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Abstract: The adjoint thermodynamic and heat exchange processes in the new class piston compressor
with regenerative heat exchange are considered in the paper. The implicit tridiagonal matrix algorithm
is implemented to study the unsteady thermal conductivity in the cylinder–piston group. After the
formulation of proper initial and boundary conditions, the optimal relationship between temporal and
spatial discretization steps is determined. Two different time steps are used in the numerical solution
of the two-way coupled fast thermodynamic and slow heat exchange models. The relationship
between those time steps is determined as well. The conducted numerical experiments allow the
analysis of the dynamics of heat exchange in the cylinder–piston group, temperature variation in
different parts of the cylinder–piston group, the impact of the heat transfer processes on isothermal
and adiabatic efficiency, the impact of heat exchange dynamics on the thermodynamic cycle, as well
as other thermodynamic and energetic effects.

Keywords: piston hybrid compressor; regenerative heat transfer; unsteady heating; adjoint
thermodynamic cycle and heat exchange

1. Introduction

The energy of compressed air, along with other types of energy, plays a huge part
in all areas of a person’s life. Compressed air is used extensively in industry and the
service sector because it is safe and easy to produce and handle. The widespread use of
compressed air in industry necessitates the use of a large number of compressor units.
Compressed air accounts for up to 10% of industrial power consumption in the European
Union [1,2] and up to 20% (without centrifugal machines powered by gas turbines) in
Russia [3]. Compressed air is substantially expensive, suggesting the need to improve the
energy efficiency of compressed air systems and to reach potentially 20–50% in energy
savings [4].

Reducing the gas temperature in the thermodynamic cycle is one of the most effective
ways to improve thermodynamic efficiency [5,6]. The novel piston hybrid compressor with
regenerative heat exchange (PHC) is studied in this paper. It combines a piston compressor
unit with a reciprocating pump so that the liquid pumped by the unit can be used to cool
down the compressor chamber.

Several design schemes of PHCs have been studied theoretically and experimentally
to improve this class of machines. The crosshead scheme of a piston hybrid compressor was
considered in [7]. High-efficiency piston seals of PHC with a high ratio of fluid flow from
the pump section to the compressor section and back per cycle were developed in [8,9].
In [10,11], the authors proposed to utilize the heat of gas compression in the compressor
section of the PHC for compressing and moving liquid in the pump section. The authors
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of [12,13] proposed designs for highly efficient PHCs based on differential trunk pistons.
These machines allow the highly efficient cooling of compressed gas and have a low weight
and low dimensions. All these PHC designs have their own advantages and disadvantages.
Based on the analysed disadvantages of PHCs, a new class of these machines is proposed
that uses one working chamber to compress and move gas and dropping liquid [14]. A
suggested design for a PHC is presented in Figure 1.
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Figure 1. Schematic diagram of PHPM with regenerative heat exchange (1—cylinder; 2—piston;
3—working chamber; 4—valve head; 5—suction valve; 6—discharge valve; 7, 8—three-way valves;
9—liquid suction line; 10—liquid discharge line; 11—gas suction line; 12—gas discharge line).

During the time interval τ1, the PHC works in the compressor mode. In this case, the
walls of the working chamber are heated from the initial temperature to a certain limiting
temperature due to the removal of the gas compression heat. Accumulation of the thermal
energy in the chamber walls leads to the reduction of the compressor efficiency. When a
certain wall temperature is reached after time interval τ1, the PHC switches the operation
mode from a compressor to a pump. In the pump mode, the parts of the cylinder–piston
group are intensively cooled by the pumping liquid during the time interval τ2. Then, the
studied system returns to the compressor mode and the cycle repeats.

Thus, a new technical solution has been implemented to remove the heat of the
compressible gas by pumping the coolant through the compressor’s working chamber. As
there is no thermal resistance of the working chamber wall, this type of heat exchange
(regenerative) is the most efficient. This removal of the compression heat can be used in
almost all piston compressors.

A survey of heat transfer in piston compressors shows that little attention has been
paid to modelling heat transfer and evaluating its impact. This is partly due to the lack of
consensus on its impact and partly due to its complexity [15]. However, many researchers
consider the heat exchange inside the cylinder as one of the main factors affecting the
efficiency of piston compressors. Piston compressor workflow models benefit from accuracy
when heat transfer is taken into account [16,17]. In fact, adiabatic compressors involve a
heat flow to and from the walls, which can cause exergy losses, even if the time sum is zero,
due to the heating and cooling of the liquid [18,19]. The isothermal compression process
in compressors associated with their maximum possible efficiency requires knowledge of
the heat transfer phenomena inside the cylinder [20]. Researchers who used heat transfer
calculations in their models obtained more accurate results [21,22]. A comparative analysis
of heat transfer models for piston compressors showed that the isentropic efficiency of
the compressor depends on the type of heat transfer model [23]. They also presented an
analysis of heat transfer in a piston compressor cylinder using complex CFD modelling.
The results showed a large deviation between the integral correlations and the numerical
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model for predicting heat transfer [24]. This illustrates the importance and complexity of
heat transfer models in piston compressors.

