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Abstract: This paper has investigated a method for calculating the frequency-dependent winding
resistance of toroidal inductor windings with Litz-wire as well as solid-round wire. The modified
Dowell’s model is employed to address the effectiveness for inductor windings with the low and
high filling factors. To overcome the limitation of this model, especially for a winding densely wound
around the core, an alternative approach based on the complex permeability and iterative calculations
is proposed. For the calculated AC-resistance factor of five inductors with different numbers of
turns, layers with the same wire diameters are compared with that of FEA, and the three air-core
toroidal windings are manufactured and tested within the frequency where the self-resonance can be
neglected. The proposed model demonstrates the versality of the AC-resistance calculation of both
solid- and Litz-wire windings within an error of 15% across a wide range of frequencies up to 1 MHz,
compared with FEA.

Keywords: AC-winding loss; complex permeability; inductor; Litz wire

1. Introduction

The recent advancement of wide band gap (WBG) semiconductors enables higher
switching frequencies, expanding the frequency spectrum of the electric machines and
magnetic components for power-conversion applications [1–3]. In particular, the increase
in the switching frequency enables the downsizing of inductors, which have traditionally
occupied a substantial volume in power electronics’ converters. However, along with in-
creasing the frequency, alternating current (AC) losses in the winding result in both thermal
issues and efficiency degradation. The design of high-frequency inductors should consider
the loss density, as well as the power density, to mitigate undesirable temperature rises.
Therefore, an accurate calculation of the frequency-dependent winding losses, referred to
as ‘AC-winding losses’ across wide frequencies is imperative for the effective design and
development of inductors [4].

The AC-winding losses comprise two primary contributions: the skin effect and the
proximity effect. The skin effect refers to the uneven electric current density toward the
surface of the wire, categorized into the strand-level and bundle-level skin effects. In
stranded wires or a Litz-wire configuration, the strand-level skin effect arises from self-
exciting currents due to unbalanced impedance among strands, exciting more net currents
to outer strands. Therefore, careful consideration is required, especially when the Liz-wire is
not well twisted. The proximity effect stems from eddy currents inside the wire, attributed
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to inter-turn and inter-wire magnetic fields. Normally, this effect typically dominates by
increasing winding losses in multi-layer windings, accounting for a major component of
AC-winding losses.

Numerous studies have proposed original and modified approaches to calculate the
frequency-dependency of the winding losses, including the homogenization method based
on the complex permeability [5–9], unit-cell simulations [10,11], and partial element equiva-
lent circuit (PEEC) [12], as well as the hybrid method [13,14], and analytical models [15–21].
Sullivan et al. [5] and Gyselinck et al. [6,7] calculated the frequency-dependent complex
permeability of a winding region based on finite element analysis (FEA). Igarashi et al.
proposed closed-form expressions for the complex permeability and homogenization of
a multi-turn winding based on the Ollendorff formula, obtaining frequency-dependent
losses combined with FEA [8,9]. In [10], the unit-cell simulation is employed to obtain the
equivalent complex permeability of round and rectangular wires in two transverse and
longitudinal directions. The unit-cell simulation was applied to derive the high-frequency
proximity effect for a Litz-wire coated with magnetic and conductive materials for mega-
hertz frequency applications in [11]. For a Litz-wire, the twisted structure was precisely
considered by using the magnetic field on cut sections of the wire for PEEC calculation
in [12]. For the simplicity of calculations, the hybrid method can be used, which is the com-
bination of an analytical formula of the AC resistance with FEA. This approach is preferred
in the electric-machine applications with an acceptable accuracy and reduced computing
time to take account of the complex geometry of electric machines [13,14]. However, the
formula used for the hybrid method is very limited at low frequencies where the skin depth
is larger than the wire size.

Conversely, analytical methods are efficiently used for axisymmetric windings such as
planar windings, and transformer/inductor windings represented by a simple magnetic
circuit. Acero et al. derived the analytical form of the Litz-wire planar winding for
induction-heating applications [15]. This analytical form cannot reflect the reaction field
from adjacent wires by considering the successive reactions, as observed in [16]. However,
the approach used in [16] is rather complex, posing a limit to extending this approach in
various winding configurations. For a simpler way, an iterative approach was proposed to
consider the reaction field of the solid-wire winding [17].

The reaction field can be effectively considered for typical inductor and transformer
winding with a simple analytical form. The densely wound wires in the winding can be
equally seen as the equivalent of foil windings, so the Dowell’s approach can be directly
applied [18,19]. However, this method has been used for the transformer windings where
the turns in each layer exhibit the same structure. To overcome the limitation of the original
method, some authors proposed an analytical formulation of AC-winding losses for a solid-
round wire winding by modifying Dowell’s model to account for the layered structure of
the toroidal inductor [20,21].

This article proposes a new calculation approach based on the complex permeabil-
ity for AC-winding resistance in both solid and Litz wire toroidal inductors, which is
an extended version from the author’s conference papers [22], providing more detailed
explanations with experimental results. The round wire is considered to be an equivalent
diamagnetic wire with complex permeability and zero electrical conductivity. Addition-
ally, to address analytical inter-strand losses in Litz-wire configurations, the strands are
homogenized based on the Ollendorff formula. To enhance the calculation of an inter-wire
proximity effect (wire to wire) at higher frequencies, the magnetic fields originally calcu-
lated at each wire are corrected based on an iterative approach to exploit exact magnetic
fields, including the reaction field by eddy currents.

