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Abstract: This paper proposes an improved beam-based method to synthesize a compliant parallel
mechanism (CPM) with multiple degrees of freedom (DoFs). The proposed method utilizes a
structural optimization technique to synthesize a three-legged CPM with a single-beam structure
constructed by two perpendicular segments in each leg to achieve the desired DoFs and fully
decoupled motion. In addition, an objective function is proposed to optimize the primary resonant
frequencies in actuating directions to targeted values to achieve the desired dynamic behaviors. A
4-DoF CPM, with one translation and three rotations, is synthesized using the improved beam-based
method and all of the primary resonant frequencies are optimized to the targeted values. The 4-DoF
CPM prototype is fabricated monolithically and evaluated experimentally in terms of its mechanical
characteristics, workspace, and resonant modes. The obtained results show that the experimental
stiffness and dynamic properties agree with the predictions. In particular, the prototype has good
motion decoupling capability, as reflected by the high stiffness ratios of more than 500 between
the non-actuating and actuating directions; the large workspaces of up to 4.0 mm and 7.2◦ for the
translation and rotations, respectively; and the resonant frequencies being close to the targeted
ones. In addition, the highest deviations between the predicted and experimental results are 9.49%
and 9.13% for the stiffness and dynamic behaviors, respectively, demonstrating the correctness and
effectiveness of the proposed method.

Keywords: improved beam-based method; structural optimization; dynamic optimization; decou-
pled motion; compliant parallel mechanism

1. Introduction

Compliant mechanisms (CMs) are monolithic structures that achieve intended move-
ments via the elastic deformation of flexural links. CMs eliminate the need for parts
assembly in conventional rigid mechanisms and are friction- and backlash-free, enabling
high precision to be achieved in compact designs [1,2].

The design of CMs can be configured as serial or parallel types [3,4]. CMs designed
with a parallel architecture are commonly known as compliant parallel mechanisms (CPMs).
CPMs have shorter displacements compared to their serial counterparts but have better
performance in terms of their lower inertia, higher stiffness, and dynamic responses, and
are less sensitive to external disturbances [5,6]. The ease of implementation of CPMs makes
them ideal candidate, and they are favored for high-precision positioning mechanisms [7]
with the characteristics of repeatable motion, compactness, amenability, and scalability [8].

Many design methods have been developed for synthesizing CPMs with various
degrees of freedom (DoFs) and in different applications, i.e., 1 DoF [9,10] for grippers, 2
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DoFs [11,12] for X-Y positioning stages, and 3 to 6 DoFs [13–20] for spatial motion. It is
noted that CPMs with 1, 2, 3, and 6 DoFs are more widely developed than those with 4 or
5 DoFs, due to difficulties in the synthesis process.

The existing beam-based method was developed by Pham [21,22] for designing CPMs
with decoupled motions, a high stiffness ratio, and large workspaces, with the first reso-
nant mode optimized to a defined value. The method utilized a pair of reflected curved
and twisted (C-T) beams to synthesize the leg structure of the CPMs and proposed an
objective function to optimize the first resonant frequency for a better dynamic response.
Nevertheless, the leg structure with a pair of reflected C-T beams is complex, leading
to unnecessarily complicated CPM designs and requiring more computational resources
during the synthesis process.

In this paper, an improved beam-based method that overcomes the shortcomings
highlighted above is proposed. In addition, a novel dynamic optimization method that
considers all primary resonant modes in the actuating directions of CPMs is presented.
A single beam with two perpendicular segments is used to synthesize the leg structure
of the CPMs via the structural optimization technique. The resultant CPMs will have
high stiffness ratios and decoupled motion characteristics. A novel objective function is
formulated to optimize the primary resonance frequencies of the actuating directions to
the targeted values to achieve the desired dynamic behaviors. Subsequently, a 4-DoF CPM
is chosen as a case study, with one translation and three rotations (Z-θX-θY-θZ), which is
synthesized using the improved beam-based method and optimized dynamically. The
4-DoF CPM prototype is fabricated monolithically and evaluated experimentally in terms
of its mechanical characteristics, workspace, and resonant modes.

In the following, the design methodology, mathematical formulation, and synthesis of
the 4-DoF CPM are described in Section 2. The fabrication and experimental investigation
of the prototyped 4-DoF CPM are presented in Section 3. The results and discussion and
the conclusions are summarized in Sections 4 and 5, respectively.

2. Design Methodology
2.1. Beam-Based Method

The beam-based method was first proposed by Pham [21,22] for synthesizing multiple-
DoF CPMs with a three-legged configuration for positioning systems. In this method, the
flexure in each leg is made up by a pair of reflected C-T beams, shown within the cubic
design space of the three-legged CPM. The geometry of each C-T beam involves one end
being fixed to the ground while the free end is rigidly connected to the moving platform.
For decoupled motion CPMs, all beam elements must be distributed in the same plane,
and the orientation of the beam must be either horizontal (0◦) or vertical (90◦), as explained
in [22]. Thus, an arbitrary orientation of the C-T beam is not suitable for achieving fully
decoupled motions.

Based on the previous literature [22], the beam-based method is unnecessarily complex
and the twist angle has been shown to be redundant when synthesizing decoupled motion
CPMs. In addition, having a pair of reflected C-T beams is unnecessary and requires more
computational resources. Clearly, more materials and longer time periods are also required
to fabricate the CPMs, adding to the overall cost. Thus, it can be replaced by a simpler and
more effective kind of flexure. This work presents a solution for solving these problems.