The heat exchange processes in the working chamber and in the cylinder–piston group
can be studied theoretically and experimentally. At this stage of the research, a theoretical
study is carried out to determine the theoretical limits of the suggested design of PHC. A
numerical model of unsteady heat transfer in the compressor working chamber coupled
with a thermodynamic cycle is reported in the present paper.

2. Theoretical Models

The low-capacity single-cylinder compressor DECO DKAC09AIR was taken as a
basis design in the present study. Figure 2 shows the section of its cylinder–piston group.
This compressor is air-cooled and has a cylinder–piston group with a seal and a strainer
of O-rings.
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Figure 2. Section of cylinder–piston group of DKAC09AIR compressor used as basis in the study.

2.1. Assumptions and Governing Equations

An increase in the temperature of the working chamber surfaces deteriorates the
compressor’s efficiency [25]. Therefore, the determination of the temporal variation of
temperatures requires a consideration of two-way coupled heat exchange in the compressor
chamber and corresponding thermodynamic cycle. Due to the extreme complexity of the
given processes, several simplifications are required.

Heat transfer from the compressed gas to the inner surface of the compressor chamber
is carried out by convection, which dominates over conduction and radiation [26]. The
empirical Newton’s law of convection reads:

dQ = αi,jdFj

(
Twall − Tf luid

)
dτ. (1)

where dτ is the infinitesimal time interval and dF is the elementary surface area.
The convection coefficient, α, depends on the local or mean gas velocity in the vicinity

of the heat exchange surface and thus varies with time due to velocity dependence on
the instantaneous piston position. Moreover, the piston can be considered to be a source
of compression waves. In [27], the shock compression wave was determined from the
expression for the piston’s velocity. The instantaneous local gas speed in the cylinder
during compression changes at the stroke from the piston speed to zero on the surface of
the valve plate.

It is known that gas flow induces vortices in the vicinity of the non-axisymmetric
arrangement of the valves. In addition, the turbulence intensity of the flow is higher during
the suction compared to the discharge process. This is due to fast gas expansion in the
valve’s cross-section. The determination of accurate values of convection coefficient α
in such a complicated flow requires a numerical solution of the full system of Reynolds-
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Averaged Navier–Stokes (RANS) equations combined with an appropriate semi-empirical
turbulence model [28]. Simulating the gas flow within the RANS model will substantially
complicate the considered problem and, on the other hand, will not necessarily lead to
improvement in the accuracy of the predicted heat transfer. In the present study, the
average values of the convection coefficient, α, are determined based on the empirical
correlations as discussed in the following.

The unsteady heat transfer in the cylinder–piston group is governed by the heat
diffusion equation that should be taken without internal heat sources [29]:

∂T
∂τ

= −div
→
q + qv. (2)

where qv = 0. The previous theoretical and experimental studies indicate the significant
variation in the temperatures over the surface of the working chamber. The greatest
temperature non-uniformity is observed on the piston surface, and can rise up to 90 K
between the zone of the suction and discharge valves [30]. There is a change in surface
temperature both during the cycle time and from cycle to cycle.

Further assumptions were divided into two groups: (1) simplifications in the compres-
sor thermodynamic cycle; (2) simplifications in the heat transfer.

2.1.1. Thermodynamic Cycle Simplifications

The following assumptions were adopted, in accordance with [30]:

1. The simulated processes are reversible and at equilibrium;
2. The fluid (gas) is considered to be continuous;
3. The compressed gas is single-phase;
4. The variation in the hydrostatic and dynamic energy of the gas is negligible;
5. The properties of the fluid follow the perfect gas state equation;
6. The heat exchange between the gas and the walls of the compressor chamber is carried

out by convection alone and described by Newton’s law;
7. A simplification of the lumped parameters is adopted in the modelling of leakages and

of the flow through the valves [30]: the gas flow is one-dimensional, isotropic, and in
a quasi-steady-state, and the hydraulic coefficients are taken for the steady-state flow;

8. The spatial variation of the convection coefficient across the compressor chamber is
neglected, i.e., the spatially averaged convection coefficient is accounted for. The tem-
poral variation of this coefficient is related to the instantaneous velocity of the piston.

2.1.2. Unsteady Heat-Transfer Simplifications

1. The complex internal surface of the compressor chamber is split into three simple
elements: a cylinder head (valve plate) of constant thickness, a piston of constant
thickness, and a cylinder with no fins on its outer surface—see Figure 3;

2. The piston and the valve plate are considered to be radially unconstrained, i.e., one-
dimensional heat transfer is assumed;

3. There is no internal heat generation in the elements of the chamber;
4. The external heat convection coefficient is approximated based on the experimen-

tal studies;
5. The thermophysical properties of the materials are independent of temperature

and pressure.