The structure of the following article is organized as follows: In Section 2.1, Elizondo’s
work is reviewed to update the methodology aimed at toroidal inductors and to discuss its
validity [21]. The calculated results are compared with that of FEA with five inductors with
the same core material and size but with different winding structures. In Section 2.2, the
effectiveness of 1-D distributions of magnetic fields are discussed by analyzing the magnetic
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field and the contribution to AC resistance from loosely wound and densely wound wires
around the air core and the magnetic core. In Section 3, the calculation method of both
solid-round-wire and Litz-wire windings is proposed based on the complex permeability
and homogenization, and the iterative approach is introduced to extend the approach
to higher frequencies. In Section 4, the proposed method is employed to calculate AC
resistance in the same inductor in Section 2, additionally with the Litz-wire windings. The
results are compared with those of FEA and measurements. Finally, Section 5 concludes
the paper and outlines future research directions.

2. A Literature Review of Winding Loss Calculation in Toroidal Inductor Windings
2.1. Modified Dowell’s Model

Traditionally, Dowell’s model has been widely adopted in the design of magnetic
components due to its simplicity and ease of optimization for finding the optimal winding
layout. However, Dowell’s model has limitations in its applicability, attributed to its origins
in axisymmetric transformer windings with foil conductors. This model assumes densely
wound windings immersed in a one-dimensional (1-D) magnetic field distribution, making
it less suitable for models deviating from standard transformer windings and densely
wound configurations. To overcome the limitation from the former assumption, Elizondo
et al. modified the original Dowell’s model to address the layer-by-layer structure of the
toroidal inductor, as depicted in Figure 1 [21].
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Figure 1 illustrates the parameters in the inductor structure, where the inductor
consists of m-layer windings, with each layer comprising nk-turn wires in the k-th layer. The
wire utilized in the winding can be a solid round wire, a Litz wire, or a foil wire; however,
the focus in this article is the solid-round and Litz-wire windings. The packing factor kf,k
represents the ratio of the area occupied by all wires to that of the winding window in the
k-th layer. The toroidal winding exhibits distinct parameters in the inner and outer cores,
as well as each layer. Consequently, the winding resistance in the k-th layer, formulated by
Elizondo in [21], is given by the following:

Rw,k = ∆k
MLTk
σπr2

c

[
nk
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cosh 2∆k − cos2∆k

+ 2
m

∑
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nj
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where MLTk is the mean length per turn, and ∆k is a normalized frequency for an equivalent
winding window in the k-th layer, given by the following:

∆k = wc

√
π f µ0σck f ,k =
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√
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where Rk indicates the mean radius of the wire located in k-th layer, f is the frequency,
µ0 is the permeability of air, and σc is the electrical conductivity of a copper wire. This
unitless value is normalized by the classical skin depth and the layer width wc. The total
winding resistance Rw can subsequently be obtained by summing the winding resistance
in the inner and outer section as well as across all layers, and the AC resistance factor
Fw,ac, which indicates the increased ratio from the DC winding resistance Rdc, is written as
the following:

Fw,ac =
Rw

Rdc
=

1
Rdc

m

∑
k=1

Rwi,k + Rwo,k. (3)

Here, Rwi,k and Rwo,k are the winding resistance for the inner and outer section of the
k-th layer, respectively. Fw,ac does not include the exact length along the 3-D winding path,
and the exact AC-winding resistance can be obtained by using Fw,ac to scale the measured
DC winding resistance, assuming the AC effects are the same across all winding regions.

To demonstrate the effectiveness of the model, five case study models with the different
numbers of turns, layers, while maintaining the wire radius, core size, and material are
considered. The AC-resistance factors of each inductor model are compared with those
obtained from FEA computed by COMSOL Multiphysics, as presented in Figure 2. The
inner and outer diameters, as well as the height of a magnetic core, is 23.57 mm, 14.4 mm,
and 8.89 mm, respectively. The wire diameters are 1.45 mm (AWG 15) and 1.51 mm,
including an insulation layer, respectively. The electrical conductivity of the wire is set as
58 MS/m at the temperature of 25 ◦C. The relative permeability and conductivity in the
FEA model are set to 60 and 0, respectively.
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FEA for single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5)-winding
configurations.

The AC-resistance factors of the five inductors are calculated and compared with
those obtained from FEA, as summarized in Table 1. Inductor #1 to #4 features a single-
layer winding with increasing packing factors, and Inductor #5 employs a double-layer
winding configuration. The frequency where the classical skin depth equals the wire radius
is 8.3 kHz, with the skin depth decreasing to 3.5 times smaller than the wire radius at
100 kHz and 11 times smaller at 1 MHz. It is worth nothing that the frequency of 1 MHz is
aimed at for demonstrating the method’s capability, limiting a scenario to the increment
due to eddy current losses, although, in practical scenarios, self-resonance due to parasitic
capacitance will occur and increase the equivalent resistance much higher [23].

