by xo = x and x,,;1 = Tx, for all integers 1, and we assume that
xn # Txy, for all n.
We have:

d(xn, xur1) < G([A(xn-1,%0)]* [ (0 -1, %0)]P [ (0, %041)]7)- @
Using the fact ¢(t) < t for each t > 0, from (2), we obtain:

d (2, Xn1) < [d (1, 20))* [ (1, 30) 1P [A (0, X41)] 7
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which implies:
[ (2, x051)]" 7 < [d (21, 20)]* P 3)
We have d(xp,x1) < 1, so that there exists a real A € (0,1) such that d(xg,x;) < A and
A= d(xo,x1)+1
= faatll

By (3), we obtain:

=

+
-

=
=
T

=

IA
>
)

d(x1,x2) < [d(x0,x1)]

By (3), we find:
d(xn+1/ xn) < d(xnr xnfl)l—‘re

for all n, with e = g —1>0.
Now, we prove by induction that for all n,

d(xn—i-l/ xn) < A(l—}—e)"
where 0 < A < 1. For n = 1, this is the inequality at the bottom of page 3. The induction step is:

a\ 1+€ "
d(xn+2, xn+1) < d<xn+1/ xn>l+e < (A(1+e) ) _ /\(1+E) +1

Since (1 +€)" > 1+ ne by Bernoulli’s inequality and since A < 1, this implies:
d(xp41,%n) < ATTTe = Ap"

for all n, where p = A€ < 1. This implies:

_ ok
A%k Xn) S AP 4 "2y o) = Ap" (1 i) ) = Cp",

ok
where C = A (%) for some integer k, from which it follows that {x, } forms a Cauchy sequence in
(X,d), and then, it converges to some z € X. Assume that z # Tz.

By letting x = x,, and y = z in (1), we obtain:

d(x41,Tz) < ¢([d(xn,2)]*[d(xn, x041)]P[d(2, T2)]7)
< [d(xn, 2)]*[d(xn, 2041))P[d(2, T2)]7

for all n, which leads to d(z, Tz) = 0, which is a contradiction. Then, Tz = z. O

Example 1. Let X = [0, 2] be endowed with metricd : X x X — [0, 00), defined by:

0, ifx=y
dx,y) =19 2, ifxye(0,1]andx#£y;
2, otherwise.

Consider that the self-mapping T : X — X is defined by:

Tx:{

, ifxel0,1];
, ifx e (1,2];

N[&= NI—=
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and the function ¢(t) = 0,4t for all t € [0, 0).
Fora =0,8 =0,2,and y =0,25.

We discus the following cases:
Case 1. If x,y € [0,1] or x = y for all x,y € [0,2]; it is obvious.
Case2. If x,y € (1,2] and x # y.
We have: )
d(Tx, Ty) = 3
and:
+B+7 2%
([ )] [d(x, TO)P[d(y, Ty)]") = p(2*7F) = == >
Then:
d(Tx, Ty) < p([d(x, y)]"[d(x, Tx)P[d(y, Ty)]")
forall x,y € (1,2].
Case3.Ifx € [0,1) and y € (1,2] with x # 1.
We have: )
d(Tx, Ty) = 3

and:

P4 )1 ldCx, TP, T)]) = ¢ (2”’* (i)ﬁ) - 25
Then:
d(Tx, Ty) < ¢(d(x,y)]*[d(x, Tx)|Pld(y, Ty)]")
forall x € [0,1]\{3} and y € (1,2].
Cased. Ifx € (1,2] and y € [0,1] withy # 3.
We have: )
d(Tx, Ty) = 3

and:

Then:
d(Tx, Ty) < @([d(x,y)]"[d(x, Tx)|P[d(y, Ty)]")
forallx € (1,2] and y € [0,1]\{1}.

WIN

Therefore, all the conditions of Theorem 1 are satisfied, and T has a fixed point, x = 1.