The modelling scheme of the cylinder–piston group involving the adopted simplifica-
tions is depicted in Figure 3.
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2.2. Numerical Methods for Transient Heat-Transfer

The following system of equations is used to simulate the unsteady heat exchange
caused by the thermal conductivity in the elements of the chamber:

∂Th
∂τ

= ah

(
∂2Th

∂x2
h
+

∂2Th

∂y2
h
+

∂2Th

∂z2
h

)
, (3)

∂Tp

∂τ
= ap

(
∂2Tp

∂x2
p
+

∂2Tp

∂y2
p
+

∂2Tp

∂z2
p

)
, (4)

∂Tc

∂τ
= ac

(
∂2Tc

∂r2 +
1
r

∂Tc

∂r
+

1
r2

∂Tc

∂ϕ2 +
∂2Tc

∂z2
c

)
. (5)

Equations (3) and (4) are written in the Cartesian coordinate system for the valve plate
and the piston head, respectively, and Equation (5) was written in the cylindrical coordinate
system for the cylinder walls. Taking into account the simplifications listed in Section 2.1.2,
and assuming the problem to be axisymmetric, the system containing (3)–(5) is reduced to:

∂Th
∂τ

= ah
∂2Th

∂x2
h

, (6)

∂Tp

∂τ
= ap

∂2Tp

∂x2
p

, (7)

∂Tc

∂τ
= ac

(
∂2Tc

∂r2 +
1
r

∂Tc

∂r
+

∂2Tc

∂z2
c

)
. (8)
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The given system of equations is expected to be coupled with the compressor thermo-
dynamic cycle by appropriate boundary conditions as discussed below. This significantly
restricts analytical approaches, making them practically inapplicable. On the contrary, the
given problem can be solved numerically with one of the following methods: finite dif-
ference (FDM) [31,32], finite volume (FVM) [33,34], finite element (FEM) [35,36], meshless
methods [37,38], boundary element (BEM) [39,40], or some other techniques [41–43].

One of the most effective numerical approaches is the so-called implicit tridiagonal
matrix algorithm [44], which is used in the present study. In this method, the coefficients
are determined in the “forward sweep”, while the temperature values are determined in
the “back substitution” using the obtained coefficients. In the following, we discuss the
implementation of the algorithm in Cartesian and cylindrical coordinates, respectively.

2.2.1. Cartesian Coordinates: Cylinder Head and Piston

In the first time loop, the coefficients are found as follows:

a1,j+1 = 1/(2 + S); B1,j+1 = T1,j+1 + ST1,j (9)

and for the subsequent loops, they are found by:

ai,j+1 = 1/
(
2 + S− ai−1,j+1 ); Bi,j+1 = ai−1,j+1·Bi−1,j+1 + STi,j (10)

The integration coordinate is determined as xi = i∆x, and the current integration time
is determined as τj = j∆τ. To determine the temperature values in the “back substitution”
step, the following recursive formula is used:

Tn−1,j+1 =
(
Tn,j+1 + Bn−1,j+1

)
·an−1,j+1 (11)

The boundary conditions of the third kind are used to determine the surface tempera-
tures T1,j+1 and Tn,j+1 (see Figure 3):

T1,j+1 =
(
α1Tc1 + λT2,j/∆x

)
/(λ/∆x + α1) (12)

Tn,j+1 =

(
α2T2 +

λ

∆x
Tn−1,j

)
/(α2 + λ/∆x). (13)

2.2.2. Cylindrical Coordinates: Cylinder Walls

In this case, integration is performed along two spatial coordinates. When integrating
the temperature field along the radial axis, r, Equation (8) is reduced to:

∂T
∂τ

= ac

(
∂2T
∂r2 +

1
r

∂T
∂r

)
. (14)

The coefficients in the forward sweep are as follows:

ak,1,j+1 =
1

2 + S + ∆rac
ri

, (15)

Bk,1,j+1 = Tk,1,j+1

(
1 +

∆rac

ri

)
+ STk,1,j, (16)

ak,i,j+1 =
1

S− ak,i−1,j+1

(
1 + ∆rac

ri

)
+
(

2 + ∆rac
ri

) , (17)

Bk,i,j+1 =

(
1 +

∆rac

ri

)
ak,i−1,j+1Bk,i−1,j+1 + STk,1,j, (18)
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where S = ∆r2/(ac∆τ). The temperature values in the back substitution are:

Tk,n−1,j+1 =
(

Tk,n,j+1 + Bk,n−1,j+1

)
a

k,n−1,j+1
. (19)

When integrating the temperature field along the longitudinal axis, z, Equation (8) is
converged to:

∂T
∂τ

= ac
∂2T
∂z2 , (20)

The form of this equation is similar to that of the Cartesian coordinates, i.e., (6) and (7).
In this case, the coefficients in the forward sweep are:

a1,i,j+1 = 1
2+S ;

B1,i,j+1 = T1,i,j+1 + ST1,i,j+1;
ak,i,j+1 = 1

2+S−ak−1,i,j+1
;

Bk,i,j+1 = ak−1,i,j+1Bk−1,i,j+1 + STk,i,j.

