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Abstract: In order to improve the load state of the two-tooth difference swing-rod movable teeth
transmission system, in this paper, a dynamic equivalent calculation model of the transmission system
is established based on lumped parameter theory, and then a calculation method of system dynamic
load is derived. The influence of external excitation on load inhomogeneity of the transmission
system is analyzed from a dynamic point of view. The theoretical results are verified by Adams
dynamic load simulation analysis and strain test based on a test bench. The results show that when
errors of the transmission system are fixed, the system load inhomogeneity is improved effectively
with the increase of load torque, while the system load inhomogeneity becomes worse as input speed
increases. This study provides a theoretical reference for improving the load inhomogeneity of the
two-tooth difference swing-rod movable teeth transmission system.

Keywords: swing-rod movable teeth transmission system; external excitation; load inhomogeneity;
simulation analysis; strain test

1. Introduction

A two-tooth difference swing-rod movable teeth transmission system has strong
bearing capacity because of the multi-tooth meshing characteristics [1]. The structure of
wave generator is symmetrical so that the symmetrical meshing pairs have strong self-
balance and stable dynamic performance. In addition, the symmetrical meshing pair
forces are balanced in the multi-tooth meshing process [2]. Under real conditions, the load
inhomogeneity of symmetrical meshing pairs is obvious due to various excitation factors.
Furthermore, the excitation factors can cause system vibration, fatigue failure of tooth
surface, and damage to movable teeth. The consequences seriously affect the performance
of the transmission system [3]. Under the condition of certain system errors, the influence
of external excitation on the load inhomogeneity of the two-tooth difference swing-rod
movable teeth transmission system cannot be ignored.

At present, research papers on the swing-rod movable teeth transmission mainly
focus on tooth shape analysis [4], tolerance design [5], dynamic characteristics [6–8], strain
analysis [9], and so on. Most of the studies on load inhomogeneity of transmission sys-
tem are about planetary gear transmission. Taking the concentric face gear split-torque
transmission system (CFGSTTS) as the study object, Dong et al. [10] analyzed the character-
istics of dynamic load sharing by establishing a lumped parameter model according to the
Newton theorem. Dong et al. [11] studied the load-sharing characteristics of face-gear four-
branching split-torque transmission system by establishing a static load-sharing mechanical
analysis model. Using the surface gear flow system as the research object, Mo et al. [12]
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studied the change curves of meshing force and load-sharing coefficient, and analyzed
the effects of input power and input speed on the load-sharing coefficient of the system.
Hu et al. [13] analyzed the influence of meshing impact on the load-sharing coefficients
and dynamic load factors of the planetary transmission system. Taking the large-scale
wind power planetary gear system as the research object, Xu et al. [14] studied the effect
of external load changes on the system load sharing through finite element simulation
analysis and experimental tests. Zhang et al. [15] introduced single factor analysis to
investigate the influence of each nonlinear internal excitation on the load-sharing coef-
ficient (LSC) and determined the most significant control factors affecting LSC. On this
basis, Zhang et al. [16] proposed a dynamic tooth wear prediction model and studied the
influence of tooth wear on load sharing. Bodas et al. [17] simulated the effects of carrier
and gear errors associated with manufacturing and assembly on load sharing between
planetary gears by using the finite element method. Sanchez-Espiga et al. [18] proposed
a numerical method to calculate the load-sharing problem of the planetary transmission
by measuring the strains of the root of the sun gear teeth. Taking two-stage planetary
transmission as the study object, Sun et al. [19] proposed a numerical method to calculate
dynamic sensitivity of the load-sharing coefficient to errors. The above studies systemati-
cally studied the influence of external excitation on the load inhomogeneity of the planetary
transmission system, wherein the important influencing factors of external excitation were
clarified and the simulation and experimental techniques were analyzed. The two-tooth
difference swing-rod movable teeth transmission belongs to the planetary transmission
with small tooth difference [20], but its internal structure is more complex. Therefore, it is
more difficult to establish a dynamic model, conduct simulation modeling, and carry out
test measurements.

In this paper, the two-tooth difference swing-rod movable teeth transmission system is
taken as the research object. A dynamic equivalent calculation model is established. Com-
bined with the relative displacement relationship of each component, dynamic differential
equations of the system are derived to obtain the system dynamic load. Load proportional
coefficients are used to evaluate the degree of the system load inhomogeneity. The influ-
ence of external excitation on system load inhomogeneity is investigated by theoretical
calculation. Subsequently, the results are verified by simulation analysis and experimental
tests, which provides a theoretical reference for improving the system load inhomogeneity.

