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Abstract: An atypical face gear pair with complex transmission motion can be used in intermittent
reciprocating mechanisms with more precise transmission and a much higher capacity than conven-
tional mechanisms, such as cams and linkages. In this study, we derive a mathematical equation for
the complex tooth surface of this gear pair. We indicate the change in root cutting, top sharpening
and the effective width of the tooth surface with different parameters. Additionally, we derive the
governing equation for the kinematical characteristics of this eccentric curve-face gear pair with a
rigid–flexible coupling system, revealing the continuous intermittent contact principle of this gear
type with different parameters. Boundary conditions for the gear pair are proposed, demonstrating
that the vibration of the gear pair is more obvious, even at a low velocity. In addition, the critical
velocity, which mostly ranges from 300 rpm to 400 rpm, is affected by the stiffness of the frames
and the parameters of the tooth surfaces. The interval space and interval time of the intermittent
contact system are ∆d ≤ 0.3 mm and ∆t ≤ 5.6 × 10−4 s, with visible surface sliding on the contact
area. It is shown that the contact points are firstly concentrated at the outer part of the tooth surface
and that the meshing will break off at the first tooth with the minimum inner radius RGi−min. These
theoretical results, which have been verified experimentally, provide theoretical support for further
analysis and the better application of this unconventional gear pair.

Keywords: compound motion; intermittent meshing; critical velocity; parameter pattern

1. Introduction

As a compound-motion gear pair, an eccentric curve-face gear pair has the advantages
of both gear pair and cam mechanisms with high capability. To some extent, it can be
used as a replacement for cam, rod and variable gear mechanisms in, for example, impact
drilling, variable pumps, continuous variable transmission and so on. In order to achieve
reciprocating motion and rotation simultaneously, the two output shafts of the gear pair
must be combined via two parts: a flexible axis for movement and a rigid axis for rotation.
Thus, a spring is necessary to hold the axial force, limit the response displacement and reset
the position of the moving gear quickly, which is quite different from a normal gear system.

The stiffness of the spring is much lower than the other frame of the gear system. Thus,
many research works have only focused on the natural frequency and forced vibration of
the spring. Nirala and Michalczyk focused on the natural frequencies of a compression
spring using the FEM method, showing that the natural frequency of a helical compres-
sion spring will reduce in the transverse mode but increase in both the compression and
torsional modes [1,2]. Gu and Yang investigated helical springs subjected to axial loads
under different dynamic conditions and described the relationships between the design
parameters and the overall mechanical performances of helical springs [3,4]. Hamza and
Renno established the mathematical formulas of springs, which are angular and axial
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deformations and velocities, with a much smaller and faster FE method [5,6]. Further
research on springs with a rigid part has been performed by Zhou, Pawar and Gu and
others. In detail, Zhou presented an enhanced flexible dynamic model for a cam profile
with a spring, like a valve train with clearance and multi-directional deformations, and
verified it by experiment [7]. Pawar and Gu developed a transient non-linear model for the
natural frequencies and dynamic responses of a spring, with consideration of the material,
internal vibration and coil collision [8,9]. Baran presented the analysis of cylindrical springs
with different geometric parameters, making it possible to estimate the suitability of a
given spring [10]. These studies indicate that the combined application of a spring and
rigid cam is feasible, indicating that the response of the spring is affected by the geometric
parameters, operating velocity and so on.

An eccentric curve-face gear pair is developed from a conventional gear pair, but
the transmission pattern and kinematic characteristics of it are very different from those
of conventional pairs because the coupling system is combined with the flexible spring
and rigid frame. In the current context, this compound-motion gear pair has only been
proposed for a few years, with few scholars focused on it, such as Chao Lin, Dawei Liu and
so on. These results indicate that the transmission method for this gear pair can be similar
to the method for a conventional gear pair [11–14]. According to the complicated and heavy
geometrical models required during the establishing process of the tooth surface, Maksat
developed a novel mathematical model with non-linear equations that were reduced
more than those used for the conventional method, making the tooth contact analysis
much easier [15,16]. Shaabidov and Xiao investigated the dynamic performance and
reliability of a gearbox with time-varying velocity, and variations in the material, strength
and size of the abrasive particles, obtaining the mapping rules of the gear pair [17,18].
Jasem and Xie focused on the gear mesh stiffness to validate their proposed gear dynamic
model, indicating that the wave face kinematic reducer does not require fulfillment of
the conditions for the equality of the center distances [19,20]. Wang and Lo conducted
static and dynamic analyses of a spur gear pair with linear tip relief and longitudinal
crowning, revealing that the gear dynamic model is effective and advanced for general gear
systems, a narrow-faced gear, a wide-faced gear and a gear with tooth profile errors [21,22].
He and Zhou established the time-varying mesh stiffness affected by gear eccentricity
and non-involute parameters, showing the dynamic difference between conventional
and unconventional gear pairs [23,24]. Yu and He established a gear dynamic model
to investigate the system–structure coupling dynamic analysis by combining the mesh
stiffness and the time-varying pressure angle, explaining the comprehensive and strong
influence of dynamic characteristics caused by the parameters of the tooth surface and
structure [25,26].