(21)

In the back substitution, the temperature values are:

Tk−1,i,j+1 =
(

Tk,i,j+1 + Bk−1,i,j+1

)
a

k−1,i,j+1
. (22)

It is required to distinguish three zones along the cylinder wall in order to impose the
boundary conditions (see Figure 4): (I) internal surface of the cylinder between its head
and the upper surface of the piston; (II) contact region between the cylinder and the piston;
(III) the cylinder surface below the piston.
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The total number of nodes, K, along, z, the axis is:

K = lc/∆z. (23)

The distribution of the nodes between the defined zones is as follows:

K1 = (s + SM)/∆z. (24)

K2 = ln/∆z. (25)
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K3 = K−K1 −K2. (26)

In zone I, the convection coefficient α1 and the surface temperature, Tc1, are defined
by the compressor thermodynamic cycle. The distribution of temperature in the radial
direction is:

Tk,1,j+1 =
(

α1Tc1 + λcTk,2,j/∆r
)

/(λc/∆r + α1), (27)

Tk,n,j+1 =
(

α22T22 + λcTk,n−1,j

)
/(α22 + λc/∆r). (28)

In zone II, the friction between the piston’s O-rings and the cylinder leads to the
generation of contact heat, which adds to the convective heat transfer. The temperature of
the cylinder surface in this case is:

Tk,1,j+1 =
(

α12Tc2 + λcTk,n,j/∆r + q f r

)
/(α12 + λc/∆r). (29)

Temperature, Tk,n,j+1, is defuned by Formula (28).
In zone III, the value of Tk,1,j+1 is defined as:

Tk,1,j+1 =
(

α23T23 + λcTk,2,j/∆r
)

/(α23 + λc/∆r). (30)

The outer wall temperature in zone III is also determined by Formula (28).
Both the first-kind and third-kind boundary conditions can be set in the longitudinal

direction, z. For the first-kind boundary conditions, the temperature will read:{
T1,n,j+1 = Th;

Tk,n,j+1 = Tbot.
(31)

The third-kind boundary conditions will define the temperatures on the top and the
bottom surfaces of the cylinder as follows: T1,n,j+1 =

(
α23T23 + λcT2,n.j/∆z

)
/
(

λc
∆z + α23

)
;

Tk,n,j+1 =
(

α24T24 + λcTk−1,n.j/∆z
)

/
(

λc
∆z + α24

)
.

(32)

2.3. Thermodynamics of Compressor Cycle

There are three degrees of mathematical simplification: mathematical models with
distributed parameters, those with lumped parameters, and those based on polytropic
approximation. As discussed above, the application of distributed parameters models,
such as RANS, is substantially restricted due to the extreme requirements for temporal
and spatial resolutions to be resolved combined with the large time scales of the heat
transfer processes. The complexity is further enhanced by the temporal variability of the
domain’s geometry caused by the motion of the piston. On the other hand, the polytropic
approximation of gas compression is oversimplified, leading to the low accuracy of the
results, as well as the inability to account for the impact of the chamber surface temperature
on the thermodynamic process.

In this study, we use the lumped approximation to model the thermodynamic cycle
of the compressor. The introduced assumptions are listed in Section 2.1.1. The principle
scheme used to derive the thermodynamic model is depicted in Figure 5.
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The governing equations of the lumped thermodynamic model incorporate the energy
conservation equation (the first law of thermodynamics) for the gas, which has a variable
volume and mass; the mass conservation equation; the equation of chamber volume
variation due to piston motion; the equation for the dynamics of self-acting valves; the
equation for a perfect gas state. This system of equations is written for three control volumes
(see Figure 5)—that of the intake chamber, compression chamber, and discharge chamber:

dUi1 = dQi1 + iidM1 + icd·dMd − ii1dM2 − iidM3, (33)

dMi1 = dM1 − dM2 − dM3 + dM4, (34)

mreduced
d2hi
dτ2 =

N

∑
j−1

Fji, (35)

Pi1 = (k− 1)Ui1/Vi1, (36)

Ti1 = Pi1·Vi1/(Mi1R), (37)

dUc1 = dQc1 − Pc1dVc1 + ii1dM3 − iidM4 − ii1dM3 + ii1dM6 − ic1dM9 ++icdM10, (38)

dMc1 = dM3 − dM5 + dM6 − dM5 + dM10 − dM9 (39)

Vc1 = Vo +
Vh
2

[
(1− cosϕ) +

λr

4
(1− cos2ϕ)

]
, (40)

mreduced
d2hd
dτ2 =

N

∑
i−1

Fid, (41)

Pc1 = (k− 1)Uc1/Vc1, (42)

Tc1 = Pc1Vc1/(R·Mc1), (43)

dUd1 = dQd1 + ic1dM5 − id1dM6 − id1dM7 + iddM8, (44)

dMd1 = dM5 − dM6 − dM7 + dM8, (45)

Pd1 = (k− 1)Ud1/Vd1, (46)
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Td1 = Pd1Vd1/(RMd1). (47)

There are two approaches in the determination of the heat transfer, dQc1, between
the compressed gas and the chamber walls. The first one is based on the area-averaged
temperature of the compression chamber surface:

Tw1,j =
Tp,1,j Ap + Ti,1,j Ah + Tc,1,j Ac

Fp + Fk + Fc
. (48)

The heat exchange surface, Ac, can be defined as:

Ac = πd(Sh + So), (49)

and the area average temperature of the cylinder surface can be defined as:

Tc,1,j =
∑K4

i = 1 Tk,1,j∆z
S + So

, (50)

where K4 = (Sh + So)/∆z. In this this approach, the heat flow to or from the compressed
gas reads:

dQc1 = α1Fc

(
TCT1,j − TC1

)
dτ. (51)

Alternatively, the value of dQc1 can be sought as a sum of the heat flows to or from
different elements of the compression chamber:

QC1 = dQp + dQh + dQc. (52)

The individual terms in this expression are as follows:
dQp = α1Fp

(
Tp,1,j − Tc1

)
dτ;

dQh = α1Fh

(
Th,1,j − Tc1

)
dτ;

dQc = α1Fc
(
Tc,1,j − Tc1

)
dτ.

(53)

The convection coefficient in the compression chamber is parametrized with empirical
correlations. It is known that the mean Nusselt number in the compressor chambers is
predominantly dependent on the mean Reynolds number, varying in time together with
the piston velocity. In this study, we use the Prilutsky–Fotin empirical correlation:

∼
Nu(ϕ) = A

[∼
Rex(ϕ)

]
+ B. (54)

A, B, and x are known constants.
The mass flow rates are calculated based on the Saint-Venant–Wanzel formula, taking

into account the assumptions made in Section 2.1.1. The lumped mass formulation is
implemented to take into account the dynamics of the intake and discharge valves, while
the forces acting on the valves are determined in accordance with [30].

2.4. Implementation of the Numerical Model

The integration time step, ∆τ, is a crucial parameter impacting the accuracy and
stability of computations. Since we consider two closely coupled models, two integration
steps need to be selected: ∆τ1 will be used to solve the unsteady heat diffusion equations,
and ∆τ2 will be used to resolve the thermodynamic model (33)–(47). In general, their values
do not coincide. To keep the computation efficient, the values of both ∆τ1 and ∆τ2 need to
be as high as possible. On the other hand, an excessive increase in the time step will lead
to the instability of numerical methods and, consequently, to computational inaccuracies.
Thus, particular attention should be paid to selection of those values.
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2.5. Selection of the Diffusion Equation Integration Step ∆τ1

It is shown in [44] that the tridiagonal matrix algorithm is stable when S = ∆x2/(aT∆τ1)
> 0. The approximation error is of

(
∆x2 + ∆τ1

)
. To study the lower limit of ∆τ1, the

accuracy of the tridiagonal matrix algorithm will be compared with that of the finite element
software ANSYS, allowing the automatic selection and adjustment of the integration step.
To this end, several simulations with different parameters S and ∆τ1 are to be executed.

A simplified problem focused specifically on the unsteady heat transfer is consid-
ered in this section, namely an infinite plate of thickness, x = i∆x. The following
third-kind boundary conditions are imposed on the plate: α1 = 400 W/m2K, T1 = 400 K;
α2 = 10 W/m2K and T2 = 293 K. The number of nodes in the tridiagonal matrix algorithm
was selected as i = 20, and the spatial resolution was ∆x = 0.00025 m.

Figure 6 shows the temperature of the inner surface, T1,j, as a function of time obtained
by selecting different values for S and ∆τ1. It is seen that selection S = 224 shows an initial
growth in the surface temperature to 332 K followed by the subsequent maintenance of this
value. This trend is drastically different from the results of the ANSYS computation, which
is probably due to the insufficient numerical accuracy of the tridiagonal matrix algorithm.
A reduction in S leads to a convergence between the tridiagonal matrix algorithm and the
finite element solution. The divergence between the results remains in the interval 4 to 5 K.
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The dependence of the temperature divergence, ∆T, between the tridiagonal matrix
and finite element methods on the parameter S was studied is shown in Figure 7. It is seen
that the optimal value of S should be in the range between 40 and 60 W/s·K. Smaller values
of S lead to faster but less accurate computation.

Figure 8 shows the variation in time of the temperature difference between the inner
and outer surfaces of the plate obtained by the use of different values of S. It is seen that the
maximum difference between the tridiagonal matrix and finite element methods is reached
at τ = 40 s and equal to 0.154 K. Moreover, the temperature divergence tends to reduce with
a longer time.

Since a significant portion of the heat flow transfers through the cylindrical wall of the
compression chamber, we consider the unsteady heating of the geometrically simplified
cylinder as a second test case. Several boundary conditions, including those of the first and
third kind, will be examined.
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time (1: S = 224; 2: S = 22.42; 3: S = 11.21; 4: ANSYS).

Figure 9 shows the computational domain corresponding to the cylinder with the
third-kind boundary conditions imposed on its inner and outer surfaces, and the first-kind
boundary conditions imposed on its upper and lower boundaries (i.e., T = 300 K). The full
piston stroke here is 0.032 m, which is discretized by 85 grid nodes (K1 = 85). The length of
the piston contact region is 0.004 m, split into K2 =15 grid nodes. The temperature on the
inner surface of the cylinder in the contact area is set to 310 K.