In Figure 2a,b, the results demonstrate that the modified Dowell’s model exhibits a
notable increase in the winding resistance for Inductor #2 and #3, beginning at 100 kHz,
with AC-resistance factors of 2.72 and 3.88, respectively. The error reaches 31.16% and
24.70% at 1 MHz, indicating an overestimation of the winding resistance. In contrast, the
calculated resistance factor of Inductor #5 in Figure 2c closely aligns with it, with deviations
of 6.83% at 100 kHz and −0.75% at 1 MHz, respectively. This method shows improved
agreement for the double-layer winding and windings with higher packing factors. Notably,
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the discrepancy in this method’s accuracy is attributed to the winding layout, particularly
in the case of Inductor #2 and #3, where a loosely wound configuration leads to a magnetic
field distribution that cannot be assumed to be 1-D in Figure 3b.

Table 1. Winding structure and calculated results in the different five inductors (ANA: modified
Dowell’s model, Inductor #5: turns and packing factor are expressed by first layer/second layer).

Model Layer Turns

Packing Factor Fw ,ac @ 100 kHz Fw ,ac @ 1 MHz Error

Inner
Section

Outer
Section FEA ANA FEA ANA 100 kHz 1 MHz

Inductor #1 1 5 0.135 0.069 2.10 1.84 6.12 6.13 −12.38% 0.16%
Inductor #2 1 10 0.270 0.139 2.23 2.72 6.61 8.67 21.97% 31.16%
Inductor #3 1 20 0.540 0.278 3.24 3.88 9.84 12.27 19.75% 24.70%
Inductor #4 1 25 0.675 0.347 3.87 4.34 11.85 13.72 12.14% 15.78%
Inductor #5 2 20/10 0.540/0.353 0.278/0.124 6.00 6.41 19.98 19.83 6.83% −0.75%
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2.2. The Magnetic Field in the Winding and Its Contribution on the AC Winding Resistance

The accurate determination of the distribution and strength of magnetic fields is crucial
for calculating AC-winding resistance. In Figure 3, the magnetic field distribution is highly
influenced by two factors: the packing factor, which indicates how densely the wires are
wound, and the adjacent magnetic core, deviating from the 1-D magnetic field.

Initially, the 1-D magnetic field distribution in the azimuthal direction used in the
modified Dowell’s model is calculated based on Ampere’s law, assuming the continuous
current distribution in each layer. However, actual inductors exhibit a discrete current
distribution, especially in loosely wound windings, leading to deviations from the ideal 1-D
distribution, as depicted in Figure 3a,b compared to those in Figure 4c,d. Furthermore, the
winding in the outer section with lower packing factors results in a more 2-D distribution.

Figure 4 illustrates the azimuthal direction of magnetic fields along the same central
radial position of wires (orange circles), depicted as the black dashed line in Figure 3a.
Despite the small number of turns, the magnetic field can be approximated as a 1-D
distribution and a constant value in the air-core winding. The fluctuation in the field
distribution is primarily due to the internal field of each wire, which can be independently
considered to bethe skin effect. However, as depicted in Figure 3a,b as well as Figure 4a,b,
significant fluctuations occur when the wires are loosely wound around the magnetic core.
This is attributed to the susceptibility of the magnetic field on the interface of the magnetic
media to the radial direction, perpendicular to the core’s boundary. Conversely, densely
wound cores, as shown in Figure 4c,d, justify the validity of Equation (1), where a 1-D
magnetic field distribution in each layer is defined based on Ampere’s law.

Figure 5 decomposes the winding resistance into DC resistance and AC resistance,
comprising contributions from the skin effect and proximity effect. Inductor #1 and #2,
characterized by lower packing factors (below 20%), exhibit a lower contribution of the
proximity effect compared to the skin effect, as shown in Figure 5a,b. Given that the AC
resistance due to the skin effect can be accurately calculated using the analytical formulation
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of the round wire, the accuracy of the AC resistance for loosely wound cores is less sensitive
to the magnetic field calculation for the proximity effect. However, the contribution of the
proximity effect increases with the number of turns, as depicted in Figure 5c,d. Nonetheless,
for Inductor #3, #4, and #5 with higher packing factors (over 50%), the assumption of a 1-D
magnetic field along the azimuthal direction, as shown in Figure 4c,d, remains acceptable.
Therefore, the accurate calculation of the magnetic field along the angular position is less
significant, and the initial assumption of a 1-D magnetic field remains valid.
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3. Complex Permeability Approach for AC-resistance Calculation

This section describes the concept of the complex-permeability approach for calculat-
ing the AC resistance of both solid-round-wire and Litz-wire configurations. Additionally,
the homogenization approach is adopted to extend the analytical solution from a solid
round wire to a Litz wire.

3.1. Complex Permeability of a Solid Round Wire

The concept of complex permeability is commonly utilized in modeling the hysteresis
losses of magnetic cores in the frequency-domain analysis. The imaginary part of the
complex permeability indicates the loss due to the time-harmonic magnetic field, and its
real part contributes the magnetic energy. In this article, this concept is adopted to derive
the equivalent expression of the eddy current loss, enabling us to simplify the analytical
expression for both the solid-round-wire and the Litz-wire configurations.