2.2. Improved Beam-Based Method with Optimization of Multiple Resonant Modes

The proposed leg structure consists of only a single curved beam with two segments,
as shown in Figure 1a. The beam must lie on the X′ Y′ plane in the design space, and each
segment can only have an orientation of either 0◦ or 90◦ along the axis of the local frame of
the X′′ Y′′ plane to achieve fully decoupled motion [22], as shown in Figure 1b.
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Figure 1. (a) Single beam with two perpendicular segments (0◦ and 90◦). (b) Design space of a leg.
(c) Three-legged configuration of the CPM.

A three-legged configuration as shown in Figure 1c is adopted for the synthesis of
CPMs with the improved beam-based method. Each leg is formed by the proposed single-
beam structure having two perpendicular segments and equally distributed around the
moving platform. Note that the principal axes of the cross sections are perpendicular, while
the longitudinal axes of the segments are identical. The leg is planar, with one end being
fixed to the ground while the other end is rigidly connected to a moving platform. This leg
structure is able to perform 6 DoFs at its free end, i.e., three translations (X-Y-Z) and three
rotations (θX-θY-θZ) along and about the X, Y, and Z axes, respectively. The legs are identical,
and so only one beam structure in a leg is synthesized during the optimization process.

In modeling the beam for stiffness optimization, a parametric curve (Bezier curve) is
used as the center curve of the curved beam, defined by four control points to create the
curved profile along the beam structure within the X′ Y′ plane, as shown in Figure 1b. Each
control point is defined by its local coordinates X′i Y′i , where i = 1, 2, 3, 4 on the X′ Y′ plane.
Hence, there are a total of 8 design variables determining the coordinates of the four control
points. Each segment in the beam is represented by a specified number of 2-noded beam
elements. Note that the Z′′i values of all control points are set to 0, constraining the beam
to be planar. The last design variable during the stiffness optimization is the orientation
(can be 0◦ or 90◦) of each beam segment for the CPM to achieve fully decoupled motion.
The synthesis procedures of the CPM with the improved beam-based method is shown in
Figure 2.

Machines 2023, 11, x FOR PEER REVIEW 3 of 20 
 

 

segment can only have an orientation of either 0° or 90° along the axis of the local frame 

of the 𝑋” 𝑌” plane to achieve fully decoupled motion [22], as shown in Figure 1b. 

 

Figure 1. (a) Single beam with two perpendicular segments (0° and 90°). (b) Design space of a leg. 

(c) Three-legged configuration of the CPM. 

A three-legged configuration as shown in Figure 1c is adopted for the synthesis of 

CPMs with the improved beam-based method. Each leg is formed by the proposed single-

beam structure having two perpendicular segments and equally distributed around the 

moving platform. Note that the principal axes of the cross sections are perpendicular, 

while the longitudinal axes of the segments are identical. The leg is planar, with one end 

being fixed to the ground while the other end is rigidly connected to a moving platform. 

This leg structure is able to perform 6 DoFs at its free end, i.e., three translations (X-Y-Z) 

and three rotations (θX-θY-θZ) along and about the X, Y, and Z axes, respectively. The legs 

are identical, and so only one beam structure in a leg is synthesized during the 

optimization process. 

In modeling the beam for stiffness optimization, a parametric curve (Bezier curve) is 

used as the center curve of the curved beam, defined by four control points to create the 

curved profile along the beam structure within the 𝑋′ 𝑌′ plane, as shown in Figure 1b. 

Each control point is defined by its local coordinates 𝑋𝑖
′ 𝑌𝑖

′, where i = 1, 2, 3, 4 on the 𝑋′ 𝑌′ 

plane. Hence, there are a total of 8 design variables determining the coordinates of the 

four control points. Each segment in the beam is represented by a specified number of 2-

noded beam elements. Note that the 𝑍𝑖
”  values of all control points are set to 0, 

constraining the beam to be planar. The last design variable during the stiffness 

optimization is the orientation (can be 0° or 90°) of each beam segment for the CPM to 

achieve fully decoupled motion. The synthesis procedures of the CPM with the improved 

beam-based method is shown in Figure 2. 

 

Figure 2. The synthesis procedures of the improved beam-based method. 

The design specifications, i.e., the desired DoFs, type of material, and several pre-

defined parameters, are first defined. The beam structure in the leg of the CPMs is then 

obtained from the stiffness optimization process to achieve high stiffness ratios between 

the non-actuating and actuating ones. Note that the cross-sectional area and the number 

of beam segments of the single beam are pre-defined in the stiffness optimization process. 

This is followed by the dynamic optimization process to optimize the resonant modes of 

(a) (b) (c)

Design 
space 
within 

X'  Y' 
plane

Moving end of 
beam segment at 

0 orientation

For planar design, Z = 0.

XB"

YB"

XA"

YA"

Fixed end of 
beam segment at 
90 orientation

Central axis of 
the single beam

X'

Y'

Moving 
platform

Force 
vector, 
F[61], 

loading 
point at 
moving 
platform

δY

δθz

δX

δZ

δθx

δθY

Fixed end of design space

Moving end of design space

60 mm

60 mm

four 
control 
points

Design Specifications 

(DoFs, variables, parameters, material)

Stifness 
Optimization

Dynamic 
Optimization

Final 
Design

Figure 2. The synthesis procedures of the improved beam-based method.