The tridiagonal matrix algorithm was applied to solve the problem, and the simulation
results are summarized in Table 1 for two physical times: τ1 = 33.35 s and τ2 = 66.576 s.
The results are presented for three cross-sections of the cylinder: those corresponding to
node numbers K = 3, K = 50, and K = 95, respectively. The presented results demonstrate
the propagation of thermal energy in both transversal and longitudinal directions. The
tridiagonal matrix algorithm was found to demonstrate reasonable accuracy.
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Table 1. Simulation results of heat transfer in cylindrical coordinates obtained by the tridiagonal
matrix method.

Current Heating Time Node Number by Cylinder
Wall Thickness Node Number along the Generatrix of the Cylinder

K = 3 K = 50 K = 95

33.35 s

1 325.605 339.751 309.988
4 325.444 339.364 309.983
8 325.268 338.958 309.965
12 325.140 338.668 309.950
14 325.093 338.567 309.945
16 325.060 338.495 309.940
18 325.040 338.453 309.937
20 325.033 338.439 309.935

66.576 s
1 334.901 365.409 310
4 334.839 365.186 309.983
8 334.465 364.949 309.965
12 334.709 364.775 309.951
14 334.688 364.713 309.945
16 334.672 364.666 309.941
18 334.601 364.636 309.937
20 334.654 364.633 309.935

2.6. Selection of the Time Step ∆τ2 in the Thermodynamic Model

Two main approaches can be recognized in modelling the compressor thermodynamic
cycle. According to the first one, the temperature and pressure variation in time, τ, or in the
crank angle, ϕ, is governed by a set of ordinary differential equations in the following form:{ dp

dϕ = F1(ϕ, p, T);
dT
dϕ = F2(ϕ, p, T).

(55)

These equations are usually solved numerically by the 4th or higher order Runge–Kutta
method allowing fixed or adjusted integration step ∆τ2 or ∆ϕ.
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Another approach [45] is based on the conservation of the total internal energy in the
control volume. This approach was found to be significantly more stable and robust due to
intrinsic properties, thus allowing the application of both Runge–Kutta or the simpler Euler
method. However, it was quite sensitive to the size of the control volume, which required a
significant reduction in the integration step when dealing with relatively small volumes,
such as that of the compression chamber.

The stability analysis demonstrated the time-step-independent solution of Equations
(33)–(47) when the crank angle step was set to ∆ϕ = 2π/72, 000, which corresponds to
∆τ2 = 8.32× 10−7s and the angular velocity of the compressor shaft, which corresponds
to nrev = 1000 rpm. As one can see, the ratio between ∆τ1 and ∆τ2 can be in the range of
200 to 1000.

3. Results and Discussion

The unsteady heat transfer in the compressor mode of the PHC was studied— see
Figure 1. The following geometrical and physical parameters were selected— see Table 2.
For details, refer to Figure 10.

Table 2. Main parameters of the PHPM.

Designation Units

piston stroke 0.0047 m
piston diameter 0.038 m

piston length 0.060 m
linear dead space 0.0018 m

suction cavity diameter 0.02 m
suction cavity length 0.01 m

discharge cavity diameter 0.02 m
length of the discharge cavity 0.01 m

passage width in the suction valve seat (diameter of the hole in
the seat) 0.0128 m

passage width in the discharge valve seat (diameter of the hole in
the seat) 0.0128 m

suction valve spring stiffness 300 N/m
pressure valve spring stiffness 599 N/m

maximum lifting height of the suction valve closure 0.0018 m
maximum lifting height of the discharge valve closure 0.001 m

heat transfer coefficient from the surface of the cylinder–piston
group to the environment 0.1 W/(m2·K)

heat transfer coefficient between the piston head and air from the
crankcase side 1 W/(m2·K)

cylinder length 0.067 m
temperature at the bottom of the end surface of the cylinder 300 K

piston head thickness 0.0055 m
valve plate thickness 0.004 m

cylinder wall thickness 0.003 m
coefficient of thermal conductivity of the material of the parts of

the cylinder–piston group 60 W/m·K

density of the material of the cylinder–piston group 7856 kg/m3

specific isobaric heat capacity of the material of the
cylinder–piston group 502 J/(kg·K)

the ratio of the full stroke of the piston to the double length of the
connecting rod’s 0.2

ambient temperature 293 K
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The spatial resolution of the computation grid was as follows: 20 nodes were used to
discretize the piston and cylinder head plates; the full length of the cylinder was divided
into 100 nodes, while in the radial direction, it was split between 20 nodes. The following
designations were adopted in the analysis: the surface temperature of the valve plate,
Th = Th,1,j; the upper surface temperature of the piston, Tp = Tp,1,j; the inner surface tem-

perature of the cylinder,
−
Tc =

−
Tc,1,j (50); the area-averaged temperature of the compression

chamber surface, Tw = Tw,1,j (48).
Figure 11 depicts the variation in time of the designated temperatures obtained for the

different values of the shaft revolution speed. Parabolic fitting was used to interpolate the
discrete temperature values predicted in the simulation. It was seen that the interpolation
curves asymptotically approached the thermodynamic equilibrium temperature. The valve
plate was found to be the hottest part of the domain followed by the piston, while the mean
temperature of the cylinder seemed to be the smallest one. The average temperature of
the entire surface of the compression chamber exceeded the cylinder surface temperature
by 10–15 K.