Example 2. Let X = {a,q,r,s} be endowed with the metric defined by the following table of values:

40f13
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N|W|O =S

o |w s~
Q|G| N [Wa| »n

wo|wSw—| o | 2

Consider the self-mapping T on X as:
T- ( a q r s >
a a q s
For ¢(t) = %ﬁ—ﬁforallt €[0,00);2a =0,6; B=0,9;and v =0,7.

We have:
d(Tu, To) < P([d(u,0)]*[d(u, Tu))Pld(v, To)]")

forallu,v e X\ {a,s}.
Then, T has two fixed points, which are a and s.
If we take ¢(t) = kt in Theorem (1) with k € (0,1), then we have the following corollary:
Corollary 1. Let (X, d) be a complete metric space, and T is a self-mapping on X such that:
d(Tx, Ty) < k[d(x,y)]*[d(x, Tx)P[d(y, Ty)]”

is satisfied for all x,y € X\ Fix(T); where Fix(T) = {a € X|Ta = a}, and a, B, 7,k € (0,1) such that
at+p+y>1

If there exists x € X such that d(x, Tx) < 1, then T has a fixed point in X.
Example 3. It is enough to take in Example 1: ¢(t) = 25t for all t € [0, +00).

Example 4. Let X = {a,q,1,s} be endowed with the metric defined by the following table of values:

d(

=

,Y) a q 7 s
0 0,11 3,1 4
0,1 0 3 3,9
3,1 3 0 0,9
4 3,9 109 0

V20 B S EL N RS

Consider the self-mapping T on X as:
T:<a q r s).
a a q s
Fork=3;0=0,7, B=0,1;and v =0,8.

We have:
d(Tu, Tv) < k[d(u,v)]*[d(u, Tu)]P[d(v, Tv)]"

forallu,v € X\ {a,s}.

Then, T has two fixed points, which are a and s.
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Definition 4. Let (X,d,s) be a b-metric space and T, g : X — X be self-mappings on X. We say that T is a
g-interpolative Cirié—Reich—Rus-type contraction, if there exists a continuous ¢ € ¥ and a, B € (0,1) such
that:

d(Tx, Ty) < p([d(gx, gy)]"[d(gx, Tx)1P[d(gy, Ty))' ™" F) @

is satisfied for all x,y € X such that Tx # gx, Ty # gy, and gx # gy.

Theorem 2. Let (X,d,s) be a b-complete b-metric space, and T is a g-interpolative Cirié—Reich—Rus-type
contraction. Suppose that TX C ¢X such that gX is closed. Then, T and g have a coincidence point in X.

Proof. Let x € X; since TX C ¢X, we can define inductively a sequence {x,} such that:

xo =x, and gx,41 = Txy, for all integer n.

If there exists n € {0,1,2,...} such that gx, = Tx,, then x, is a coincidence point of ¢ and T.
Assume that gx, # Txy, for all n. By (4), we obtain:

< lp([d<gxn+lr gxn}’x[d(gxwrlr Tanrl]'B[d(gxnr Txn]liaiﬁ)
= P([d(Txn, Taty_1]"[d(Txn, Txp1]P[d(Txy1, Txy]' 72 F)
= ((d(Txn, Ty ] P[d(Tn, Tap1P).

d(Txy41, Txy)

Using the fact ¢(t) < t for each t > 0,

Y([d(Txn, Txy—1)]" Pld(Txn, Txpi1)]P)
[d(Txn, Txty—1)]" P[d(Txn, Txyi1)]P. ®)

d(Tle+1/ Txl’l) S
<

which implies:
[A(To a1, Ton)]'F < [d(Totn, Tty 1)) F.

Thus,
d(Txpi1, Txn) < d(Txy, Tx,—1) forall n>1. (6)

That is, the positive sequence {d(Tx,41, Txy,)} is monotone decreasing, and consequently, there
exists ¢ > 0 such that limy, o d(Tx; 11, TX,) = c. From (6), we obtain:

[d(Txy, Txy_1)]' Pld(Txn, Txps)]P < [d(Txn, Txp_1)]'Pld(Txn, Txp_1)]P
= d(Txy, Tx,_1).

