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Abstract: A possible application for multi-dimensional vibration isolation is the Stewart vibration
isolation system (SVIS). An innovative parameter design method is provided in this research, in
which the SVIS is equated to an elastic node with stiffness-damping characteristics of six degrees
of freedom. This paper addresses parameter design as a crucial issue for the SVIS integrated in
large and complex systems. Two levels make up most of the content. First, the stiffness synthesis
and deconstruction processes of the SVIS are inferred and demonstrated, suggesting that the elastic
node may be used to quickly and effectively identify the stiffness-dumping of the SVIS. A system of
parameter design flow for the SVIS integrated into complex systems is suggested based on the theory.
A Stewart platform prototype is next created. To validate the hypothesis, FEM simulations and
dynamics tests are carried out sequentially. The simulation findings demonstrate that the prototype’s
six natural frequencies depart from the theory within 1%, and the frequency response curves closely
match the theory. According to test results, the Z-directional resonant frequency falls 1.7% below
predictions. The X/Y-direction frequency response curves include certain poor characteristics caused
by structural clearances, but overall trends support the notion. The study offers theoretical direction
for SVIS-integrated optimization design in complex systems.

Keywords: Stewart platform; vibration isolation design; integration optimization; FEM analysis;
frequency response tests

1. Introduction

Scholars have conducted a significant amount of research on the theoretical modeling,
structural design, and control system development of this fascinating mechanism [1] since
the 1960s, when the Gough–Stewart parallel mechanism was first postulated [2]. The
Stewart parallel mechanism has evolved into one of the most cutting-edge structures in the
multi-dimensional vibration isolation field as a result of its distinctive kinematic properties.
The Stewart Vibration Isolation System (SVIS) is now offered for a variety of uses in a
number of industries, including vehicles, precision instrumentation, and aerospace [3–6].

Most recent research of SVIS is primarily oriented on active vibration isolation design
and optimization that are applied for multidimensional vibration isolation applications,
including the active vibration isolation unit development [7–9], active control strategy
design [10–12]. By comparison, much less research has been performed on the overall
stiffness-damping characteristics of SVIS. However, the active way makes little effect on
high-frequency disturbances [6,13], with the limitation of actuator performance and control
system delays. Therefore, in certain cases, the SVIS stiffness-damping characteristics are still
required to suppress the high-frequency disturbances through the passive way. As: certain
advanced spacecraft working in the space environment, the precision loads equipped are
very sensitive to high-frequency disturbances [14,15]. These high-frequency disturbances
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(frequencies above 100 Hz) inevitably caused by the attitude control flywheel severely affect
the performance of the spacecraft, which can hardly be addressed by active vibration isola-
tion. This leads to the necessity of research on the passive vibration isolation characteristics
of SVIS. Since the key parameters, covering the structure and stiffness-damping of strut,
determine the vibration isolation performance of SVIS, reasonable parametric modeling is
highly required to guide researchers completing the parameter design and optimization.

In previous studies, the Lagrangian method [16–18] and the Newton–Euler method [19–21]
have most frequently been applied for dynamic analysis of the Stewart platform. However,
the dynamic equations of SVIS systems achieved by the above methods are usually adopted
in implicit form, leading to an absence of a significant functional relationship between the
system mechanical properties and key parameters, hence they are not feasible for direct
application to the parameter design of SVIS. To address this issue, some scholars have
developed corresponding dynamic parametric models in explicit form for the analysis of
the Stewart platform. Jiang has developed equations to relate the six-order natural frequen-
cies to the parameters of the Stewart platform under undamped conditions [22]. Behrouz
established a fully parametric model around the model behavior of the Stewart platform, in
which parametric formulations of eigenvectors, stiffness, damping, and Jacobian matrices
are presented in terms of design variables [23]. In addition, the overall stiffness characteris-
tics, as the main aspect affecting the vibration isolation performance and dynamic behavior
of SVIS, have been studied around relating them to the parameters. Chen completely devel-
oped the modeling of instantaneous stiffness for Stewart platforms through Jacobian-based
approaches [24]. Regarding the stiffness isotropy, Yao and Bandyopadhyay have separately
established the parametric equations for the stiffness of the Stewart platform [25,26]. Kumar
developed a stiffness model for contour generation application to identify the trajectory
with maximum stiffness for complex contours [27]. In previous research, the parametric
equations were mainly constructed around a certain mechanical property, which fails to
reflect the mechanism quite obviously, whereby the system parameters affect the overall
stiffness-damping characteristics. Therefore, it is infeasible to directly take the overall
stiffness-damping parameters as variables for a solution, which is not conducive to the
integrated design of SVIS in the complex system.

The designability of SVIS makes it suitable for a variety of situations in which a high
performance of vibration isolation is required. In order to achieve the best isolation perfor-
mance, it is usually necessary to obtain the optimal parametric solutions of the SVIS. Many
scholars have conducted in-depth research around the optimization design of SVIS param-
eters under different conditions. Yang and Shyam applied SVIS for the micro-vibration
isolation of a spacecraft payload, and they adopted various parametric optimization meth-
ods to optimize the structural parameters of the Stewart platform, so that the SVIS has the
minimum range of natural frequency distribution for the first six orders [28,29]; Biag opti-
mized the structural parameters of the Stewart platform through a genetic algorithm (GA)
without changing the active control parameters and analyzed the influence of structural
parameters on the vibration isolation effect through numerical analysis methods [30]; Li
proposed a dual quaternion method to derive the Jacobi matrix of the Stewart platform and
optimized the platform parameters to obtain the best isotropic performance, so that the
motion-coupling characteristics of the platform were improved [31]. Singh also carried out
corresponding research on the structural parameters around the isotropy of the Stewart
platform [32,33]. Although the research on SVIS parametric modeling and parametric
optimization have matured, it mainly focused on rigid-body systems, in which the base
platform part connected to lower platform and the payload part connected to the upper
platform are regarded as rigid bodies. As for complex systems in reality, the coupling
characteristics introduced by the flexibility of the base platform part or the payload part
connected to SVIS may not be ignored, hence the previous parametric modeling and opti-
mization design methods are not applicable anymore. It is necessary to propose a simple
and efficient parameter-modeling method to improve the flexibility of parameter setting
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for SVIS integration, which can facilitate the integrated optimization design of SVIS in a
complex system.

