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Abstract: Nonlinear multi-stable piezoelectric energy harvesters show broadband frequency spectra
and excellent energy harvesting performance, owing to their high output power related to inter-
well transitions. However, existing quad-stable piezoelectric energy harvesters contain too many
structural parameters, which makes the systems clumsy, and increases the difficulties of dynamic
analysis and structural optimization. Herein, a nonlinear quad-stable piezoelectric energy harvester,
with only one external magnet, is proposed based on the magnetic force characteristics between a
ring magnet and a rectangular magnet. Under selected structural parameters, as the magnet spacing
increases, the stability characteristic of the harvester changes from quad-stability to bi-stability, and
then to mono-stability. The transformation of the stability characteristic results from the changes in
the variation rate of the vertical magnetic force. Subsequently, under the filtered Gaussian white
noise within the frequency range of 0-120 Hz, the energy harvesting performance of the harvester
is simulated by the classic fourth-order Runge-Kutta method. Simulation results show that the
performance of the harvester under the quad-stable structural parameters is better than that under
the bi-stable structural parameters, independent of whether the excitation acceleration is small or
large. This result is related to the potential well characteristics under the quad-stable and bi-stable
structural parameters. More specifically, the potential well depths under the quad-stable and bi-
stable structural parameters are almost the same, but the distance between the two outer potential
wells under the quad-stable structural parameters is larger than that under the bi-stable structural
parameters. Finally, a fabricated prototype is used to measure the experimental performance of the
harvester. The experimental data and the estimated data share the same trend. This study provides a
new conception and technical method for the design, optimization, and application of quad-stable
piezoelectric energy harvesters.

Keywords: piezoelectric energy harvesting; multi-stable system; cantilever beam structure; nonlinear
dynamics; random excitation

1. Introduction

With the rapid development of flexible electronic systems and low-power wireless
sensors for the Internet of Things (IoT), energy harvesters have attracted considerable
attention [1-3]. This is because energy harvesters can convert ambient energy from such
sources as heat, water flow, wind, solar, and mechanical vibration into electric energy
for supplying power to electronic devices [4-6]. More importantly, they can be used
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in harsh environments, where conventional chemical batteries may not work properly
because of difficulties in charging or replacement, including the deep sea, wide deserts,
interiors of nuclear reactors, and high walls of skyscrapers [7,8]. Mechanical vibration is
widely present in aerospace and transportation systems, industrial machinery, and human
movement [9,10]. Hence, numerous design patterns of mechanical energy harvesters have
been proposed based on different energy conversion mechanisms: electromagnetic [11,12],
electrostatic [13,14], magnetostrictive [15,16], triboelectric [17,18], and piezoelectric [19,20].
Among them, piezoelectric energy harvesting has drawn much attention because of its
high energy density and superior electromechanical energy conversion efficiency [21-23].

For the piezoelectric energy harvesters, frequency bandwidth is an important parame-
ter. A linear structure only exhibits the best output performance at its natural frequency,
which leads to a narrowband response [24,25]. Hence, a variety of strategies are used
to increase the effective bandwidth, such as multiple resonator arrays [26,27], frequency
upconversion [28,29], and nonlinear techniques [30,31]. Among the nonlinear techniques,
multi-stable piezoelectric energy harvesters, which mainly include bi-stable piezoelectric
energy harvesters (BPEHSs), tri-stable piezoelectric energy harvesters (TPEHs), and quad-
stable piezoelectric energy harvesters (QPEHSs), show broadband frequency spectra and
excellent energy harvesting performance because of their high output power related to
inter-well transitions.

The multi-stability of a nonlinear piezoelectric energy harvester can be realized by
mechanical preloading. Masana and Daqaq [32,33] exploited the super-harmonic frequency
bands of a mechanical preloaded BPEH to collect energy. Qian et al. [34] designed a buck-
led preloaded BPEH, which could harvest vibration energy in a wide frequency range.
Inspired by the rapid shape transition of the Venus flytrap, they then designed and in-
vestigated a low-cost preloaded BPEH to collect potential mechanical energy [35]. In
addition, nonlinear multi-stability can also be realized by residual thermal stress in a lami-
nate composite [36,37]. Arrieta et al. [38] introduced a cantilevered piezoelectric bi-stable
composite, which could exploit the large strains close to the clamped end for broadband
energy harvesting. Li et al. [39] proposed a low-frequency bi-stable vibration energy har-
vesting plate with good performance, whose power is higher than 1 mW. Firouzian-Nejad
et al. [40,41] experimentally investigated the characteristic system parameters of bi-stable
hybrid composite laminates.