Therefore, with (5) together with the nondecreasing character of i, we get:

([T, Tay—1)]'Pld(Txn, Ty 11)1F)
$(d(Txn, Txp-1)).

d(Tle+1/ Txl’l) S
<

By repeating this argument, we get:
A(Txps1, Txn) < W(d(Txp, Txp_1)) < ¢*(d(Txp_1, Txn_2)) < --- < ¢"(d(Tx1, Txg)). (7)

Taking n — oo in (7) and using the fact lim, . §"(t) = 0 for each t > 0, we deduce that c = 0,
that is,
nlgr;lo d(Txy41, Tx,) = 0. (8)
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Then, {Tx,} is a b-Cauchy sequence. Suppose on the contrary that there exists an € > 0 and
subsequences {Txy,;, } and {Tx,, } of {Tx,} such that n; is the smallest integer for which:

ne > myg >k, d(Txp, Txy,) > €, and d(Tx,, _1, Txy,) < €.
Then, we have:

sd(Txy,—1, Txm, ) + 5d(Txmy, Ty, —1)

d(gxn, §xm,) = d(Txp—1, Txy—1) <
< se+sd(Txmy, Txyp—1)-

Using (8) in the inequality above, we obtain:

limsup d(Txp, 1, Txy, —1) = limsup d(gxy,, g§xm,) < se. 9)

k—o0 k—00
Putting x = xy,, and y = xy,, in (4), we have:

€ < d(Tan, Tam) < ((A(gny, G0m )" A($5m, T ) P1A(g0me, Tom )] )
- lp([d(Txnkfl’Txmkfl)]a[d(Tx”kflfTx”k)]ﬁ[d(TxmkflzTxmk)]liaiﬁ)- (10)

Taking the upper limit as k — oo in (10) and using (8) and (9) and the property of i, we get:

e < limsupd(Txy,, Txy,) < (0) =0,

k—o0

which implies that € = 0, a contradiction with € > 0. We deduce that {Tx, } is a b-Cauchy sequence,
and consequently, {gx, } is also a b-Cauchy sequence. Let z € X such that,

nh_r)rolo d(Txy, z) = nh_r}rgo d(gxp41,z) = 0.

Since z € gX, there exists u € X such that z = gu. We claim that u is a coincidence point of g and
T. For this, if we assume that gu # Tu, we obtain:

d(Txn, Tu) < p((d(gxn, gu)]*[d(gxs, Tr)Pld(gu, Tu) = F)

[(g2n, gu))"[d(gxn, Txn) 1P [d(gu, Tu)]'~*~F.

NN

At the limit as n — oo and using Lemma 1, we get:

$(zT) < Hminfa(Tx,, Tu) < Timsupla(gr, gu))* A, Txo) Pl g, To)]' - F
< [sd(z, gu))*[s%d(z,2)P[d(gu, Tu)]'*~F =0,
which is a contradiction, which implies that:
Tu =z = gu.

Then, u is a coincidence pointin X of Tand g. O

Example 5. Let X = [0,+o00) and d : X x X — [0, 00) be defined by:

2 if x .
d(x,y)z{ ((;er) , lj:xii
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Then, (X, d) is a complete b-metric space.
Define two self-mappings T and g on X by g(x) = x2; for all x € X and:

Tx = { 11’ l.fx € 0.2}
2 ifx € (2,+00).

T is a g-interpolative Cirié-Reich-Rus-type contraction for x = 0,7, B = 0,4, and:

wo{ 35, Pebm
S it e (5 +oo).

For this, we discuss the following cases:
Casel.Ifx,y € [0,2] or x = y for all x € [0, 400). It is obvious.
Case 2. If x,y € (2,+00) and x # y.

We have:

1)2§1.

1
d(Tx, Ty) = (; + g

Using the property of 1, we get:

P([d(gx, )" [d(gx, Tx)Pld(gy, TY)]'~7F) = (2 + ) (" + %)Zﬁ(y2 +

> 1,0(82“.(%)2(17“)) > 1.