In this paper, a method to simplify SVIS modeling is proposed. Rigorous theoretical
derivation proves that the SVIS can be equated to an elastic node with stiffness in six degrees
of freedom (6-DOF), and the parameters of the structure as well as the stiffness-damping of
the vibration isolation units can be solved inversely through the elastic node. This modeling
method simplifies and directly reveals the relationship between the system parameters
and the overall stiffness-damping characteristics from a new perspective. Further, the
overall stiffness-damping parameters of SVIS can be integrated directly into the entire
system as a few simple variables through the equivalent conversion, which provides a great
convenience for the parameter design of SVIS integrated into complex systems. To validate
the correctness of the equivalent modeling method, a UPS Stewart vibration isolation
platform (SVIP) prototype was developed. The key dynamic characteristics of the SVIP
prototype were achieved by FEM simulations and dynamics tests. Simulation results
show that the error of the first six orders of natural frequencies of the SVIP do not exceed
1%, and the frequency response curves highly coincide with the theory; test results show
that the resonant frequency of the SVIP is lower than the theoretical result by 1.7% in the
Z direction, and certain differences between frequency response curves exist between tests
and the theory in the X/Y direction, but the overall trend agrees with the theory. Despite
the discrepancies that exist in the test results comparing to the theoretical and simulation
results, the equivalence theory of the elastic node proposed in this paper is still considered
to be reasonable. The inconsistencies of the results are concluded to be caused by the
structural clearances, which can be resolved by the subsequent structural improvement of
the platform prototype.

The state of the art of this paper is the innovative modeling method that equates SVIS
to an elastic node, which provides an effective technical means for the integrated analysis
of SVIS applied in complex systems. Related parameter modeling methods are original and
have not been proposed before. The research content of this paper is divided in to four parts.
Section 2 proposes an equivalence method of the elastic node, and a theoretical justification
for the method is provided. Section 3 introduces the FEM simulations and experimental
tests of the developed Stewart vibration isolation platform, and the findings are thoroughly
evaluated in this section. Section 4 concludes the work of the paper. This paper will contribute
to the further development of parameter design for SVIS for analysis and strongly support
the development of SVIS optimal design in a large and complex system.

2. Theoretical Analysis of SVIS

The structure diagram of the Stewart platform is shown in Figure 1. The geometric
configuration is defined by five structural parameters: the base platform’s joint-point
circle’s radius RB, the payload platform’s joint-point circle’s radius RP, the distribution
angle of the payload platform’s joint-point α and the base platform’s joint-point β, as well
as the height between the payload platform’s and base platform’s joint-point circles H.
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Figure 1. Schematic diagram of Stewart Platform.

2.1. Dynamic Theory of Stewart Vibration Isolation Platform

As indicated in Figure 2, when the Stewart platform is used to isolate vibrations,
the disturbances are typically input from the base platform and output from the payload
platform. Here, we assume the general displacement of the payload platform is X, the
general displacement of the base platform is Y, and the dynamics formula of the system
can be written as follows:

M
..
X + C

.
X + KX = F(t) (1)

where: F(t) = C
.
Y + KY,

M indicates the platform’s general mass matrix, K indicates the platform’s general stiffness
matrix, and C indicates the general damping matrix, respectively, where the struts’ stiffness
and damping are taken to be linear. The following can be inferred from the derivation:

K = JTKlJ (2)

K = JTKlJ

where: Kl = Diag
(
k1 k2 k3 k4 k5 k6

)
Cl = Diag

(
c1 c2 c3 c4 c5 c6

)
, ki(ci) denotes the stiffness (damping) coefficient of i-th

strut. The matrix J is the kinematic Jacobi matrix of the Stewart platform.
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Assume that the moving coordinate system OP-XYZ and the fixed coordinate system
OB-XYZ have the same beginning coordinate directions. The origins of OB-XYZ and
OP-XYZ, which are fixed to the base platform and payload platform, respectively, and the
joint-point circles of both the base platform and the payload platform, respectively, are
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where the two objects are located. The following is a description of the Jacobi matrix in this
situation for the overall displacement between the payload platform and the moving struts:

J0 =



lT
n1

(B
PR·P1 × ln1

)T

lT
n2

(B
PR·P2 × ln2

)T

lT
n3

(B
PR·P3 × ln3

)T

lT
n4

(B
PR·P4 × ln4

)T

lT
n5

(B
PR·P5 × ln5

)T

lT
n6

(B
PR·P6 × ln6

)T


(3)

where lni ( i = 1 ∼ 6) denotes the unit direction vector of the i-th strut in the static coordi-
nate system OB-XYZ; P

BR denotes the rotation transformation matrix from the coordinate
system OP-XYZ to the coordinate system OB-XYZ; Pi ( i = 1 ∼ 6) denotes the position
vector of i-th joint point on the payload platform in the coordinate system OP-XYZ.

The establishment of the coordinate system above is often applied when focusing on
the kinematics of the Stewart platform itself. However, the design of vibration isolation
system’s places mainly concentrates on the dynamics of the isolated object and pays little
attention to the payload platform itself during the actual engineering. In order to facilitate
the vibration isolation design around the isolated object, as well as to expressly conduct the
subsequent theoretical analysis, we extend the position of the moving coordinate system
OP-OXYZ along the Z-axis.