The design specifications, i.e., the desired DoFs, type of material, and several pre-
defined parameters, are first defined. The beam structure in the leg of the CPMs is then
obtained from the stiffness optimization process to achieve high stiffness ratios between
the non-actuating and actuating ones. Note that the cross-sectional area and the number
of beam segments of the single beam are pre-defined in the stiffness optimization process.
This is followed by the dynamic optimization process to optimize the resonant modes of
the CPMs with the targeted frequencies while keeping the beam compliance as high as
possible. There are a total of 4 design variables in the dynamic optimization process, i.e.,
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the thickness and diameter of the moving platform and thickness and width of the beam
segment. The performance of the synthesized CPM is then verified using a finite element
analysis (FEA) via the ANSYS software. Finally, the CPM is fabricated and evaluated
experimentally to verify the effectiveness of the proposed method.

2.3. Mathematical Formulation

In this section, two objective functions are formulated to optimize the stiffness and
dynamic properties of a general CPM, regardless of its DoFs. For CPMs with a symmetrical
configuration, the overall design can be defined by only one leg structure and duplicated
across other legs. Each beam structure is meshed by a number of 2-noded beam elements
and the finite element method (FEM) is employed for the mechanical behavior to achieve
the best possible stiffness and dynamic design for the entire CPM.

In order to better describe the following formulations, the notations used in this work
are listed below.

2.3.1. Objective Function for Stiffness Optimization

The aim of the stiffness optimization is to achieve low stiffness along the actuating
directions and high stiffness along the non-actuating axes of the CPM. This is because the
higher the stiffness, the better the CPM in resisting the external disturbances in the specified
directions. Since CPMs deflect by transferring energy from the input to the output through
the flexible members, the energy stored in the mechanism is elastic strain energy [23,24].
In the following, the objective function to carry out the stiffness optimization for CPMs is
formulated based on the elastic strain energy.

In the FEM, the stiffness matrix size of a 2-noded beam element is 12 × 12, which
is denoted as Kb. The structural stiffness matrix KS of the entire CPM with N, the total
number of 2-noded beam elements, can be defined as:

KS =
N

∑
p=1

Kb
p (1)

In general, to obtain the stiffness of the CPM for its 6 DoFs in the moving platform,
the static condensation technique in [21,25] is employed to reduce the dimensions of the
structural stiffness matrix, KS, to a 6 × 6 stiffness matrix, K, as shown in Equation (2):

K = KS
[6×6] −KS

[6×(S−6)]· (K
S
[(S−6)×(S−6)]

)−1
·KS

[(S−6)×6] (2)

Figure 1c shows the moving platform of the CPM being subjected to an external
applied force vector, F[6×1], which has three force components (FX-FY-FZ) and three moment
components (MX-MY-MZ) along and about the X, Y, and Z axes of the global coordinate
system, respectively. The displacement vector, δ[6×1], consisting of six local components
(δx, δy, δz, δθx, δθY, δθz) corresponding to the applied force vector, can be determined by
Hooke’s law as follows:

δ[6×1] = C· F[6×1] (3)

where C is the compliance matrix of the CPM and C = K−1.
The strain energy components, Ui and Uj, in the specific directions of the structure

stored in the displaced CPM can be obtained using Equations (4) and (5). Let Ui and Uj
be the elastic strain energies in the actuating and non-actuating directions of the structure,
respectively. The strain energy components, Ui and Uj, are the resultants of the associated
force components, Fi and Fj, and the stiffness components, Ki and Kj, respectively:

Ui =
1
2

Kiδ
2
i =

1
2

Ki

(
Fi
Ki

)2
=

1
2

F2
i

Ki
(4)
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Uj =
1
2

Kjδ
2
j =

1
2

Kj

(
Fj

Kj

)2

=
1
2

F2
j

Kj
(5)

where δi =
Fi
Ki

and δj =
Fj
Kj

are for decoupled motion CPMs.
In a general CPM, the maximum of 6 DoFs are needed in practical applications. Hence,

the relationship between the number of actuating directions (α) and the number of non-
actuating directions (β) in a CPM can be expressed as follows:

α+ β = 6 (6)

Note that the non-actuating directions are referred to as degrees of constraints (DoCs).
In the following formulation, the number of DoFs (i = DoF) and the number of DoCs
(j = DoC) for 3 translations (X, Y, Z) are represented by indices 1, 2, and 3 and the 3 rotations
(θX-θY-θZ) by indices 4, 5, and 6, respectively. Let Uβ

i be the energy in the actuating
directions and Uα

j be the energy in the non-actuating directions. The stiffness property of
the CPM can be defined by the total elastic strain energy ratio, RE, which is defined as the
ratio between the product of Uβ

i and the product of Uα
j , as shown in Equation (7):

RE =

α

∏
i=1

Uβ
i

β

∏
j=1

Uα
j

(7)

Note that α + β = 6.
Based on the total elastic strain energy ratio, RE, an objective function, fs, used to

optimize the stiffness property of CPMs is defined as follows:

minimize fs =
1

RE
(8)

2.3.2. Objective Function for Optimization of Multiple Resonant Modes

The dynamic response of a CPM determines its ability to withstand mechanical shock
or vibration. In this section, an objective function is proposed to optimize the resonance
frequencies in the actuating directions to targeted values, thereby achieving the desired
dynamic behaviors. The optimization of multiple resonant modes is achieved by optimizing
the mass distribution in the structure of a CPM while keeping its stiffness as high as possible
compared to those obtained from the stiffness optimization process.