According to the previous research, we found that the transmission characteristics of
an eccentric curve-face gear pair will be influenced by the flexible spring, rotating velocity
and parameters of the gear structure. In addition, Spitas found that the dynamic contact
situation of the gear pair will result in intermittent contact with multiple DOF and variable
torque, and they proposed a simulation method for the tooth contact loss and contact
reversal with different parameters [27]. Marjanovic investigated the friction coefficient
between the sliding velocity and contact force, indicating that the coefficient has a variable
value [28]. These results suggest a reference basis for an eccentric curve-face gear with a
variable radius and multiple motions.

In this study, we derive a mathematical equation for the unconventional tooth surface
of an eccentric curve-face gear pair. Additionally, a mathematical model for contact points
on the engaged tooth surface is constructed, indicating that the transmission process of
this gear pair involves continuously intermittent collision rather than rolling. Further, the
governing equation for the response of this rigid–flexible coupling system is presented. The
further discussion about this kinematic response model with different parameters shows
that the critical velocity of the gear pair is much lower, and the kinematic displacement is
more obvious, than those of the normal face gear pair. These results, which are verified by
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experiment, provide theoretical support for the further analysis and practical application
of this compound-motion gear pair.

2. Transmission Model of Eccentric Curve-Face Gear Pair
2.1. Equation of Engagement Tooth Surface with Complex Motion

Similarly to a conventional gear pair with a fixed rotating axis, the engaged tooth
surface of an eccentric curve-face gear pair can be established using the novel mathematical
method and localized contact method [15,29]. Figure 1 shows the fabricating process of an
eccentric curve-face gear pair with the same hypothetical shaping tool.
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Figure 1. Engaged tooth surface of eccentric curve-face gear. (a) Conjugate meshing of the three 
gears; (b) relationship between non-circular gear and shaping tool. 
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Figure 1. Engaged tooth surface of eccentric curve-face gear. (a) Conjugate meshing of the three gears;
(b) relationship between non-circular gear and shaping tool.

As demonstrated in Figure 1, O1-X1Y1Z1 and O′
1-X′

1Y′
1Z′

1 are the coordinates of an
eccentric curve-face gear with fixed axis Z1 and movable axis Z′

1. O2-X2Y2Z2 and O′
2-X′

2Y′
2Z′

2
are the coordinates of the shaping tool with axis Z2 fixed and axis Z′

2 movable. Fixed
O3-X3Y3Z3 and movable O′

3-X′
3Y′

3Z′
3 are the coordinates of the non-circular gear. θ1 and

R(θ1) are the rotating angle and variable radius of the target eccentric curve-face gear,
rn(θ1) is the variable radius of the non-circular gear at θ1, E(θ1) is the undulating height of
the pitch surface on the curve-face gear, θ2 and θ3 are the responding angles of the shaping
tool and the non-circular gear to θ1, Ln(θ1) is the distance between O2 and O3, and L(θ1)
is the distance between O1 and O3 with a constant vertical part LV . Both the undulating
times n and eccentricity times N are set as 1 in Figure 1.
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According to Figure 1a, the time-varying L(θ1) with
→

L(θ1) =
→

R(θ1) +
→
LV can also be

written as
→

L(θ1) =
→

E(θ1) +
→

R(θ1) +
→

rn(θ1). During the generating process, the shaping tool
undergoes purl rolling with both the eccentric curve-face gear and the non-circular gear
at the same point P. Therefore, the time-varying transformation matrices from movable
O′

2-X′
2Y′

2Z′
2 to movable O′

3-X′
3Y′

3Z′
3 are proposed as follows:

MO2O′
2
=


cos θ2 − sin θ2 0 0
sin θ2 cos θ2 0 0

0 0 1 0
0 0 0 1

 and MO3O2 =


1 0 0 Ln(θ1) cos(θ3 − δ)
0 1 0 Ln(θ1) sin(θ3 − δ)
0 0 1 0
0 0 0 1


MO′

3O3
=


cos θ3 sin θ3 0 0
− sin θ3 cos θ3 0 0

0 0 1 0
0 0 0 1



where Ln(θ1) =

√[
Ln(θ1)

2 + r2 − 2Ln(θ1)r sin δ
]
, δ = arccos

[ (
Ln(θ1)

2+rn(θ1)
2−r2

)
(2Ln(θ1)rn(θ1))

]
,

θ2 = π/2 + δ − θ3 − λ and µ = arc tan[rn(θ1)/rn(θ1)
′].