Based on Equation (1), we transfer the OP-XYZ coordinate system a set distance along
the Z-axis, resulting in the joint-point circle center of the payload platform having the
Z-axis coordinate of PhPP in OP-XYZ. The Stewart platform’s Jacobi matrix can be rewritten
as follows by the derivation:

J =



lT
n1

(
B
PR·

(
P1 +

[
0 0 PhPP

]T)× ln1

)T

lT
n2

(
B
PR·

(
P2 +

[
0 0 PhPP

]T)× ln2

)T

lT
n3

(
B
PR·

(
P3 +

[
0 0 PhPP

]T)× ln3

)T

lT
n4

(
B
PR·

(
P4 +

[
0 0 PhPP

]T)× ln4

)T

lT
n5

(
B
PR·

(
P5 +

[
0 0 PhPP

]T)× ln5

)T

lT
n6

(
B
PR·

(
P6 +

[
0 0 PhPP

]T)× ln6

)T


(4)

Here, we reexamine the general stiffness matrix K and the general damping matrix C.
It is assumed that the stiffness and damping of the isolation struts are linear, and the
stiffness and damping of all struts are the same (i.e.,k1 . . . = k6 = k, c1 . . . = c6 = c). In this
case, the stiffness matrix K and the damping matrix C have the same form as JTJ. Now,
we define the dynamic characteristic matrix G = JTJ and the matrix G is expressed as the
following form:

G = JTJ =



G11 0 0 0 G15 0
0 G22 0 G24 0 0
0 0 G33 0 0 0
0 G42 0 G44 0 0

G51 0 0 0 G55 0
0 0 0 0 0 G66

 (5)

The global stiffness and damping properties of SVIS are clearly reflected in the ma-
trix G, and future study will be focused on this matrix G in the section that follows.



Machines 2022, 10, 1005 6 of 23

2.2. Dynamic Characteristic Matrix

Jiang [34] adopted a modeling method whereby the structural parameters of general-
ized Gough–Stewart configuration are presented lying on a circular hyperboloid of one
sheet. There are a pair of hyperboloids of one sheet S1 and S2 shown in Figure 3, whose
surface equations are described as:

S1 :
x2 + y2

r2
1

+
z− a2

1z
e2

1
= 1 (6)

S2 :
x2 + y2

r2
2

+
z− a2

2z
e2

2
= 1
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In the Stewart parallel mechanism, the two circular hyperboloids’ surfaces can be
thought of as having six evenly spaced struts, and the straight lines where the struts are
located can be thought of as the hyperboloids’ generatrices. According to Figure 3, the
odd-numbered struts (1, 3, 5) and the even-numbered struts (2, 4, 6) are distributed on
the hyperboloids S1 and S2, respectively. The hyperboloids can be combined with two
horizontal parallel planes to form a pair of circles. The placements of the joint points are
determined by the junction points of the straight line corresponding to the struts and the
pairs of circles, which are the joint-point circles of the payload platform and base platform,
respectively. According to the Plücker coordinates of the six generatrices, the Jacobi matrix
of the Stewart parallel mechanism can be directly expressed as [34]:

J(θ) =
[
P1(θ) P2

(
θ − 2

3 π
)

P1
(
θ + 2

3 π
)

P2
(
θ + 2

3 π
)

P1
(
θ − 2

3 π
)

P2(θ)
]T (7)
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where the functions of P1(x) and P2(x) are derived as:

P1(x) =
[
−ka1sinx ka1cosx kc1 −a1zka1cosx− r1kc1sinx −a1zka1sinx− r1kc1cosx r1ka1

]T

P2(x) =
[
ka2sinx −ka2cosx kc2 a2zka2cosx− r2kc2sinx a2zka2sinx− r2kc2cosx −r2ka2

]T

where:

ka1 =
r1√

r2
1 + e2

1

=
√

l2
n1,x + l2

n1,y, kc1 =
e1√

r2
1 + e2

1

= |ln1,z|

ka2 =
r2√

r2
2 + e2

2

=
√

l2
n2,x + l2

n2,y, kc2 =
e2√

r2
2 + e2

2

= |ln2,z|

Here, r1 and r2 are the coefficients that determine S1 and S2, which also denote the
throat’s radius of the hyperboloid S1 and S2; e1 and e2 are the coefficients that determine S1
and S2; a1z and a2z are the Z-axis coordinates of the center of S1 (S2);
ln1 =

[
ln1,x ln1,y ln1,z

]T and ln2 =
[
ln2,x ln2,y ln2,z

]T , respectively, represent the unit
vectors for the struts 1 and 2; θ denotes the angle between the generator and the x-axis.

The Stewart parallel mechanism, which is the classical configuration that is predomi-
nantly investigated in this study, depicts the situation in which both hyperboloids S1 and
S2 coincide. The following are due to the coincidence of S1 and S2: ka1 = ka2, kc1 = kc2,
r1 = r2, a1z = a2z.

Once the fixed coordinate systems OB-XYZ are established, the coordinate system
O-XYZ can now be thought of as the moving coordinate system OP-XYZ, as shown in
Figure 3b. Both coordinate systems correspond to the coordinate systems mentioned above.
In the figure, PhO and BhO denote the Z-coordinates of the throat center in the coordinate
system OP-XYZ and OB-XYZ, respectively. In this case, there is a1z = a2z =

PhO. Based on
this, substituting Equation (7) into Equation (5) produces:

G11 = G22 = 3l2
nxy

G33 = 6l2
nz

G33 = 6l2
nz

G44 = G55 = 3l2
nxy·Ph2

O + 3l2
nZ·r2

G66 = 6l2
nxy·r2

G51 = G15 = −G42 = −G24 = −3l2
nxy·PhO

(8)

where: lnxy =
√

l2
nx + l2

ny.

Here, the vector
[
lnx lny lnz

]T can represent the unit direction vector of any strut.
This section details the derivation of the dynamic characteristic matrix G. Through

the above elaboration, the design of stiffness for the SVIS can be translated into the design
of the matrix G.

2.3. Equivalent Stiffness Analysis of the SVIS

In the scenario of vibration isolation design, the whole system can be considered as
consisting of three parts: an isolated object part, a disturbance input part, and a flexible
connection part, as shown in Figure 4. The payload platform and base platform are
shown here as the isolated object part and disturbance input part, respectively, and the
flexible connection part is represented by the six vibration isolation struts that link the two
platforms together.
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As mentioned in Section 2.1, the coordinate systems OP-XYZ and OB-XYZ are sepa-
rately fixed to the parts of the payload and the base platform. The stiffness matrix of the
flexible connection part is K, which reflects the stiffness characteristics between the OP-XYZ
and OB-XYZ in six degrees of freedom.

It can be found from Equation (5) and Equation (8) that when PhO = 0 (i.e., the
origin of the coordinate system OP-XYZ coincides with the throat center of the hyperboloid
of one sheet), there is: G51 = G15 = −G′42 = −G24 = 0. In this situation, G becomes
a diagonal matrix, so the stiffness matrix K can be rewritten as the KC that decouples
completely in 6-DOF. Further, the coordinate systems OP-XYZ and OB-XYZ (or the payload
and base platform part) can be treated as if they were connected by six parallel springs of
six directions, which are concentrated in one point, as shown in Figure 4.