Referring to Equation (9), the mass matrix of a CPM, MS, can be determined by the
summation of the mass of N number of 2-noded beam elements, denoted as Mb, which is a
12 × 12 matrix:

MS =
N

∑
q=1

Mb
q (9)

In theory, the formulation for the relationship between the natural frequency and its
bandwidth of the entire system matrix size of S × 1 for a CPM [21] denoted as f[S×1] can be
derived as shown in Equation (10):

f[S×1] =
ω[S×1]

2π
(10)

where
∣∣∣−ω2

[S×1]·M
S
[S×S] + KS

[S×S]

∣∣∣ = 0.

Note that full system matrix size S × S is used in MS and KS during the dynamic
optimization.
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The dynamic property of the CPMs can then be optimized by minimizing the objective
function fd as defined in Equation (11):

minimize fd =
n

∑
i=1

∣∣∣ f targeted
i − fi

∣∣∣− n

∑
(j=i+1

i<n )

fi
f j

 (11)

In the first term of Equation (11),
∣∣∣ f targeted

i − fi

∣∣∣ is used to move the natural frequencies

of the actuating directions ( fi) close to the targeted values
(

f targeted
i

)
during the dynamic

optimization.

The second term,
n
∑

j=i+1
i<n

fi
f j

, is a measure of the gap between the neighboring resonant

frequency. Clearly, a smaller neighboring frequency ratio is desirable. The optimized
resonant frequencies of the CPM are achieved when the differences between the first and
second terms are minimized.

2.4. Synthesis of a 4-DoF (Z-θX-θY-θZ) CPM

A 4-DoF (Z-θX-θY-θZ) CPM is synthesized as a case study to evaluate the effectiveness
of the proposed method. The synthesis results are obtained by a MATLAB program
using the genetic algorithm (GA) solver and then verified using a finite element analysis
(FEA) using ANSYS. Referring to Figure 1b, the leg design space is 60 mm × 60 mm, and
aluminum alloy 6061 with a Young’s modulus of 68.9 GPa, Poisson ratio of 0.33, and yield
strength of 276 MPa is selected as the manufacturing material for the CPM. There are
9 design variables to be obtained from the stiffness optimization process and 4 variables
are to be obtained from the dynamic optimization process, as described in Section 2.2.

2.4.1. Stiffness Optimization

Equation (8) is used for the stiffness optimization of the 4-DoF CPM with α = 4, β = 2.
All forces and moments applied to the CPM platform are assumed to be a unit. As a
result, the objective function for the stiffness optimization can be written as shown in
Equation (12):

minimize fs =
K2
δZ

K2
δθX

K2
δθY

K2
δθZ

K4
δX

K4
δY

(12)

In Equation (12), the stiffness values in the numerator correspond to the diagonal
elements K33, K44, K55, and K66 respectively, in the 6 × 6 stiffness matrix K of the CPM.
Similarly, the stiffness values in the denominator correspond to the diagonal elements K11
and K22 of K, respectively.

Equation (12) is solved using a genetic algorithm in MATLAB and the obtained beam
structure design in a leg is illustrated in Figure 3a. It can be seen that the leg design
consists of two flat rectangular segments oriented perpendicularly to each other. The
stiffness property of the 4-DoF CPM after the stiffness optimization process is represented
by C4−DoF

s as follows:

C 4−DoF
s =



4.9912 × 10−7 0 0 0 0 0
0 4.9912 × 10−7 0 0 0 0
0 0 7.5489 × 10−4 0 0 0
0 0 0 1.0640 0 0
0 0 0 0 1.0640 0
0 0 0 0 0 2.4068 × 10−1

 (13)
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2.4.2. Dynamic Optimization of Multiple Resonant Modes

Equation (11) is optimized with the targeted resonant frequencies
(

f targeted
i

)
, which

are chosen as 150 Hz, 400 Hz, 400 Hz, and 500 Hz, being sufficiently high and spaced
far enough apart for the 4-DoF CPM in order to verify the effectiveness of the objective
function:

minimize fd =
4

∑
i=1

∣∣∣ f targeted
i − fi

∣∣∣− 4

∑
(j=i+1

i<4 )

fi
f j

 (14)

where i = 3, 4, 5, 6.
The geometrical values of the optimized beam obtained from the stiffness optimization

are used in the dynamic optimization process. Equation (14) enables the optimization of the
stiffness and dynamic properties of the 4-DoF CPM design. It is also solved using a genetic
algorithm via MATLAB, and the obtained result is represented by a 6 × 6 compliance
matrix, C4−DoF

d , as shown in Equation (15):

C 4−DoF
d =



1.7834 × 10−7 0 0 0 0 0
0 1.7834 × 10−7 0 0 0 0
0 0 9.4357 × 10−5 0 0 0
0 0 0 1.4160 × 10−1 0 0
0 0 0 0 1.4160 × 10−1 0
0 0 0 0 0 3.0713 × 10−2

 (15)
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2.4.3. Discussion of the Optimized Results

The synthesized leg structure, obtained from the stiffness optimization process, con-
sists of only a single beam made up of two perpendicular rectangular segments, as shown
in Figure 3a. One segment oriented at 90◦ is fixed to the base and the other beam segment
at 0◦ is connected to the moving end. The geometrical values of the beams are used in
the dynamic optimization to obtain the final sizes of the leg structure and the moving
platform. Figure 3b shows the synthesized three-legged 4-DoF CPM with a circular plat-
form and Figure 3c shows a detailed 3D model of the synthesized CPM with the optimized
dimensions obtained after the optimization processes.

