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Abstract: This study explores the elastohydrodynamic lubrication (EHL) between the contacting
tooth flanks of a worm gear with nonconjugate meshing action. The contact is characterized by
a slender‑like elliptical shape and high sliding. The geometry and contact conditions for the con‑
sidered worm gear were obtained using tooth contact analysis. Based on that, the complete area
of the worm gear contact was analyzed using a validated numerical EHL model considering non‑
Newtonian, thermal, and transient effects. The geometrical and kinematic design factors that influ‑
ence EHL film formation in worm gears were identified and discussed. The results show the specific
characteristics of worm gear EHL contacts, such as the very slender contact in the tooth root flank
area, which diminishes the effect of the entrainment speed on film thickness. EHL film formation
could be supported by increasing conformity between the flanks to make the contact less slender. By
comparing the film thickness results against analytically obtained ones, relatively large differences
were observed except for one formula for minimum film thickness.

Keywords: elastohydrodynamic lubrication (EHL); worm gear; slender contact; Reynolds equation;
finite element method (FEM)

1. Introduction
Worm gears have a wide application in industry. They allow large gear ratios up

to 300:1 in a single gear stage. They can transfer motion through a 90◦ axis angle, have
a compact design, are quiet in operation, and are typically self‑locking, which prevents
back‑driving [1]. As such, they are used in industrial machinery, heavy equipment, and
even in the consumer industry for applications, such as elevators, conveyor belts, lifting
machines, presses, and ship steering systems [1,2].

Worm gears are typically manufactured by a machining process called hobbing. In
this process, the cutting hob for the wheel can be nominally of the same size or slightly
oversized than the cutting hob for theworm. Theoretically, under zero load conditions, the
contact between these two cases differs. When a wheel hob is not oversized, the meshing
action is conjugate, and the contact between the teeth flanks occurs in a line [2–4]. When
a wheel hob is oversized, the meshing action is nonconjugate, and the contact occurs at a
point [2–4]. To support lubricant film formation and prevent edge contacts, usually, an
oversized wheel hob is used [2]. The following explanations and references are focused on
this type of worm gears.

Under the influence of load, the point contact develops an elliptical contact area [4].
Depending on the direction of lubricant entrainment, elliptical contacts are generally di‑
vided into wide and narrow or so‑called slender contacts. In wide elliptical contacts, the
main lubricant entrainment direction coincides with the minor axis of the contact ellipse.
In slender elliptical contacts, the main lubricant entrainment direction coincides with the
major axis of the contact ellipse. Depending on the meshing position in worm gears, the
main lubricant entrainment direction in the contact is at a low angle or fully coincides with
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the major axis of the contact ellipse. Hence, worm gears are characterized by slender‑like
elliptical contacts.

Worm gear contacts are also characterized by high sliding between contacting gear
teeth. This results in high heat generation and relatively high power losses [1]. Wear is
unavoidable in the worm gear contact and particularly important during the running‑in
phase [1]. Usually, a softer material, typically bronze or plastic, is used for the wheel so
that it can wear out sooner and prolong service life.

One of the first people to analyze worm gear EHL contacts was Simon in 1997 [3]. He
investigated the EHL film formation in a worm gear by solving the Reynolds, energy, elas‑
ticity, andLaplace equations. The performance characteristics of the consideredwormgear
were analyzed and compared. In 2001, Sharif et al. [5,6] used amodifiedReynolds equation
to simulate the EHL worm gear contact by considering the non‑Newtonian behavior and
thermal effects. The surface temperature was calculated by using a one‑dimensional heat
conduction equation. The tooth normal load was chosen to give the desired contact pres‑
sure. Additionally, the authors performed an elastic solid contact analysis with the aim
of characterizing the dry contact between the flanks. The authors discovered poor oil film
formation capability due to unfavorable heat convection to the primary inlet by gear flanks,
which significantly decreases oil viscosity in the inlet zone. In 2006, the same authors de‑
veloped awearmodel of the worm gear contact based on the extended Archard’s wear law
coupled with the Reynolds equation to account for pressure and film thickness variations
over the contact area [7]. The model could calculate the wear rate, and it is highly affected
by the considered relation between film thickness and wear rate. In 2012, Magyar [8] pre‑
sented a calculation model for the local coefficient of friction of worm gears operating un‑
der mixed lubrication. The tooth flanks were discretized by substituting themwith a set of
rollers at discretized points alongmeshing positions. The minimum film thickness calcula‑
tion was based on Venner’s formula for EHL line contacts [9]. The authors validated their
calculations with experimental measurements on a worm gear test rig. Oehler et al. [10]
built on the calculation model of Magyar to develop a simulation method for the efficiency
and heat balance of worm gear drives.

The literature review shows that more than two decades have passed since a detailed
EHL analysis of wormgears [5,6] was performed. In themeantime, the capability and accu‑
racy of numerical modeling have improved. As industry aims at increasing power density
and efficiency, EHL simulation models are an important method to aid the understanding
and development of worm gears. This work demonstrates a numerical model for EHL
worm gear contacts by using a state‑of‑the‑art FEM model with fully coupled governing
equations, considering non‑Newtonian, thermal, and transient effects. The most influenc‑
ing contact conditions on EHL film thickness formation are identified and discussed in
terms of existing knowledge on slender EHL contacts. The computed film thickness is
compared against established analytical approaches.

2. Methods
This section describes the object of investigation and the tooth contact analysis to ob‑

tain contact conditions across the area of gear contact. Furthermore, the main equations of
the numerical EHL model of worm gear contacts are explained.