2. Equivalent Calculation Model

The two-tooth difference swing-rod movable teeth transmission system is shown in
Figure 1. As a typical planetary transmission system with small tooth difference, the two-
tooth difference swing-rod movable teeth transmission system consists of a wave genera-
tor H, a ring gear K, a separator G, swing rods, and movable teeth. In this case, the ring
gear K is fixed. The wave generator H is fixed to the input shaft. The separator G is fixed to
the output shaft. The input power of the wave generator H is transmitted to the separator
G through multiple movable teeth which mesh with the wave generator H and the ring
gear K at the same time.

Figure 1. The two-tooth difference swing-rod movable teeth transmission system.
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In order to obtain the micro-displacement of each component in the transmission
process, a dynamic equivalent calculation model (shown in Figure 2) is established based
on the lumped parameter theory. The following assumptions are made. Firstly, only small
elastic deformation occurs in the meshing pairs and bearings in the system. Secondly,
all the components are regarded as units composed of dampers and springs; the flexible
deformation caused by components can be ignored. Thirdly, each swing rod, movable tooth,
swing rod pin, and movable tooth pin group is regarded as a whole, and the deformation
and errors between them are ignored. In addition, the mass body is treated as rigid,
and deformation occurs only in the spring elements and dampers.

Figure 2. Dynamic equivalent calculation model of the two-tooth difference swing-rod movable teeth
transmission system.

The coordinate systems XHOYH, XKOYK, and XGOYG are fixedly connected with the
wave generator, the ring gear, and the separator, respectively. XKOYK is the fixed absolute
coordinate system; XHOYH and XGOYG are the relative coordinate systems rotating with
the wave generator and separator, respectively. Xi and Yi are fixedly attached to the ith
movable tooth (i = 1, 2, 3, . . . , n, where n represents the number of the movable teeth).

In the dynamic equivalent calculation model of the two-tooth difference swing-rod
movable teeth transmission system, there are (9 + 3n) degrees of freedom.

3. Dynamic Load Calculation of the Transmission System
3.1. Relative Displacement and Differential Equation of Motion of the Transmission System

The dynamic load of the movable teeth transmission system is caused by the relative
elastic displacements of the meshing points between the movable teeth and the wave
generator and the meshing points between the movable teeth and the ring gear in their
normal direction. They can be calculated according to the relationship between force
and deformation.

To obtain the relative displacement relationship between the components in Figure 2,
a relative displacement analysis model of the transmission system is established, as shown
in Figure 3.



Machines 2022, 10, 502 4 of 20

Figure 3. Relative displacement relation of components.

The direction of the meshing point pointing to the movable tooth center O2 is defined
as the positive direction of relative displacement, and the displacements of the wave
generator and the ring gear relative to the movable tooth are projected on the positive
direction. Combined with Figures 2 and 3, the relative displacements on each meshing line
can be obtained as follows:

∆ih = (xh − xi) cos βih + (yh − yi) sin βih − uh sin(α− βih)− ui cos
(π

2
− ζ + α− βih

)
− eih, (1)

∆ik = (xi − xk) cos βik + (yi − yk) sin βik + uk sin(α− βik) + ui cos
(π

2
− ζ + α− βik

)
− eik, (2)

∆ig = −
(

xi − xg
)

cos(ζ − α) +
(
yi − yg

)
sin(ζ − α) + ug cos

(π

2
− ϕ

)
, (3)

The subscripts h, g, and k represent the wave generator, the separator, and the ring
gear, respectively. i is the serial number of the movable tooth. Based on a transmission error
model of the two-tooth difference swing-rod movable teeth transmission system, the equiv-
alent meshing errors can be obtained by using the action line increment method [21].

In the working process of the two-tooth difference swing-rod movable teeth trans-
mission system, the whole system is in a state of force balance. According to Newton’s
second law, combined with Figures 2 and 3, the wave generator, the ring gear, the separator,
and the ith movable tooth subsystem are analyzed.