When the flexures of a CPM deform, this can reduce the accuracy of the desired output
motions. In theory, any parasitic motion will be reflected in the non-diagonal components
of the stiffness or compliance matrix of the CPM, which will create undesired motions that
reduce the accuracy of the output motions at the moving platform of the CPM. Hence, a
decoupled motion characteristic is desirable in the design of CPMs for precision positioning
systems. Here, it is noted that all off-diagonal elements in the compliance matrices of
the synthesized CPM are zeros, as written in Equations (13) and (15). This theoretically
suggests that the 4-DoF CPM is capable of achieving fully decoupled motions.

The motion decoupling capability of a CPM can also be reflected by the stiffness ratios
between the actuating and non-actuating directions. A high stiffness ratio implies that
the actuating direction is more flexible while the non-actuating direction is stiff, thereby
being able to resist the external mechanical disturbance [21,26]. The synthesized CPM has
motion decoupling capability, as demonstrated by its diagonal compliance matrix shown
in Equation (15). In particular, the output motions of the CPM are fully decoupled without
impacting each other. The diagonal components in Equation (15) suggest that the stiffness
ratios for the translational directions are greater than 500, as shown in Equation (16). This
obtained stiffness ratio is very high, as the non-actuating direction of the CPM is at least of
500 times stiffer than the actuating directions. Note that there is no stiffness ratio for the
rotational directions, as all rotations are the DoFs of the CPM:

KδX

KδZ

=
KδY

KδZ

=
CδZ

CδX

=
CδZ

CδY

=
9.4357× 10−5

1.7834× 10−7 = 529.08 (16)

The compliance results from MATLAB (predicted) are compared with those obtained
from the FEA software, as shown in Table 1. It can be seen that there is good agreement, as
the deviation is within 5%. Hence, the predicted compliance results are reliable and will be
used for a comparison with the experimental results.

Table 1. Deviation of the compliance results: FEA vs. predicted.

Actuating Direction of
Compliance

(a) Predicted Compliance
(m/N) or (rad/Nm)

(b) FEA Compliance
(m/N) or (rad/Nm)

% Deviation
(b) vs. (a)

along Z-axis 9.4357 × 10−5 9.3690 × 10−5 0.71
about Z-axis 3.0713 × 10−2 3.2097 × 10−2 4.51
about X-axis 1.4160 × 10−1 1.4339 × 10−1 1.27
about Y-axis 1.4160 × 10−1 1.4373 × 10−1 1.29

Table 2 shows the targeted resonant frequencies of actuating directions, denoted by
f targeted
I in Equation (14), along with the resonant frequencies obtained after the dynamic

optimization (represented by the predicted values) and the FEA resonant frequencies
obtained via the ANSYS simulation. Moreover, the deviations between the optimized
results and other values are also presented. It can be seen that the deviations between the
targeted and predicted frequencies are within 3%, showing the effectiveness of the proposed
objective function in optimizing multiple resonant modes. The deviations between the
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predicted and FEA results are below 7% accuracy. Therefore, the predicted result in Table 2
will be used for comparison with the experimental results.

Table 2. Deviations of the resonant frequency results: predicted versus targeted and FEA.

Actuating
Direction of

Resonant Frequency

(a) Targeted
Resonant

Frequency (Hz)

(b) Predicted
Resonant

Frequency (Hz)

(c) FEA
Resonant

Frequency (Hz)

% Deviation
(b) vs. (a)

% Deviation
(b) vs. (c)

along Z-axis 150 149.15 152.70 0.52 2.38
about Z-axis 500 514.25 478.40 2.85 6.97
about X-axis 400 409.07 400.97 2.27 1.98
about Y-axis 400 409.07 400.77 2.27 2.03

The workspace of the 4-DoF CPM is obtained from the FEA software as shown in
Table 3. It can be seen that the range of linear motion along the Z-axis is ±2.0 mm,
while the ranges of rotational motions about the X-, Y-, and Z-axis are ±3.6◦, ±3.6◦, and
±2.0◦, respectively. The workspace will be used as a reference during the experimental
investigation to displace the CPM within the ranges.

Table 3. The workspace of the synthesized 4-DoF CPM verified by the FEA.

Actuating Direction of
Compliance along Z-Axis about X-Axis about Y-Axis about Z-Axis

Full workspace 4.0 mm
(±2.0 mm)

7.2◦

(±3.6◦)
7.2◦

(±3.6◦)
4.0◦

(±2.0◦)

In summary, it has been shown that the deviations of both the compliances and reso-
nant frequencies are below 7%. These small deviations illustrate that the 4-DoF CPM design
is viable. Therefore, the synthesized 4-DoF CPM will be fabricated and its performance
will be investigated via experiments to evaluate the effectiveness of the proposed method.

2.4.4. Formulation of the Pseudo-Rigid Body Model (PRBM)

The compliance results in Tables 1 and 2 are for small displacements along the linear
stiffness region, which can be verified using the FEA effectively. However, the CPM
design is under over-constraint conditions, as the platform is being connected by three
parallel legs clamped at both ends. As such, it will be experiencing both the linear and
non-linear stiffness behaviors in the compliance experiment. The PRBM is used to predict
the non-linear stiffness behavior for large displacements [27,28].