2.1. Object of Investigation
A standard reference worm gear pair of the common ZI type is considered, where the

worm is an involute helicoid [2]. The center distance of the considered pair is a = 100 mm,
and the gear ratio is i = 20.5. A torque of T2 = 400 Nm, rotational speed of n1 =
2000 min−1, and oil temperature of ϑoil = 65 ◦C are specified as input conditions. The
lubricant used is polyglycol gear oil PG460, also used in previous worm gear EHL analy‑
ses [2,5–7,10]. The worm gear geometry and operating conditions, as well as solid material
and oil properties, are listed in Table 1.
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Table 1. Considered worm gear geometry, operating conditions, material, and oil properties.

Worm (1) Wheel (2)

Worm gear geometry

Reference diameter d1|2 36 164 mm
Number of teeth z1|2 2 41 −
Center distance a 100 mm

Gear ratio i 20.5 −
Contact ratio ϵ 1.681 −

Operating conditions

n1|2 2000 97.56 min−1

T1|2 19.51 400 Nm
ϑoil 65 ◦C

Solid material properties

Material Steel 16MnCr5 [10] Bronze
CuSn12Ni2‑C [10] −

E 210 98.1 GPa
ν 0.3 0.35 −
cp 431 385 J/(kgK)
λ 21 [11] 56 W/(mK)
ρ 7760 8710 kg/m3

e =
√

λρcp 8381 13, 704 J/
(
K
√
sm2)

Oil properties of PG460 [10]

ν40 460 mm2/s
ν100 71 mm2/s
ρ15 1073 kg/m3

2.1.1. Tooth Contact Analysis
Geometries of the contacting tooth flanks, velocities, and load distributions for each

meshing position across the area of gear contact are obtained from a tooth contact analysis
(TCA) by the worm gear software SNETRA [12–14]. SNETRA data are transformed from
the coordinate system of SNETRA (xS, yS, zS) to the coordinate system of the numerical
EHL model (x, y, z). Figure 1 illustrates the considered worm gear and the schematic
contact pattern or area of gear contact. As Figure 1c shows, the contact pattern develops
from the tooth tip to the tooth root. Oil is entrained from inlet to outlet side.

Machines 2023, 11, x FOR PEER REVIEW 3 of 19 
 

 

Table 1. Considered worm gear geometry, operating conditions, material, and oil properties. 

 Worm (1) Wheel (2)  
Worm gear geometry 

Reference diameter 𝑑ଵ|ଶ 36 164 mm 
Number of teeth 𝑧ଵ|ଶ 2 41 − 

Center distance 𝑎 100 mm 
Gear ratio 𝑖 20.5 − 

Contact ratio 𝜖 1.681 − 
Operating conditions 𝑛ଵ|ଶ 2000 97.56 minିଵ 𝑇ଵ|ଶ 19.51 400 Nm 𝜗௢௜௟ 65 ℃ 

Solid material properties 
Material Steel 16MnCr5 [10] Bronze CuSn12Ni2-C [10] − 𝐸 210 98.1 GPa 𝜈 0.3 0.35 − 𝑐௣ 431 385 J (kgK)⁄  𝜆 21 [11] 56 W (mK)⁄  𝜌 7760 8710 kg mଷ⁄  𝑒 = ට𝜆𝜌𝑐௣ 8381 13,704 J ൫K√smଶ൯⁄  

Oil properties of PG460 [10] 𝜈ସ଴ 460 mmଶ s⁄  𝜈ଵ଴଴ 71 mmଶ s⁄  𝜌ଵହ 1073 kg mଷ⁄  

2.1.1. Tooth Contact Analysis 
Geometries of the contacting tooth flanks, velocities, and load distributions for each 

meshing position across the area of gear contact are obtained from a tooth contact analysis 
(TCA) by the worm gear software SNETRA [12–14]. SNETRA data are transformed from 
the coordinate system of SNETRA (xௌ, yௌ, zௌ) to the coordinate system of the numerical 
EHL model (x, y, z). Figure 1 illustrates the considered worm gear and the schematic con-
tact pattern or area of gear contact. As Figure 1c shows, the contact pattern develops from 
the tooth tip to the tooth root. Oil is entrained from inlet to outlet side. 

 
Figure 1. (a) Considered worm gear; (b) zoomed section of the wheel showing selected meshing 
positions; (c) schematic area of gear contact on the wheel. 

Figure 2 shows the contact conditions for each meshing position across the area of 
gear contact obtained from SNETRA. These include the velocity vectors 𝑣⃗ଵ and 𝑣⃗ଶ of the 
worm and wheel, entrainment speed 𝑣௠ = (𝑣ଵ + 𝑣ଶ)/2 with 𝑣௜ୀଵ,ଶ = ඥ𝑣௜,௫ଶ + 𝑣௜,௬ଶ, slide-
to-roll ratio 𝑆𝑅𝑅 = (𝑣ଵ − 𝑣ଶ)/𝑣௠, normal force 𝐹ே and sum of the normal force ∑ 𝐹ே, flank 
distance in the direction parallel to the meshing position ℎ௙ௗ,∥, and reduced radius of cur-
vature in the transverse direction to the meshing position 𝑅௥௘ௗ,ୄ. In total, 36 meshing po-
sitions were analyzed. 

Figure 1. (a) Considered worm gear; (b) zoomed section of the wheel showing selected meshing
positions; (c) schematic area of gear contact on the wheel.

Figure 2 shows the contact conditions for each meshing position across the area of
gear contact obtained from SNETRA. These include the velocity vectors

→
v 1 and

→
v 2 of the

worm and wheel, entrainment speed vm = (v1 + v2)/2 with vi=1,2 =
√

vi,x
2 + vi,y

2, slide‑
to‑roll ratio SRR = (v1 − v2)/vm, normal force FN and sum of the normal force ∑ FN ,
flank distance in the direction parallel to the meshing position h f d,∥, and reduced radius of
curvature in the transverse direction to the meshing position Rred,⊥. In total, 36 meshing
positions were analyzed.
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The TCA in SNETRA assumes that there are numerous points of contact along each
meshing position. With the help of the general approaches of analytical geometry, the
points of contact between the flanks are replaced by an equivalent contact of a pair of
rollers that rotate relative to each other in the transverse direction to the meshing posi‑
tion [8,10]. The reduced radius of curvature (Rred,⊥) of the pair of rollers corresponds to
the geometry of the contacting flanks in the mentioned direction. This simplification also
allows applying an analytical formula for minimum film thickness calculation, which will
be compared to the minimum film thickness results from this study in Section 3.3.