The dynamic differential equation of the wave generator, the separator, and the ring
gear can be uniformly expressed as follows:

mp
..
xp + cp

.
xp + kp f

(
xp, bp

)
+

n
∑

i=1

(
cip

.
∆ip + kip f

(
∆ip, bip

))
apx = 0

mp
..
yp + cp

.
yp + kp f

(
yp, bp

)
+

n
∑

i=1

(
cip

.
∆ip + kip f

(
∆ip, bip

))
apy = 0(

Ip/r2
p

) ..
up + cpt

.
up + kptup +

n
∑

i=1

(
cip

.
∆ip + kip f

(
∆ip, bip

))
apu = Fp

, (4)

In Equation (4), f (∆,b) is a symbolic function, which represents the relationship be-
tween the tooth clearance and the meshing displacement of the two-tooth difference swing-
rod movable teeth transmission system. The equation is as follows:
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f (∆, b) =


∆− b ∆ > b
0 |∆| ≤ b

∆ + b ∆ < −b
∆ b = 0

, (5)

The external force acting on the part p is

Fp =


Tin/rh p = h
−Tout/rg p = g

0 p = k
, (6)

The projection vector of the error excitation on the ring gear coordinate system is

(apx, apy, apu)
T =


(cos βih, sin βih,− sin(α− βih))

T p = h(
cos(ζ − α),− sin(ζ − α), cos

(
π
2 − ϕ

))T p = g
(− cos βik,− sin βik, sin(α− βik))

T p = k
, (7)

The dynamic differential equation of the ith movable tooth is
mi

..
xi −

(
cih

.
∆ih + kih f (∆ih, bih)

)
cos βih +

(
cik

.
∆ik + kik f (∆ik, bik)

)
cos βik −

(
cig

.
∆ig + kig∆ig

)
cos(ζ − α) = 0

mi
..
yi −

(
cih

.
∆ih + kih f (∆ih, bih)

)
sin βih +

(
cik

.
∆ik + kig f (∆ik, bik)

)
sin βik +

(
cig

.
∆ig + kig∆ig

)
sin(ζ − α) = 0(

Ii/r2
i

) ..
ui −

(
cih

.
∆ih + kih f (∆ih, bih)

)
cos
(π

2
− ξ + α− βih

)
+
(

cik
.
∆ik + kik f (∆ik, bik)

)
sin
(π

2
− ζ + α− βik

)
= 0

, (8)

According to the dynamic differential equation and the relative displacement of each
component, considering the stiffness and damping of the system, the transverse and
longitudinal vibration displacements of each component can be obtained via the Newmark
method, which lays a foundation for the calculation of dynamic loads and load proportional
coefficients between the movable teeth and the ring gear.

3.2. Calculation of Dynamic Load and Load Proportional Coefficient

In the two-tooth difference swing-rod movable teeth transmission system, it is assumed
that the dynamic load between the ith movable tooth and the ring gear is Fki. According to
Equations (2) and (5), and combined with the meshing stiffness between the ith movable
tooth and the ring gear, the dynamic load Fki can be derived as

Fki = kik f (∆ik, bik), (9)

where kik can be calculated from the system deformation coordination conditions and the
Palmgren deformation equation [22].

In the two-tooth difference swing-rod movable teeth transmission system, the load
proportional coefficient is defined to measure the load inhomogeneity of the system,
which means the ratio of the actual dynamic load borne by the two center-symmetric
movable teeth in the load distribution. Under ideal conditions, the load proportional coeffi-
cient of two symmetrical movable teeth is 1. The larger the load proportional coefficient,
the more serious the system load inhomogeneity. The instantaneous load proportional
coefficient when the ith and jth movable teeth mesh with the ring gear can be expressed as

Ωkij =
2Fki

Fki + Fkj
(i = 1, 2, 3, . . . , n/2), (10)

where j = i + n/2.
In the transmission system, a movable tooth undergoes a complete lift and return

motion in one meshing cycle. In order to characterize the extreme value of the load pro-
portional coefficient, the maximum instantaneous load proportional coefficient in each
meshing cycle is taken to represent the load proportional coefficient in this cycle. The maxi-
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mum load proportional coefficient when the ith and jth movable teeth mesh with the ring
gear in a meshing period can be expressed as

Bki =
∣∣∣Ωkij − 1

∣∣∣
max

+ 1, (i = 1, 2, 3, . . . , n) (11)

4. Analysis of the Influence of External Excitation on System Load Inhomogeneity

In order to study the influence of external excitation on the system load inhomogeneity,
a prototype of the two-tooth difference swing-rod movable teeth transmission system was
designed. Here, 45 steel was selected as the material of the wave generator, the separator,
the ring gear, and the movable teeth. According to the design requirements, the machining
accuracy of each component was selected as grade 7, and the clearances of the meshing
pairs are 5 µm. The basic parameters of the transmission system are shown in Table 1.