The PRBM is formulated based on the fixed clamped beam model from the litera-
ture [27–30]. The parameters [27,28] indicated in Figure 4 are used to derive Equation (17).
The diagonal stiffness components in Equation (15) are used to derive the axial force per
unit strain, EA, and the beam flexure rigidity, EI, in each actuating direction of the CPM.
The unitless characteristic radius, γ, and the unitless bending stiffness coefficient, Kθ, are
selected as 0.85 and 2.65 from the literature [28–30], respectively. Both selected parameters,
γ and Kθ, are suitable in the PRB model with fixed-clamped condition, and are subjected
to tensile force applications. Here, γ is consistent for large displacement, while Kθ has a
small impact on the modeling, as explained in [28]. The selected γ and Kθ parameters are
commonly used in the PRBM, as reported in [29,30].

F = 3
[

KA∆Lδ
γL + ∆L

+
2KTθ

γLcosθ

]
(17)
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where:

KA =
(EA)Axial
(γL+∆L) ; ∆L =

√
δ2 + (γL)2 − γL; δ = γLsinθ; KT = 2γ

L Kθ(EI)Bending; and

θ = tan−1
(

δ
γL

)
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In Equation (17), the first force component term is associated with the stiffness of the
linear spring, KA, incremental beam length, ∆L, displacement, δ, and the original beam
length, L. The second force component is associated with the stiffness of the torsion spring,
KT, angle of the displacement, θ, and original beam length, L.

3. Experimental Investigation of a 4-DoF CPM Prototype

In this section, experiments to evaluate the actual compliance and dynamic charac-
teristics of the 4-DoF CPM are presented. In particular, experiments were conducted to
obtain the workspaces and resonant frequencies of the prototyped 4-DoF CPM in the four
actuating directions (Z-θX-θY-θZ). Due to the over-constraint design of the CPM, non-linear
stiffness behaviors will occur in the compliance experiment. The non-linear region can be
described by the PRBM formulated and presented in Section 2.4.4.

3.1. Fabrication and Compensation of the Prototype

The prototype of the 4-DoF CPM was made using aluminum alloy 6061. It was
fabricated using a combination of wire-cut and CNC milling. The fabricated leg has a single
beam with two perpendicular segments, as shown in Figure 5a. The entire 4-DoF (Z-θX-θY-
θZ) CPM was monolithically fabricated, as shown in Figure 5b. The moving platform of
the CPM, shown in Figure 5c, has four holes for mounting a test fixture (additional mass)
during the dynamic experiment. The material removed from the four holes reduces the
design mass of the platform and can affect the result of the dynamic experiment. Therefore,
the mass of the platform needs to be compensated. In addition, the surface of the moving
platform is designed with the specific points, which are the locations for applying forces
when conducting the compliance experiment.
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3.2. Experiments to Evaluate the Compliance of the Prototype

The setups of the compliance experiment along the Z-axis, about the Z-axis, about the
X-axis, and about the Y-axis are shown in Figure 6a–d, respectively. A force sensor (LCM
DCE-100N) is used to measure the actuating forces. A rigid rod with a sharp, pointed tip
is connected to the force sensor, allowing the force to be applied at the specific position.
The input displacement is produced using a micrometer with a resolution of 1.25 µm. The
magnitude of the actuating force is shown on a digital display.
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For the experiment shown in Figure 6a, the micrometer moves the rigid rod towards
the moving platform, thereby creating an input displacement and an applied force. The
displacements and the forces obtained are used to calculate the compliance along the Z-axis.

For the compliance experiment about the Z-axis, as shown Figure 6b, a rotational
cylinder support is placed at the bottom of the moving platform to create pure rotation at
about Z-axis. Both the platform and the support are secured by screws in the four holes.
This is to ensure that pure rotation about the Z-axis is generated. The moment arm mounted
on the top of the platform enables the rigid rod to contact at specific point to produce the
desired input moment about the Z-axis.

For the compliance experiments about the X- and Y-axes, as illustrated in Figure 6c,d, a
set of two sharp pointed tips is used as a support below the platform. The support ensures
that the rotation is purely about the axis of interest when the rigid rod moves close to
the platform.
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The experimental results obtained from the compliance experiments are plotted as
shown in Figure 7. Note that each experiment was conducted over the workspace of the
CPM and repeated five times for each actuating direction to ensure the repeatability and
reliability of the experimental results. In addition, the full working ranges of the CPM as
shown in Table 3 were also experimentally verified.
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Figure 7. Experimental results plotted against the predicted, FEA, and PRBM results: (a) along the
Z-axis; (b) about the Z-axis; (c) about the X-axis; (d) about the Y-axis.

Referring to Figure 7, it can be seen that for all actuating directions, the experimental
curves exhibit a linear relationship over a small range of displacements and become
non-linear subsequently. Table 4 shows a comparison of the compliance between the
experimental results and predicted values from the FEM over the linear ranges. The
deviations are below 10%, with the highest being 9.49% for translation along the Z-axis and
the lowest being 3.95% for rotation about the Y-axis.

For the non-linear ranges, the experimental results are compared with the PRBM
values obtained based on Equation (17). The deviations are below 5%, with the highest
being 4.81% for translation along the Z-axis and the lowest being 1.23% for rotation about
the X-axis as shown in Table 5.
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Table 4. Deviations in the experimental results compared to the predicted results along the linear
range.