Figure 2. Contact conditions across the area of gear contact obtained from SNETRA (the num‑
ber of meshing positions was reduced for illustration purposes). (a) Velocity vectors of the worm
→
v 1
(
xS, yS, t

)
; (b) velocity vectors of the wheel

→
v 2
(
xS, yS, t

)
; (c) entrainment velocity vm

(
xS, yS, t

)
;

(d) slide‑to‑roll ratio SRR
(
xS, yS, t

)
; (e) normal force FN

(
xS, yS, t

)
; (f) sum of normal force ∑ FN(t);

(g) flank distance in the direction parallel to the meshing position h f d,∥
(
xS, yS, t

)
; (h) reduced radius

of curvature in the transverse direction to the meshing position Rred,⊥
(
xS, yS, t

)
.



Machines 2023, 11, 89 5 of 19

An oversized cutting hob for the wheel results in a nonconjugate meshing action. The
number of teeth considered in the calculation of the contact pattern is determined by the
contact ratio ϵ, referring to the number of engaged teeth within one meshing position. The
scattered data of the geometries and velocities are smoothed by fitting high‑order poly‑
nomials. The scattered data of load are integrated along each meshing position to obtain
the integral load value. The center of the coordinate system of the numerical EHL model
(x, y, z) is placed at the location of h f d,∥ minimum at each meshing position, as illustrated
in Figure 1c.

2.1.2. Implementation of Contact Conditions in EHL Model

Figure 2a,b show that themagnitude anddirection of the velocity vectors
→
v 1 and

→
v 2 of

the worm and wheel vary across the area of gear contact. In order to take this into account
in the numerical EHL model (see Section 2.2), after interpolation of the scattered data, ve‑
locity fields from SNETRA are implemented in the EHLmodel by determining the velocity
in the parallel and transverse directions to the meshing position; vi,x = vi,∥ = f (x, t), and
vi,y = vi,⊥ = f (x, t), where i = (1, 2).

Theworm andwheel flank are geometrically characterized as double‑curved surfaces,
which means that they have curvature in tooth height and width direction. For the sake
of saving computational effort, the contact between the tooth flanks is transferred to an
equivalent contact between a rigid ellipsoid and an elastic body, as performed for hypoid
gears in [15]. In the equivalent contact, the radius of curvature of the rigid ellipsoid in
the y‑direction is described by the function Rred,y = Rred,⊥ = f (x, t), while the curva‑
ture of the rigid ellipsoid in the x‑direction is described by the flank distance curvature
h f d,x = h f d,∥ = f (x, t) (see Figure 2g). The undeformed gap between the rigid ellipsoid
and the elastic body in the dimensional form can therefore be expressed as:

g(x,y, t) = h f d,x(x, t) +
y2

2Rred,y(x, t)
(1)

The elastic properties of the contacting toothflanks are taken into consideration through
the equivalent modulus of elasticity Eeq and equivalent Poisson’s ratio νeq, whose defini‑
tions can be found in [15].

2.1.3. Solid Contact Analysis
Since the shape of the rigid ellipsoid in the equivalent contact is not described by two

radii of curvatures but by the flank distance in the x‑direction h f d,x(x, t) and the radius of
curvature in the y‑direction Rred,y(x, t), simple Hertzian equations cannot be applied for
the determination of the dry contact area. Therefore, a state‑of‑the‑art contact mechanics
numerical model developed by Almqvist and his team [16] is used. The contact mechanics
model is based on continuous convolution fast Fourier transform (CC–FFT) and a varia‑
tional principle.

The accuracy of themodel was verified against Hertzian analytical equations for point
contacts. The sensitivity of the solution to mesh size was tested for three mesh resolu‑
tions Nx = Ny = {256, 512, 1054} at the most loaded meshing position (t = 22.41 ms).
The maximum solid contact pressure ps,max for the three considered mesh resolutions was
ps,max = {635.67, 634.22, 633.44} MPa. Because ps,max results converge with a difference
around 0.12 %, the mesh with Nx = Ny = 1054 elements is used for the solid con‑
tact analysis.

2.2. Thermal Elastohydrodynamic Lubrication Model
In the following section, the governing equations are presented, followed by the di‑

mensionless formulation and the introduction of equations that describe lubricant proper‑
ties. Finally, the numerical implementation into a finite element model (FEM) is presented.
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2.2.1. Governing Equations
To determine the fluid flow, the generalized Reynolds equation for point contacts

with bidirectional oil entrainment is solved, which reads [17]:

− ∂

∂x

(
ε

∂p f

∂x

)
− ∂

∂y

(
ε

∂p f

∂y

)
+

∂ρ∗x
∂x

+
∂ρ∗y
∂y

+
∂ρe

∂t
+ ξ p f Θ

(
−p f

)
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ε = ηe

η′e
ρ′ − ρ′′, ρ′ =

∫ z2
z1

ρ
∫ z
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dz′
η dz, ρ′′ =

∫ z2
z1

ρ
∫ z
z1

z′dz′
η dz,
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=
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(
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∂z
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(
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∂T
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∂T
∂y
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−