In summary, the position of the elastic node is the throat center of the hyperboloid corre-
sponding to the SVIS, and its connection stiffness in six directions is Ki = k·Gii ( i = 1 ∼ 6);
Gii can be determined by the Equation (8). Similarly, the damping of the SVIS can be
processed as well.

The SVIS can be compared to an elastic node with 6-DOF stiffness-damping properties
through the aforementioned elaboration, and the stiffness in each direction is equal to the
appropriate diagonal element Kii ( i = 1 ∼ 6) in the stiffness matrix KC. The dampening
of the SVIS can also be treated in a similar manner. Furthermore, it is noteworthy that
there are a few key characteristics of the elastic node’s stiffness that serve as guidelines for
vibration isolation design. Here, we provide more justifications. The following conclusions
are drawn from the study of Equation (8):

1. PhO = 0, G is a diagonal matrix. It indicates that the stiffness of the elastic node is
independent in 6-DOF.

2. G11 = G22, G44 = G55. This indicates that the stiffness of the elastic node is symmetric
about the X and Y axes.

3. G11 + G22 + G33 = 6, and the three element values are only determined by lnxy and
lnz. This indicates that the sum of the translational stiffness along the X/Y/Z-axis
is a fixed value, which depends only on the angle γ between the generatrix of the
hyperboloid and the XOY plane.

4. G44 + G55 + G66 = 6r2, and the three element values are not only determined by lnxy
and lnz, but also by r. It is indicated that the sum of the rotational stiffness around the
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X/Y/Z-axis is a fixed value, which not only depends on γ, but is also proportional to
the square of the radius of the throat circle r.

By this point, the descriptions for the equivalent transformation of the SVIS are
accomplished in this section.

2.4. Stiffness Decomposition

This section of the paper will specify the process of reverse conversion from the
stiffness center to the SVIS. Assuming that there is such a system containing the isolated
object A and the disturbance input part B, which has multi-dimensional vibration isolation
requirements, as a result, the SVIS is prepared to be applied for this situation.

Prior to that, the parameters of the stiffness matrix and the position need to be deter-
mined according to the performance indicators of the isolated object. This process can be
accomplished by appropriate methods of iterative optimization or numerical calculations.
The parameter inverse solution can be carried out after determining the elastic nodes’
parameters. Firstly, the general stiffness matrix K is divided by the stiffness coefficient k,
representing the stiffness value of a single strut, so that the dynamic characteristic matrix G.
The value of k can be determined by equation G11 + G22 + G33 = 6. Due to K being decou-
pled, G is a diagonal matrix, and the value of each diagonal element is Gii( i = 1 ∼ 6). Next,
the diagonal element Gii( i = 1 ∼ 6) is brought into Equation (8) to solve the parameters of
the corresponding hyperboloid, by which we sequentially obtain the radius of hyperboloid
throat circle r and the unit vectors’ parameters of generatrix lnxy and lnz. Then, the angle
between the generatrix and the horizontal plane γ can also be determined by the equation
γ = tan−1(lnz/lnxy). The hyperboloid corresponding to the SVIS can also be fully identi-
fied by combining the condition that the location of the elastic node is the location of the
throat-circle center of the hyperboloid. Afterward, a pair of suitable planes parallel to the
XOY plane are chosen to intersect the hyperboloid in accordance with the actual structure
and other design boundary requirements, and the two resulting cross-section circles are
the upper and lower joint-point circles corresponding to the SVIS. Then, the locations of
the corresponding struts are determined by choosing three pairs of generatrices that are
symmetrically distributed around the hyperboloid’s central axis. The intersection points
of the generatrices and the cross-section circles serve as the joint points for the payload
platform and the base platform.

Finally, the design parameters of the hyperboloid are further derived according to the
geometric relationship, so that the corresponding structural parameters of the SVIS can
be determined. The following is a list of parametric solution formulas that the author has
offered; they are not all exclusive:

H = HP − HB

RP =

√
r2 +

(
HP

tanγ

)2

RB =

√
r2 +

(
HB

tanγ

)2
α + β = 120◦ − 2(ϕ1 − ϕ2)

(9)

where:

ϕ1 = tan−1
(

HP
er

)
ϕ2 = tan−1

(
HB
er

)
Here, γ denotes the angle between the generatrix and the plane XOY; ϕ1 and ϕ2 denote

the angle between the intersection point’s horizontal position vectors and the plane XOZ;
HP and HB, respectively, represent the height position of the tangent planes. The meanings
of the parameters are presented in Figure 5.
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Moreover, for better application in actual engineering, the following additional notes
are essential for the parameter design of SVIS:

1. Theoretically, α(β) can be selected arbitrarily from the range (0◦,60◦), and when α(β)
is determined, the other value can also be determined.

2. The distribution angle of the struts ϕ1(ϕ2) around the Z-axis has no effect on the
stiffness characteristics of the SVIS.

3. After the position of the stiffness center is determined, the position parameters HP(HB)
of the tangent plane corresponding to the joint-point circles of the payload (base)
platform only determine the positions of joints, without affecting the stiffness charac-
teristics of the SVIS.

This section has elaborated the process of parameter conversion from equivalent elastic
nodes to SVIS. Further, the parameter design of SVIS can be translated into the design of
the equivalent elastic node.

2.5. Discuss

In this paper, it is indicated that the SVIS can be equated to an elastic node with
stiffness-damping characteristics of 6-DOF through the theoretical derivation. The equiva-
lence method can express the stiffness characteristics of the SVIS in a relatively clear and
concise way while retaining the original stiffness characteristics. Theoretically, under the
satisfaction of specific constraints, the elastic node’s parameter selection range encompasses
all feasible SVIS parameters, making it possible to apply parameter optimization to identify
the best solution among all conceivable values. In addition, the existing formulas for
parameter conversion eliminate the need for complex function calculations during the
conversion between the elastic node and SVIS, making the design of the SVIS in practical
engineering much more effective.