In Figure 6a, a round wire immersed in a uniform magnetic field with amplitude Ha
and the angular frequency ω in y-direction is depicted. The wire, with radius rc, electrical
conductivity σc, and relative permeability µrc, exhibits an eddy current loss due to the
proximity effect. Solving Maxwell’s quasi-static differential equation yields the following
expression for eddy current loss:

Pprox = −lwπ

√
2kcrc

σc

Re
[

j1/2 J0

(
j3/2kcrc

)
J∗1
(

j3/2kcrc

)]
∣∣J0
(

j3/2kcrc
)∣∣2 |Ha|2 (4)

where lw is the wire length, J0 and J1 are the Bessel function of the first kind of orders
0 and 1, respectively, and * denotes the conjugate operator. The coefficient kc is defined as
the following:

kc =
√

ωµ0µrcσc. (5)
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The equivalent representation can be expressed based on the similarity of the conduc-
tive wire and a magnetic wire, as shown in Figure 6b. To obtain the equivalent complex
permeability of the round wire, the eddy current loss in Equation (4) is formulated as the
real part of the complex power:

Peq = Re
[

jω
2

µ0
∼
µrc|He|2πr2

c

]
(6)

where
∼
µrc is the complex permeability of the wire and He is the magnetic field in the wire.

The magnetic field He can be expressed in terms of the applied magnetic field Ha by using a
demagnetizing field as follows:
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He =
1

1 + Nd

(∼
µrc − 1

)Ha. (7)

Here, Nd is the demagnetizing constant, which only depends on the shape of the wire
and is set as 0.5 for a round wire. Substituting He into Equation (6) and solving for

∼
µrc based

on the identity relation between Equations (4) and (6), the equivalent complex permeability
of the round wire is obtained as the following:

∼
µrc = µrc

J1

(
j3/2kcrc

)
j3/2kcrc J0

(
j3/2kcrc

)
− J1

(
j3/2kcrc

) . (8)

The complex permeability of the wire (rc = 0.725 mm, σc = 58 S/m, and µrc = 1)
is illustrated in Figure 7. The real part decreases with increasing frequency, reflecting
the shielding effect due to the magnetic field induced by eddy currents. Conversely, the
imaginary part, having a negative sign, describes the dissipated power due to the AC
magnetic field.
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3.2. Complex Permeability of a Litz-Wire

The Litz wire, composed of tens to thousands of strands, presents a challenge in
considering the interaction among strands when calculating AC resistance. To address
this challenge, the homogenization approach is adopted, as illustrated in Figure 8. This
approach transforms micro-scale particles (strands) arrayed periodically into a macro-scale
domain (wire). It is particularly effective when the size of the macro-scale domain (rc) is
much larger than that of the square cell (w) dividing the region of each micro-scale particle.
In an ideal Litz wire, the source currents are uniformly distributed in each strand due
to the balanced impedance from the twisted structure. Therefore, the homogenization
approach simplifies the consideration of all strands by transforming individual strands
into an equivalent solid wire.

The analytical complex permeability of the Litz wire, derived from the complex
permeability of a strand, is defined by the Ollendorff formula as [24] the following:

〈∼
µrc

〉
= 1 +

β
(∼

µrs − 1
)

1 + Nd(1 − β)
(∼

µrs − 1
) (9)
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where

β =
nsr2

s
r2

c
. (10)

Here, β represents the filling factor, rs is the diameter of a strand, and ns is the number of
strands. Despite strands being more randomly arranged and unable to be divided into
square cells, the arrangement’s effect is deemed insignificant based on previous studies.
Therefore, in this article, β in Equation (9) represents the ratio of the wire’s surface area
usage to the outer diameter of the Litz-wire bundle, as defined in Equation (10).
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The proximity effect in the Litz wire can be divided by the internal-proximity effect
and the external proximity effect, induced due to the self-induced magnetic field generated
by Litz-wire current Ic and the magnetic field from nearby wires, respectively. The AC
resistance due to the internal-proximity effect can be calculated by the internal magnetic
field, simply given by Ampere’s law [24]:

Ha = Hint =
rIC

2πr2
c

(0 < r ≤ rc). (11)

Substituting Equations (9) and (11) into (6) yields a simplified form of the AC resistance
due to the internal-proximity effect as follows:

Rprox_int −
nsωµ0lw

8π
Im
[〈∼

µrc

〉]
. (12)

Additionally, the contribution of the external proximity effect to the AC resistance of
the Litz wire is expressed as the following:

Rprox_ext = Re

jωµ0

〈∼
µrc

〉∣∣∣∣∣∣ Ha(
1 + Nd

(〈∼
µrc

〉
− 1
))

Ic

∣∣∣∣∣∣
2

πlwnsr2
s

β

. (13)

This form can be utilized for the solid round wire, where ns = 1, rs = rc, and β = 1.

