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Abstract: Compact geared servo drives are a common part of modern industrial automation; thus,
their proper modelling is a necessary part for the application and control design. The presented paper
focuses on the mathematical model of the cycloidal gearbox, which is used in the compact actuator
with a permanent magnet synchronous motor. A measurement procedure to obtain the necessary
gearbox parameters is presented along with its mathematical model. A new approach was used to
model the stiction and nonlinear gearbox friction behaviour in all four quadrants. A simulation of the
actuator with the modelled gearbox is described and its results are compared with the real system
measurement. Obtained results show a high match between simulation and experimental results and
confirm the correctness of the simulation model.

Keywords: cycloidal gearbox; friction; actuator; servomotor; permanent magnet synchronous machine

1. Introduction

Modern industry is based on automation and robotic technology, creating very com-
plex systems with a large number of drives and mechanical gearings. Therefore, it is
desirable to integrate more machine parts into single replaceable units. A great example is
the integration of mechanical gears, an electric motor, a position sensor, and, optionally,
a brake into a single electric actuator. It is nothing unusual to even combine multiple
actuators into a more complex modular positioning unit or to attach more sensors to the
actuator or its output shaft for some special applications.

In precise industry machines, such as industrial robots, positioning tables, CNC ma-
chines, or some medical devices, a compact solution is needed, as the mounting space
is often very limited (i.e., the actuator should be placed directly into the robotic joint).
Altogether, this compact solution should deliver high-output torque within a low-speed op-
eration, high positioning accuracy, and high torsional stiffness, and should withstand high
tilting torques. Three different gearbox types can be used in such a compact design to meet
all of the foregoing requirements: namely, the planetary, harmonic, or cycloidal gearbox.

The planetary gearbox is a mechanically simple, reliable, and compact solution with
a low manufacturing price. It is capable of delivering high torques and of withstanding
tilting stress. However, compared to the harmonic and cycloidal gearboxes, and assuming
a similar gear ratio, it is significantly bulkier and provides much less precision regarding
the output position. Moreover, there is a higher backlash, compared to other types of
precise gearboxes.
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The harmonic gearbox is very simple from the construction point of view, as it consists
of three main parts—a wave generator, a flexible spline, and a circular spline. It is very
compact and precise; however, due to the technologically demanding manufacturing
process of the flexible spline, it is more expensive than the planetary gearbox. However,
the planetary gearbox requires an optional additional output bearing to withstand the
tilting stress, which takes up some more mounting space and increases the overall price of
the gearbox.

Compared to the previous two types of gearboxes, the mechanical construction of the
cycloidal gearbox is much more complex, due to the use of an eccentric shaft with cycloidal
wheels, needles, transformation elements, bearings, and other mechanical components.
This mechanical complexity increases the overall price but delivers a high torsional stiffness,
high positioning precision, and, due to the implemented axial and radial bearing system, the
gearbox offers high load capacity, which includes axial forces and tilting moment. On the
other hand, these properties are accompanied by a highly nonlinear friction characteristic.
Regardless of the gearbox type, the sizing of the compact geared actuator and its parts,
such as the electric motor or brake, requires knowledge of the gearbox characteristics.

The efficiency and friction curve are fundamental characteristics of the gearbox. Fric-
tion has a significant impact on the proper sizing of the electric motor and affects the control
of the actuator. The implementation of friction compensation in the control structure im-
proves the dynamics and positioning accuracy of the actuator. Moreover, friction decreases
the motor torque needed for dynamic braking; thus, faster braking can be achieved. This
is very important in collaborative robotics or automated guided vehicle propulsion. The
model of the gearbox, considering the friction characteristic, can be used in the precise
output torque control. Various approaches for the modelling of the efficiency and friction
of gearboxes can be found in the following literature:

• for planetary gears: [1–9];
• for cycloidal gears: [10–14];
• for harmonic gears: [15,16].

