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1. Supplementary notes 
1.1 Robustness of motifs for enzymatic networks and transcriptional networks 

In the whole search space of 17496 enumerated three-nodes ENs, there were only 1,828 
networks (~ 9.29% of the entire topological space) capable of ratio-sensing with at least one random 
parameter combination. The distribution of Q-values in Figure S1 showed an exponential downward 
trend, indicating that the robust ratio-sensing behavior was significantly dependent on the 
topological structure. The distribution of Q-values and the topological complexity of ENs in Figure 
S2 indicated that only a few topologies was robust with high Q-values and these topological 
complexities were mainly concentrated on 2-6 regulatory edges，suggesting that the robust ratio-
sensing behavior was significantly dependent on the network’s topological structure. Figure S3 
showed the robustness difference among the four classes of topologies with their cluster diagram. 
Obviously, motifs A, B and C had a good overall robustness with intermediate topological 
complexity, while the highest robustness of motif D was just 0.0019 for the network topological ID 
Topo_14089. 

For enumeration of the three-nodes TRNs, there were 1,874 topologies (~10.7% of the entire 
topological space) achieving ratio-sensing behavior with at least one random parameter combination. 
Similar to the above results, details about the distribution of Q value and the complexity were shown 
in Figure S4~ S6. 
1.2 Mathematical analysis of ratio-sensing core topologies  



For the ratio-sensing core TRN topology Topo_8383 from motif A, the following system of 
ordinary differential equations modeled the process that the two transcription factors A and B which 
regulated the output C production were activated by the stimulatory signals X and Y, respectively. 

⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 𝑑𝐴𝑑𝑡 = 𝛼஺ (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ − 𝛾𝐴;

𝑑𝐵𝑑𝑡 = 𝛼஻ (𝑆௬𝐾௬)௡೤
1 + (𝑆௬𝐾௬)௡೤ − 𝛾𝐵;

𝑑𝐶𝑑𝑡 = 𝛼஼ ( 𝐴𝐾஺)௡ಲ1 + ( 𝐴𝐾஺)௡ಲ + ( 𝐵𝐾஻)௡ಳ − 𝛾𝐶;
 

where 𝐾௫ , 𝐾௬, 𝐾஺  and 𝐾஻  were the binding affinities of 𝑆௫ , 𝑆௬ , A and B to their operators, 
respectively, 𝛼஺ , 𝛼஻  and 𝛼஼  were the maximal transcriptional rates, and 𝛾  was the rate of 
degradation and dilution. Let A*, B* and C* be the steady state concentration of A, B and C, 

respectively. When (ௌ௄ೣೣ)௡ೣ ≪ 1 and (ௌ೤௄೤)௡೤ ≪ 1, we had 

𝐴∗ = 𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ ≈  𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ  
𝐵∗ = 𝛼஻𝛾 (𝑆௬𝐾௬)௡೤

1 + (𝑆௬𝐾௬)௡೤ ≈  𝛼஻𝛾 (𝑆௬𝐾௬)௡೤ 

𝐶∗ = 𝛼஼𝛾 ቀ 𝐴𝐾஺ቁ௡ಲ
1 + ቀ 𝐴𝐾஺ቁ௡ಲ + ቀ 𝐵𝐾஻ቁ௡ಳ  

Set 𝑛஺ = 𝑛஻ = 𝑛,  𝑛௫ = 𝑛௬ = 𝑁  and while  ⎩⎨
⎧ ቀఊ௄ಲఈಲ ቁ௡ ൬௄ೣௌ೤൰௡ே ≪ ൬ௌೣௌ೤൰௡ே

ቀఊ௄ಲఈಲ ቁ௡ ൬௄ೣௌ೤൰௡ே ≪ ቀఈಳఈಲቁ௡ ቀ௄ಲ௄ಳቁ௡ ൬௄ೣ௄೤൰௡ே  , 

namely ൜𝐾஺ ≪ 𝐴∗𝐾஻ ≪ 𝐵∗ 

𝐶∗ = 𝛼஼𝛾 ൬𝑆௫𝑆௬൰௡ே
ቀ𝛾𝐾஺𝛼஺ ቁ௡ ൬𝐾௫𝑆௬ ൰௡ே + ൬𝑆௫𝑆௬൰௡ே + ቀ𝛼஻𝛼஺ቁ௡ ቀ𝐾஺𝐾஻ቁ௡ ൬𝐾௫𝐾௬൰௡ே ≈ 𝛼஼𝛾 ൬𝑆௫𝑆௬൰௡෤

൬𝑆௫𝑆௬൰௡෤ + 𝐾෩௡෤ = 𝐹 ቆ𝑆௫𝑆௬ቇ  
(𝑛෤ = 𝑛𝑁) 