4. Iterative Calculation Approach for Higher-Frequency AC-Resistance Calculation

The analytical form of the AC resistance due to the proximity effect in the previous
section considers a single wire isolated from other wires, neglecting the interaction among
adjacent wires. This section investigates the effect of the magnetic field produced by
eddy currents in nearby wires on the AC resistance and proposes the iterative calculation
approach to improve the accuracy of the calculation.
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4.1. The Effect of the Magnetic Field Induced by Eddy Currents

To analyze the influence of a nearby wire, a case study is conducted using FEA, as
depicted in Figure 9. Two wires with a diameter of 1 mm are subjected to a uniform
magnetic field of 1 A/m in the y-direction. The wires and boundaries in Figure 9 are not an
actual scale, and the boundaries are too far from the wires to neglect their effects on the
wires. The net current is set to zero to prevent circulating currents between the two wires.
Magnetic fields and eddy current losses are calculated 0.05 mm away from the top of the
wire at different frequencies and compared with those obtained using a single wire.
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field unlike lower frequencies, where the normalized frequency is below 1. Figure 10c,d 
compare the magnetic field distribution between the single wire and two wires in the y-
direction at 100 kHz and 1 MHz, respectively. The applied magnetic field is significantly 
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Figure 9. The simulation conditions to analyze the effect of a nearby wire on the proximity effect.

Figure 10a,b illustrate the flux line of the single wire and two wires within a square
range of 1.5 mm at frequencies of 100 kHz. The presence of an adjacent wire alters the
flux lines compared to those of the single wire. Consequently, the eddy current loss in the
wire deviates from the AC resistance derived based on a single wire due to nearby wires.
Additionally, the ratio of the wire radius to the skin depth, referred to as the normalized
frequency, is 2.39 at 100 kHz and 7.57 at 1 MHz. This indicates that the eddy currents and
their reaction field become more substantial and opposite in phase to the applied magnetic
field unlike lower frequencies, where the normalized frequency is below 1. Figure 10c,d
compare the magnetic field distribution between the single wire and two wires in the
y-direction at 100 kHz and 1 MHz, respectively. The applied magnetic field is significantly
influenced by the reaction field induced by eddy currents in wires, and its impact exhibits
a different trend at these two frequencies. At 100 kHz, the adjacent wire can decrease
the reaction field applied to the wire, but the magnetic field far from the adjacent wire
oppositely increases the reaction field, as shown in Figure 10d.
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Figure 10. The calculated flux line in the cell region depicted in Figure 9 for (a) a single wire and
(b) two wires at 100 kHz. The magnetic field intensity, 0.05 mm above the top of the wire along a line
from point a to b in depicted in Figure 9 at (c) 100 kHz and (d) 1 MHz.

In Figure 11, eddy current losses in the wire for the single wire and two wires are
presented, and neglecting nearby wires can result in increasing errors as the frequency
increases. Therefore, to accurately predict the AC resistance across a broad spectrum
of frequencies, especially when the wire size is much larger than the skin depth, these
limitations should be addressed in the calculation methodologies.
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4.2. Iterative Calculation Approach

To include the reaction field from adjacent wires, the applied magnetic field should
be corrected by considering the interaction among wires. While this effect is inherently
included in FEA, an additional method is necessary for an analytical approach. In this
article, an iterative calculation approach is employed to calculate the AC resistance more
accurately at higher frequencies. This approach, previously validated for planar and helical
coils by the authors, is extended to the toroidal winding structure [24].

The concept of the iterative approach is illustrated with wires with n-turns, as depicted
in Figure 12. The position of each wire is expressed in cartesian coordinates (X, Y), and local
coordinates are defined at the center of each wire. Initially, the applied magnetic field at the
k-th wire is calculated at the central position of each wire and denoted as H(0)

k , where the
superscription and subscription represent the number of iterations and the wire number,
respectively. Subsequently, the magnetic field produced by the eddy current in the k-th
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wire is calculated at the position of the other wires. The reaction field of the round wire
with the complex permeability can be obtained by solving the Poisson’s equation:

∇2Vm =
1

µ0

〈∼
µrc

〉∇·
→
M. (14)
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Here, Vm is the magnetic scalar potential and
→
M is the magnetization in the wire.

Solving Equation (14) with the wire geometry depicted in Figure 6, the magnetic scalar
potential can be represented as the following:

Vm =
r2

c
2r

→
M·→a r (15)

where
→
M is a function of the permeability and applied magnetic field:

→
M =

〈∼
µrc

〉
− 1

1 +
(〈∼

µrc

〉
− 1
)

Nd

→
Ha. (16)

Substituting Equation (16) into (15) and transforming the scalar potential to the mag-
netic field produced by the j-th wire at the i-th wire yields the reaction field corresponding
to the applied magnetic field:

HeX,ij =

(
rc

rij

)2
〈∼

µrc

〉
− 1〈∼

µrc

〉
+ 1

[
H(0)

X,j

(
cos2 ϕij − sin2 ϕij

)
+ 2H(0)

Y,j cosϕijsinϕij

]
(17)
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HeY,ij =

(
rc

rij

)2
〈∼

µrc

〉
− 1〈∼

µrc

〉
+ 1

[
2H(0)