Actuating Direction of
Compliance

(a) Predicted
Compliance (m/N) or (rad/Nm)

(b) Average Experimental
Compliance (m/N) or (rad/Nm)

% Deviation
(b) vs. (a)

along Z-axis from 0–1 mm 9.4357 × 10−5 8.5399 × 10−5 9.49
about Z-axis from 0–1◦ 3.0713 × 10−2 2.8111 × 10−2 8.47

about X-axis from 0–1.8◦ 1.4160 × 10−1 1.3528 × 10−1 4.46
about Y-axis from 0–1.8◦ 1.4160 × 10−1 1.3601 × 10−1 3.95

Table 5. Deviations in the experimental results compared to the PRBM results along the non-linear
range.

Actuating Direction of
Compliance

(a) Average Experimental
Compliance (m/N) or (rad/Nm)

(b) Average PRBM
Compliance (m/N) or (rad/Nm)

% Deviation
(b) vs. (a)

along Z-axis from 1 mm
onward 7.9744 × 10−5 7.6086 × 10−5 4.81

about Z-axis from 1◦ onward 2.6389 × 10−2 2.6731 × 10−2 1.28
about X-axis from 1.8◦ onward 1.3244 × 10−1 1.3083 × 10−1 1.23
about Y-axis from 1.8◦ onward 1.3267 × 10−1 1.3083 × 10−1 1.41

The deviations can be caused by manufacturing errors in the CNC machining processes.
It can be concluded that the effectiveness of the proposed improved beam-based method
in synthesizing compliant parallel mechanisms (CPMs) with multiple degrees of freedom
(DoFs) has been demonstrated by the experimental results.

From the experimental compliance results, as mentioned above, the stiffness property
of the prototyped 4-DoF CPM is predictable in both linear and non-linear ranges. This
demonstrates the correctness of the stiffness optimization results and the PRBM.

3.3. Experiments to Evaluate the Dynamic Response of the Prototype

The dynamic experiments were performed to evaluate the dynamic response of the
prototyped 4-DoF (Z-θX-θY-θZ) CPM. The setup of the dynamic experiments is shown in
Figure 8. A standard modal analysis instrument is used in the experiments to capture the
frequency response of the CPM. An impact hammer provides excitation to the platform
of the CPM prototype. The acceleration from the platform is detected by an accelerator
attached to the platform. The acceleration is transmitted as an input signal to the fre-
quency response function (FRF) software, which analyzes the input signal and displays the
frequency response in Hz.

It should be highlighted that there is a change of geometry in the transitional positions
in corners, such as those between the two perpendicular segments of the beam, caused
by the tool radius during CNC milling. The mass of the CPM prototype increases as a
result due to the rounding radius at the interface. In addition, a test fixture is mounted
on the moving platform of the CPM to assess the dynamic response about the Z-axis,
as shown in Figure 8. This additional mass (~9.5 g) can affect the dynamic behavior
of the CPM prototype, and so it must be compensated for in the determination of the
predicted resonant frequencies. All of the mentioned aspects are considered to recalculate
the dynamic behaviors of the actual CPM, and the compensated resonant frequencies of
the physical prototype are shown in Table 6. Note that the values in Table 6 will be used as
predicted frequencies for comparison with the experimental results.
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Figure 8. Experimental setups for dynamic responses: (a) along the Z-axis; (b) about the Z-axis;
(c) about the X-axis; (d) about the Y-axis.

Table 6. Compensated resonant frequencies.

Actuating Direction of Resonant Frequency along Z-Axis about Z-Axis about X-Axis about Y-Axis

Compensated resonant frequency (Hz) by FEA 124.9 319.1 331.7 326.2

Figure 8a shows the setup for the dynamic response along the Z-axis with the acceler-
ator attached below the platform. The input excitation is generated by the impact hammer
along the Z-axis.

Figure 8b shows the setup for the dynamic response about the Z-axis with a test fixture
mounted on the moving platform of the prototype. The accelerator is attached on one side
of the test fixture. The excitation is horizontally applied on the other side of the test fixture.
Note that the dynamic response about the Y-axis will also be captured simultaneously due
to the direction of excitation.

Figure 8c,d show the setups for the dynamic responses about the X- and Y- axes. The
excitation is applied vertically downward on the edge of the platform with the acceleration
attached diagonally at the other edge. The dynamic response along the Z-axis is also
captured in this measurement. This is due to the downward motion of the platform when
excitation is applied at edge of the platform when generating rotation about the X- or Y-axis.

The frequency responses obtained from the experiments are shown in Figure 9. The
experimental resonant frequencies in the actuating directions along the Z-axis and about
the X-, Y-, and Z- axes, as well as the deviations between the experimental results and
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predicted values, are listed in Table 7. The highest deviation is 9.13% about the X-axis in
this experiment.
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Figure 9. Experimental results of the dynamic responses: (a) along the Z-axis; (b) about the Z-axis;
(c) about the X-axis; (d) about the Y-axis.

Table 7. Deviations of the experimental resonant frequencies compared to the FEA compensated
results.