T
ρ

∂ρ
∂T

(
v f ,x

∂p f
∂x + v f ,y

∂p f
∂y

)
+ η

[(
∂v f ,x

∂z

)2
+
(

∂v f ,y
∂z

)2
]
= ρcp

∂T
∂t ,

(5)

∂

∂x

(
λi

∂T
∂x

)
+

∂

∂y

(
λi

∂T
∂y

)
+

∂

∂z

(
λi

∂T
∂z

)
− ρicp,i

(
vi,x

∂T
∂x

+ vi,y
∂T
∂y

)
= ρicp,i

∂T
∂t

(6)

where i = 1,2.
The film thickness equation reads:

h(x,y, t) = h0(t) + g(x,y, t) + δ(t), (7)

where g(x,y, t) is the geometry of the undeformed gap defined in Equation (1).
The elastic deformation of an equivalent body is obtained by solving the linear elas‑

ticity equation, which reads:

∇·σ = 0, σ = C·ε(U), U =

ux
uy
uz

, δ = uz. (8)

The applied load and generated fluid pressure are balanced in each time step using
the load balance equation, which reads:∫

ΩP

p f (x,y, t)dxdy = ∑ FN(t). (9)
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2.2.2. Dimensionless Formulation
The following set of dimensionless parameters is used to transform the governing

equations in the dimensionless form [17]:

X = x
ax , Y =

y
ay , Z =

{
solids : z

ax
fluid : z

h
H =

hRred,x0
a2
x

, UX =
uxRred,x0

a2
x

, UY =
uyRred,x0

a2
x

, UZ =
uzRred,x0

a2
x

, δ =
δRred,x0

a2
x

t = tvm,0
ax , P =

p f
pH,max

, T = T
T0

, ρ = ρ
ρ0

, η = η
η0
and τ = τ

pH,max

(10)

The radius of curvature in the x‑direction at the contact center Rred,x0(x = 0, t) is de‑
termined from the flank distance h f d,x(x = 0, t) (see Figure 2g) by applying the formula for
radius of curvature that reads:

Rred,x0(x = 0, t) =

∣∣∣∣∣∣∣∣∣∣

(
1 +

(
h f d,x(x = 0, t)

)′
2
) 3

2

(
h f d,x(x = 0, t)

)′′
∣∣∣∣∣∣∣∣∣∣

(11)

The parameters Rred,x0(x = 0, t) and vm,0(x = 0,y = 0, t) are evaluated at the contact
center for each time step, and the mean values over the considered time period are cho‑
sen for the dimensionalization. In the same way, the maximum value of the normal force
∑ FN(t) over the considered time period is used to calculate the time‑independent dimen‑
sionless Hertzian parameters, ax and ay. In this way, in each time step, the contact area in
the X‑ and Y‑direction is within ∼ (−1.0, 1.0). A similar strategy was applied in [18].

The time step between two meshing positions is constant. The choice of the time step
size ∆t is based on the following relationship:

∆t =
tE

f∆tnE
(12)

where tE is the meshing time of a single tooth of the worm gear, calculated as:

tE =
60

n2z2
ϵ (13)

The number of considered meshing positions nE = 36 is obtained from the TCA in
SNETRA. The factor f∆t in Equation (12) determines the number of interpolated meshing
positions between two meshing positions as obtained from the TCA. The factor f∆t was
varied in the range f∆t = {3, 6, 9}, and no major change in the results was noticed for the
considered range of f∆t. A value of f∆t = 9 is used in this study, resulting in the time step
size of ∆t = 0.0778 ms and a total of 370 time steps.

2.2.3. Lubricant Equations

The effects of pressure and temperature on oil viscosity µ
(

p f , T
)
are modeled by an

improved Yasutomi temperature–pressure–viscosity correlation [19] that reads:

µ
(

p f , T
)
= µg exp

[
−2.303C1

(
T − Tg

)
F′

C2 +
(
T − Tg

)
F′

]
, (14)

where
Tg

(
p f

)
= Tg0 + A1 ln

(
1 + A2 p f

)
, and F′(p f ) =

(
1 + b1 p f

)b2
.
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The parameters used in Equation (14) are fitted to the experimentally measured low‑
shear viscosity at the elevated pressure of up to p f = 1.2 GPa and three temperatures
ϑoil = {40, 65, 100} ◦C, published in [20].

A multicomponent modified Carreau model for mixtures [20] describes the influence
of the shear stress on the oil viscosity η(τ), as follows:

η
(

p f , T, τ
)
= µ

(
p f , T

) N

∑
i=1

fi

[
1 +

(
τ

Gi

)2
] (1− 1

nc,i
)

2

,
N

∑
i=1

fi = 1 (15)

The density of the oil ρ
(

p f , T
)
is described by the Dowson–Higginson model [21],

improved by Bos [22], which reads:

ρ
(

p f , T
)
= ρ0

(
1 +

D1 p f

1 + D2 p f

)
[1 − ε(T − T0)], (16)

where
ε = ε0 exp

(
−λρ p f

)
. (17)

The thermal conductivity and specific heat capacity per volume are described by the
models of Larsson and Andersson for polyglycol oils [23]:

λ
(

p f

)
= λ0

(
1 +

dλ1 p f

1 + dλ2 p f

)
, (18)

(
cpρ
)(

T, p f

)
=
(
cpρ
)
(295 K)

(
1 +

Ac1 p f
1+Ac2 p f

)[
1 + Ac3

(
1 + Ac4 p f + Ac5 p f

2
)
(T − 295 K)

]
.

(19)

The parameters for modeling properties of the considered oil PG460 (see Table 1) are
listed in Table 2.

Table 2. Parameters for modeling the properties of the considered oil PG460.