X,jcosϕijsinϕij + H(0)
Y,j

(
cos2 ϕij − sin2 ϕij

)]
(18)

where rij is the distance from the j-th wire to i-th wires, cosϕij and sinϕij are defined at the
position of each wire as follows:

rij =
√(

Xi − Xj
)2

+
(
Yi − Yj

)2 (19)

cosϕij =

(
Xi − Xj

)√(
Xi − Xj

)2
+
(
Yi − Yj

)2
, and sinϕij =

(
Yi − Yj

)√(
Xi − Xj

)2
+
(
Yi − Yj

)2
(20)

The reaction field calculated at each wire can be superimposed to obtain the reaction
field, subsequently defined as the k-th applied magnetic field. This magnetic field is repeat-
edly calculated by updating the magnetic field at the next step to the sum of the reaction
field from near wires. The reaction field becomes converged within several steps due to
its dependence on the square of the distance between wires at each iteration. Therefore,
the iteration can be terminated when the convergence satisfies the predefined criteria. The
magnetic fields from the initial step to the last step are added to determine the magnetic
field with consideration of the reaction field.

Figure 13 presents the effectiveness of the iterative approach to consider the AC
effects due to the proximity effect at higher frequencies. The analytic calculation using
Equation (13) without iterations is called a ‘single calculation’, leading to an error of 24%
and 38% at 100 kHz and 1 MHz, respectively, whereas the iterative method exhibits an
error of 1.5% and 9% at the same frequencies.
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Figure 13. (a) Eddy current losses normalized by the loss calculated using FEA, analytical calculation
without any iteration (single calculation), and with the iterative method at different frequencies, and
(b) the comparison of the error between with and without the iterative approach.

4.3. AC-Resistance Calculation for a Toroidal Inductor Winding

To extend the methodology to a toroidal winding configuration. the proposed calcu-
lation is based on the solution of a round wire and can be modified using the complex-
permeability approach outlined in our previous work [24]. The winding loss due to the
skin effect can be obtained by

Rskin =
kslw

2πσcnsrs
Re

j3/2
J0

(
j3/2ksrs

)
J1
(

j3/2ksrs
)
 (21)

where ns = 1, rs = rc and ks = kc for the solid round wire. For the Litz wire, the internal-
proximity effect should be additionally considered by Equation (12).
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To substitute the magnetic field Ha into Equation (13), the magnetic field in the winding
section in Figure 1 is calculated by Ampere’s law, expressed as the following:

Hi,(k) =
Ic

2πRi,k

 m

∑
j=k+1

nj +
nk

(
Ri,k − R2

1,k

)
(

R2,k − R2
1,k

)
 f or the inner winding section. (22)

Ho,(k) =
Ic

2πRo,k

 m

∑
j=k

nj −
nk

(
Ro,k − R2

1,k

)
(

R2,k − R2
1,k

)
 f or the outer winding section. (23)

Here, R1,k is the mean radius of the k-th layer, R1,k and R2,k are an inner and an outer
radiuses of the k-th layer, respectively, and can be written as the following:

R1,k = Ri,k − wc/2 and R2,k = Ro,k+wc/2. (24)

The contribution of the external proximity effect to the AC resistance can be formulated
by substituting the magnetic field H(k) (Hi,(k) or Ho,(k)

)
into Equation (13).

Rprox_ext =
m

∑
k=1

Re

jωµ0

〈∼
µrc,k

〉∣∣∣∣∣∣ H(k)(
1 + Nd

(〈∼
µrc,k

〉
− 1
))

Ic

∣∣∣∣∣∣
2

πlwnsr2
s

βk

. (25)

where βk,
〈∼

µrc,k

〉
, and H(k) are the parameters which can influence the AC resistance, so

these should be defined according to the layers, inner section, and outer section of the wind-
ing. Finally, the AC resistance can be obtained by summing Equations (12), (21), and (25)
for the Litz-wire winding, and Equations (12) and (25) for the solid-round-wire winding.

5. Simulation and Measurement
5.1. Calculation Results

The proposed approach has been applied to calculate the AC-winding-resistance factor
for the five inductors, as described in Table 1. Additionally, the Litz-wire winding has been
incorporated and compared with results obtained from FEA. The solid wire has a diameter
of 1.45 mm (AWG15), while the Litz wire consists of strands with a diameter of 0.056 mm
(AWG43) with 360 strands.

The results, as presented in Figure 14, demonstrate that the proposed approach can
achieve a more accurate calculation of AC-winding resistance across various winding
structures as well as wide frequencies, with errors below 15% over the frequency range
from 10 Hz to 1 MHz. Unlike the modified Dowell’s model, the proposed method is more
effective in loosely wound cores, as presented in Figure 14a,b.

Furthermore, Figure 15 illustrates the AC-resistance factor of Litz-wire windings, indi-
cating that the AC-winding loss can be mitigated by employing the Litz wire at frequencies
of up to 1 MHz. Specifically, at 100 kHz, the AC-resistance factor decreases from 2.10 to
1.01 in inductor #1, from 2.23 to 1.01 in inductor #2, from 3.24 to 1.03 in inductor #3, from
387 to 1.03 in inductor #4, and from 6.0 to 1.06 in inductor #5, as summarized in Table 2.
This demonstrates the effectiveness of Litz-wire winding in a multi-turn winding, but
increasing DC resistance should be considered due to its low filling factor (50–60%).
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Figure 14. Comparison of the AC-winding loss factor calculated by the proposed model and FEA for
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising solid round wires.
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Figure 15. Comparison of the AC-winding loss factor calculated by the proposed model and FEA for
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising Litz wires.