However, mechanical preloaded harvesters are usually accompanied by additional
constraints that make the systems complex. For laminate composites, the manufactur-
ing processes are complicated; moreover, they are sensitive to temperature and humidity,
thereby causing the changes of their material properties after extended service [35]. A
simple way to overcome these disadvantages and construct nonlinear multi-stability is
through the use of magnetic interaction, which has been adopted by many researchers.
Ferrari et al. [42] explored the energy harvesting characteristics of a traditional BPEH con-
sisting of a rigid-support external magnet, a piezoelectric cantilever beam, and a tip magnet,
discovering that under proper conditions, the BPEH exhibits better output performance
than linear structures. According to Leng et al. [43], who compared an elastic-support
BPEH with a rigid-support device, and found that the elastic-support BPEH could more
easily adapt to random excitations with variable intensity. Wang et al. [44] proposed
a BPEH with an elastic magnifier. Compared with a traditional BPEH, it could gener-
ate higher output through changing system parameters. Zhou et al. [45] constructed a
traditional broadband TPEH with two external magnets, exhibiting a wider operational
bandwidth than a traditional BPEH using magnetic interaction under low-level excitations.
Cao et al. [46] analyzed the effects of potential well depth on the output performance of
a TPEH. Leng et al. [47] used the magnetizing current method to compute the magnetic
force of a TPEH, proving that compared to a BPEH, the TPEH significantly improves the
output voltage. Zhou et al. [48,49] developed a typical QPEH composed of a piezoelectric
cantilever beam, a tip magnet, and three external magnets, which could obtain higher
output voltage than a typical BPEH. Mei et al. [50] utilized a typical QPEH to harvest
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energy in rotational motion, proving that the QPEH has a wider operational bandwidth of
1-7 Hz, compared with that of a BPEH of 3-7.3 Hz, and a TPEH of 4-7.3 Hz, respectively. Ju
et al. [51] investigated the influence of the geometric nonlinearity of the piezoelectric beam
on the performance of a typical QPEH. Zou et al. [52] designed a QPEH with a piezoelectric
beam and a cam-roller-spring structure, in which the coordinates of the equilibrium points
were programmable. Wang et al. [53] conceived a wideband QPEH induced by the surface
contact and magnetic interaction, proving that the operational bandwidth of the harvester
is extended to a low frequency range.

However, the QPEHs in Refs. [48-51] contain three external magnets; that in Ref. [52]
contains a cam-roller-spring structure, and that in Ref. [53] contains two external magnets
and a contact surface. Obviously, these harvesters contain too many structural parameters,
which make the systems clumsy, thereby increasing the difficulties of dynamic analysis
and structural optimization. Additionally, multiple components are not conducive to
the installation and adjustment of the energy harvester. To address these issues, here a
novel nonlinear QPEH with only one external magnet is constructed. In this design, the
nonlinear quad-stability is ingeniously realized through the interaction of a ring magnet
on a base wall with a rectangular magnet at the end of a cantilever beam. This QPEH
simplifies the system design, dynamic analysis, installation, and debugging. The remainder
of the paper is organized as follows. Section 2 introduces and models the QPEH, and
obtains its governing equations, as well as its potential energy function. Section 3 simulates
the potential energy, magnetic force, and energy harvesting performance of the QPEH.
In Section 4, experiments are carried out to measure the performance of the QPEH. The
discussion and conclusions are presented in Sections 5 and 6, respectively.

2. Configuration and Model

Figure 1 shows the nonlinear QPEH, with only one external magnet, which is com-
posed of a rectangular magnet A (tip magnet), a piezoelectric cantilever beam C, with a
piece of macro-fiber composite (MFC) attached, and a base D, on which a ring magnet B
(external magnet) is fixed. The magnet spacing between the two magnets is d. Aligned
horizontally, the two magnets are mutually repulsive at the origin point O (see Figure 1b),
if gravity is not considered. Under certain structural parameters, the system owns four
stable equilibrium points, thereby achieving quad-stable transitions under appropriate
excitations.
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Figure 1. Schematics of the nonlinear QPEH with only one external magnet: (a) three-dimensional
schematic; (b) two-dimensional schematic.