Table 1. Basic parameters of the transmission system.

Name of Component Number of Teeth Quality (kg) Moment of Inertia (kg·m2)

H (wave generator) 2 0.4258 8.525 × 10−5

K (ring gear) 6 0.1832 3.868 × 10−4

G (separator) 0.9871 4.420 × 10−4

movable tooth 8 0.0103 1.193 × 10−5

In reality, the influence of external excitation on the system load inhomogeneity cannot
be ignored. Therefore, it is necessary to explore the influence of load torque and input speed
on the load inhomogeneity of the system, so as to guide the adjustment of the working state
of the transmission system and make the load distribution of the system more uniform.

4.1. Influence of Load Torque on System Load Inhomogeneity

In order to study the influence of system load torque on the system load inhomogeneity,
the input speed of the wave generator was set as 800 r/min, whilst other parameters
remained unchanged. Using the first movable tooth and the symmetrical fifth movable
tooth in the system as an example, the load proportional coefficients of the movable tooth
with the ring gear under different load torques can be calculated by Equation (11). Making
the separator rotate a circle, the load proportional coefficient curves of the movable tooth
in six meshing cycles under the load torques of 2 N·m, 4 N·m, 6 N·m, 8 N·m, and 10 N·m
can be obtained, as shown in Figure 4.

Figure 4. The variation curves of the load proportional coefficient under different load torques.
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In Figure 4, with the increase of the load, the load proportional coefficient presents
a downward trend. Under the same load, the load proportional coefficient fluctuates in
a rotation cycle of the separator, which is caused by errors. However, due to the coupling
effect of various errors and deformation, the variation of the load proportional coefficient
does not show obvious periodicity. The average values of the load proportional coefficients
Bk1 under different load torques are 1.0592, 1.0477, 1.039, 1.0265, and 1.0166, respectively.
With the increase of system load torque, the average value of the load proportional co-
efficient Bk1 decreases. The average value can reflect the central tendency of the load
proportional coefficient at a certain level. The larger the average value, the more serious
the system load inhomogeneity. Therefore, it can be seen from Figure 4 that increasing the
system load torque can make the system load distribution more uniform and improve the
stability of the system.

4.2. Influence of Input Speed on System Load Inhomogeneity

On the premise of keeping other basic parameters unchanged, the load torque of the
separator was set as 10 N·m, and the influence of speed on system load inhomogeneity
was studied. Using the first movable tooth and the symmetrical fifth movable tooth in the
system as an example, the load proportional coefficient curves under the input speeds of
400 r/min, 600 r/min, 800 r/min, 1000 r/min, and 1200 r/min can be obtained, as shown
in Figure 5.

Figure 5. The variation curves of the load proportional coefficient under different input speeds.

In Figure 5, with the increase of the input speed, the load proportional coefficient
presents an upward trend. In addition, it can be seen from the figure that the load pro-
portional coefficient curve at 600 r/min intersects with that at 800 r/min. This may be
due to the existence of error factors in the system, so that the system is not completely
centrosymmetric. When the rotation speed reaches 600 r/min, the vibration displacement
reaches the maximum in the sixth engagement, resulting in a large load proportional coeffi-
cient. The average values of the load proportional coefficients Bk1 are 1.0159, 1.0244, 1.0279,
1.0337, and 1.0433, respectively. With the increase in input speed, the average value of
Bk1 also increases, and the system load inhomogeneity becomes more serious. This shows
that the load uniformity of the two-tooth difference swing-rod movable teeth transmission
system is better when working under low speed conditions.
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5. Dynamic Load Simulation Analysis

In order to verify the influence of the load torque and input speed on system load
inhomogeneity, a virtual prototype model of the transmission system was established in
ADAMS to analyze the load proportional coefficient. Considering the actual working state
of the prototype, the error accuracy level of the main components of the prototype model
was selected as grade 7, and the error accuracy level of the other components was selected
as grade 9.