Additionally, an increase in the shaft revolution speed from 1000 rpm to 2000 rpm
resulted in significant growth (up to 15 K) in the temperatures of the piston and the valve
plate, which was related to the growth in the compressor discharge temperature of the gas.
The most notable growth in temperature while increasing the shaft revolution speed was
observed on the surface of the cylinder, which added up to around 20 K.

The impact of the discharge pressure value on temperatures was studied and is shown
in Figure 12. Increases in the pressure led to the growth in the gas temperature in the
thermodynamic cycle and in the corresponding intensification of the heat transfer. The
most significant temperature growth was observed on the surfaces of the valve plate and
piston, tending to be 8–10 K after 120 s of the physical time. On the other hand, the variation
in the mean temperature on the cylinder surface was negligible and was less than 1 K.
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Figure 13 demonstrates the reduction in the heat flow through the compression cham-
ber walls with time. Moreover, a similar trend was observed for the total heat flow per
thermodynamic cycle, QΣ, as well as for the heat flow during the gas compression alone,
Qcmpr. Since the heat flow as directed from the compressed gas toward the solid walls,
its value was negative. The performed simulations suggest that the overall heat flow
from the compressed gas to the environment consisted of the mean- and time-fluctuating
components, which is fully in line with the widely accepted theory.
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Figure 13. Time variation in overall heat flow per single thermodynamic cycle, QΣ (curve 1), and that
for the compression process only, Qcmpr (curve 2).

It is seen that both QΣ and Qcmpr depended almost linearly on time, while Qcmpr ws
nearly twice higher than QΣ due to the impact of the gas expansion process. The reduction
of Qcmpr impacted directly the polytropic index of the process, thermodynamic efficiency,
and volumetric efficiency, as demonstrated in Figure 14. The variation in the polytropic
index in time was close to parabolic, while the other indicators were almost linear in time.
One can see that after 120 s the isothermal, adiabatic, and volumetric efficiencies decreased
by 3%, 3.5%, and 2.5%, respectively, which is quite significant.
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Figure 14. Time variation of isothermal (ηis ) and adiabatic (ηad) efficiency, volumetric efficiency (λ),
and polytropic index (ncmpr): 1—ηad; 2—λ; 3—ηis; 4—ncmpr. Here, the volumetric efficiency is the
ratio of the actual mass flow rate produced by the compressor to the ideal value.

Figure 15 demonstrates the temperature distribution in the body of the piston and the
cylinder head at the physical time τ = 30s during the gas compression process when the
shaft angle was ϕ = π. The maximum temperature value was seen at node number three,
with the coordinate xi = 0.006 m. The temperature difference between the opposite sides
of the plates was negligible and equal to 0.16 K, which is related to the low value of the
convection coefficient at the outer sides of the plates. Note that the cylinder head surface
temperature exceeded that of the piston surface by 5.4 K. A monotonic temperature drop of
0.33 K was observed in the piston body.
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Figure 15. Temperature distribution in the body of the valve plate (curve 1) and piston (curve 2).
Here, n is the number of the grid nodes.

The temperature distributions in three cross-sections corresponding to the number of
grid nodes K = 5, 16, and 20 are depicted in Figures 16–18. The initial increase in temperature
followed by its subsequent reduction was found in section K = 5. Two temperature maxima
were observed in section K = 16, while section K = 20 demonstrated a monotonous decline
in temperature.
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The surface temperature of the cylinder decreased in the longitudinal direction from
the cylinder head temperature to 300 K, which was imposed on its bottom edge. However,
the temperature dropped below 300 K in the cross-section K = 20 because of the wall cooling
during the gas expansion process. Intensifying the external heat transfer by increasing the
convection coefficient α2 and by the additional reduction of the environmental temperature
was expected to diminish the temperature of the cylinder–piston group components.
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4. Conclusions

1. Starting from the system of assumptions, the thermodynamic model was coupled
with the unsteady heat transfer model to study the novel piston hybrid compressor
(PHC) with regenerative heat exchange.

2. The implicit tridiagonal matrix algorithm was implemented to solve the unsteady
thermal diffusion equation subject to boundary conditions of the first and third kinds.
The properties of the numerical method were discussed.

3. Numerical stability analysis was performed to determine the ratio between the spatial
and temporal resolutions adopted in the tridiagonal matrix algorithm, which ensure
the minimization of the computational time while maintaining sufficient accuracy.
The finite element solution obtained in the ANSYS software was used as a reference
for the comparison of the computation results.

4. The integration time step was determined for the thermodynamic model, which was
strongly coupled with the heat transfer processes. It was found to be substantially
smaller compared to the heat transfer temporal resolution, which is attributed to the
relatively small size of the compressor chamber.