Actuating Direction of
Resonant Frequency

(a) Compensated
Resonant Frequency (Hz) by FEA

(b) Experimental
Resonant Frequency (Hz)

% Deviation of
(a) and (b)

along Z-axis 124.9 122.5 1.92
about Z-axis 319.1 338.9 6.20
about X-axis 331.7 301.4 9.13
about Y-axis 326.2 297.6 8.77
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From Figure 9a, it can be seen that the experimental resonance frequency along the
Z-axis is 122.5 Hz. This resonance frequency also appears in Figure 9c,d, with values of
121.3 Hz and 118.8 Hz, respectively. This is because the moving platform also experiences
excitation along the Z-axis when the rotation about the X- or Y-axis is excited. The frequency
of 122.5 Hz from this experiment, which is the value obtained by the direct measurement,
will be used for comparison.

Referring to Figure 9b, the resonant frequency about the Z-axis is 338.9 Hz. As high-
lighted above, the other peak with a value 246.3 Hz corresponds to that about the Y-axis.

From Figure 9c,d, the resonant frequencies about the X- and Y- axes are 301.4 Hz and
297.6 Hz, respectively. It is noted that the resonant frequency of 297.6 Hz about the Y-axis
differs greatly from the 246.3 Hz captured in Figure 9b. This is due to the additional mass
of the test fixture in the experimental setup for the dynamic response about the Z-axis.
Therefore, the value of 297.6 Hz will be used for comparison, as it is the direct measurement
value.

4. Discussion

In this work, a 4-DoF CPM, with one translation and three rotations, was synthesized
using the improved beam-based method and all of the primary resonance frequencies were
optimized to the targeted values. Note that designing a fully parallel CPM with decoupled
motion to achieve the required 4-DoF is not a simple task, and the design in [15] was a
hybrid parallel–serial configuration. Another 4-DoF (3R1T) CPM in [16] was not capable of
motion decoupling and the development occurred at the simulation stage only.

The 4-DoF CPM prototype was fabricated monolithically and evaluated experimentally
in terms of its stiffness, workspace, and resonant modes. The obtained results show that
the experimental stiffness and dynamic properties agree with the predictions. In particular,
the prototype has a stiffness ratio greater than 500 in the translation direction, considerably
higher than the stiffness ratio of 29 reported in [31] for the same translation direction. The
high stiffness also reflects the good motion decoupling of the 4-DoF CPM prototype.

The merits of this proposed method are its simple leg structure for the synthesis of
CPMs and the formulation of the objective function to achieve the optimization of multiple
resonance modes. The single beam design reduces the computational resources and the
objective function enables the optimization of dynamic responses with targeted resonant
frequencies. The proposed method overcomes the shortcomings of the existing beam-based
method [21,22] of having a pair of reflected beam structures and optimizes the dynamic
response to only the first resonant mode. Therefore, the objective of this work was achieved.

5. Conclusions

Based on the obtained results, there are two main contributions in this paper. The first
is the proposed design of a simple leg structure with two segments oriented at 0◦ or 90◦

in a single beam. The single-beam geometry is simpler, more flexible, and eliminates the
complexity of the existing beam-based design with a pair of reflected beams. The second is
the formulation of an objective function for the optimization of multiple resonant modes. It
should be highlighted that the proposed objective function for the dynamic optimization of
multiple resonant modes is a significant contribution, enabling the optimization of multiple
dynamic responses to the desired resonant modes.

The effectiveness of the proposed method was verified by a 4-DoF CPM prototype
(Z-θX-θY-θZ). From the experimental results, the prototype has been shown to have fully
decoupled motion, high stiffness ratios > 500, a large workspace of 4.0 mm × 7.2◦ × 7.2◦ ×
4.0◦, and resonant modes of 122.6 Hz × 301.4 Hz × 297.6 Hz × 338.9 Hz, as targeted in the
actuating directions. The differences between the predicted results and experimental ones
are less than 10%. Hence, the improved beam-based synthesis method and the dynamic
optimization process for multiple resonant frequencies are valid and effective.

Our future research work will continue to improve the synthesis method by including
the stress modeling in the optimization processes to define the stress distribution within
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the structure and to determine the workspace of CPMs more accurately. In addition, the
improved beam-based method will be applied to develop more CPM designs with various
DoFs and targeted dynamic characteristics.
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Abbreviation

Notations Meaning Equation That the Notations Appear

δ/δ Displacement vector/displacement component (3), (4), (5)

γ Characteristic radius (17)

ω Angular frequency vector (10)

C/C
6 × 6 compliance matrix of the CPM/diagonal compliance
component of the CPM

(3), (16)

Cd 6 × 6 compliance matrix after dynamic optimization (15)

CS 6 × 6 compliance matrix after stiffness optimization (13)

F/F Force vector/force component (3), (4), (5)

f Resonant frequency vector (10)

fd Objective function for dynamic optimization (11), (14)

fS Objective function for stiffness optimization (8), (12)

f targeted Targeted resonant frequency (11), (14)

K/K
6 × 6 stiffness matrix of the CPM/diagonal stiffness component
of the CPM

(2), (4), (5), (12), (16)

Kb 12 × 12 stiffness matrix of a 2-noded beam element (1)

KS Full stiffness matrix of the entire CPM (1), (2), (10)

KA Stiffness of the linear spring (17)

KT Stiffness of the torsion spring (17)

Kθ Bending stiffness coefficient (17)

L/∆L Original beam length/change of length (17)

Mb 12 × 12 mass matrix of a 2-noded beam element (9)

MS Full mass matrix of the entire CPM (9), (10)

RE Total elastic energy ratio (7)

U Strain energy of the CPM (4), (5), (7)
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