The lumped parameter method is used to simplify the harvester to an equivalent
mass-spring-damping model [43,45-50]. The governing equations of the equivalent model
are obtained from Newton’s second law and Kirchhoff’s first law [54,55]:

PA+Fi+9U:M5q5&A+qequ+Kequ 1
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Bj(x,y,z) =

Bi(x,y,z)

0x, = CpU + u )
Ry

where P4 represents the external excitation force; F; represents the vertical magnetic force
between the two magnets; x4 represents the vertical displacement of the tip magnet, as
shown in Figure 1b; My, K, and 77¢, are the equivalent mass, equivalent stiffness, and
equivalent damping, respectively; 6 represents the electromechanical coupling coefficient; U
represents the output voltage; Cp represents the equivalent capacitance of the piezoelectric
patch; and R, represents the external resistance.

In Equations (1) and (2), P4 is determined by the external vibration source; Me; and K,
whose calculation equations can be found in Ref. [56], are determined by the dimensions
and materials of the cantilever beam substrate, piezoelectric patch, and tip magnet; Cp is
measured by a capacitance meter; 17, and 6 are chosen to make the estimated data (x4 and
U) better match the experimental figures. F; can be calculated by the magnetizing current
method, and its equation is available in Refs. [57,58]:

Fi = [ (~MuBy)ds + [[ MaBjds + [[ (~MysinaBy)ds + [ MasinaBids  (3)
S1 Sy S3 Sy

where M, represents the magnetization of the tip magnet; B; and By are the magnetic
induction intensity in the y and z directions generated by the external magnet B (see
Figure 1), respectively; 51, Sz, S3, and Sy are the upper, lower, front, and rear surface areas
of the tip magnet, respectively; « represents the deflection angle of the tip magnet when
the beam bends. B and By can be expressed as [57,58]:

dl?ﬂ R1(Ry—xsin ¢p—zcos @) _ Ry (Ryp—x sin ¢p—z cos @) dq) 4)

0 {(X—Rl sin @)%+ (y—1)?+(z—Ry cos (p)z} {(x—Rz sin @)%+ (y—1)?+(z—R; cos (p)z}

NG|
NG|

ok —F

NG|
[Se%

g
j‘ dlzfn (y—1)Rq cos ¢ . (y—1)Ry cos ¢ d(l) (5)
%B 0 {(x—Rl sin @)2+(y—1)?+(z—Ry cos (p)z} {(x—Rz sin )2+ (y—1)?+(z—R, cos ¢)*

where Mp represents the magnetization of the external magnet; y is the vacuum
permeability; tp is the thickness of the external magnet; and R; and R; are the outer circle
radius and the inner circle radius of the external magnet, respectively.

The y-z plane (see Figure 1) is defined as the zero potential energy surface, and the
total potential energy of the system V), is:

XA XA XA XA
V= Wy + W, = / Frdx — / Fdx — / Kegxdx — / Fidx ©)
0 0 0 0

where W; represents the work performed by the equivalent linear elastic force F;, and W,
represents the work performed by the vertical magnetic force F;. In Equation (6), gravity
is ignored, because the direction of gravity is perpendicular to that of the motion of the
cantilever, as shown in the experimental setup in Section 4; the horizontal magnetic force is
also ignored, because the harvester is simplified to a model with one degree of freedom.
Accordingly, the power of the external resistance P can be expressed as:

2
_ Urms

P
R

@)

where U, is the root mean square (RMS) value of the output voltage U over a period of
time.
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3. Numerical Simulation

In this section, in order to imitate low frequency noise sources in the environment,
the external excitation force P4 is defined as the filtered Gaussian white noise within the
frequency range of 0-120 Hz. Excitation acceleration a5 represents the intensity of P4,
and it can be calculated by:

P
AArms = ]Clrms (8)
eq

where Py,s is the RMS value of P4 over a period of time. Table 1 shows the structural
parameters of the QPEH. In Table 1, the density and Young’s modulus of the cantilever
beam substrate, piezoelectric patch, tip magnet, and external magnet are dependent on
their materials, while their dimensions are measured by the experiments, and 30 MQ) (R;)
is used to estimate the open circuit voltage of the QPEH.

Table 1. Structural parameters of the QPEH.