Improved Yasutomi Correlation

µg 1 × 1012 Pa s
Tg0 −71.67 ◦C
A1 268.5 ◦C
A2 0.2558 GPa−1

b1 7.36 GPa−1

b2 −0.3746 −
C1 14.84 −
C2 22.35 ◦C

Multicomponent‑modified Carreau viscosity model for mixtures [20]

nC,1 0.63 −
nC,2 − −
G1 2.7 × 105 Pa
G2 − −

Dowson‑Higginson equation parameters [5]

D1 0.67 GPa−1

D2 2.68 GPa−1

ε0 7.1 × 10−4 K−1

λρ 1.5 GPa−1
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2.2.4. Numerical Modeling
The numerical EHL model is based on Habchi’s full‑system approach [17] and the

work of Ziegltrum et al. [24]. It is an extension of the FEM model of the authors in [25],
where it was validated for slender thermal EHL contacts operating under a wide range
of entrainment speeds and slide‑to‑roll ratios (SRRs). Additionally, the sensitivity of the
solution on mesh resolution was checked in [25].

Figure 3 shows the dimensionless calculation domains (a) and the meshed fluid do‑
main (b) of the numerical EHL model. The generalized Reynolds equation is solved in the
two‑dimensional domain ΩP, while the energy equations for fluids and solids are solved
in the three‑dimensional domains ΩT , ΩT,1, and ΩT,2. The elastic deformation of an equiv‑
alent body is computed in the three‑dimensional computational domain Ωδ. The pressure
field obtained from theReynolds equation ismapped in the gap height direction. The shear
stress distribution in the gap height direction is solved by the shear stress distribution over
the two‑dimensional oil film domain, and the oil property variations with pressure, tem‑
perature, and shear stress over the entire oil film domain are thus obtained.

Figure 3. Numerical EHLmodel. (a) Dimensionless computational domains; (b) top view of meshed
fluid domain ΩP.

Triangular and tetrahedral elements are used for the domains ΩP, Ωδ, ΩT,1, and ΩT,2.
For ΩP, a finer mesh is used in the regions where high‑pressure gradients are expected to
occur, that is, within the contact area (see Figure 3b). Additionally, a fine mesh within the
contact area improves interpolation of the TCA input data of SNETRA. In the gap height
direction, uniformly distributed prism elements are used, which speeds up the computa‑
tion of the integral terms [17]. A finemeshwith a total of ne = 104, 705 elements is used. In
the validating work [25], where model symmetry was employed due to unidirectional en‑
trainment, it was found that convergence of the solution was fully achieved at ne = 51, 356.
Hence, it can be concluded that the results of the current model are independent of the
mesh resolution.

3. Results and Discussion
The first part of the section shows the reference results from a dry contact analysis.

The second part shows the results from the EHL contact analysis. This is followed by a
classification of the film thickness results into established analytical approaches. Note that
the results shown in this section were obtained with the coordinate system of the numer‑
ical EHL model (x, y, z) and then transformed back to the coordinate system of SNETRA
(xS, yS, zS).

3.1. Dry Contact Analysis
The reference results from the dry contact analysis, according to Section 2.1.3, are

shown in Figure 4. Figure 4a shows the computed dry contact area for each meshing posi‑
tion of a meshing cycle. From these results, the ellipticity ratio k =

ay
ax was calculated and

is plotted in Figure 4b against the radii of curvatures Rred,x0 and Rred,y0, evaluated at the
center of the equivalent contact.
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Figure 4a shows that the dry contact area between the contacting tooth flanks has an
elliptical shape, which becomes more elongated and slenderer toward the tooth root of the
wheel, as k reduces. This is due to the increase in conformity between the flanks in the
x‑direction (see Figure 2g and Rred,x0 in Figure 4b), as well as the decrease in the radius of
curvature in the y‑direction (see Figure 2h and Rred,y0 in Figure 4b). The increase in the dry
contact area is mainly caused by the increase in load over the meshing cycle.

1 

 

 
 

 

 

 

Fig4 

  

Figure 4. (a) Dry contact area over a meshing cycle (the number of meshing positions was reduced
for illustration purposes). (b) Ellipticity ratio k and reduced radii of curvatures Rred,x0 and Rred,y0.

The results from the dry contact analysis show the influence of geometry and load
on the shape and extent of the dry contact area between the contacting flanks. This sup‑
ports a deeper understanding of the results of the EHL contact analysis, presented in the
following section.

3.2. EHL Contact Analysis
Exemplary results from the EHL contact analysis, according to Section 2.2, are pre‑

sented in Figure 5. Thereby, three‑dimensional surface plots of fluid pressure p f , film
thickness h, and fluid temperature ϑ f at z = h

2 are shown for two meshing positions at
t1 = 0.7 ms and t36 = 25.2 ms. The meshing position at t1 is the closest meshing position
to the tooth tip of the wheel, while the meshing position at t36 is the closest one to the tooth
root of the wheel.
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Figure 5. Three‑dimensional surface plots at t1 = 0.7 ms and t36 = 25.2 ms. (a) Fluid pressure p f ;
(b) film thickness h; (c) fluid temperature ϑ f at z = h

2 .

Figure 5 shows that the EHL contact is slenderer in the tooth root flank area (t36) than
in the tooth tip flank area (t1), which corresponds to the results of the dry contact analysis
(see Section 3.1). Figure 5a shows a higher fluid pressure p f in the tooth root flank area.
Figure 5b indicates an asymmetrical distribution of the film thickness h, as it is different in
the side lobes. From Figure 5c, it can be observed that ϑ f at z = h

2 is higher in the tooth
root flank area, which is a sign of more severe conditions in this part of the meshing cycle.
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Figure 6 shows the contours of fluid pressure p f , film thickness h, and fluid velocity
v f at z = h

2 for eight positions of the meshing cycle. The contour of the dry contact area
obtained in Section 3.1 was added to the contour plots of p f and v f .
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Figure 6. Contour plots with entrainment velocity vector
→
vm for eight meshing positions

(ti = {0.7, 4.2, 7.7, 11.2, 14.7, 18.2, 21.7, 25.2} ms) of a meshing cycle. (a) Fluid pressure p f ;
(b) film thickness h; (c) fluid velocity v f at z = h

2 .