It is worth mentioning that the proposed equivalent modeling method cannot only
be adopted for general numerical methods for the parameter design of SVIS under rigid
body conditions, but the equated elastic node model can be fully integrated with the
FEM method compared with the previous SVIS parameter model, which allows for better
parameter design of SVIS in complex flexible systems. In order to better represent the
value of the proposed equivalent modeling method in engineering applications, its usage
is extended and explained in this section. Taking the vibration isolation design of a remote-
sensing satellite as an example, the integrated optimization design of the SVIS’s equivalent
parameter model under the satellite system is introduced by the following contents.

It is frequently necessary to build an integrated model that incorporates numerous
subsystems when examining complicated systems. Among them, the dynamic subsystem
usually adopts the FEM method as the analysis vehicle. In the previous approach, the
SVIS integrated into the FEM models requires a predetermination of the overall structural
parameters, which greatly limits the flexibility of the SVIS parameter settings. As a result, al-
though the approach is valid for the forward analysis of the vibration isolation performance
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under the global integrated model, it is a challenging process to achieve the parametric
optimal solution of the SVIS. This is due to the fact that the FEM elements corresponding
to the SVIS must be completely constructed before the SVIS can be integrated into the FEM
model. During the process, when the structural parameters of the SVIS are modified, the
FEM elements of the SVIS inevitably need to be recreated, which makes it a complicated
process to reset the SVIS parameters. Thus, it is hard to achieve an automatic optimization
of the structural parameters of the SVIS under the global integrated model. By comparison,
the stiffness equivalence method proposed in this paper provides a useful strategy. Accord-
ing to the method in this paper, the SVIS is equivalent to a 6-DOF elastic node, as shown in
Figure 6, and fast iteration of SVIS parameters can be realized by repeatedly changing the
parameters of the elastic node, which eliminates the process of repeated mesh division for
the SVIS. Therefore, the parameters related to the elastic node can be adopted directly as
the optimization variables for the iterative design of the SVIS, making it possible to achieve
the integrated optimization design of the SVIS in complex systems.

Here, we take the vibration isolation design for the optical load of a remote-sensing
satellite as an example to instruct the actual application of the theory proposed in this paper.
First, according to the theory in Section 2.3, the SVIS can be equated to an elastic node, and
the relevant parameters and the stiffness characteristics of the elastic node can be referred
to the Section 2.2. The SVIS, in the form of an elastic node, is incorporated into the FEM
models of the satellite. Then, the FEM model acts as a dynamic subsystem added to the
integrated model, in which the parameters of the elastic node are treated as optimization
variables. Next, the iterative optimization is conducted to solve the optimal parameter
solution of the elastic node in accordance with the performance indices of the optical load.
After that, the solution for the optical parameters of the SVIS can be accomplished according
to the theory regarding the parameter inverse solution in Section 2.4 based on the optimal
parameters of the elastic node. Through the above procedures, the theoretical parameter
design of the SVIS with optimal performance can finally be achieved. The primary flow
refers to Figure 7.
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3. Simulations and Tests of Stewart Vibration Isolation Platform

In order to verify the rationality of the proposed theory that the SVIS can be equated to
an elastic node, a prototype of the Stewart vibration isolation platform (SVIP) is developed.
In this section, the FEM simulation and dynamics test of the SVIP prototype are related
successively to conduct further research. In general, the modal characteristics and dynamic
transmission characteristics of vibration isolation systems are two performances of interest
that are often concerned during the vibration isolation design. This leads to a specific
analysis and discussion of the results from simulations and testing at two levels: modal
characteristics and frequency response characteristics.

3.1. Overview of Stewart Platform Prototype
3.1.1. Introduction to Structure of the SVIP Prototype

The SVIP developed in this paper adopts UPS configuration, and the main structure
of the platform consists of a payload platform, a base platform, and six parallel vibration
isolation struts. The vibration isolation struts are connected to the payload and base
platforms by Hooke joints and spherical joints, respectively. Figure 8a depicts the SVIP
prototype’s precise construction and specification of its coordinate system. It is important
to note that the positional accuracy of the joint points within 0.2 mm has been certified
by reasonable measurement and calculation. The overall stiffness change to the platform
system induced by the structural dimensional mistake does not exceed 2.5%, according to
the error analysis, which guarantees the test’s reliability.

The construction diagram of the SVIP’s vibration isolation struts is shown in Figure 8b.
The strut is equipped with a pair of silicone rubber washers to provide stiffness and
damping for the vibration isolation system. In addition, one linear bearing is installed in
each strut to limit the displacement of the moving rod, so that it can only move along the
axial direction of the strut. In this way, it ensures that the vibration isolation strut has single
degree-of-freedom stiffness and damping characteristics along the axial direction.
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3.1.2. Parameter Setting of the SVIP Prototype

In this paper, the primary parameters of the SVIP prototype designed mainly refer to
the isolation requirements of a certain optical load. Additionally, the pertinent parameters
were approximated throughout the construction of the prototype after taking into account
elements such as the actual production and test operation. The final parameters of the
dimensions and quality of the SVIP are shown in Table 1:

Table 1. Main parameters of the SVIP.

Parameter Numerical Value

Radius of joint-point circle of payload platform RP 100 mm

Radius of joint-point circle of base platform RB 140 mm

Distribution angle of joint point of payload
platform α

40◦

Distribution angle of joint point of base platform β 30◦

Height difference between joint-point circles of the
platforms H 124 mm

Position of the centroid of the load in OB-XYZ [0, 0, 170.5] mm

Distance from centroid of upper part of strut to
payload joint point lsp

45.2 mm

Distance from centroid of lower part of strut to
base joint point lsb

76.3 mm

Mass of payload platform m 3.00 kg

Mass of the upper part of the strut msp 0.067 kg

Mass of lower part of strut msb 0.50 kg

Inertia tensor of payload relative to the centroid I [13,294, 13,300, 26,120] kg·mm2

Inertia tensor of the upper part of the strut relative
to the centroid Isp

[46, 46, 2] kg·mm2

Inertia tensor of the lower part of the strut relative
to the centroid Isb

[371, 371, 92] kg·mm2

In order to achieve as much consistency in the stiffness characteristics of the struts as
possible, we carried out mechanical tests on multiple groups of rubber washers produced
in the same batch. Six groups of rubber washers with the most consistent stiffness and
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damping properties were ultimately screened out of these following the tests and assembled
into the struts. The coefficients obtained through the tests are shown in Table 2:

Table 2. Stiffness and damping coefficients of the struts.