Parameter Value
Cantilever beam substrate (silicon steel)
Young’s modulus E. 200 GPa
Density pc 7700 kg /m?>
Length I 62 mm
Width wc 10 mm
Thickness t¢ 0.18 mm
Piezoelectric patch (MFC: M2807-P2)
Young’s modulus Ep 30 GPa
Density pp 5440 kg/m?>
Length Ip 28 mm
Width wp 7 mm
Thickness tp 0.3 mm
Equivalent capacitance Cp 20 x 1077 F
Piezoelectric cantilever beam
Equivalent mass Me, 0.0145 kg
Equivalent stiffness K¢q 21.4N/m
Equivalent damping 7.4 0.295N's/m

Electromechanical coupling coefficient 0

—825 x 107°N/V

Tip magnet (Nd2Fe14B: N35)

Density o4 7500 kg/m?>
Length [4 27.5 mm
Width wy 27.5 mm
Thickness t4 2.5 mm
Magnetization My 6.2 x 10° A/m
External magnet (Nd2Fe14B: N35)
Density pp 7500 kg /m?>
Thickness tg 3.5mm
Outer diameter @, 40 mm
Inner diameter @; 20 mm
Magnetization Mg 6.2 x 10° A/m
Vacuum permeability p 47t x 1077 N/A?
Resistance load R}, 30 MQ)

3.1. Potential Energy and Magnetic Force of the QPEH

Inserting the structural parameters in Table 1 into Equations (3)-(6), the potential
energy function and magnetic force equation are numerically solved by MATLAB, as
shown in Figure 2.
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Figure 2. (a) The potential energy V), varying with the vertical displacement x4 and magnet spacing
d; (b) the projection of V) in the x4—d plane; (c) V,—x4 curves when d = 14, 18, and 30 mm, and the
harvester is in the linear state; (d) the vertical magnetic force F; varying with x4 and d; (e) F;—xx
curves when d = 14, 18, and 30 mm, and the harvester is in the linear state.

Figure 2a shows the potential energy V), varying with the vertical displacement x4 and
magnet spacing d; Figure 2b shows the projection of V), in the x4—d plane; and Figure 2c
shows V},—x4 curves when d =14, 18, and 30 mm, and the harvester is in the linear state.
As illustrated in Figure 2a—c, when the magnet spacing d is small, such as 4 = 14 mm, the
QPEH presents the quad-stable characteristic, and there are four stable equilibrium points
(Qs1, Qsz, Qs3, and Qsy), and three unstable equilibrium points (Qui, Quz and Qyus). With
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the increase in d, such as d = 18 mm, the two outer shallower potential wells disappear and
the system changes to the bi-stable state, thereby owning two stable equilibrium points
(Bs1 and Bgp) and an unstable equilibrium point (Byy). If 4 continues to increase, such as
d = 30 mm, the two remaining potential wells change into one, and the system reaches the
mono-stable state. There is no doubt that when d is large enough, the system is infinitely
close to the linear state. Here, note that 14, 18, and 30 mm are chosen to show different
stability characteristics to better conduct the simulation and experimental comparative
analyses.

Figure 2d shows the vertical magnetic force F; varying with the vertical displacement
x4 and magnet spacing d, and Figure 2e shows F;—x4 curves when d = 14, 18, and 30 mm,
and the harvester is in the linear state. As shown in Figure 2d,e, for x4 > 0, when d = 14,
18, and 30 mm, F; first increases and then decreases, but the variation rate of F; is different;
when the harvester is linear, F; is zero.

According to Equation (6), the stability characteristic of the harvester varies with the
equivalent linear elastic force and vertical magnetic force. When the piezoelectric beam
is selected, its equivalent stiffness is invariant, so the trend of the equivalent linear elastic
force varying with the vertical displacement remains unchanged. Therefore, the stability
characteristic of the harvester is affected only by the vertical magnetic force. At different
magnet spacings, the variation rate of the vertical magnetic force is different (see Figure 2e),
which results in the different stability characteristics.

3.2. Estimated Energy Harvesting Performance of the QPEH

Figure 3 shows the estimated Uyyus—a45ys curves when a .., falls within the range of
0.71-1.77 g. It is obvious that the estimated RMS value of the open circuit voltage under
the quad-stable structural parameters is larger than that under the bi-stable structural
parameters when the acceleration falls within the range of 0.71-1.77 g.