From the fluid pressure contours p f shown in Figure 6a, the EHL‑pressurized area
closely matches the dry contact area in the tooth tip flank area. In the tooth root flank area,
the difference between the EHL‑pressurized area and the dry contact area is larger. The dif‑
ference occurs because the EHL‑pressurized area is not only affected by the tooth flank ge‑
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ometry (h f d,∥ and Rred,⊥) and load FN like the dry contact area, but also by an increase in en‑
trainment speed vm in the direction of the tooth root, as shown in
Figures 2c and 6c, respectively.

From the film thickness contours h in Figure 6b, it can be clearly seen that h decreases
toward the tooth root and that its shape is fully governed by the orientation of the entrain‑
ment velocity vector

→
vm. Figure 6c shows that the fluid velocity v f at z = h

2 increases
toward the tooth root. The zone of the primary inlet, from where the largest quantity of
the oil is entrained in the contact, is highlighted and characterized by a region of lower v f
at the inlet. This can be caused by the steep shape of h at this location and a fluid backflow.

From Figure 2c,e,f it can be seen that toward the tooth root, both FN and vm increase.
From classical EHL theory on slender elliptical contacts [26,27], it is known that vm has a
much higher influence on h than FN . In a previous work of the authors [25], it was shown
that in slender EHL contacts with constant k operating under constant FN and high sliding
conditions, an increase in vm causes a strong increase in the central film thickness hc but
has almost a negligible effect on the minimum film thickness hm. Figure 6b,c show that
in slender EHL contacts with varying k operating under varying FN and high sliding con‑
ditions, the increase in vm toward the tooth root does not have an increasing effect, either
for hm or for hc. The reason for this can be understood by noticing that the zone of the
primary inlet, marked in Figure 6c, shrinks in size as k decreases toward the tooth root. As
a result, a lower quantity of oil is entrained in the contact, which results in low h. Addition‑
ally, as k decreases, the side flow increases [28], which results in less oil being available for
maintaining the oil film and thus lower h in the contact. The interested reader is referred
to [28], where the relationship between h and k in EHL contacts was investigated in detail
by quantifying the side flow for a wide range of k.

Figure 7 shows the contour plots of the temperature of the worm tooth flank ϑ1, fluid
ϑ f at z = h

2 , and wheel tooth flank ϑ2.
Figure 7 shows that there is an almost steady high contact temperature throughout the

meshing cycle correlating with an almost constant SRR (see Figure 2d). It increases from
the tooth tip flank area to the tooth root flank area due to more severe contact conditions
in the tooth root flank area (higher vm and higher FN ; see Figure 2c,e,f). The temperature
distribution on theworm andwheel tooth flank, ϑ1 and ϑ2 in Figures 7a and 7c, is governed
by the orientation of their velocity vectors (see Figure 2a,b). The fluid temperature ϑ f at
z = h

2 in Figure 7b is governed by the orientation of
→
vm. The worm tooth flank shows a

lower temperature than the wheel tooth flank because the heat is more efficiently removed
via convection from the worm tooth flank. This can be understood by observing the sig‑
nificantly higher magnitude of the velocity vectors on the worm tooth flank in Figure 2a,b.
Additionally, by comparing the temperature tails in Figure 7a,c, it can be seen that the
heat on the worm tooth flank is efficiently removed toward the outlet, while the heat on
the wheel tooth flank is, much less efficiently, removed toward the wheel tooth tip and the
wheel tooth root.

The film thickness results presented in Figure 6b showno occurrence of dimples. Dim‑
ples are typically found in EHL contacts operating under high sliding conditions, high en‑
trainment speeds, and low oil temperatures with solids featuring significantly different
thermal effusivity (e.g., steel‑on‑glass contact in optical tribometer). This causes unequal
temperature distribution in gap height direction, which results in a strong temperature‑
viscosity wedge that is responsible for the occurrence of dimples [25]. In this study, the
thermal effusivities of worm and wheel are not significantly different, and the chosen oil
temperature is relatively high (see Table 1). Hence, the temperature distribution in the gap
height direction is relatively uniform. This can be seen in Figure 7 (see also Figure 8b),
by observing that the highest temperature occurs in the middle of the oil film. It can be
concluded that for the consideredworm gear EHL contacts, temperature‑viscosity wedges
are not strong enough to cause the occurrence of dimples.
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Figure 7. Contour plots with entrainment velocity vector
→
vm for eight meshing positions

(ti = {0.7, 4.2, 7.7, 11.2, 14.7, 18.2, 21.7, 25.2}ms) of a meshing cycle. (a) Temperature of the worm
tooth flank ϑ1; (b) fluid temperature ϑ f at z = h

2 ; (c) temperature of the wheel tooth flank ϑ2.

The results from Figures 6 and 7 are further evaluated in terms of minimum andmax‑
imum values in Figure 8, complemented with the results for the time steps not shown in
previous figures. In Figure 8a, the minimum and central film thicknesses hm and hc and
the maximum fluid pressure p f ,max are shown over a meshing cycle. Similarly, Figure 8b
shows themaximum temperature of the worm andwheel tooth flank ϑ1,max and ϑ2,max and
the maximum fluid temperature ϑ f , max at z = h

2 .
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Figure 8. Minimum and maximum values over a meshing cycle. (a) Minimum and central film
thicknesses hm and hc and maximum fluid pressure p f ,max; (b) maximum temperature on worm and
wheel tooth flank ϑ1,max and ϑ2,max and maximum fluid temperature ϑ f ,max at z = h

2 .