Similarly, the transformation matrix MO′
1O′

3
from movable O′

1-X′
1Y′

1Z′
1 to movable

O′
3-X′

3Y′
3Z′

3 can be analytically presented as

MO′
1O′

3
=


− sin(θ3) sin(θ1) cos(θ3) sin(θ1) cos(θ1) −R(θ1) cos(θ1)
− sin(θ3) cos(θ1) cos(θ3) cos(θ1) − sin(θ1) R(θ1) sin(θ1)

− cos(θ3) − sin(θ3) 0 E(θ1)
0 0 0 1


Therefore, the tooth surface of the generated curve-face gear can be deduced as

→
RP(θ1) = MO′

1O′
3
× MO′

3O3
× MO3O2 × MO2O′

2
×

→
rP(θ1)

=



 − sin δ · sin(θ1) ·
√
[rn(θ1)]

2 + r2 − 2r · rn(θ1) · sin λ

− cos(θ1) · rbs+Ln(θ1)R(θ1)·cos(λ+θ3−θos−θs−δ)
i13·cos(λ+θ3−θo2−θs)

rbs sin(θ2) · [sin(λ + θ3 − θos − θs − δ) + (θ2) · cos(λ + θ3 − θos − θs)]


 − sin δ · cos(θ1) ·

√
[rn(θ1)]

2 + r2 − 2r · rn(θ1) · sin λ

+ sin(θ1) · rbs+Ln(θ1)R(θ1)·cos(λ+θ3−θos−θs−δ)
i13·cos(λ+θ3−θos−θs)

−rbs cos(θ2) · [sin(λ + θ3 − θos − θs − δ) + (θ2) · cos(λ + θ3 − θos − θs)]


[

E(θ1)− cos δ ·
√
[rn(θ1)]

2 + r2 − 2r · rn(θ1) · sin λ

−rbs[sin(λ + θ3 − θos − θs − δ) + θs · cos(λ + θ3 − θos − θs − δ)]

]

1



(1)

where rbs, θs and θos are the radius, expansion angle and starting angle of the tooth profile
of the cylindrical shaper tool; i13 is the transmission ratio of the eccentric curve-face gear
and the non-circular gear with i13 = [rn(θ1)]/[RP(θ1)]at point P.
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The mathematical equation for the tooth surface of the paired non-circular gear can be
proposed using the same method as in Equation (1):

→
rn(θ1) = MO′

3O3
× MO3O2 × MO2O′

2
×

→
rP(θ1)

=



[
rbs

[
cos(θos + θs + θ3 − θ2)
−(θos + θs) · sin(θos + θs + θ3 − θ2)

]
+ Ln(θ1) · cos(θ2 − δ)

]
[
−rbs

[
cos(θos + θs + θ3 − θ2)
+(θos + θs) · sin(θos + θs + θ3 − θ2)

]
+ Ln(θ1) · cos(θ2 − δ)

]
us

1


(2)

where us is the width of the non-circular gear.

2.2. Effective Surface with Eccentric Pitch Curve

Taking the limitations of root cutting and top sharpening into account, the surface
of the eccentric curve-face gear cannot be designed without restriction. The positions
and normal vectors on the tooth surfaces of the three gears are always equal at the

same meshing point P, which can be demonstrated as
→

RP(θP) =
→

rn(θP) =
→

r(θP) and
→

VP(θP) =
→

Vn(θP) =
→

V(θP) in Figure 2.
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As shown in Figure 2, Σ1, Σ2 and Σ3 are the tooth surfaces of the eccentric curve-face
gear, non-circular gear and shaping tool, respectively. L1 and L2 are the contact lines of the
shaping tool with the eccentric curve-face gear and non-circular gear.

The shaping tool, which is shown in Figure 1, is a cylindrical gear required for a good

contact situation. Therefore, the radius
→

r(θP) and vector
→

V(θP) on the movable O′
2-X′

2Y′
2Z′

2
of the shaping tool are constant:

→
r(θP) =


rbs[cos(θos + θs) + θs · sin(θos + θs)]
rbs[sin(θos + θs)− θs · cos(θos + θs)]

us
1

 (3)

→
V(θP) =

 cos(θos + θs)
− sin(θos + θs)

0

 (4)

Substituting Equations (1)–(4) into the relationship equations
→

RP(θP) =
→

rn(θP) =
→

r(θP)

and
→

VP(θP) =
→

Vn(θP) =
→

V(θP), the root cutting and top sharpening results can be obtained.
The theoretical tooth surface can be divided into three parts: the inner part with root
cutting, the outer part with top sharpening and the effective generated part. In addition,
the appearance of the root cutting and top sharpening will decrease the thickness of the
tooth and increase the variation in the surface curvature. Therefore, it is necessary to
analyze the variable effective tooth width for further application of this gear pair. Table 1
shows the values of different parameters of the eccentric curve-face gear pair. Substituting
these different values into the relationship Equations (1)–(4), the variable effective tooth
width can be shown as per Figures 3–5.

Table 1. Variable parameters of eccentric curve-face gear pair.