10
quad-stable (d = 14 mm)
9|~} bi-stable (4 = 18 mm) o
8 o
7 0o
ZL_’.‘; 6 o
~
5 L
4
dl (o]
Lo .
0.5 1 1.5 2
Qs /g

Figure 3. Estimated U;us—a4,y,s curves when aa,,,s falls within the range of 0.71-1.77 g.

Figure 4 shows the output displacement, open circuit voltages, phase portraits, and
power spectrum densities (PSDs) of the voltages under the quad-stable and bi-stable struc-
tural parameters when a4,,,s = 0.88 g. As shown in Figure 4(al-d2), when ag,,s = 0.88 g,
the harvester achieves one-sided bi-stable inter-well movement under the quad-stable
structural parameters, while it only vibrates in a single potential well under the bi-stable
structural parameters; the U,,;;s values under the quad-stable and bi-stable structural pa-
rameters are 3.74 and 2.71 V, respectively; the ranges of the output displacement under the
quad-stable and bi-stable structural parameters are —28.2-1.6 and —23.6-0.3 mm, respec-
tively; the amplitude of the PSD of the voltage under the quad-stable structural parameters
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is greater than that under the bi-stable structural parameters within the frequency range of

0-3 Hz.
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Figure 4. The (al) output displacement, (b1) open circuit voltage, (c1) phase portrait, and (d1) PSD
of the voltage under the quad-stable structural parameters when a4,,s = 0.88 g; the (a2) output
displacement, (b2) open circuit voltage, (c2) phase portrait, and (d2) PSD of the voltage under the

bi-stable structural parameters when a4,,; = 0.88 g.

Figure 5 shows the output displacement, open circuit voltages, phase portraits, and
PSDs of the voltages under the quad-stable and bi-stable structural parameters when
Aarms = 1.6 g. As depicted in Figure 5(al-d2), when a4, = 1.6 g, the harvester achieves
two-sided quad-stable inter-well movement under the quad-stable structural parameters,
while it achieves two-sided bi-stable inter-well movement under the bi-stable structural
parameters; the U, ;s values under the quad-stable and bi-stable structural parameters are
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8.82 and 7.91 V, respectively; the ranges of the output displacement under the quad-stable
and bi-stable structural parameters are —32.1-30.7 and —28.3-25.0 mm, respectively; the
amplitude of the PSD of the voltage under the quad-stable structural parameters is greater
than that under the bi-stable structural parameters within the frequency range of 0-3 Hz.
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E 0 \st g 0
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= =
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20 20
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% 0 S 0
20¢ 20
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‘ quad-stable (d = 14 mm) ‘ | — bi-stable (d = 18 mm) ‘
0.5F 1 0.5
H n
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= _80r -80f
100 e i _10(1)0" 10’ 10'
10 10 f/Hz 10 fHz
(d1) (d2)

Figure 5. The (al) output displacement, (b1) open circuit voltage, (c1) phase portrait, and (d1) PSD of
the voltage under the quad-stable structural parameters when a ;s = 1.6 g; the (a2) output displacement,
(b2) open circuit voltage, (c2) phase portrait, and (d2) PSD of the voltage under the bi-stable structural
parameters when a4,/,s=1.6 g.

Clearly, with the increase in acceleration, the output displacement, open circuit voltage,
and its PSD amplitude increase. More importantly, the energy harvesting performance
under the quad-stable structural parameters is better than that under the bi-stable structural
parameters, whether a4,,s = 0.88 or 1.6 g. This result is dependent on the potential well
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characteristics under the quad-stable and bi-stable structural parameters. In Figure 2c, the
vertical depth (or the barrier height) between Qsz and Qs is 0.1 mJ; the vertical depth
between Qu, and Qgs is 0.5 m]J; the vertical depth between By and Bg; is 0.49 m]; the
horizontal width between Qg; and Qgy is 45 mm; the horizontal width between Bg; and Bgp
is 27.2 mm. When a5 = 0.88 g, the input energy provided by the external excitation is
greater than 0.1 mJ, but smaller than 0.49 mJ, so under the quad-stable structural parameters,
the system moves between the two potential wells on one side, while under the bi-stable
structural parameters, it only achieves intra-well motion. When a4,,,s = 1.6 g, the input
energy is greater than 0.5 mJ, so the system under both the quad-stable and bi-stable
structural parameters can achieve inter-well movement, and the amplitude under the quad-
stable structural parameters is greater than that under the bi-stable structural parameters,
because 45 > 27.2 mm. Consequently, when either a4,,,s = 0.88 or 1.6 g, the system under
the quad-stable structural parameters has greater oscillation amplitude and higher output
voltage, thereby presenting better energy harvesting performance. In other words, the
larger the distance between the two outer potential wells and the shallower the potential
well depth, the more energy is collected.