Strut 1 Strut 2 Strut 3 Strut 4 Strut 5 Strut 6

ki (N/m) 831,480 787,330 799,530 840,470 785,060 793,980
ci (N/m·s−1) 214.8 160.1 143.9 199.8 163.7 156.8

3.1.3. Theoretical Calculation of the SVIP

In practical applications, the payload platform part fixed to the isolated object usually
has much larger mass characteristics compared to the vibration isolation struts, so that the
influence of the quality from the struts can be ignored. However, the SVIP developed in
this paper is just a basic prototype with no additional payload, and the research mainly
focuses on the stiffness-damping characteristics of SVIS. Thus, to ensure the accuracy of the
results, the mass characteristics of the struts will be factored in.

The SVIP dynamics formula is provided in Section 2.1. When the struts’ mass is taken
into consideration, the general mass matrix in Equation (1) is rewritten as: M = M0 + ML;
here, M0 and ML are, respectively, the general mass matrices of the payload platform and
the vibration isolation struts in OB-XYZ. Since it is simple to obtain the matrix M0, only the
derivation of ML is provided here:

ML =
6

∑
i=0

PJT
i (M1 + M2)i

PJi (10)

where:

M1 =

(
E3 +

lspñ2
i

li

)T
msp

(
E3 +

lspñ2
i

li

)
+

msb l2
sbñT

i ñi
l2
i

M2 =
(
Isp + Isb

) ñT
i ñi
l2
i

PJi =
[
E3 (R·Pi × E3)

]
Here, ni denotes the unit vector of the i-th strut; li denotes the length of the i-th strut;

E3 is the third-order identity matrix; R is the coordinate transformation matrix between the
coordinate systems OP-XYZ and OB-XYZ; Pi is the coordinate of the joint point related to
the i-th strut in OP-XYZ. The remaining parameters refer to Table 1.

When the damping and disturbance force terms in Equation (1) are removed in order
to solve for the modes of SVIP, the equation M

..
X + KX = 0 can be used. The first six-order

natural frequencies and associated modes of the SVIP can be determined using the solution;
the findings are displayed in Table 3:

Table 3. Natural frequencies and corresponding modes of the SVIP.

Natural Frequency Modal Eigenvector

Order 1 53.79 [1.000 0 0 0 −1.940 0] T

Order 2 54.03 [0 1.000 0 1.887 0 0] T

Order 3 77.23 [0 0 0 0 0 1.000] T

Order 6 161.86 [0 −0.038 0 1.000 0 0] T

Order 5 162.56 [0.038 0 0 0 1.000 0] T

Order 6 163.87 [0 0 1.000 0 0 0] T
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When analyzing the vibration transmission characteristics of the SVIP, as mentioned in
Section 2.1, the base platform is treated as the input end of the disturbance and the payload
platform as the output end. The dynamics formula of the SVIP can be described as:

M
..
X + C

.
X + KX = C

.
Y + KY (11)

Given that the displacement of the payload platform is X, and the displacement of the base
platform is Y, when applying a sinusoidal excitation to the base platform, the displacement of
the base platform is Y =

[
Y1 Y2 Y3 Y4 Y5 Y6

]T, here, Yi = yisinωt ( i = 1 ∼ 6).
The Laplace transform on the above Equation (11) yields:(

Ms2 + Cs + K
)

X(s) = (Cs + Ks)Y(s) (12)

After further derivation, the vibration transfer function can be obtained:

G(s) =
Y(s)
X(s)

= (Cs + Ks)−1
(

Ms2 + Cs + K
)

(13)

If s = iω, the transfer function can be rewritten as: |G(iω)|;
When the base platform only occurs the translational displacement in X direction,

there is:
Y =

[
Y1 0 0 0 0 0

]T

The frequency response curves of the payload platform can be obtained by the transfer
function. Similarly, the frequency response curves of other directions can be obtained.
Only the three vibration transmission curves corresponding to the X, Y, and Z translational
directions are provided in this work to match the testing. The specific results are presented
in a comparative format in the subsequent simulations and experimental contents.

3.2. FEM Simulations of SVIP Prototype
3.2.1. FEM Model Setting

Figure 9 depicts the platform’s FEM model, which contains 73,732 elements and 89,701
nodes in total. The six degrees of freedom of the nodes at the bolt hole beneath the base
platform are restricted in the modal analysis. The vibration inputs and accompanying
limitations are applied to the nodes at the bolt holes in the frequency response analysis. The
input excitation is in the form of acceleration, the frequency range is 10~500 Hz, and the
magnitude is 0.1 g. The observation location for the measurement of frequency response
results is chosen to be in the middle of the upper surface of the payload platform.

Machines 2022, 10, x FOR PEER REVIEW 16 of 23 
 

 

 
Figure 9. FEM model of the SVIP. 

3.2.2. Modal Analysis Results 
Figure 10 displays the SVIP’s first six modes and related natural frequencies. The first 

and second modes of the payload platform are shown in the figure to be translational 
along the X/Y axis, the fourth and fifth modes are rotational along the XY axis, and the 
third and sixth modes are rotational and translational about the Z axis, respectively. The 
results of the FEM simulation indicate that the modal properties of the SVIP concur with 
the theoretical findings. The FEM simulation results suggest that the modal characteristics 
of the SVIP agree with the theoretical results. 

 
Figure 10. Modal analysis results of the SVIP. 

Table 4 displays the matching natural frequencies for each order mode of the SVIP. 
The table shows that the natural frequency results solved by FEM are virtually identical 

Figure 9. FEM model of the SVIP.



Machines 2022, 10, 1005 16 of 23

3.2.2. Modal Analysis Results

Figure 10 displays the SVIP’s first six modes and related natural frequencies. The first
and second modes of the payload platform are shown in the figure to be translational along
the X/Y axis, the fourth and fifth modes are rotational along the XY axis, and the third and
sixth modes are rotational and translational about the Z axis, respectively. The results of the
FEM simulation indicate that the modal properties of the SVIP concur with the theoretical
findings. The FEM simulation results suggest that the modal characteristics of the SVIP
agree with the theoretical results.
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Table 4 displays the matching natural frequencies for each order mode of the SVIP.
The table shows that the natural frequency results solved by FEM are virtually identical to
those obtained by theoretical calculation. The maximum error does not exceed 1%, which
supports the theory proposed.