Figure 8a clearly shows that both hc and hm decrease towards the wheel tooth root, as
the contact becomes slenderer (see k in Figure 4b). As shown in Figure 6, as k decreases,
less oil is entrained in the contact, andmore oil leaves the contact through the sides, which
in turn results in less oil being available to maintain the oil film in the contact. On the
other hand, p f ,max is highest in the vicinity of tooth tip and root flank, reaching relatively
constant values in between. From Figure 8b, it can be seen that the wheel flank made of
bronze is hotter than the worm flank made of steel, while the maximum temperature is
reached in the middle of the oil film. As shown in Figure 7, this can be attributed to less
efficient heat removal by convection from the wheel tooth flank.

3.3. Classification of Film Thickness Results
To classify the results presented in Section 3.2, hc and hm from the EHL analysis are

compared against analytically calculated values from established analytical approaches.
The considered analytical approaches are based on the

• hm calculation in worm gear contacts according to DIN 3996 (performed by
SNETRA) [29];

• hc and hm formulae for point contactswith lubricant entrainment at some intermediate
angle, by Chittenden et al. [27];

• hc and hm formulae for slender EHL contacts, by Wolf et al. [30,31].

According to theDIN3996 standard forwormgears, hm can be calculated by assuming
a line contact of two rollers with the reduced radius of curvature determined by the tooth
flank geometries in the transverse direction to the meshing position [8,10]. Depending
on the orientation of the entrainment velocity vector, the contacting rollers rotate relative
to each other. Under this assumption, only the entrainment velocity component in the
transverse direction to the meshing position is considered.

The input conditions for the analytical formulae of Chittenden et al. [27] and
Wolf et al. [30,31] are taken at the center of the equivalent contact (x = 0, y = 0). The
oil properties for all three analytical approaches (µ0 and αp) are fitted using the Barus vis‑
cosity model to the experimentally measured low‑shear viscosity data of PG460 at high
pressure and ϑoil = 65 ◦C, given in [20].

In Figure 9, the hc and hm obtained from this study and the considered analytical ap‑
proaches are compared. For Chittenden et al. [27] and Wolf et al. [30,31], the trends of hm
and hc over the meshing cycle are similarly compared to the results from this study. How‑
ever, significantly higher values are predicted except by Wolf et al. [30,31] for hm, which
shows good agreement. Differencesmight be caused by the neglected non‑Newtonian and
thermal effects in the derivation process of the analytical formulae. As can be seen from
Figures 2d and 8b, the slide‑to‑roll ratio is SRR ≈ 2, and the maximum fluid temperature
ϑ f ,max is above 100 ◦C for the whole meshing cycle. In the case of the calculation according
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to the DIN 3996, a different trend over the meshing cycle was predicted compared to the
results from this study. This can be due to the assumption of a line contact between a set
of rollers in the transverse direction to the meshing position.
 

3 

 
 

Fig9 Figure 9. Comparison of hc (a) and hm (b) derived from this study and analytical approaches over a
meshing cycle.

4. Conclusions
This study introduced a numerical procedure for investigating the transient thermal

EHL contact of worm gears with nonconjugate meshing action. Based on the presented
results, the following conclusions can be drawn:
1. Worm gears with nonconjugate meshing action are characterized by a slender‑like

elliptical contact with small ellipticity ratio.
2. As the contact becomes slenderer toward the tooth root of the wheel, the quantity of

the oil entrained in the contact decreases, and the side flow increases, which in turn
results in a lower film thickness. In other words, as the worm gear contact becomes
slenderer, the effect of entrainment speed on EHL film thickness diminishes.

3. The positive effect of the increasing entrainment speed toward the tooth root of the
wheel on EHL film thickness could be restored by making the contact less slender.
This could be achieved by increasing conformity between the flanks in the transverse
direction to the meshing position.

4. The worm tooth flank is cooler than the wheel tooth flank, which is a consequence of
more efficient heat removal via convection by the worm.

5. In terms of analytical approaches, the film thickness is overestimated, except for the
minimum film thickness by Wolf et al. [30,31]. Calculation by DIN 3996 predicts a
different trend of the minimum film thickness over the meshing cycle compared to
the results from this study. This shows the difficulty in applying simple analytical
formulae to capture the complex contact conditions of worm gears.
The presented results show that numerical modeling supports the understanding of

mechanisms and is necessary to predict tribological details of slender‑like EHL contacts
in worm gears. Recent developments in using machine learning algorithms for film thick‑
ness predictions in EHL contacts [32] could be a promising way to transfer findings from
complex numerical models to accurate and fast approaches. Because solid contacts are
unavoidable in worm gear contacts, the adaption of the developed numerical model for
modeling mixed lubrication and wear will be the focus of further investigations.
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Nomenclature 
Latin symbols   𝐴1 Oil parameter for improved Yasutomi temperature–pressure– 

viscosity correlation 
°C 𝐴2 

Oil parameter for improved Yasutomi temperature–pressure– 
viscosity correlation GPaି1 𝐴௖1,…,5 Coefficients of the oil heat capacity model − 𝑎 Center distance of the considered worm gear pair m 𝑎୶ Semi-major Hertzian contact length m 𝑎୷ Semi-minor Hertzian contact length m 𝑏1 
Oil parameter for improved Yasutomi temperature–pressure– 
viscosity correlation GPaି1 𝑏2 
Oil parameter for improved Yasutomi temperature–pressure– 
viscosity correlation 

− C Compliance matrix Pa 𝑐௣ Specific heat capacity J (kg K)⁄  𝐶ଵ Oil parameter for improved Yasutomi temperature–pressure– 
viscosity correlation 

− 𝐶ଶ 
Oil parameter for improved Yasutomi temperature–pressure– 
viscosity correlation 