Parameter Range Parameter Range

Base adius of eccentric
curve-face gear R(θ1) (mm) 70–72 Eccentricity times N 1, 2, 3

Width d1 of eccentric curve-face
gear (mm) 8–20 Eccentricity distance

dN (mm) 5–10

Undulating times n 2, 3, 4 Range of height E(θ1)
(mm) 6–12

Tooth number Z of shaping tool 18, 20, 22 Modulus m 1, 1.25, 1.5

Radius r of shaping tool (mm) 18–44 Width d2 of shaping
tool (mm) 8–20
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When the pitch radius increases from 70 mm to 72 mm, the generated effective tooth
width WG increases first with decreased root cutting and then decreases with increas-
ing top sharpening. Specifically, there is a constant value that is obtained between the
minimum-top-sharpening and no-root-cutting scenarios with the theoretical pitch curve set as
RTi +

RT0−RTi−WC−WS
2 ≤ R(θ) ≤ RTo − RT0−RTi−WC−WS

2 .
Figure 4 illustrates the cutting height of the eccentric curve-face gear with different

eccentricity times N = 1, 2, 3. This indicates that the eccentricity times N only affect the
variable times of the cutting height but not the values. Figure 5 shows that the effective
width varies with different eccentricity distance dN , modulus m and width d2 of the non-
circular gear. In detail, the eccentricity distance dN has a positive effect on the width and
a negative effect on the modulus. When the width is d2 ≥ d1, it has no influence on d1,
the undulating times n or the range of height E(θ1). Therefore, the design width of the
effective tooth surface should be set as a constant value with WT−max < WG−min for further
manufacturing and application.

3. Kinematic Characteristics of Rigid–Flexible Coupling Gear System

In order to achieve rotation and translation simultaneously, the axis of the eccentric
curve-face gear is fixed with the axis of the paired non-circular movable gear. The engage-
ment of this gear pair is complex and prone to sliding, making the contact point offset. The
spring is necessary to counteract the radial sliding force and ensure that the non-circular
gear resets quickly.
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3.1. Response Equation of Rigid–Flexible Coupling System

The spring on the non-circular gear shows much less stiffness than the frame of a
conventional gear pair, so it will cause a more obvious kinematic response; it cannot hold
the relative displacement of the engaged tooth surface with too large a radial force. During
the meshing process of this eccentric curve-face gear pair, the axis of the non-circular gear
is usually fixed in the Z1 direction, described as rP(θP) + E(θP) = LV (if necessary, it can
also be movable both in the Z1 and Z3 directions simultaneously). Therefore, the kinematic
response of this rigid–flexible coupling system is mainly manifested as the displacement
characteristics of a non-circular gear in the Z3 direction, as shown in Figure 6.

Machines 2024, 12, x FOR PEER REVIEW 9 of 20 
 

 

minGiR -

maxGiR -

Gd

1w

3w

( )'1 1Z Z

( )'3 3Z Z

3Y

3X

( )'3 3O O

ZF

P
( )P PR q

( )n Pr q

NF

1M

3w

3w

ZF

ZF

P

P

TF

NF

TF
NF

( )P PR q

( )n Pr q

( )P PR q

( )n Pr q
a

r

1w

1w

( )I PR q

( )N Pd q

u

TnF

TnF

TnF

 
Figure 6. Response force of rigid–flexible coupling system. 

As illustrated in Figure 6, 1M is the constant driving torque, TF  and NF  are tan-
gential and normal contact forces at the point P .a , and r  represents the offset angles 
between TF  and NF  in the horizontal and vertical planes. u is the offset angle between 

TnF   and NF  , which can be obtained using the parameters in Figure 1b. TnF  is the re-
sponse tangential force on the non-circular gear. 

The eccentricity times and order of the non-circular gear in Figure 6 are set as 1N =  
and 3 2n = . The response characteristics of this rigid–flexible coupling system are mainly 
reflected in the response displacement ( )ZD t  of the non-circular gear and force ( )ZF t  of 

the spring. M , ZC  and 
ZK  are the rigid mass, damping coefficient and stiffness of this 

coupling system. During the meshing process of the gear pair, the relationship of these 
forces can be expressed as 

[ ] [ ] [ ]

1

1

2 2 2

( ) ( )

( ) ( ) ( )
arccos

2 ( ) ( )

( ) ( ) sin
( ) cos( )
cos

( ) ( ) sin

T P P

P

I P P P N P

P P I P

Z T

T
N

Tn N

F t R M
t

R R d
R R

F t F t
F tF t

F t F t

q
q w

q q q
a

q q

a
a

r
u

ì × =
ï
ï =
ï
ï é ù× -ï ê ú=ï ê ú× ×ï ê úë ûí
ï = ×ï
ï ×ï =ï
ï
ï = ×î

  

(5) 

Therefore, the response forces on the non-circular gear are variable in both the tan-
gential and axial directions. The axial component force ( )ZF t  causes the displacement of 
the non-circular gear, and the tangential force ( )TnF t  causes the time-varying rotational 
acceleration of the non-circular gear. In addition, the axial force ( )ZF t  is carried by the 
spring, so the movement of the coupling system must involve intermittent responses due 
to the intermittent hysteresis characteristics and lower frequency of the spring compared 
to other rigid frames. The governing equation for the free vibration ( )ZS t  of the non-cir-
cular gear in this coupling system is given with the deformation of the rigid parts ignored. 