Table 4. Natural frequencies obtained from theoretical calculation and FEM simulation.

Mode Form Theory/Hz FEM/Hz Error/%

Translational mode in X direction 55.94 55.68 −0.46

Translational mode in Y direction 56.19 56.54 0.62

Translational mode in Z direction 170.44 171.80 0.80

Rotational mode around X direction 168.34 167.28 −0.63

Rotational mode around Y direction 169.07 168.94 −0.08

Rotational mode around Z direction 80.33 80.56 0.29

3.2.3. Frequency Response Analysis Results

The frequency response curves of the X/Y/Z directions are obtained through the
FEM simulation of frequency response analysis for the SVIP, as illustrated in Figure 11.
By comparing the results of the frequency response curves between the FEM simulation
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and the theoretical calculation, it can be found that the FEM results come close to the
theoretical results in terms of vibration transmission characteristics, which further confirms
the stiffness equivalence method in theory.
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The symmetry of the SVIP in the X and Y directions means that the frequency response
curves for these two directions are plainly comparable. Furthermore, two resonance peaks
can be seen on the frequency response curves in the X direction, and the frequencies of
these peaks are exactly the same as the natural frequencies for the payload platform’s
translational mode in the X direction and rotational mode around the Y direction. This
is consistent with the idea that the SVIP is coupled in the X and Ry directions. The Y
direction has the same frequency response curve. On the frequency response curve for
the Z direction, there is only one resonance peak, because the mode in that direction is
independent and decoupled from other directions. The results of the modal analysis and
the results mentioned above match identically.

3.3. Dynamics Tests of SVIP Prototype
3.3.1. Platform Prototype Test Setting

The dynamics experiments were carried out as frequency response vibration tests,
allowing for the acquisition of frequency response curves for comparison with the theoreti-
cal outcomes. In the tests, the SVIP prototype was successively subjected to the vibration
excitation in the X, Y, and Z directions, and the response of the center above the payload
platform was recorded. The coordinate system in the tests was defined in accordance with
the SVIP’s own coordinate system, as shown in Figure 8a.

The SVIP prototype was placed on the shaking table during the tests, with the base
platform fixed with the table, as shown in Figure 12. The vibration excitation was input to
the base platform through the shaking table. The sensors’ placement is shown in the figure
below. The sensors No. 1 and No. 2, serving as control sensors, were pasted on the base
platform, whereas the sensor No. 3, serving as the measuring sensor, was attached near
the center above the payload platform. Throughout the testing, the sensor’s direction was
maintained to be parallel to that of the excitation force. The test was conducted sequentially
in the directions of X, Y, and Z with the excitation input as a sinusoidal scanning vibration,
and the exact excitation parameters are presented in Table 5.
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Table 5. Test conditions of frequency response excitation.

Direction Frequency Range Vibration Amplitude Scan Rate

X 10~800 Hz 0.1 g 4 oct/min
Y 10~800 Hz 0.1 g 4 oct/min
Z 10~800 Hz 0.1 g 4 oct/min

3.3.2. Test Results

Two sets of responses to the tests were gathered and, in turn, measured by the mea-
suring sensor and the control sensor, respectively. The vibration transmission rate is
determined by the ratio of the two set of responses. The frequency response curves were
drawn using data from the first 500 Hz band. Figure 13 shows the frequency response
curves in the X, Y, and Z directions.
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The frequency response curves have two peaks in the X direction, spanning a large
and a tiny one, as shown in Figure 12, but just one resonant peak in the Z direction. This
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conforms to the theory that there exists a coupling of the SVIP about the X-axis and Y-axis
as well as decoupling in the Z direction.

The locations of the theoretically calculated resonance peaks are depicted in the figure
by the yellow lines. The first and second order maxima in the curves of the X/Y direction
exhibit a general shift to the left in comparison to theory. The inaccuracy is only 1.6% for
the frequency response curves in the Z direction, which are more closely aligned with
the theory. The comparison of the resonant frequencies on the curves derived from the
experiments and the theory is shown in Table 6.

Table 6. Resonant frequency of the curves obtained by theory and tests.

Resonance Form Theory/Hz Test/Hz
(Approx.)

Deviation/Hz
(Approx.)

First order of X direction 55.9 50 6

Second order of X direction 172.6 160 12

First order of Y direction 56.2 50 6

Second order of Y direction 171.4 161 10

First order of Z direction 168.7 166 2

Regarding the amplitude, in the X/Y direction, there is a significant decrease in the
first-order peak relative to the theoretical results, whereas the second-order peak is close
to the theoretical curve. However, the curve of the Z direction is much more satisfactory,
meeting the theory well. The curve of the Z-direction, however, is far more satisfactory and
relatively fits the idea.

In general, the overall trend of the frequency response curves obtained from the tests
agree with the theory, which supports the theory in this paper.

3.3.3. Analysis and Discussion of Test Results

The FEM simulation results are in good agreement with the theory, though there are
certain discrepancies in the experimental results compared to the theory and simulations.
The author makes the following inferences about this, as follows:

After the Literature Research and Analysis, the apparently unsatisfactory results of
the tests are caused by the structural clearances existing in the prototype, according to
the literature study and analysis. There are two sources of the clearances in the SVIP
prototype, including the rigid joints and the vibration isolation struts. The most noticeable
of these, with a value close to 0.1 mm, is the radial clearance between the moving rod and
the linear bearing in the strut. The existence of clearances makes the system inevitably
display nonlinear behaviors such as collision and friction during the motion process, which
consequently affects the dynamic behavior of the system [35].