The dynamic simulation model of the two-tooth difference swing-rod movable teeth
transmission system is presented in Figure 6. The constraint conditions of the major
components are shown in Table 2. The impact function is used in the contact parameters
setting of the movable teeth with the wave generator and the ring gear. According to the
Hertz collision theory, the contact stiffness was set as 5 × 107 N/m, the damping coefficient
was set as 0.1% of the contact stiffness, the force exponents are 1.5, and the penetration
depths of the meshing pairs are 0.1 mm.

Figure 6. Virtual prototype simulation model.

Table 2. Constraints of each component.

Parts Reference Constraint Type

ring gear the earth fixed pair
wave generator the earth revolute pair

separator the earth revolute pair
swing rod separator revolute pair

movable tooth swing rod fixed pair
movable tooth wave generator contact pair
movable tooth ring gear contact pair

On this basis, by referring to the working conditions in Section 4, control groups were
established respectively to compare and analyze the effect of load and rotational speed on
system load inhomogeneity.

5.1. Simulation Analysis of Load Torque

The input speed of the wave generator was set as 800 r/min. Using the first movable
tooth and the symmetrical fifth movable tooth as an example, the change curves of the load
proportional coefficient Bk1 under different load torques have been analyzed, as shown in
Figure 7.
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Figure 7. Load proportional coefficient curves under different load torques.

In Figure 7, the average values of the load proportional coefficients under each load
condition are 1.0669, 1.0538, 1.0468, 1.0364, and 1.0249, respectively. It can be seen that as
the load torque increases, the average value of the system load proportional coefficient
Bk1 decreases.

Figure 8 shows a comparison between the simulation results and the theoretical
analysis results under different loads. Although there are differences in the variation rules
between the theoretical and simulation load proportional coefficient curves, the difference
is within 2%. The main reason is that the interaction between components and the impact
load of meshing pairs cannot be analyzed through the theoretical model.

Figure 8. Cont.
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Figure 8. Comparison of load proportional coefficient curves under different loads: (a) 2 N·m;
(b) 4 N·m; (c) 6 N·m; (d) 8 N·m; (e) 10 N·m.

Table 3 lists the average value of Bk1 by theoretical calculation and simulation method
under different load, respectively. The average values of the load proportional coefficient
obtained by simulation are only 0.6–1.0% larger than those obtained by theoretical calcula-
tion. By comparing the changes of the average value of load proportional coefficients under
different load conditions, it is obvious that increasing load torque can improve system load
inhomogeneity.

Table 3. Average value comparison of load proportional coefficient under different loads.

Load Theoretical Calculation Value Simulation Value Error (%)

2 N·m 1.0592 1.0669 0.7
4 N·m 1.0477 1.0538 0.6
6 N·m 1.039 1.0468 0.8
8 N·m 1.0265 1.0364 1.0

10 N·m 1.0166 1.0249 0.8

5.2. Simulation Analysis of Input Speed

The load torque of the separator was set at 10Nm. Under the condition of keeping
other basic parameters unchanged, the load proportional coefficients under each input
speed condition have been analyzed. Using the first movable tooth and the symmetrical
fifth movable tooth as an example, the load proportional coefficient curves under different
speed conditions can be obtained, as shown in Figure 9.

Figure 9. Load proportional coefficient curves under different input speeds.
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In Figure 9, the average values of the load proportional coefficients under each speed
condition are 1.027, 1.0348, 1.0389, 1.046, and 1.0585, respectively. It can be seen that the
average value of the system load proportional coefficient Bk1 increases with the increase in
input speed. As shown in Figure 10, the theoretical calculation results of load proportional
coefficients corresponding to different input speeds are smaller than the simulation results,
but the difference is within 3%.

Figure 10. Comparison of load proportional coefficient curves at different input speeds: (a) 400 r/min;
(b) 600 r/min; (c) 800 r/min; (d) 1000 r/min; (e) 1200 r/min.

Table 4 lists the average value of Bk1 by theoretical calculation and simulation method
under different input speeds, respectively. Compared with the average value of the load
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proportional coefficient obtained from the theoretical calculation, the simulation results
increase by 1.0–1.5%. It can be seen that there is little difference between theoretical
calculation and simulation results. Both theoretical calculation and simulation analysis
prove that the system load distribution is more uniform under low speed conditions.

Table 4. Average value comparison of load proportional coefficient under different input speeds.