The analytical model of a planetary gearbox is presented in [1], and the relationship
between the power transmitted through the gearbox and the speed ratio has been found.
The proposed method enables the evaluation of efficiency with conventional programming
languages. The optimisation methods to achieve the best possible efficiency of a planetary
gearbox were applied in [2], resulting in a mathematical model with eight design variables
and eighteen constraint conditions. The experimental results in [3] show that the spin
power loss of a planetary gearbox increased with the increasing number of planets, and
that it is not viable to change the number of planets to improve the efficiency of the gearbox.
The simple Simulink model was presented in [5], with the estimation of viscous friction.
The finite element method was applied to investigate the level of stress and deformation of
a planetary gearbox in [6]. The aim was to improve the efficiency of the drive; however, an
analytical model of the gearbox was not provided.

An efficiency study of a cycloidal gearbox for robotic applications can be found in [10],
where it was shown that manufacturing deficiencies increase the stress and losses in partic-
ular mechanical spots of the gearbox. An efficiency adjustment of cycloidal drives based
on the varying circumference of cycloids was presented in [11]. The developed model
predicted a large range of efficiencies across various torque ratios and roller constraints.
The quantitative analysis of meshing power losses in the cycloidal gearbox was provided
in [12], where the formula for gear meshing efficiency was proposed for a load-dependent
type of losses. The improvement in the efficiency for cycloidal gearbox and its comparison
with other types of gearboxes was shown in [13]. Various methods of analytical efficiency
calculation, based on theoretical mathematical models of cycloidal gearboxes, and the de-
termination of power losses and friction due to contact of gearbox-specific elements, were
presented in [14]. The modelling of the harmonic drive was presented in [15]. The resulting
model reproduced dynamic responses of the gearbox with acceptable precision. The param-
eters of the model were determined by an analysis of the harmonic-drive system; however,
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the model performance was highly sensitive to transmission properties. The novel ap-
proach to modelling harmonic drive transmission can be found in [16], where the proposed
model captures the nonlinear stiffness and hysteresis behaviour of the harmonic gearbox.

The complexity of the high-precision gearboxes caused by the nonlinear friction
characteristic makes it very difficult to analytically derive an accurate model of the gearbox.
In addition, it is almost impossible to construct two gearboxes with identical parameters;
thus, every high-precision gear has unique properties. Therefore, the direct measurement
of the gearbox efficiency by employing a torque transducer provides the most accurate
information about the efficiency and performance of a specific gear.

In this paper, efficiency and friction have been studied for a PMSM machine and
cycloidal gearbox integrated into a single actuator. Compared to previous studies based
on the experimental measurement-based modelling [10,16,17], the model of the gearbox
was developed from the measured dataset of speeds and torques. The efficiency of the
actuator is calculated for all four quadrants of the torque–speed area, and the nonlinear
friction characteristic is modelled by a unique exponential function. The complex gearbox
friction model, incorporating the friction characteristic and the stiction, is introduced and
experimentally verified.

2. Experimental Setup for the Measurement of Actuator Characteristics

The analysed actuator with the cycloidal gear (denoted as DUT—drive under test;
parameters can be found in Appendix A) was measured on a test bench as shown in
Figure 1. The DUT was loaded by another electric drive (denoted as LM—loading machine).
A planetary gearbox was used on the output of the LM, so the LM did not have to be
unnecessarily large and the machine with the lower rated torque could be employed. This
reduced the cost of the experimental setup and reduced the space requirements.

Figure 1. Experimental setup for the measurements and tests.

Both drives, DUT and LM, were fed by industrial SIEMENS Sinamics S120 servo
drives with a single SIMOTION control unit. The actual torque on the common output
shaft was measured by the torque transducer Magtrol TF213. The measurement range
was 500 Nm with 0.1% accuracy. The sensor was mounted directly on the DUT output
flange, and on the other side, it was connected via flexible coupling to the LMs planetary
gearbox output shaft. The electric output of the sensor was connected to and evaluated by
the SIMOTION control system.