Through the analysis of the test frequency response curves, it is known that the
deviation mainly comes from the results in the horizontal (X/Y) direction. The frequencies
corresponding to the peaks of the frequency response curves in X/Y direction have a
significant decrease compared with the theoretical results. The curves suggest that the
overall trend of the first-order resonance peak is shifted to the left by about 6 Hz, and
that of second-order resonance peak is shifted to the left by about 11 Hz. This is caused
by the loss of stiffness of the system in the horizontal direction during the dynamics test
of the SVIP prototype, which in turn leads to an overall decrease in natural frequency.
In the previous clearance models [36–38], the equivalent stiffness between the contact
surfaces decreases relative to the ideal case, which then results in a loss of overall stiffness
in a multi-body system. Different from the horizontal direction, there exists the action of
gravity in the vertical (Z) direction. The test frequency response excitation size is only 0.1 g,
much lower than gravity, which resulted in the structural clearances being compressed
in the Z direction by gravitational force. As a result, the influence of the stiffness loss
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caused by the structural clearances was suppressed during the vibration isolation test in the
Z direction. Therefore, the test results of Z direction can coincide well with the theoretical
results. The phenomenon that the clearances reduce the natural frequency of the system
are also stated in literature [39–41]. Additionally, the author performed calculations at a
12% reduction in the theoretical stiffness of the SVIP prototype, and the result obtained is
that the first- and second-order natural frequencies in the X/Y direction of the platform are
approximately 52 Hz and 161 Hz. The theoretical results of this case are relatively closer
to the test results, which further confirms the validity of the explanation about the loss of
stiffness caused by structural clearances.

Regarding the amplitude, on the frequency response curves of the X/Y direction, the
second-order peak of the curve has a relative similarity to the theoretical results, whereas
the first-order peak decreases significantly compared to the theory. In comparison, the
curve of the test in the Z direction is far more satisfactory. As for this phenomenon, it is
considered that when the vibration isolation platform remains static, the system clearances
are compressed under the influence of gravity, so that the pair of surfaces at the clearances
are in a state of contact. When conducting frequency response tests, the platform prototype
vibrated under the acceleration excitation, so that the contact force at the clearances could
be affected and change. Since the gravity is along the Z axis downward, the contact state of
the pair of surfaces at the clearances can remains stable under the acceleration excitation in
the Z direction. Comparatively, the contact state is much more sensitive to the excitation in
the X/Y direction. When the platform vibrates under the acceleration in the X/Y direction,
with the occurrence of resonance leading to a larger acceleration response of the system,
the contact state of the contact surface is gradually destroyed, and such an iterative process
of ‘separation-collision’ occurs between moving parts at the clearances. Together with the
influence of damping by a lubricating substance at the clearances [42,43], it results in the
mechanical energy of the lower platform being consumed during the transfer from the
lower platform to the upper platform. Eventually, the amplitude of the first-order peak on
the X/Y-direction frequency response curve decreases significantly. When second-order
resonance occurs, the X/Y acceleration response is much smaller, so the contact state at
the clearance can be much more stable and the transfer of mechanical energy is much
smoother. On the other hand, during the vibration process of the platform, the movement
of the strut is superimposed by two states of oscillation and extension. When the first-
order translation mode of the upper platform is excited, the strut motion is dominated by
oscillation motion, and when the second-order rotation mode is excited, the strut motion is
dominated by extend-retract motion (this has been verified by FEM modal analysis). Thus,
the radial clearance between the moving rod and the linear bearing has much less effect on
the second-order mode compared to the first-order mode. As a result, the second-order
peak amplitude on the frequency response curve is closer to the theory than the first-order
peak. Further, the friction caused by the relative motion of the structural parts around the
clearance is a secondary reason for the mechanical energy consumption [38,43]. Therefore,
the amplitude of the resonance peak of the curves of the Z direction, where the clearances
work poorly, is also reduced from the theoretical result. In addition, this is one of the factors
that affect the amplitude of the frequency response curves of the X/Y direction.

The mechanism that clearance exerts on the multi-body system is very complex, and
its nonlinear behaviors cause certain uncertainties for the stiffness characteristics and the
energy transfer of the system. The distribution of the clearances in the SVIP prototype
is rather complicated, and the relevant parameters are also hard to measure in practice,
so the author can only give a qualitative explanation for the deviations of tests. Since the
non-linear effects of clearance on the SVIP are obvious and difficult to control precisely, it
should be avoided in the structural design of SVIS for high precision requirements. In the
subsequent work, the author will concentrate on the clearance problem to make structural
improvements for the SVIP.
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4. Conclusions

In this study, an innovative SVIS parameter modeling approach is proposed around
the design of multi-dimensional vibration isolation in complex systems. Through the
derivation and analysis of the relevant dynamics theory, the SVIS is equated to an elastic
node with 6-DOF stiffness-damping characteristics, which can clearly and simply reveal
the influence mechanism of parameters on the overall stiffness-damping characteristics in
an explicit form. Further, the parameter transformation process of the equivalent model
is provided completely. Based on the theory, the parameter characteristics and the usage
boundaries of the equivalent SVIS model are systematically analyzed and discussed in
this paper. Further, a theory-based parametric design process is presented to introduce the
application of a proposed modeling approach with the example of remote-sensing satellite
vibration isolation design.

In order to verify the rationality of the equivalent stiffness modeling, the prototype
of a SVIP was developed, then the rationality of the stiffness equivalence method of the
SVIS was verified from the two aspects of FEM simulations and dynamics tests. The
simulation results show that the natural frequencies obtained by the FEM modal analysis
and the theoretical results are no more than 1%, and the corresponding modes are consistent
with the theory. Further, the frequency response curves obtained from the FEM analysis
highly coincide with the theoretical results. The equivalent modeling method proposed
in this paper can be strongly demonstrated by the FEM simulation. Regarding the tests,
the frequency response curves of the X/Y/Z directions were obtained by conducting
frequency response tests on the SVIP prototype. The results show that the frequency
corresponding to the resonance peak differs from the theory by 1.7% in the Z direction, and
the overall trend of the curve relatively close to the theory. Due to the structural clearances
of the platform prototype, the frequency response curves of the X/Y-direction have certain
deviations compared with the theory, but the overall trends agree with the theoretical
analysis. Despite the somewhat unsatisfactory experimental results, the theory in this
paper can still be considered reasonable. It was found that structural clearances can affect
the dynamic characteristics unexpectedly through the test results and the error analysis.
This problem will be fixed through structural modifications in an upcoming work.

The purpose of this research is to offer a theoretical framework for the parameter
design of SVIS applied in complex systems.
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