Figure 6. Response force of rigid–flexible coupling system.

As illustrated in Figure 6, M1 is the constant driving torque, FT and FN are tangential
and normal contact forces at the point P. α, and ρ represents the offset angles between
FT and FN in the horizontal and vertical planes. υ is the offset angle between FTn and FN ,
which can be obtained using the parameters in Figure 1b. FTnis the response tangential
force on the non-circular gear.

The eccentricity times and order of the non-circular gear in Figure 6 are set as N = 1
and n3 = 2. The response characteristics of this rigid–flexible coupling system are mainly
reflected in the response displacement DZ(t) of the non-circular gear and force FZ(t) of the
spring. M, CZ and KZ are the rigid mass, damping coefficient and stiffness of this coupling
system. During the meshing process of the gear pair, the relationship of these forces can be
expressed as 

FT(t) · RP(θP) = M1
θP = ω1t

α = arccos
[
[RI(θP)]

2·[RP(θP)]
2−[dN(θP)]

2

2·RP(θP)·RI(θP)

]
FZ(t) = FT(t) · sin α

FN(t) =
FT(t)·cos α

cos ρ

FTn(t) = FN(t) · sin υ

(5)

Therefore, the response forces on the non-circular gear are variable in both the tan-
gential and axial directions. The axial component force FZ(t) causes the displacement of
the non-circular gear, and the tangential force FTn(t) causes the time-varying rotational
acceleration of the non-circular gear. In addition, the axial force FZ(t) is carried by the
spring, so the movement of the coupling system must involve intermittent responses due
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to the intermittent hysteresis characteristics and lower frequency of the spring compared to
other rigid frames. The governing equation for the free vibration SZ(t) of the non-circular
gear in this coupling system is given with the deformation of the rigid parts ignored.

M ·
· ·

SZ(t) + CZ
·

·SZ(t) +KZ · SZ(t)− KZ · RZ(0)− CZ ·
·

RZ(0) = 0
FZ(0) = (LS − RZ(0)) · KZ
SZ(0) = DZ(tk)− DZ(tk−1)

·
SZ(t) =

∂SZ(t)
dt· ·

SZ(t) =
∂2SZ(t)

dt2

(6)

where RZ(0) is the initial length of the spring at the kth surface collision. LS is the initial
length of the spring.

The parameters of this eccentric curve-face gear pair are periodic, so FZ(t) and DZ(t)
are periodic; this cannot be described directly. Based on the Fourier series, SZ(t) can be
presented as

SZ(t) =
a0

2
+

∞

∑
j=0

(aj cos(njωt) + bj sin(njωt)) (7)

where aj, bj are the jth coefficients and are shown as aj = 2
∫ T

0 DZ(t) cos(njωjt)dt/T,

bj = 2
∫ T

0 DZ(t) sin(njωjt)dt/T, a0 = 2
∫ T

0 DZ(t)dt/T.
Additionally, the solution for the jth sub-equation of Equation (7) can be given as

Saj(t) =
aj/Ky√

(1−(ω · nj/ωn)
2)

2
+(

2τω·nj
ωn )

2
cos(ωt · nj − ϕj)

Sbj(t) =
bj/Ky√

(1−(ω · nj/ωn)
2)

2
+(

2τω·nj
ωn )

2
sin(ωt · nj − ϕj)

ϕj = tan−1
(

2τω · nj/ωn · (1 −
(

ω·nj
ωn

)2
)

) (8)

where τ is the damping coefficient with τ = CZ/
(
2
√

KZ M
)
, ωn is the natural frequency

with ωn =
√

KZ/M, and ϕj is the phase angle of the jth sub-equation.
Therefore, the total response equation SZ(t) of this coupling system is

SZ(t) =
a0

2KZ
+

∞

∑
n=1

(
aj/KZ√(

1 − (ω · nj/ωn)
2
)2

+ (
2τω·nj

ωn
)

2
cos(ωt · nj − ϕj) +

bj/KZ√(
1 − (ω · nj/ωn)

2
)2

+ (
2ωτ·nj

ωn
)

2
sin(ωt · nj − ϕj)) (9)

Substituting Equation (9) into Equation (6), the free vibration responses of this coupling
system between any two adjacent collisions (k − 1)th and the kth collision can be obtained.
The free response values of this rigid–flexible coupling system with different parameters,
i.e., velocity ω, stiffness KZ, initial force FZ(0) and displacement DZ(0), are proposed as
shown in Figures 7–10.