Input Speed Theoretical Calculation Value Simulation Value Error (%)

400 r/min 1.0159 1.027 1.1
600 r/min 1.0244 1.0348 1.0
800 r/min 1.0279 1.0389 1.1

1000 r/min 1.0337 1.046 1.2
1200 r/min 1.0433 1.0585 1.5

6. Experimental Test and Analysis

In order to verify the influence of the load torque and the input speed on the load
inhomogeneity of the two-tooth difference swing-rod movable teeth transmission system,
a dynamic load test bench was designed and built to study the distribution uniformity of
the system dynamic load under different working conditions. Because the meshing position
between the movable teeth and the ring gear changes constantly, it is impossible to measure
the dynamic load of the meshing pairs directly. Therefore, in this experiment, the strain
generated by dynamic load on the ring gear was measured to complete the study. Then,
according to the elastic modulus of the material, the measurement results were transformed
into dynamic load between the meshing pairs to study the system load inhomogeneity.

Due to the low power of the prototype to be tested and the need for load conversion
during operation, an open power flow mode was used for the test bench. The power
required by the system was provided by the servo motor and then transferred to the
loading device by the transmission parts, and the remaining energy was consumed by
the loading device. The whole power transfer direction forms a closed circuit. Its basic
schematic diagram is shown in Figure 11.

Figure 11. Basic schematic diagram of test bench.

The test bench mainly consists of two parts. One is the measurement system, the other
one is the dynamic strain testing and analysis system. The measurement system is mainly
composed of a drive motor, a control box, a test prototype, a magnetic powder brake,
a DHDAS dynamic strain tester, and strain sensors. There are two symmetrical measuring
points on the prototype; the corresponding pasted positions of strain gauges are shown
in Figure 12a. The strain gauges required for the test were 120 Ω resistance unidirectional
strain gauges. We used a half-bridge circuit composed of test strain gauges, temperature
compensation strain gauges, and two 120 Ω resistors built in the dynamic strain tester,
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which can improve the accuracy of the test system. The temperature compensation strain
gauges are pasted as shown in Figure 12b.

Figure 12. Strain gauges for test: (a) Ring gear pasted strain gauges; (b) Temperature compensated
strain gauges.

The dynamic strain testing and analysis system was mainly accomplished via the test
software, whose function is to receive, store, and analyze the data signals transmitted by
the dynamic strain tester. The overall installation of the strain test system is shown in
Figure 13.

Figure 13. Figure of the overall installation of strain test system.

6.1. Influence of Load on Dynamic Load of Meshing Pairs

By controlling the tension controller to change the load torque in the test system,
the variation curves of strain values ε are shown in Figure 14. The values ε were mea-
sured at two strain measuring points in the direction of center symmetry under different
load torques.
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Figure 14. Strain curves under different loads: (a) Strain curves without load; (b) 2 N·m; (c) 4 N·m;
(d) 6 N·m; (e) 8 N·m; (f) 10 N·m.

There are six peaks and troughs at the measuring points when the separator rotates for
one cycle. As the load torque increases, the periodicity becomes more obvious. In Figure 14a,
the strain signal detected by the dynamic strain test system under no-load conditions is
mainly due to the vibration of the system, the sinusoidal AC signal, and the electromagnetic
interference of the servo motor, which causes a zero shift of the strain values ε in the test.
Therefore, alternating current should be avoided as much as possible in the strain detection
test, and electromagnetic interference to test results should be shielded.

In Figure 14b, when a 2 N·m load is applied to the magnetic powder brake, the am-
plitude fluctuations of the strain curves are larger than that without load. The maximum
strain values detected by the two measuring points are 23.24 µε and 19.86 µε, respectively.
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Since the strain value generated after loading is smaller than the strain value of the ba-
sic error, the strain value is relatively sensitive to the change of external factors under
the load of 2 N·m and is easily influenced by the change of external factors. In order to
ensure the accuracy of the test data, the load conditions above 4 N·m were selected for
comparative analysis.

As shown in Figure 14c, the maximum strain values of the two measuring points
are 40.74 µε and 35.34 µε. The maximum strain values of the two measuring points in
Figure 14d are 60.15 µε and 53.82 µε. The maximum strain values of the two measuring
points in Figure 14e are 74.40 µε and 66.70 µε. In Figure 14f, the maximum strain values of
the two measuring points are 91.08 µε and 84.34 µε. It can be seen from the comparison that
with the increase in load torque, the strain amplitude of the meshing pairs also increases,
the interference of external errors on the detection results decreases, and the periodicity of
the strain curves becomes more obvious. The strain curves of the two measuring points in
the above figures are obviously different, which indicates that the load is not uniform in
the system.