Table 2. Comparison between FEA and calculated AC-resistance factor for five inductors at 100 kHz
and 1 MHz.

Model Wire Type
Fw,ac @ 100 kHz Fw,ac @ 1 MHz Error Error

FEA Proposed FEA Proposed 100 kHz 1 MHz

Inductor #1
Solid 2.10 2.08 6.12 6.12 1.05% 2.00%
Litz 1.01 1.01 2.17 2.13 0.04% 1.62%

Inductor #2
Solid 2.23 2.29 6.61 6.75 −2.78% −2.19%
Litz 1.01 1.01 2.28 2.30 −0.02% −0.80%

Inductor #3
Solid 3.24 3.15 9.84 9.77 2.80% 0.76%
Litz 1.03 1.02 3.60 2.98 0.61% 17.30%

Inductor #4
Solid 3.87 3.79 11.85 12.03 2.22% −1.57%
Litz 1.03 1.03 4.11 3.49 0.61% 15.15%

Inductor #5
Solid 6.00 6.92 19.98 23.15 −15.45% −15.83%
Litz 1.06 1.05 7.01 5.98 0.99% 14.78%

However, it should be noted that the proposed calculation shows the underestimation,
as depicted in Figures 14c and 15c. This discrepancy arises from the assumption of the
uniform magnetic field applied in the wires, calculated at the center position of each layer.
Despite this limitation, the error remains below 15%. Therefore, the proposed approach
can provide a good alternative when calculating the AC resistance of toroidal inductors for
both Litz-wire winding and solid-round-wire winding configurations.
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5.2. Experimental Results

The calculated results are compared with the resistance measurement to discuss the
validity of the calculation. To measure the winding resistance, the resistance increments
due to the core loss and parasitic capacitance pose the challenge of extracting the exact
winding resistance [23]. In Section 2, the effect of the magnetic core can be negligible to the
windings with high filling factors such as Inductor #3, #4, and #5. Although the magnetic
core can change the magnetic field for the windings with lower filling factors (Inductors
#1 and #2), the proximity effect is not dominant compared to the skin effect, so this study
employs manufactured air-core toroidal windings, which can neglect the core loss and the
parasitic capacitance within frequencies up to 1 MHz.

For the validation, Inductors #2, #3, and #5 were manufactured with both Litz wire
and solid round wire, as presented in Figure 16. The resistance of the inductors was
measured using an LCR meter (HIOKI IM 3536) which can measure the impedance to up to
8 MHz within accuracies of 0.05% for the magnitude and 0.03% for the phase measurement.
Initially, the DC resistance was measured using a DC resistance meter (Bk Precision 2841),
and the AC resistance was measured from 1 kHz to 1 MHz. Subsequently, the AC-resistance
factors are calculated and compared with the FEA results.
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Figure 16. The manufactured inductors with air-core windings to measure the winding resistance.

The measured resistance of Inductor #2 as shown in Figures 17a and 18a exhibit
the relatively high error compared to those of Inductors #3 and #5. These deviations
can originate from neglecting the magnetic core in this experiment. The existence of the
magnetic core can increase the proximity effect compared to the air-core. Nevertheless,
the error is below 15%, since the skin effect is more significant for the loosely wound
core. The calculated resistance (FEA) of densely wound inductors (Inductors #3 and #5)
shows good agreement, compared to the measured resistance, but the resistance of Inductor
#5 addresses the increasing discrepancy, reaching 1 MHz due to the increment from the self-
resonance. The good agreement between FEA and the measurement can provide promising
results obtained from the proposed approach for both solid-round and Litz-wire windings
(within 20% error across the wide spectrum of frequencies within 1 MHz in Table 3).



Machines 2024, 12, 228 17 of 19Machines 2024, 12, x FOR PEER REVIEW 17 of 19 
 

 

 
Figure 17. Comparison of the AC-winding loss factor calculated by FEA and the measurement for 
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising solid round wires. 

 
Figure 18. Comparison of the AC-winding loss factor calculated by FEA and the measurement for 
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising Litz wires. 

Table 3. Comparison of AC-resistance factors obtained from the proposed calculation and measure-
ment. 

Model Wire 
Type 

Fw,ac @ 100 kHz Fw,ac @ 1 MHz Error Error 
Proposed Measured Proposed Measured 100 kHz 1 MHz 

Inductor #2 
Solid 2.29 2.55 6.61 6.37 −10.20% 3.77% 
Litz 1.01 1.1 2.28 2.76 −8.18% −17.39% 

Inductor #3 Solid 3.15 3.44 9.84 8.83 −8.43% 11.44% 
Litz 1.02 1.11 3.60 3.37 −8.11% 6.82% 

Inductor #5 Solid 6.92 6.02 19.98 16.65 14.95% 20.00% 
Litz 1.05 1.11 7.01 6.22 −5.41% 12.70% 

6. Conclusions 
In this paper, the methodology for calculating the AC resistance is proposed for the 

solid-round and Litz-wire toroidal windings. While the modified Dowell’s method pre-
sents a promising option for inductor designers due to its simplicity and improved accu-
racy, it may overestimate the winding resistance in cases where the wires are not densely 
wound around the core. To address this limitation, the alternative approach based on the 
complex permeability is introduced. By generalizing the expression of the AC resistance 
for both solid and Litz-wire windings from the homogenization technique, the iterative 
approach is proposed to overcome the inaccurate calculation of most analytical methods.  