5. Several numerical experiments were executed using the strongly coupled thermody-
namic and heat transfer models which were developed. The following conclusions
can be made:
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• The developed numerical model allowed the retrieval of the time variation of the
temperatures in the components of the piston hybrid compressor;

• The dynamics of the heat flows, as well as the integral energetic characteristics of
the compressor were studied with consideration of the isothermal, adiabatic, and
volumetric efficiencies. A reduction in all efficiencies of around 3% was reported
for the studied time interval of 120 s.

• The heat flow through the compressor chamber walls was divided into the
mean and the oscillating parts. The existence of the non-zero mean heat flow
contribution was demonstrated and was in agreement with the existing theories.
Moreover, the temperature variation at the compressor chamber surfaces was
found to be less than 1 K, which is also supported by the available literature.
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Nomenclature
The nomenclature of the paper is shown below:

A the experimentally determined constants in the correlation for the Nusselt number
(A = 0.2 ÷ 0.235);

ac the thermal diffusivity of the cylinder, m2/s;
ap the thermal diffusivity of the piston material, m2/s;
ahl the thermal diffusivity of the cylinder head, m2/s;
B the experimentally determined constants in the correlation for the Nusselt number

(B = 500 ÷ 800);
dM1−10 the elementary masses of the gas passing during time interval dτ through various

cross-sections, kg;
cp the isobaric specific heat capacy, J/(kg·K);
cV the isochoric specific heat capacity, J/(kg·K);
cph the specific heat capacity of the materials of the cylinder head, J/(kg·K);
cpp the specific heat capacity of the piston, J/(kg·K);
cpc the specific heat capacity of the cylinder, J/(kg·K);
Ap the heat exchange surfaceof the piston, m2;
Fh the heat exchange surface of the cylinder head, m2;
Fc the heat exchange surface of the cylinder, m2;
h the stroke of the valves, m;
i the specific enthalpy of the gas, J;
k the adiabatic index of the gas (indices “sc”, “sc1”, “cmprs1”, “d1”, and “d” refer to the

suction gas, the suction cavity, the compression chamber, the discharge cavity, and the
discharge gas, respectively);

lp the piston length, m;
lc the length of the cylinder, m;
M the mass of the gas, kg;
mreduced the reduced mass of the valves, kg;
nrev the number of revolutions per minute of the compressor shaft, rpm;
∼
Nu(ϕ) the area-averaged Nusselt number;
P the pressure of the gas, Pa;
pn the gas discharge pressure, Pa;

https://rscf.ru/project/22--29-00399/
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→
q the heat flux density vector, W/m2;
qv the internal heat generation, W/m3;
q f r the specific heat flux caused by friction forces, W/m2;
r the radial coordinate, m;
R the gas constant (indices “sc”, “sc1”, “cmprs1”, “d1”, and “d” refer to the suction gas,

the suction cavity, the compression chamber, the discharge cavity, and the discharge
gas, respectively), J/(mol·K);

Re (ϕ ) the Reynolds number as a function of the angular shaft coordinate;
s the current stroke of the piston, m;
S the convergence parameter of the difference scheme;
Sd the size of the dead volume, m;
Sh the stroke of the piston, m;
T the temperature of gas, K;
TB the suction temperature, K;
Tp the temperature of the piston, K;
Th the temperature of the cylinder head, K;
Tc the temperature of the cylinder, K;
Tc1 the gas temperature gas in the compressor chamber, K;
T2 the environmental air temperature, K;
Th the cylinder head temperature at the contact with the cylinder itself, K;
Tcc the crankcase temperature at the point of contact with the lower cylinder surface, K;
Ti,j the temperature of the gas at the time τi near dFj, K;
Twi,j the temperature of the wall surface with dFj, K;
U the total gas internal energy, J;
V the volume of the gas, m3;
VD the dead volume of the compressor chamber, m3;
Vh the total volume of the compressor chamber, m3;
υp the instantaneous velocity of the piston, m/s;
x the experimentally determined constants in the correlation for the Nusselt number

(x = 0.8 ÷ 0.86);
α1 the convection heat transfer coefficient in the compressor chamber, W/(m2·K);
α2 the convection heat transfer coefficient, W/(m2·K);
αi,j the convection heat transfer coefficient between the gas located near dFj at the time τi,

W/(m2·K);
α1(ϕ) the area-averaged convection heat transfer coefficient, which is a function of the angular

shaft coordinate, W/(m2·K);
∆x the spatial integration step;
∆τ the temporal integration step;
λp the thermal conductivity of the piston, W/(m·K);
λhl the thermal conductivity of the cylinder head, W/(m·K);
λr the ratio of the piston stroke to the doubled length of the rod;
λg the thermal conductivity of the gas, W/(m·K);
µG the dynamic viscosity of the gas, Pa·s;
ρG the density of the gas, kg/m3;
ρh the density of materials of the cylinder head, kg/m3;
ρp the density of materials of the piston, kg/m3;
ρc the density of materials of the cylinder, kg/m3;
N
∑

i−1
Fi the sum of forces acting on the valves, N;

τ the current physical time, s;
ϕ the angular coordinate of the compressor shaft, grad;
ω the angular velocity of the shaft, rad/s.
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