Figure 6 shows the voltage—external resistance and power—external resistance curves
when a4.ys = 1.6 g. For both the quad-stable and bi-stable structural parameters, the
output voltage becomes increasingly greater with the increase in external resistance, while
the output power first increases, and then decreases. This trend is linked to the circuit
characteristics of the QPEH. According to Equation (2), the system circuit is based on the
RC parallel circuit. Figure S1 shows the voltage and power characteristics of the RC parallel
circuit. Hence, for a certain capacitive reactance R¢, the output voltage becomes greater
and greater with the increase in the external resistance Ry, while the maximum power can
be obtained if, and only if, the external resistance R; is equal to the capacitive reactance Rc¢.
The maximum power of 3.62 uW at 8 M() under the quad-stable structural parameters is
higher than that of 3.11 uW at 6 M(Q) under the bi-stable structural parameters.

8 4
7t 1 3.5
o ,
o ]
6F (| 3 00 g
u] o O-p
st 0 1 (|
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Figure 6. Estimated voltage and power varying with resistance load Ry under the quad-stable and
bi-stable structural parameters when a4,,s = 1.6 g: (a) Uyms —Rp curves; (b) P—Rp, curves.

4. Experimental Verification

To verify whether the above theoretical analyses are correct, relevant experiments are
carried out to measure the performance of the QPEH. Table 1 shows the parameters of the
experimental materials.
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Oscilloscope

Signal
generator amplifier exciter

4.1. Experimental Setup

In Figure 7a, the QPEH is fixed on the vibration exciter (YMC VT-200). The filtered Gaus-
sian white noise used in the computation is input into the signal generator (Agilent 33500B)
through a U disk. Then, it is amplified by the power amplifier (YMC LA-200). The excitation
level can be adjusted by controlling the signal generator. Computer A can display and store
the displacement signals of the QPEH measured by the laser displacement sensor and its data
acquisition device (LK-G5001V); computer B can display and store the acceleration signals of
the QPEH measured by the acceleration sensor (LC0103TA) and its data acquisition device
(NI PXI1-1033); the oscilloscope (TBS 1104) can display and store the voltage signals of the
QPEH. In the experiment, the magnet spacing under the quad-stable structural parameters is
11 mm, while that under the bi-stable structural parameters is 15 mm. Here, note that due
to errors (see Section 5), the experimental magnet spacing cannot be exactly the same as the
estimated magnet spacing.

Data
i i . ... Computer A
Vibration ,cquisition -0 P o

device  [computer B

Acceleration
sensor

Figure 7. (a) The experimental setup; the stable equilibrium points of the energy harvester under the
quad-stable structural parameters (d = 11 mm): (b) stable point 1, (c) stable point 2, (d) stable point
3, and (e) stable point 4; the stable equilibrium points of the energy harvester under the bi-stable
structural parameters (d = 15 mm): (f) stable point 1 and (g) stable point 2.
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Figure 7b—e shows the four stable equilibrium points under the quad-stable structural
parameters, while Figure 7f,g shows the two stable equilibrium points under the bi-stable
structural parameters.

4.2. Experimental Energy Harvesting Performance of the QPEH

Figure 8 shows the experimental Uy s—a4:ms curves when a4, falls within the range
of 0.66-1.74 g. Obviously, the experimental RMS value of the open circuit voltage under
the quad-stable structural parameters is larger than that under the bi-stable structural
parameters, when the acceleration falls within the range of 0.66-1.74 g. The trend of the
experimental data is the same as that of the estimated figures.

12 : ‘
quad-stable (4 = 11 mm)
) - bi-stable (d =15 mm)
10+
8 L
2 [n)
b:
6 L
O
O
4 o
4 o
22— . :
0.5 1 1.5 2
aAmas’/g

Figure 8. Experimental Uys—aayy,s curves when aa,,,s falls within the range of 0.66-1.74 g.