As shown in Figure 15, test data with loads above 4 N·m were selected and trans-
formed into dynamic load between the meshing pairs for comparative analysis. Using
Equations (10) and (11), the load proportional coefficient curves under different load con-
ditions at the same speed can be obtained.

Figure 15. Load proportional coefficient curves under different loads.

Figure 15 shows the change curves of the load proportional coefficient under different
load conditions. The average values corresponding to each curve are 1.1582, 1.1167, 1.0928,
and 1.0550, respectively. Compared with the average values of the load proportional
coefficient analyzed in Figure 8, the result is shown in Figure 16.

Figure 16. Variation curves of the average value of Bk1 under different loads.

Figure 16 shows the variation curves of the average value of the load proportional
coefficient under different loads obtained from theoretical calculation, simulation analysis,
and test measurement. The test measurement results are 3.78–10.5% larger than the theoret-
ical analysis results and 2.93–9.91% larger than the simulation analysis results. The main
reason is that only the fixed errors of some components are considered in the theoretical
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and simulation analysis, while all the errors of the prototype are involved in the experiment.
Moreover, the vibration caused by impact load, the fluctuation of input speed, and load
torque have not been considered in the theoretical calculation or the simulation analysis.
In addition, the effect of external magnetic field and current on the strain system during the
test leads to a zero shift of the strain value, resulting in larger overall measurement results.
Therefore, there are some numerical differences between the test results and those of the
theoretical calculation and the simulation analysis.

In addition, it can be seen from Figure 16 that with the increase in load, the decrease
rate of the load proportional coefficient of theoretical calculation and simulation analysis
is basically the same and relatively gentle. However, the rate of decrease rate of the load
proportional coefficient obtained from the test is obviously greater. This is because in the
actual prototype, the transmission components will undergo flexible deformation under
the action of load, and the load will cause the redistribution of assembly errors, so as to
reduce the impact of initial errors on the load distribution. Therefore, as the load increases,
the load proportional coefficient decreases faster in the test than in theoretical calculation
or simulation analysis.

6.2. Influence of Rotational Speed on Dynamic Load of Meshing Pairs

The load torque of the magnetic powder brake was controlled to be 10 N·m, and the
motor speed was set to 400 r/min, 600 r/min, 800 r/min, 1000 r/min, and 1200 r/min.
The rotation periods of the separator corresponding to these rotation speeds are 0.6 s, 0.4 s,
0.3 s, 0.24 s, and 0.2 s, respectively. As shown in Figure 17, under the load of 10 N·m,
the strain curves of the two measuring points in one rotation period of the separator at
different speeds were recorded.

Figure 17. Strain curves under different input speeds: (a) 400 r/min; (b) 600 r/min; (c) 800 r/min;
(d) 1000 r/min; (e) 1200 r/min.
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It can be seen from the amplitudes that the change of the input speed has little effect
on the maximum value of the strain amplitude. However, with the increase in input speed,
the difference of strain values measured at the two measuring points becomes obvious.

According to the strain data at different input speeds, the dynamic loads between
the corresponding meshing pairs are calculated, and then the load proportion coefficient
curves can be obtained, as shown in Figure 18.

Figure 18. Load proportion coefficient curves under different speeds.

According to the load proportion coefficient curves in Figure 18, the average values of
Bk1 under different speeds are 1.0602, 1.0831, 1.1019, 1.1276, and 1.1549, respectively. Com-
pared with the average values of the load proportional coefficient analyzed in Figure 10,
the variation curves of the load proportional coefficient obtained through theoretical calcu-
lation, simulation analysis, and test measurement are shown in Figure 19.

Figure 19. Variation curves of the average value of BK1 under different speeds.

By comparing the values, it can be found that the experimental test results are
4.4–10.7% larger than that of the theoretical analysis and 3.2–9.1% larger than that of
the simulation analysis. In addition, it can be seen from Figure 19 that as the input speed
increases, the difference between the results obtained by theoretical calculation and those
obtained by simulation analysis does not change much, whilst the gap with the experi-
mental results gradually widens. The main reason is that due to the existence of clearance,
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the system vibration caused by impact load will become more obvious with the increase in
input speed. Therefore, although the average value of the load proportional coefficient in
theoretical calculation, simulation analysis, and test increases with the increase in input
speed, the increase rate of test results is obviously faster.