The motor torque cannot be measured directly, as the motor is an inseparable part
of the compact actuator. Moreover, in the final application, it is not desirable to use a
torque sensor either. Therefore, the motor torque was evaluated by the servo drive from
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the motor current. Nevertheless, considering the use of the mathematical model in the
actuator control, it is advantageous to model the relationship between the actuator output
torque and the motor torque, which is calculated by the motor control system. Here, it
is not important to analyse the efficiency of the motor and gearbox separately; thus, the
efficiency of the motor is included in the gearbox efficiency.

To sum up, the measured variables were:

• the actual motor speed of DUT;
• the actual motor torque of DUT (derived from the motor current as the internal value

of the servo drive);
• the actual torque on the output shaft.

The measurement process was based on an incremental step-change of load torque
from negative to positive values during the constant speed operation of DUT, where each
step lasted for 5 s. This step-change of load torque was repeated for various speed values,
from−2000 rpm to 2000 rpm, with a 100 rpm step. A similar testing profile was used in [10].
The applied testing profile is shown in Figure 2 with a 100 ms sampling time; the figure
displays 1000 s from more then 3 h. Using this approach, all speed–torque quadrants were
covered with approximately 50 samples, taken in each operating point.

Figure 2. A testing profile for the measurement of the gearbox friction characteristic.

The range of the measurement parameters was determined by the operating range of
DUT. The measured data for each torque–speed combination were averaged to obtain a
single value of speed and torque for each operating point.

It is important to mention that the friction depends significantly on the actual tem-
perature of the gearbox. However, the actual temperature inside the gearbox is difficult
to monitor; thus, only the temperature on the gearbox housing is measured usually. The
housing temperature can be, as such, considered to be only an informative value due to the
thermal inertia of the gearbox. The actual temperature of the gearbox components inside
the housing can vary significantly, compared to the housing temperature. Therefore, the
actuator was pre-heated to a steady operating temperature to prevent the temperature
influence on the friction measurement. The temperature of the actuator can be considered
constant during the measurement.

3. Stiction

Stiction is the phenomenon in which friction limits the movement of the rotor until
sufficient torque is applied [18]. After that, the rotor starts to rotate and the friction
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drops below a static friction value level. Then, with the speed increase, the other friction
components rise to the friction characteristic, as described in Sections 4 and 5.

The stiction measurement is performed using a slow torque up–down ramp; the
observed values are the motor torque and the rotor speed (Figure 3). The stiction Tst is
determined as a value of torque in the instant in which the rotor starts its movement. To
obtain an accurate value of the stiction, several points were measured and averaged.

Figure 3. A stiction measurement.

4. Gearbox Efficiency

The gearbox efficiency, in terms of torque conversion, is defined as:

Tout = Tin i η, (1)

where Tout is the output torque, Tin is the gearbox input torque, i is the gearbox ratio, and
η is the gearbox efficiency.

Assuming the gearbox operation in steady temperature, the gearbox efficiency de-
pends on the actual speed and torque:

η = f (Tin, ωr), (2)

where ωr is the input angular speed.
Using the measured and subsequently averaged data, the actuator efficiency is calcu-

lated as follows:
η =

Tout

i Tin
× 100%. (3)

Note that Equation (3) was used only to calculate the efficiency from measured values.
In practice, it is advantageous to relate the efficiency to the input torque (as defined in
Equation (2) and later in Equation (9)), as it is easier to measure (the information may be
read from the servo drive and no additional sensor is needed in the application). Therefore,
all measurements results are related to input torque and speed.

A graphical representation of the measured data is in Figure 4. Red dots represent the
efficiency in a negative speed direction, and blue dots stand for a positive direction.

The measured efficiency, as is depicted in Figure 4, varies notably in each quadrant.
As it was expected, the efficiency is above 100% in generator mode, as Equation (3) has
been used for the motor as well as the generator mode.