Therefore,
d(Tx, Ty) < p([d(gx, gy))*[d(gx, Tx)|P[d(gy, Ty)]'~*F).
Case3.Ifx € [0,2]\{1} and y € (2, +c0).

We have:

_ 1o 302 9
d(Tx, Ty) = (1+y) < (2) =1

and:

1

y

8of 13

)2(17047/5))

p([d(gx, gy))*[d(gx, Tx)Pld(gy, Ty)] ™ F) = p((* +y*)* (P + 1) (2 + ;)2(1_"‘_*3))

il 9 —x—
> (e ()

Therefore,
d(Tx, Ty) < p([d(gx, gy))*[d(gx, Tx)P[d(gy, Ty)]'*7P).
Case 4. If x € (2,400) and y € [0,2]\{1}.

We have: ,
A(Tx, Ty) = (1+ ) <

W~ O

and:

O

P([d(gx, gy)]"d(gx, Tx)Pld(gy, Ty)]'™*F) = p((x® +y*)* (x* + %)w(y2 +1)21P)

o 9 —a—
> (e ()20 P)

W~ O
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Therefore,
d(Tx, Ty) < ([d(gx, gy)]*[d(gx, Tx)|Pd(gy, Ty)]'~*F).

Then, it is clear that g, T satisfies (4) for all u,v € X \ {1}. Moreover, one is a coincidence point of g and T.

Example 6. Let the set X = {a,b,q,r} and a function d : X x X — [0, c0) be defined as follows:

dx,y) | a | b | q | r
a 0|1 ]|16]|%
b 1]0]9|2%
q 6901
ENEA AR

By a simple calculation, one can verify that the function d is a b-metric, for s = 2. We define the

self-mappings g, T on X, as:
q: ( a b q r )/ T < a b g r )
a r q q qg r r g

Fora =0,3; p=0,8; and (t) = =5 forall t € [0, c0).

It is clear that g, T satisfies (4) for all u,v € X\ {b, r}. Moreover, b and r are two coincidence points of g and T.

Definition 5. Let (X, d) is a metric space. A self-mapping T: X — X is said to be an interpolative weakly
contractive mapping if there exists a constant a € (0,1) such that:

C(d(Tx, Ty)) < ¢([d(x, Tx))*[d(y, Ty)]'™) — @([d(x, Tx)|*[d(y, Ty)]' ™), (11)

forall x,y € X\ Fix(T), where

Fix(T) = {a € X|Ta = a},

: [0,00) — [0, 00) is a continuous monotone nondecreasing function with {(t) = 0 if and only if t = 0,
@: [0,00) — [0, 00) is a lower semi-continuous function with ¢(t) = 0 if and only if t = 0.

Theorem 3. Let (X, d) be a complete metric space. If T : X — X is a interpolative weakly contractive mapping,
then T has a fixed point.

Proof. For any xg € X, we define a sequence {x,} by x = xg and x,,;1 = Tx,,n =0,1,2,...
If there exists 19 € N such that x,,, 11 = x,, then x;,, is clearly a fixed point in X. Otherwise, x,,11 # X
foreachn > 0.

Substituting x = x, and y = x,,_1 in (11), we obtain that:

([ (e, 1)1 [ (01, %0)] ) = @[ (0, X 11)]* [d (201, 20)] %)
C([d(xn,xn+1)]’x[d(xn,1,xn)}17“). (12)

¢(d(xps1,xn))

IN A

Using property of function {, we get:

A1, %0) < [ (0, 1) [d O, 200)]

We derive:
[d(xn—H/ xn)]lia < [d(xn—lz xn)]lia'

Therefore:
d(xpy1,xn) <d(xy_1,%,), forall n>1.
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It follows that the positive sequence {d(x;11,x)} is decreasing. Eventually, there exists ¢ > 0
such that lim, d(x, 1, x,) = c.
Taking n — oo in the inequality (12), we obtain:

¢e) < &le) = ole)-

We deduce that ¢ = 0. Hence:
liﬁn d(xp41,xn) = 0. (13)

Therefore, {x, } is a Cauchy sequence. Suppose it is not. Then, there exists a real number € > 0,
for any k € N, Imy > ny > k such that:

d(Xpy, X, ) > €. (14)
Putting x = x,, 1 and y = x,, 1 in (11) and using (14), we get:
G(€) < &dCome 1)) < G X1, Xy ) [d (-1, %)) ™) = @([d (-1, %m )] [ (1, 20, )] ).