Figure 7 shows the free vibration of this rigid–flexible coupling system with single
contact. Visibly, the change in response values is not completely proportional to the stiffness;
with tiny increases in stiffness, the response displacement and required time will decrease
more significantly. However, the stronger the spring, the more difficult the installation.
The stiffness KZ of the spring should be set to an appropriate value for good installability
and transmission performance. Figure 8 shows that the rotational velocity ω only affects
the response value, which is also positive in respect of the vibration value. The maximum
width dG of the eccentric curve-face gear in this paper is 20 mm, and the two marked initial
response displacements are 11.9 mm with ω = 6 r/s and 23.8 mm with ω = 8 r/s. This
shows that the response with ω = 8 r/s is greater than the maximum tooth width and the
increase in the generated width is beneficial for a higher critical velocity, so the operating
velocity of this gear pair should be limited.
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Figures 7–9 show the vibration values caused by a single kth collision. It is impossible
for this to occur during the gear meshing process because of the numbers of intensive
collisions, but the free vibration of any single collision will be covered by the further
collisions, as illustrated in Figure 10. With meshing, the single value will be included
in the superposition values that result from numerous collisions, exhibiting a consistent
fluctuation rather than significant periodic changes with the eccentricity distance.

3.2. Interval-Separated Transmission Characteristics

Figures 8–10 show the free response characteristics of any (k − 1)th collision, which
appear at the separating time during any two adjacent collisions. The non-circular gear
and the eccentric curve-face gear rotate at constant velocities during the separation time.
Therefore, the kth contact results from the following three situations: 1, the kth contact point
on the eccentric curve-face gear catches up with it on the non-circular gear; 2, the kth contact
point is created by the first spring-back collision of the coupling system; 3, the kth contact
point is created by the exact fit of the respective theoretical meshing points, as shown in
Figure 11.

As demonstrated in Figure 11a,b, the governing equation for the kth contact point is
presented only by the contact between two rigid tooth surfaces with no embedding area,
which no longer satisfies the pure meshing of the pitch curves as a normal gear pair. The pitch
curves in situation 1 are detached, as are those in situation 2. Therefore, the relative sliding
velocity v31 is obvious and there must be conspicuous surface sliding in situations 1 and 2.

According to the mathematical Equations (6)–(9) and the response characteristics in
Figures 7–10 with different variable parameters, the responses of the spring system vary
with time and position. In addition, the continuous collision transmission can be divided
into the three situations in Figure 11. Therefore, there should be a critical angular velocity,
with the sliding distance not exceeding the width of the tooth (described as RZ(t) < dG)
and the opposite tooth surface of the (n + 1)th tooth not meshing (shown as ∆(t) > 0) for
this compound-motion gear pair to ensure a continuous meshing process. As shown in
Figure 6, the width dG and thickness HG of the tooth are changeable with different radii
R(θ1). For good manufacturing performance, dG should be set as constant d. Thus, the
boundary conditions for the correct meshing of this gear pair can be presented as follows: Rn

Z(t) ≤ d∫ ∆t
0

[
rP(θ

n
3 + ω3t)

]
dt =

∫ ∆t
0 [RP(θ1 + ω1t)]dt∫ ∆t

0

[
rP(θ

n
3 − θn+1

os − θn+1
s + ω3t)

]
dt ≤ Hn+1

G +
∫ ∆t

0 [RP(θ1 + ω1t)]dt

 (10)

where superscript n is the tooth number; ∆t is the interval time between the (n + 1)th and
nth collision.
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The interval time ∆t of the two adjacent collisions can be proposed by
→

RP(θP) =
→

rn(θP)

without
→

VP(θP) =
→

Vn(θP), because of the relative displacement of this gear pair. The
rotation angles θ1 in matrices MO3O3′, MO3O2 and MO2O2′should be updated to θ1 + ω1∆t
with θ′2 = θ2 + ω2∆t, θ′3 = θ3 + ω3∆t. Substituting Equations (1) and (2) and RZ(t) into
the above positional relationship equation, the (n + 1)th meshing point Pn+1 on the tooth
surface of the curve-face gear with interval time ∆t can be constructed as
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→
Rn+1(θP + ω1∆t) =

=



 − sin(δ′) · sin(θP + ω1∆t) ·
√
[rn(θP + ω1∆t)]2 + r2 − 2r · rn(θP + ω1∆t) · sin λ′

cos(θP + ω1∆t) · rbs+Ln(θP+ω1∆t)·R(θP+ω1∆t)·cos(λ′+θ3+−θos−θ′s−δ′)
i13·cos(λ′+θ′3−θo2−θ′s)

−rbs · sin(θ′2)[sin(λ′ + θ′3 − θos − θ′s − δ′) + (θ′2) · cos(λ′ + θ′3 − θos − θ′s)]


 − sin(δ′) · cos(θP + ω1∆t) ·

√
[rn(θP + ω1∆t)]2 + r2 − 2r · rn(θP + ω1∆t) · sin λ′

+ sin(θP + ω1∆t) · rbs+Ln(θP+ω1∆t)·R(θP+ω1∆t)·cos(λ′+θ3−θos−θ′s−δ)
i13·cos(λ+θ′3−θos−θ′s)

−rbs · cos(θ′2)[sin(λ′ + θ′3 − θos − θ′s − δ′) + (θ′2) · cos(λ′ + θ3 − θ′os − θ′s)]


[

E(θP + ω1∆t)− cos(δ′) ·
√
[rn(θP + ω1∆t)]2 + r2 − 2r · rn(θP + ω1∆t) · sin λ′

−rbs[sin(λ′ + θ′3 − θos − θ′s − δ′) + (θ′s) · cos(λ′ + θ′3 − θos − θ′s − δ′)]

]

1



(11)

where δ′, λ′, θ′s, u′
s are the corresponding parameters of the curve-face gear at point Pn+1.