The calculation results demonstrate good agreement with FEA, with deviation below 
15%. In our future work, this work will be incorporated with the parasitic capacitance 
estimation, which makes the self-resonance characteristic and deviates the equivalent re-
sistance of the inductor from a solitary consideration of the AC-winding resistance at 

Figure 17. Comparison of the AC-winding loss factor calculated by FEA and the measurement for
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising solid round wires.

Machines 2024, 12, x FOR PEER REVIEW 17 of 19 
 

 

 
Figure 17. Comparison of the AC-winding loss factor calculated by FEA and the measurement for 
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising solid round wires. 

 
Figure 18. Comparison of the AC-winding loss factor calculated by FEA and the measurement for 
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising Litz wires. 

Table 3. Comparison of AC-resistance factors obtained from the proposed calculation and measure-
ment. 

Model Wire 
Type 

Fw,ac @ 100 kHz Fw,ac @ 1 MHz Error Error 
Proposed Measured Proposed Measured 100 kHz 1 MHz 

Inductor #2 
Solid 2.29 2.55 6.61 6.37 −10.20% 3.77% 
Litz 1.01 1.1 2.28 2.76 −8.18% −17.39% 

Inductor #3 Solid 3.15 3.44 9.84 8.83 −8.43% 11.44% 
Litz 1.02 1.11 3.60 3.37 −8.11% 6.82% 

Inductor #5 Solid 6.92 6.02 19.98 16.65 14.95% 20.00% 
Litz 1.05 1.11 7.01 6.22 −5.41% 12.70% 

6. Conclusions 
In this paper, the methodology for calculating the AC resistance is proposed for the 

solid-round and Litz-wire toroidal windings. While the modified Dowell’s method pre-
sents a promising option for inductor designers due to its simplicity and improved accu-
racy, it may overestimate the winding resistance in cases where the wires are not densely 
wound around the core. To address this limitation, the alternative approach based on the 
complex permeability is introduced. By generalizing the expression of the AC resistance 
for both solid and Litz-wire windings from the homogenization technique, the iterative 
approach is proposed to overcome the inaccurate calculation of most analytical methods.  

The calculation results demonstrate good agreement with FEA, with deviation below 
15%. In our future work, this work will be incorporated with the parasitic capacitance 
estimation, which makes the self-resonance characteristic and deviates the equivalent re-
sistance of the inductor from a solitary consideration of the AC-winding resistance at 

Figure 18. Comparison of the AC-winding loss factor calculated by FEA and the measurement for
single-layer ((a) Inductor #2, (b) Inductor #3) and (c) double-layer (Inductor #5) winding configura-
tions, comprising Litz wires.

Table 3. Comparison of AC-resistance factors obtained from the proposed calculation and measurement.

Model Wire Type
Fw,ac @ 100 kHz Fw,ac @ 1 MHz Error Error

Proposed Measured Proposed Measured 100 kHz 1 MHz

Inductor #2
Solid 2.29 2.55 6.61 6.37 −10.20% 3.77%
Litz 1.01 1.1 2.28 2.76 −8.18% −17.39%

Inductor #3
Solid 3.15 3.44 9.84 8.83 −8.43% 11.44%
Litz 1.02 1.11 3.60 3.37 −8.11% 6.82%

Inductor #5
Solid 6.92 6.02 19.98 16.65 14.95% 20.00%
Litz 1.05 1.11 7.01 6.22 −5.41% 12.70%

6. Conclusions

In this paper, the methodology for calculating the AC resistance is proposed for the
solid-round and Litz-wire toroidal windings. While the modified Dowell’s method presents
a promising option for inductor designers due to its simplicity and improved accuracy, it
may overestimate the winding resistance in cases where the wires are not densely wound
around the core. To address this limitation, the alternative approach based on the complex
permeability is introduced. By generalizing the expression of the AC resistance for both
solid and Litz-wire windings from the homogenization technique, the iterative approach is
proposed to overcome the inaccurate calculation of most analytical methods.

The calculation results demonstrate good agreement with FEA, with deviation below
15%. In our future work, this work will be incorporated with the parasitic capacitance
estimation, which makes the self-resonance characteristic and deviates the equivalent
resistance of the inductor from a solitary consideration of the AC-winding resistance at
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higher frequencies. Additionally, the frequency approach in this article will be extended
into the time domain to address the transient behavior of the inductor coupled with the
power converters. Finally, this approach has a strong potential to be employed to more
diverse applications, such as the slot geometry of the electric machines for analyzing the
AC-winding loss at high speed [25]. Furthermore, this complex-permeability approach can
be extended to the different shape of wires, specifically for the hairpin winding [26], and be
evaluated for the contribution of the PWM excitation to the AC-winding loss, which will
be covered in the author’s future works.
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