Letting k — oo and using (13), we conclude:

which is contradiction with € > 0; thus, {x,} is a Cauchy sequence; since (X,d) is complete,
we obtain z € X such that lim, d(x,,z) = 0, and assuming that Tz # z, we have:

¢(d(xn11, T2)) < Z([d(xn, x011)]*[d (2, T2)]' ™) = @([d (xn, X0 41)]*[d(2, T2)]' ™) forall n.
Letting n — oo, we get:
0(d(z,T2)) < £(d(z 2)*[d(z, T2)]' ) - p([d(z,2)]*[d(z, T2)**) = £(0) - 9(0) = 0,
which is a contradiction; thus, Tz = z. [

Example 7. Let the set X = [0, 3] and a function 6 : X x X — [0, c0) be defined as follows:

o

’ l:fx - y,
S(x,y) =14 3, ifx,yc0,1)andx #y;
2, otherwise.

Then, (X, ) is a complete metric space.

Let T: X — X be defined as:

] 0, ifxel0,1);
Tx{ 1, ifxe[1,3]

For {(t) =%, (t) = Lt forall t € [0, +c0) and « = 0,6.

We discuss the following cases.
Casel.Ifx =yorx,y € (0,1), or x,y € (1,3] with x # y. It is obvious.
Case2. Ifx € (0,1)and y € (1,3].

We have:
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and:

Therefore:

C([6(x, T)*[b(y, Ty ™) — @([8(x, Tx)[*[8(y, Ty)]'™*) = (%)“[4.(%)“ —1]>24=0(2) = {(6(Tx, Ty)).

Case3.Ifx € (1,3]and y € (0,1).

We have:

and:

Therefore,
(180 T 500, Ty)]) — 9180 To)I 500, Ty)]) = (G)19:(3)" = 2] > 4 =(2) = {(8(Tx, Ty).
Thus,
(d(Tu, To)) < ¢([d(u, Tu) *[d(v, To)]' ™) = p([d(u, Tu)]* (o, To)]'~*),
forall u,v € X\ {0,1}.
Then, T has two fixed points, which are zero and one.

Example 8. Let X = {a,b,r,s} be endowed with the metric defined by the following table of values:

dlx,y) |a | b |r|s
a 01114|1
b 1]0]5]2
r 4|15|0|3
s 11230

Consider the self-mapping T on X as:
T ( a b r s )
a s a s
For{(t) =e' —land ¢(t) =2! — 1 forall t € [0,00); & =0,3.
We have:
£(d(Tu, Tv)) < Z([d(u, Tu)]*[d(v, To)]'"™*) — ([d(u, Tu)]*[d(v, To)] '),
forallu,v € X\ {a,s}.
Then, T has two fixed points, which are a and s.

If (t) = t in Theorem (3), then we have the following corollary:
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Corollary 2. Let (X,d) be a complete metric space and T : X — X a self-mapping on X. If there exists a
constant a € (0,1) such that:

d(Tx, Ty) < [d(x, Tx)]*[d(y, Ty)]'~* — ([d(x, T2))*[d(y, Ty)]" ™),

forallx,y € Xand x # Tx,y # Ty.
@ : [0,00) — [0, 00) is a lower semi-continuous function with ¢(t) = 0 if and only if t = 0.

Then, T has a fixed point.

Remark 2. In Corollary 2, if we take ¢(t) = (1 — A)t for a constant A € (0,1), then the result of Theorem [8]
is obtained.
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