The decomposition of point Pn+1 on the non-circular gear can be obtained using the
same method as Equation (11).

→
rn+1(θP + ω1∆t) =

=



[
rbs

[
cos(θos + θ′s + θ′3 − θ′2)
−(θos + θ′s) · sin(θos + θ′s + θ′3 − θ′2)

]
+ Ln(θP + ∆t) · cos(θ′2 − δ′)

]
[
−rbs

[
cos(θos + θ′s + θ′3 − θ′2)
+(θos + θ′s) · sin(θos + θ′s + θ′3 − θ′2)

]
+ Ln(θP + ∆t) · cos(θ′2 − δ′)

]
u′

s
1


(12)

The interval time ∆t is derived as

→
Rn+1(θP + ω1∆t) =

→
rn+1(θP + ω1∆t) (13)

The normal vector
→

Vn+1(θP + ω1∆t) of FT at meshing point Pn+1 on the curve-face
gear can be given as

→
Rn+1(θP + ω1∆t) ·

→
Vn+1(θP + ω1∆t) = 0 (14)

Therefore, by combining Equations (11)–(14), the position and normal vector of the
(n + 1)th contact point are solved. Additionally, the initial value of FT , FN , FZ, α, υ, ρ and
DZ(0) at point Pn+1 are proposed. Figure 12a indicates the change in contact points on the
same tooth surface from root to top with the parameters in Table 1. Figure 12b demonstrates
the numbers of contacts on the tooth surface in a whole meshing cycle of the eccentric
curve-face gear pair.

Figure 12a shows the displacement of the contact point with different rotational
velocities on the same tooth surface. The initial contact points of these three situations are
coincident at the same theoretical positions. With velocity increases, the contact point will
be closer to the outer part and the contact points become much denser. This shows that
the contact point will move outward in the width direction firstly and quickly, followed
by a rapid and dense movement in the height direction until disengagement. The contact
numbers in Figure 12b were obtained with ω = 1.5r/s, demonstrating that the eccentricity
time N affects the numbers of contact points by increasing the initial force FZ(0). Specifically,
with radius RP(θP) decreasing, the response distance becomes closer to the outer part and
the contact numbers decreases. The meshing will break off with too large a response
displacement SZ(t) ≥ dG at the minimum radius RG−min firstly with the increase in
velocity. According to Equation (13), the values of the interval space and interval time



Machines 2024, 12, 162 14 of 18

should be ∆d ≤ 0.3 mm and ∆t ≤ 5.6 × 10−4 s, with the maximum height of the eccentric
curve-face gear set as H(θP) = 12 mm, ultimately exhibiting dense contact points and
obvious surface sliding on the contact area.
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Therefore, by combining Equations (11)–(14), the position and normal vector of the 
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Figure 12. Collision contacts on tooth surface. 

Figure 12a shows the displacement of the contact point with different rotational ve-
locities on the same tooth surface. The initial contact points of these three situations are 
coincident at the same theoretical positions. With velocity increases, the contact point will 
be closer to the outer part and the contact points become much denser. This shows that 
the contact point will move outward in the width direction firstly and quickly, followed 
by a rapid and dense movement in the height direction until disengagement. The contact 
numbers in Figure 12b were obtained with 1.5r sw =  , demonstrating that the eccen-
tricity time N  affects the numbers of contact points by increasing the initial force (0)ZF . 
Specifically, with radius ( )P PR q  decreasing, the response distance becomes closer to the 
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4. Experiments

According to the previous theoretical analysis, the transmission characteristics of the
compound-motion eccentric curve-face gear can be expressed as a large number of inter-
mittent contact points on the tooth surface and tiny intermittent response displacements
between the two tooth surfaces of the gear pair. For the verification of these theoret-
ical results, we performed two experiments: (1) surface engagement with pre-coating;
(2) vibration detection of the non-circular gear.

Experiment 1 was focused on the verification of intermittent contact points and surface
sliding on the tooth surface. During meshing, the paint at the contact points is removed and
the tooth surface is exposed, while the paint with the pre-coating in the non-contact areas
still remains, as shown in the red zone (detected displacement and torque are provided as
Supplementary Materials). Experiment 2 was focused on the existence of tiny displacements.
To reduce the installation complexity, there was some common equipment between the two
experiments: for example, the load, the torque sensor, the drive motor, fixed blocks, etc.
The main differences were the displacement sensor and light spring, which were added to
obtain significant displacements in experiment 2. The spring in experiment 1 was strong to
limit the response displacements for a good contact situation. The differences between the
two experiments are indicated by a yellow border for experiment 2 and a blue border for
experiment 1, as shown in Figure 13.
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Based on the previous theoretical results, the critical rotating velocity of this exper-
iment was limited to n = 380 r/min. The loads of the two experiments were 30 N · m,
40 N · m and 50 N · m. The stiffnesses of the springs were 28 N/mm and 35 N/mm for
experiment 1 and 20 N/mm and 15 N/mm for experiment 2. The rotating velocities of the
drive motor were divided into two groups: 100 rpm, 240 rpm, 350 rpm for experiment 1
and 50 rpm, 100 rpm, 150 rpm for experiment 2. The displacement sensor was an LK-H050.
The further parameters of the experimental eccentric curve-face gear were set as in Table 2.