7. Conclusions

In this study, a lumped parameter dynamic equivalent model of the two-tooth differ-
ence swing-rod movable teeth transmission system is established to study the influence of
external excitation on load inhomogeneity, and the theoretical analysis method is verified
by simulation and experiments. The main conclusions are as follows:

(1) Under different working conditions, the difference rate between the average value
of the load proportional coefficients measured by experiment and that obtained by
theoretical calculation and simulation analysis is within 10.7%. In addition, the general
variation trend of the average value of the load proportional coefficients obtained
from theoretical calculation, simulation analysis, and test measurement are consistent,
which verifies the correctness of the theoretical model, the virtual prototype model,
and the feasibility of the test method.

(2) The deformation of components can ameliorate the uneven load distribution caused
by errors to a certain extent. The increase of the load torque increases the strain
amplitude of the meshing pair, thereby reducing the interference of the errors on the
uniform distribution of the load, which makes the load distribution more uniform
with the increase in load.

(3) The change in input speed has little effect on the maximum value of the strain am-
plitude. However, the increase in input speed leads to more obvious load difference
between the two movable teeth with center symmetry, which makes the system load
non-uniformity more serious. This shows that the load uniformity of the two-tooth
difference swing-rod movable teeth transmission system is better when working
under low speed conditions.
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Nomenclature

Notation Unit Description
kp N/m the support stiffness of the part p; p = h, g, k
cp N·s/m the support damping of the part p; p = h, g, k
kpt N/m the torsional stiffness of the part p; p = h, g, k
cpt N·s/m the torsional damping of the part p; p = h, g, k
kip N/m the meshing stiffness between the ith movable tooth and the part p; p = h, g, k
cip N·s/m the meshing damping between the ith movable tooth and the part p; p = h, g, k
xp m the transverse displacement of the part p; p = h, g, k
yp m the longitudinal displacement of the part p; p = h, g, k
up m The torsional displacement of the part p; p = h, g, k
xi m the transverse displacement of the ith movable tooth
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yi m the longitudinal displacement of the ith movable tooth
ui m the torsional displacement of the ith movable tooth
bh m The support clearance of the wave generator
bih m half of the meshing gap between the ith movable tooth and the wave generator
bik m half of the meshing gap between the ith movable tooth and the ring gear
M the meshing point of the ith movable tooth and the ring gear
N the meshing point of the ith movable tooth and the wave generator
βih rad the angle between the normal line at the meshing point N relative to the

fixed horizontal axis XK
βik rad the angle between the normal line at the meshing point M relative to the

fixed horizontal axis XK
α rad the angle between the horizontal axis XK and the line connecting the

coordinate origin O and the movable tooth center O2
ϕ rad the angle between the length direction of the swing rod and the line

connecting the coordinate origin O and the swing rod rotation center O1
ξ rad the angle between the length direction of the swing rod and the line

connecting the movable tooth center O2 and the coordinate origin O
∆ih m the relative displacement of the wave generator to the ith movable tooth

in the normal direction of their meshing point N
∆ik m the relative displacement of the ring gear to the ith movable tooth in the

normal direction of their meshing point M
∆ig m the relative displacement of the separator to the ith movable tooth in the

length direction of the swing rod
eih m the equivalent error of the ith movable tooth meshing with the wave generator
eik m the equivalent error of the ith movable tooth meshing with the ring gear
mp kg the mass of the part p; p = h, g, k
Ip kg·m2 the moment of inertia of the part p; p = h, g, k
rp m the equivalent radius of the part p; p = h, g, k
Tin N·m the input torque of the wave generator
Tout N·m the output torque of the separator
mi kg the mass of the ith movable tooth
Ii kg·m2 the moment of inertia of the ith movable tooth
ri m the equivalent radius of the ith movable tooth
Fki N the dynamic load between the ith movable tooth and the ring gear
Ωkij the load proportional coefficient when the ith movable tooth meshes with

the ring gear
Bki the load proportional coefficient of the ith movable tooth with the ring

gear in the meshing period
ωH r/min the input speed of the wave generator
ωG r/min the output speed of the separator
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