The efficiency approaches negative or positive infinity for motor torque values close
to 0 Nm in all four quadrants. The main reason for this is the static friction (or stiction), as
the gearbox itself can hold a certain load without any motor torque or even with low motor
torque in the same direction.
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Figure 4. Four-quadrant visualisation of efficiency points of the gearbox, obtained by experimental
measurement.

A mathematical description of the measured efficiency is needed to build up a mathe-
matical model for further usage in simulations and system control. However, as can be seen,
there are large discontinuities present, i.e., the efficiency during the speed transition from
the positive to negative direction within the same load can suddenly increase from 60% to
120%. Therefore, the mathematical approximation of the efficiency should be conducted
separately for each quadrant. Nevertheless, using such an approximation in simulation or
in drive control will cause undesired peaks during the transients between quadrants, as
the efficiency value may suddenly change by more than tens of percents in the worst case.
Thus, another approach to model the efficiency with the same dataset will be described in
the next section.

5. Friction Characteristic

The main factor affecting the overall mechanical efficiency is the friction in the me-
chanics, which causes general mechanical losses Tloss. These mechanical losses are, in the
most simple way, modelled only by viscous friction:

Tloss = Bωr, (4)

where B is the coefficient of a viscous friction. However, especially in cycloidal gearboxes,
the friction coefficient is not constant. Instead, friction depends on actual angular velocity,
load torque, and temperature. When assuming a constant temperature, friction losses
can be defined as a nonlinear friction characteristic, as a function of angular velocity and
input torque:

Tloss = ωr f f (Tin, ωr), (5)

where f f (Tin, ωr) is the friction characteristic.
Using this approach, the original mechanical equation (Equation (1)) can be expressed

as follows:
Tout = Tin η i = (Tin − Tloss) i = (Tin −ωr f f (Tin, ωr)) i. (6)

The friction characteristic can be determined, using the same measured data and
Equation (6), as:

f f m(Tin, ωr) =
(Tin − Tout/i)

ωr
. (7)

The determined friction characteristic is depicted in Figure 5 from the input (i.e.,
motor) shaft perspective, where red dots are from the negative speed region (e.g., 2nd and
3rd quadrant) and blue dots belong to the positive speed region (e.g., 1st and 4th quadrant).
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As can be seen, the friction characteristic does not contain large discontinuities, as was the
case in Figure 4 for efficiency. Thus, it is sufficient to divide characteristics into two regions
only—one each for positive and negative speed. This is needed for further data processing
and mathematical approximations.

Figure 5. Four-quadrant visualisation of friction points of the gearbox, obtained by experimental
measurement (input shaft perspective).

At first, the measured friction was approximated for the points with the same load by
the following exponential function:

f f (Tin = const, ωr) = a exp(b ωr) + c exp(d ωr), (8)

Next, function parameters a, b, c, d for every torque value were compared and plotted
as a dependency on the torque. This way, the possible approximation of each parameter
could be observable. It was apparently visible that parameter a showed a quadrature
dependency in relation to input torque, that parameter b showed a linear dependency, and
that parameters c, d were almost constant over every torque value. Therefore, they were
fitted using the MATLAB fit function. As a result, the following form of the approximation
function was found:

f f j(Tin, ωr) = (pj1 T2
in + pj2 Tin + pj3) exp((pj4 Tin + pj5)ωr) + pj6 exp(pj7ωr), (9)

where index j = 1 stands for the positive speed interval, index j = 2 stands for the negative
speed interval, and pjx are the coefficients of substitute functions, as described above and
listed in Appendix A, Table A3. The graphical representation of the friction characteristic
approximation is shown in Figure 6, where red circles represent measured values.

The function given by Equation (9) approximates the measured values, with the R-square
value equal to 0.988 in this case. The equation used in the R-square evaluation is presented
in Equation (10) with the sampled data and the calculated friction function for the same
input data.