Table 2. Experimental parameters of eccentric curve-face gear.

Parameter Value Parameter Value

Minimum base radius RP(θP) (mm) 60 Eccentricity times N 1
Undulating times n 4 Eccentricity distance dN (mm) 7

Tooth number Z of shaping tool 18 Range of height E(θ1) (mm) 8
Width d2 of shaping tool (mm) 20 Modulus m (mm) 4

The comparison between the theoretical results and experimental results are presented
in Figure 14.
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Figure 14a shows the comparison of response values between the theoretical and
experimental results, restricted by the response rate of the detection system and the environ-
mental vibration; most detected tiny displacement values were covered by environmental
vibration, causing the frequencies of the effective experimental values to be much lower
than those of the theoretical values. However, the ranges of these two values are the same
and the concentration range of the theoretical values also corresponds to the range of
measured values. The teeth, which are numbered 1–10 in Figure 14b, represent a half-cycle
of the eccentric curve-face gear. The tooth marked 1 is the 1st tooth at the minimum radius
RGi−min, and the maximum radius RGi−max appears at the 10th tooth. Figure 14b indicates
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that the contact areas on these tooth surfaces are concentrated on the outer part and the
surface sliding is obvious from teeth 1 to 10 in the whole transmission process. Both the
smooth areas between the obvious sliding lines and the varying wear at the outer part of
the tooth surface indicate that free vibration of this coupling system exists. Further, the
detected vibration values prove that the free vibration response cannot be completed with
one reciprocating cycle before the next contact collision occurs, which is consistent with
situations 1 and 2 in Figure 11.

5. Conclusions

In this study, we compared the conjugated tooth surfaces of an eccentric curve-face
gear pair with those of a non-circular gear. We found that the effective surface and kinematic
characteristics of this gear pair are different from those of a normal face gear pair. In detail,
all the parameters, such as eccentricity time N, eccentricity distance dN , modulus m and
pitch radius R(θ1), affect the effective width of the generated tooth. Figures 3–5, which are
presented in Section 2, show that reducing the inner radius RGi will increase the area of
the root cutting and that increasing the outer radius RGo will increase the width of the top
sharpening, which is consistent with the previous research in Refs. [11,12]. The minimum
effective tooth width WG−min appeared at minimum radius R(θ1), as shown by the 1st
tooth in Figures 5 and 6 with θ1 = 0; the same result was found for the variable width in
Ref. [30].

Due to the existence of eccentricity distance dN , a non-circular gear undergoes both
rotational and radial motion concurrently. Therefore, the kinematic characteristics (response
displacement, contact points and critical velocity) of this gear pair are different from those
of a conventional gear pair, and they are mostly affected by the stiffness of the rigid–flexible
coupling system. When the stiffness of the spring increases, the interval time ∆t and
displacement SZ(t) decrease obviously, and the critical velocity ncv and collision number
increase with more dense collision points, but there is no effect on the width and height of
the tooth surface; the same results were obtained in Refs. [12,13,30].

The results in this paper indicate that the contact points of this gear pair are inter-
mittent, with many tiny intervals, as proposed in Ref. [27]. The motion of a non-circular
gear between any two adjacent collisions is combined with constant rotation and axial free
intermittent vibration; the interval time ∆t is very small and is not equal to the time on
any other collision point. There is also obvious surface sliding, which is caused by the
combined force of contact forces FT and FTn, similar to Ref. [28]. Specifically, the theoretical
analysis in this paper demonstrates that the intermittent contact response value of the gear
pair is given by the interval space ∆d ≤ 0.3 mm and interval time ∆t ≤ 5.6 × 10−4 s; also,
the critical velocity should be ncv ≤ 380 r/min.

In conclusion, we established mathematical models for the tooth surface and kinemati-
cal characteristics of an eccentric curve-face gear pair, performed experiments with different
parameters and compared the results with theoretical analysis, verifying the correctness of
the theoretical analysis for a complex tooth surface with compound motion.

In the future, our mechanical design work will focus on a more compact, more concise,
lighter and higher-efficiency domain. We will continue studying the prediction of tooth
contact characteristics with compound transmission, considering different parameters
(width, eccentric displacement, undulating times, modulus, etc.), based on the developed
intermittent collision model. We also plan to establish a high-precision and scalable manu-
facturing method for the complex tooth surfaces of this gear type. We hope the results can
be utilized to simplify the design of complex transmission mechanisms.
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