Figure 9 shows the experimental output displacement, open circuit voltages, phase
portraits, and PSDs of the voltages under the quad-stable structural parameters when
Aamms = 0.88 g, and the bi-stable structural parameters when a4;,,s = 0.99 g. It is important
to note here that the excitation accelerations under the quad-stable and bi-stable structural
parameters cannot be the same in the experiment as those in the estimation, because the
signal generator and power amplifier need to be readjusted when the magnet spacing is
adjusted. As shown in Figure 9(al-d2), the system achieves one-sided bi-stable inter-well
movement (see Video S1) under the quad-stable structural parameters when a4,,,s = 0.88 g,
but it only vibrates in a single potential well under the bi-stable structural parameters when
Aprms = 0.99 g; the U,;s values under the quad-stable and bi-stable structural parameters are
3.6 and 3.16 V, respectively; the ranges of the output displacement under the quad-stable
and bi-stable structural parameters are —24.8——0.4 and —18.4——0.8 mm, respectively; the
amplitude of the PSD of the voltage under the quad-stable structural parameters is greater
than that under the bi-stable structural parameters within the frequency range of 0-3.8 Hz.

Figure 10 shows the experimental output displacement, open circuit voltages, phase
portraits, and PSDs of the voltages under the quad-stable structural parameters when
Aarms = 1.57 g, and the bi-stable structural parameters when a4,,,; = 1.64 g. As depicted
in Figure 10(al-d2), the system achieves two-sided quad-stable inter-well movement
(see Video S2) under the quad-stable structural parameters when a4,,s = 1.57 g, and
it achieves two-sided bi-stable inter-well movement (see Video S3) under the bi-stable
structural parameters when a4,,s = 1.66 g; the U,;;s values under the quad-stable and
bi-stable structural parameters are 9.55 and 7.3 V, respectively; the ranges of the output
displacement under the quad-stable and bi-stable structural parameters are —28.8-30.1 and
—25.3-20.9 mm, respectively; the amplitude of the PSD of the voltage under the quad-stable
structural parameters is greater than that under the bi-stable structural parameters within
the frequency range of 0-4.4 Hz.
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Figure 9. The experimental (al) output displacement, (b1) open circuit voltage, (c1) phase portrait, and
(d1) PSD of the voltage under the quad-stable structural parameters when a4,,,s = 0.88 g; the (a2) output
displacement, (b2) open circuit voltage, (¢2) phase portrait, and (d2) PSD of the voltage under the bi-stable
structural parameters when a4,,,; = 0.99 g.
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Figure 10. The experimental (al) output displacement, (b1) open circuit voltage, (c1) phase portrait, and
(d1) PSD of the voltage under the quad-stable structural parameters when a,4,,,s = 1.57 g; the (a2) output
displacement, (b2) open circuit voltage, (c2) phase portrait, and (d2) PSD of the voltage under the bi-stable
structural parameters when a4;,,; = 1.64 g.
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As expected, when the excitation level increases, the experimental output displacement,
open circuit voltage, and its PSD amplitude increase. Moreover, the experimental energy
harvesting performance under the quad-stable structural parameters when a4, = 0.88 and
1.57 g is better than that under the bi-stable structural parameters when a4,,,s = 0.99 and 1.64 g,
respectively. The experimental results are consistent with the estimated results. Figure 11
shows the experimental voltage—external resistance and power—external resistance curves
under the quad-stable structural parameters when a4,,,s = 1.49 g, and the bi-stable structural
parameters when a,,,,; = 1.56 g. Unsurprisingly, for both the quad-stable and bi-stable
structural parameters, the output voltage becomes increasingly greater with the increase in
external resistance, while the output power first increases, and then decreases. This is the
same trend as that of the estimated data. The maximum power 19.43 uW at 0.75 M) under
the quad-stable structural parameters is higher than the 11.76 uW at 0.47 MQ) under the
bi-stable structural parameters.

7 20 . :
quad-stable (¢ =11 mm)
6 I - bi-stable (d = 15 mm)
5r 15+
o 0

= = =
&4 0 o = | ‘g
) o

3 D %

0O 10+
20 1 o o
quad-stable (d = 11 mm) m | o
O  bi-stable (4 =15 mm) (m]
10 2 3 5 . 1 2 3 4
R/MQ R/MQ

(a)

(b)

Figure 11. Experimental voltage and power variation with resistance load R; under the quad-stable
structural parameters when a4,,,s = 1.49 g and the bi-stable structural parameters when a4;,,; = 1.56 g:
(@) Upms—Ry curves; (b) P—R; curves.