R2 = 1−
∑n

k=1( f f m(Tink, ωrk)− f f (Tink, ωrk))
2

∑n
k=1( f f m(Tink, ωrk)− f̄ f m)2 , (10)
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where n is the number of measured values and f̄ f m is the average value of the measured friction.

Figure 6. A comparison of the measured and approximated friction characteristics of the actuator.

6. Simulation Model of the Servoactuator

The simulation model of the measured servoactuator consists of the electrical and the
mechanical part, including the gearbox equations. The electrical part of the servoactuator
is described by the following model in dq-coordinates:

did
dt

=
1
Ld

(−Rid + pLqiqωr + ud), (11)

diq

dt
=

1
Lq

(−Riq − pLdidωr −
2kt

3
ωr + uq), (12)

Te = ktiq, (13)

where id and iq are direct (field-generating) and quadrature (torque-generating) currents,
R is the phase resistance, Ld and Lq are direct and quadrature inductances, kt is the motor
torque constant, p is the number of pole pairs, and ud and uq are direct and quadrature
voltages, respectively.

The mechanical part with the gearbox is described as follows:

dωr

dt
=

1
J
(Te − Tloss −

TL
i
), (14)

Tloss =

{
sgn Tst, if | f f (Tin, ωr)| < Tst

ωr f f (Tin, ωr), otherwise
(15)

ωr =

{
0, if |Te| < Tst and |ωr| < ωst∫

dωr dt, otherwise
(16)

ωout =
ωr

i
, (17)

where J is the system inertia calculated to the input side of the gearbox (e.g., motor side),
TL is the load torque, Tst is the stiction, ωst is the stiction breakaway speed at which the
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stiction affects the motor, and ωout is the output angular velocity. The stiction breakaway
speed has a small value, selected by the trial-and-error method, to avoid current chattering
at standstill.

Here, Equations (15) and (16) are divided into two cases to model the stiction effect,
which is present when accelerating from zero speed and during speed direction transition.
Firstly, the input torque Te must prevail over the stiction to start the movement. Then,
when the rotor starts to rotate, friction function f f (Tin, ωr) takes place.

The mathematical model was simulated with the parameters listed in Appendix A,
and the simulation results are shown in Figure 7. The simulation was performed for the
complex gearbox model as well as for the simple friction model, according to Equation (4).

The movement starts at the time t = 1 s by the torque-generating current peak,
followed by a little drop. This is caused by the stiction described in Section 3. Next,
the torque-generating current rises according to the acceleration and gearbox friction
characteristics.

In transition, when the speed changes its direction (at the time t = 8 s), the stiction
effect is observable again. This causes a short steady-state phase with the zero speed, until
the torque rises to a higher value, along with the stiction. The simple friction model given
by Equation (4) significantly differs in transition, which can be observed in the waveform
of the torque-generating current and the speed direction change.

At the end of the movement, in standstill operation with zero speed, the torque-
generating current remains at a level which is not sufficient to move the rotor. This
phenomenon is a consequence of the stiction, as the speed drops to zero at the moment
when the motor torque drops under stiction.

Figure 7. A simulation of a simple movement of the actuator without load, where the angular
velocity of the motor is blue and the torque-generating current is red. Continuous lines represent the
simulation with the presented friction model, whereas dashed lines represent the simulation with the
basic friction modelling. The upper plot shows the whole movement, the bottom-left plot shows the
movement start in detail, and the bottom-right plot shows the stiction effect during speed transition.

7. Experimental Results

The same movement as in Figure 7 was performed by the actuator on the test bench.
Results are compared with the simulation in Figure 8. Again, the torque-generating current and
the angular velocity of the motor was observed. No load was applied during the experiment.