°C 𝑑௜ Reference diameter m 𝑑ఒ1, 𝑑ఒ2 Coefficients of the oil thermal conductivity model − 𝐷1 Oil parameter for Dowson–Higginson density model GPaି1 𝐷2 Oil parameter for Dowson–Higginson density model GPaି1 𝑒 Thermal effusivity J (K√sm2)⁄  𝐸 Modulus of Elasticity Pa 𝐸௘௤ Equivalent Modulus of Elasticity Pa 𝑓∆௧ Number of interpolated meshing positions between two  
meshing positions 

− 𝐹ே Normal force N 𝐹ᇱ Dimensionless relative thermal expansivity of the free volume − 𝑔 Undeformed gap between rigid ellipsoid and elastic body m 𝐺௜ Carreau model parameter Pa ℎ Film thickness m ℎ௖ Central film thickness m ℎ௠ Minimum film thickness m ℎ௙ௗ,∥ Flank distance in the direction parallel to the meshing  
position (x-direction) 

m 𝐻 Dimensionless film thickness − ℎ଴ Constant parameter of the film thickness equation − 𝑖 Gear ratio − 𝑘 Ellipticity ratio − 𝑛௜ Rotational speed minି1 𝑛஼,௜  Carreau model parameter − 𝑛ா  Number of the considered meshing positions − 𝑁୶|୷ Mesh resolution in x- and y-direction of the contact mechanics  
numerical model 

− 
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𝑝௙ Hydrodynamic pressure Pa 𝑃 Dimensionless hydrodynamic pressure − 𝑝ு Hertzian pressure Pa 𝑝ு,௠௔௫  Maximum Hertzian pressure Pa 𝑅୰ୣୢ,୶, 𝑅୰ୣୢ,୷ Reduced radii of curvatures in x- and y-direction m 𝑅୰ୣୢ,୶଴, 𝑅୰ୣୢ,୷଴ Reduced radii of curvatures in x- and y-direction at the contact  
center (x = 0, y = 0) 

m 𝑅௥௘ௗ,ୄ Reduced radius of curvature in the transverse direction to the 
meshing position (y-direction) 

m 𝑆𝑅𝑅 Slide-to-roll ratio − 𝑇௜ Torque Nm 𝑇 Temperature K 𝑇଴ Oil temperature K 𝑇௚ Glass transition temperature °C 𝑇௚଴ Reference glass transition temperature °C 𝑇ത Dimensionless temperature − 𝑡 Time s 𝑡̅ Dimensionless time − 𝑡ா  Meshing time of a single tooth of the worm gear s 𝑈 Displacement vector m 𝑣௙,୶ Fluid velocity in x-direction m/s 𝑣௙,୷ Fluid velocity in y-direction m/s 𝑣⃗௜ Velocity vector − 𝑣௚,୶ Sliding speed in x-direction m/s 𝑣௚,୷ Sliding speed in y-direction m/s 𝑣௠ Entrainment speed m/s 𝑣௠,଴ Entrainment speed evaluated at the contact center (x = 0, y = 0) m/s 𝑣ଵ,୶ Worm velocity component in x-direction m/s 𝑣ଵ,୷ Worm velocity component in y-direction m/s 𝑣ଶ,୶ Wheel velocity component in x-direction m/s 𝑣ଶ,୷ Wheel velocity component in y-direction m/s xௌ, yௌ, zௌ Coordinates of SNETRA m x, y, z Coordinates of the numerical EHL model m X, Y, Z Dimensionless coordinates of the numerical EHL model − 𝑧௜ Number of teeth − 
Greek symbols   𝛼௣ Pressure-viscosity coefficient Paି1 𝛿 Elastic deflection of an equivalent body − 𝛿̅ Dimensionless elastic deflection of an equivalent body − ∆𝑡 Time step size s 𝜀 Oil thermal expansivity Kି1 𝜀଴ Oil thermal expansivity at 𝜗௢௜௟ and atmospheric pressure Kି1 𝜖 Contact ratio − 𝜗௙ Fluid temperature °C 𝜗௙,௠௔௫ Maximum fluid temperature °C 𝜗௢௜௟ Reference oil temperature °C 𝜗1 Temperature of worm flank surface °C 𝜗2 Temperature of wheel flank surface °C 𝜂 Dynamic viscosity Pa s 𝜂̅ Dimensionless dynamic viscosity − 𝜂଴ Oil dynamic viscosity at 𝜗௢௜௟ and atmospheric pressure Pa s 𝜆 Thermal conductivity W/(m K) 𝜆଴ Oil thermal conductivity at 𝜗௢௜௟ and atmospheric pressure W/(m K) 𝜆ఘ Coefficient in the thermal expansivity model GPaି1 𝜇௚ Parameter for improved Yasutomi temperature–pressure– 

viscosity correlation 
Pa s 𝜈 Poisson’s ratio − 
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𝜈௘௤ Equivalent Poisson’s ratio − 𝜈40 Kinematic viscosity at 𝜗௢௜௟ = 40 °C mm2 s⁄  𝜈100 Kinematic viscosity at 𝜗௢௜௟ = 100 °C mm2 s⁄  𝜌 Density kg/m3 𝜌̅ Dimensionless density − 𝜌଴ Oil density at 𝜗௢௜௟ and atmospheric pressure kg/m3 𝜌15 Oil density at 𝜗௢௜௟ = 15 °C and atmospheric pressure kg/m3 ∑ 𝐹ே  Sum of the normal force over the meshing position N 𝜏 Shear stress Pa 𝜏̅ Dimensionless shear stress − 𝜏̅୸,୶଴ , 𝜏̅୸,୷଴  Shear stress components in the x- and y-direction over the compu-
tational domain Ω௉ 

− 

Indices   
1 Worm − 
2 Wheel − 𝑓 Fluid − 
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