5. Discussion

A novel nonlinear quad-stable piezoelectric energy harvester with only one external
magnet is constructed by means of the magnetic interaction between a ring magnet and a
rectangular magnet. By adjusting the magnet spacing, the multi-stability of the harvester
can be changed. This is due to the fact that the variation rate of the vertical magnetic force
changes with the magnet spacing, while the equivalent stiffness of the piezoelectric beam
remains unchanged.

A comparison between Figures 3—6 and 8-11 shows the consistency of the overall trend
of the experiment and computation. However, the experimental magnet spacing, excitation
acceleration, output displacement, open circuit voltage, and output power cannot precisely
coincide with the estimated figures. Firstly, in the computation, d = 14 and 18 mm are
selected for the quad-stable parameter and bi-stable parameter, respectively, while in the
experiment, d = 11 and 15 mm are selected for the quad-stable parameter and the bi-stable
parameter, respectively. Secondly, the estimated open circuit voltage under the quad-stable
parameter ranges from 3.34 to 9.68 V, and that under the bi-stable parameter ranges from
2.22 to 8.74 V, when the acceleration falls within the range of 0.71-1.77 g; the experimental
output voltage under the quad-stable parameter ranges from 2.36 to 11.22 V, and that
under the bi-stable parameter ranges from 2 to 7.4 V, when the excitation acceleration falls
within the range of 0.66-1.74 g. Finally, the experimental maximum power is greater than
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the estimated figure, and the experimental optimal matching resistance is lower than the
estimated figure (see Figures 6b and 11b). These differences are caused by an abundance of
errors, which mainly include model errors and positioning errors.

In modeling, the horizontal displacement y4 (see Figure 1b) is neglected, and the
harvester is simplified to an equivalent model, with only one degree of freedom, so the
horizontal magnetic force is ignored, but in the experiment, the system has two degrees of
freedom, and there is a horizontal magnetic force. The horizontal magnetic force affects the
potential energy of the system and changes the positions of the stable equilibrium points.

In addition, for the fabricated QPEH, the experimental coordinate system cannot
precisely correspond to the simulation system; therefore, there are positioning errors. The
positioning errors also cause the differences between the experiment and computation.
Therefore, the experimental data are not precisely the same as the estimated data.

6. Conclusions

Based on the magnetic force characteristics between a ring magnet and a rectangular
magnet, a nonlinear quad-stable piezoelectric energy harvester, with only one external
magnet, can be constructed. With the increase in magnet spacing, the stability characteristic
of the harvester changes from quad-stability to bi-stability, and then to mono-stability,
which is caused by the changes in the variation rate of the vertical magnetic force.

Using the filtered Gaussian white noise within the frequency range of 0-120 Hz, the
energy harvesting performance under the quad-stable structural parameters is better than
that under the bi-stable structural parameters, independent of whether the excitation accel-
eration is small or large. When the excitation acceleration is small, the harvester achieves
one-sided bi-stable inter-well movement under the quad-stable structural parameters,
while it only vibrates in a single potential well under the bi-stable structural parameters;
when the excitation acceleration is large, the harvester achieves two-sided quad-stable
inter-well movement under the quad-stable structural parameters, while it achieves two-
sided bi-stable inter-well movement under the bi-stable structural parameters. The result
depends on the potential well characteristics under the quad-stable and bi-stable struc-
tural parameters. The potential well depths under the quad-stable and bi-stable structural
parameters are almost the same, but the distance between the two outer potential wells
under the quad-stable structural parameters is larger than that under the bi-stable struc-
tural parameters. In other words, the larger the distance between the two outer potential
wells and the shallower the potential well depth, the more energy is collected. In addition,
for both the quad-stable and bi-stable structural parameters, the output voltage becomes
increasingly larger with the increase in external resistance, while the output power first
increases, and then decreases, due to the RC parallel circuit characteristics of the harvester.

This work provides a new conception and technical method for the design, optimiza-
tion, and application of multi-stable piezoelectric energy harvesters.

Supplementary Materials: The following supporting information can be downloaded at: https:
/ /www.mdpi.com/article/10.3390 /machines10090803/s1, Figure S1: The equivalent RC parallel
circuit of the harvester; Video S1: One-sided bi-stable inter-well movement; Video S2: Two-sided
quad-stable inter-well movement; Video S3: Two-sided bi-stable inter-well movement.
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