It can be concluded that simulated waveforms match the responses of the real system. The
differences in the transients are caused by inequalities of the characteristics over the mechanical
revolution of the gearbox, as all mechanical parts are manufactured with some mechanical
tolerance, which affects the mutual mechanical contact of internal gearbox components.
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The model of stiction, causing current peaks, a small steady phase during speed
direction change, and a non-zero current at standstill, are reproduced fairly. This can be
observed in the detailed waveforms provided by Figure 9.

A comparison of the mathematical model and the real measurement for another speed
value is shown in Figure 10. Here, the results are very close to each other as well.

Figure 8. A comparison of the simulation and the real measurement of the actuator movement
without load. The upper plot shows the waveforms of torque-generating currents; the bottom plot
shows the angular velocity.

Figure 9. A detail of the transition from positive to negative speed during actuator movement.
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Figure 10. A comparison of the simulation and the real measurement of the actuator movement
without load, with 800 rpm as the speed setpoint.

8. Conclusions

The presented mathematical model of the gearbox was focused on modelling the
friction in the cycloidal gearbox, attached to the permanent magnet synchronous motor in
the compact actuator. The friction model is based on the new approach, considering the
stiction phenomena and the nonlinear friction characteristic.

The mathematical model was verified by a comparison of the simulation with the
real system—an actuator with a cycloidal gearbox. The results confirm that the designed
mathematical model of gearbox has a high level of accuracy.

The model can be used in actuator or motor control to compensate for the friction,
which can further improve the dynamic behaviour of the controlled system. Moreover, the
model shows various aspects (e.g., current peaks during the motor speed-up or non-zero
current at standstill) which have to be considered in the actuator and the whole system
design. Finally, the model finds usage in the various model-based control techniques
as well.

Although the accuracy of the model in the terms of friction is very high, the model
does not cover the torsional stiffness and backlash, which are important for modelling
positioning accuracy. However, the presented model can be used as the basis or as an input
part of a more complex mechanical model of the cycloidal gearbox.

The disadvantage of the presented mathematical model is the fact that it is based on
experimental data; thus, there is no rule for calculating parameters in the friction model.
However, such a rule would be hard to establish. The main reason for this is that there
can be significant differences between every gearbox produced. In reality, each cycloidal
gearbox has its unique performance, thanks to the mechanical complexity of the gearbox
and a lot of parameters affecting the gearbox performance during its production. Therefore,
the authors suppose, to obtain general model parameters, a statistically significant amount
of measurement and the determination of the parameters for a given product line should
be performed and statistically evaluated.
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Appendix A

The parameters of the measured actuator are summarised in Table A1. The controllers’
settings are given in Table A2. The parameters determined from measurements and used
in the simulation are summarised in Tables A3 and A4.

Table A1. Parameters of the measured actuator.

Parameter Symbol Value Unit

Rated voltage Udc 560 V
Rated current In 2.81 A

Phase resistance R 2.61 Ω
Direct inductance Ld 18.5 mH

Quadrature inductance Lq 18.5 mH
Torque constant kt 1.25 NmA−1

Pole pairs p 5 –
Gearbox ratio 1 i −32 –

1 The measured gearbox inverse of the direction of the rotation, which is represented by the negative sign before the
gear ratio.

Table A2. Controllers’ settings.

Parameter Symbol Value Unit

Current loop—Proportional gain Ki 30 VA−1

Current loop—Integral reset time Ti 1.1 ms
Speed loop—Proportional gain Kω 0.15 Nms.rad−1

Speed loop—Integral reset time Tω 25 ms

Table A3. Friction characteristic model parameters.

Parameter Value

p11 0.017
p12 0.0065
p13 0.0704
p14 −0.0038
p15 −0.0968
p16 0.0085
p17 −0.0078
p21 0.014
p22 −0.0035
p23 0.0713
p24 0
p25 0.1004
p26 0.0094
p27 0.0092

Table A4. Stiction model parameters.

Parameter Symbol Value Unit

Stiction breakaway speed ωst 0.5 s−1

Stiction Tst 0.2 Nm
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