From the mathematical expression, to achieve ratio sensing, a constraint was on the range of 
the Hill coefficient which was 𝑛஺ = 𝑛஻ and 𝑛௫ = 𝑛௬. Besides, under the condition that 𝐾஺ ≪ 𝐴∗ 
and 𝐾஻ ≪ 𝐵∗, i.e., when the network was very sensitive to the dual stimulatory signals X and Y 
and 𝐴∗ and 𝐵∗ were saturated in comparison with their binding affinities (𝐾஺  and 𝐾஻) to the 



promoter of C, the TRN Topo_8383 network exhibited robust ratio-sensing behavior. We simulated 
the ratio sensing behavior for Topo_8383 transcription networks. This is the topology representative 
of the Galactose network and the two synthetic ratio-sensing networks in Figure 4. The simulation 
results were shown in Figure S7 with parameters listed in Table S1. 

For the ratio-sensing core topology Topo_7627 from motif B, we had 

⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 𝑑𝐴𝑑𝑡 = 𝛼஺ (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ − 𝛾𝐴;

𝑑𝐵𝑑𝑡 = 𝛼஻ (𝑆௬𝐾௬)௡೤
1 + (𝑆௬𝐾௬)௡೤

( 𝐴𝐾஺)௡ಲ1 + ( 𝐴𝐾஺)௡ಲ − 𝛾𝐵;
𝑑𝐶𝑑𝑡 = 𝛼஼ 11 + ( 𝐵𝐾஻)௡ಳ − 𝛾𝐶;

 

When (ௌ௄ೣೣ)௡ೣ ≪ 1 and (ௌ೤௄೤)௡೤ ≪ 1, 
𝐴∗ = 𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ ≈  𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ  

𝐵∗ = 𝛼஻𝛾 (𝑆௬𝐾௬)௡೤
1 + (𝑆௬𝐾௬)௡೤

11 + ( 𝐴𝐾஺)௡ಲ ≈  𝛼஻𝛾 (𝑆௬𝐾௬)௡೤1 + ( 𝐴𝐾஺)௡ಲ 

𝐶∗ = 𝛼஼𝛾 11 + ቀ 𝐵𝐾஻ቁ௡ಳ 

Set 𝑛஺ = 𝑛஻ = 1, 𝑛௫ = 𝑛௬ = 𝑁 and while ⎩⎨
⎧ ఊ௄ಲఈಲ ൬௄ೣௌ೤൰ே ≪ ൬ௌೣௌ೤൰ே

ఊ௄ಲఈಲ ൬௄ೣௌ೤൰ே ≪ ఈಳఈಲ ൬ ௄ೣ௄ಳ௄೤൰ே,  namely ൜𝐾஺ ≪ 𝐴∗𝐾஻ ≪ 𝐵∗ 

𝐶∗ = 𝛼஼𝛾 𝛾𝐾஺𝛼஺ ൬𝐾௫𝑆௬ ൰ே + ൬𝑆௫𝑆௬൰ே
𝛾𝐾஺𝛼஺ ൬𝐾௫𝑆௬ ൰ே + ൬𝑆௫𝑆௬൰ே + ቀ𝛼஻𝛼஺ቁ ൬ 𝐾௫𝐾஻𝐾௬൰ே ≈ 𝛼஼𝛾 ൬𝑆௫𝑆௬൰ே

൬𝑆௫𝑆௬൰ே + 𝐾෩ே = 𝐹 ቆ𝑆௫𝑆௬ቇ 

𝐾෩ = 𝐾௫𝐾஻𝐾௬ ൬𝛼஻𝛼஺൰ଵே
 

Similarly, ratio-sensing behavior could be obtained with the condition 𝑛஺ = 1, 𝑛஻ = 2 . 
Obviously, the constraint on the Hill coefficient was much stronger than that of the Topo_8383 from 
motif A. It meant the network performed ratio sensing with a narrower parameter range, which was 
consistent with a smaller Q value. Moreover, under the condition that 𝐾஺ ≪ 𝐴∗ and 𝐾஻ ≪ 𝐵∗, the 
TRN Topo_7627 network could exhibit robust ratio-sensing behavior. 

For the ratio-sensing core topology Topo_10567 from motif C, we had 



⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧𝑑𝐴𝑑𝑡 = 𝛼஺ (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ

( 𝐵𝐾஻)௡ಳ1 + ( 𝐵𝐾஻)௡ಳ − 𝛾𝐴;
𝑑𝐵𝑑𝑡 = 𝛼஻ (𝑆௬𝐾௬)௡೤

1 + (𝑆௬𝐾௬)௡೤ − 𝛾𝐵;
𝑑𝐶𝑑𝑡 = 𝛼஼ ( 𝐴𝐾஺)௡ಲ1 + ( 𝐴𝐾஺)௡ಲ − 𝛾𝐶;

 

When (ௌ௄ೣೣ)௡ೣ ≪ 1 and  (ௌ೤௄೤)௡೤ ≪ 1, 
𝐴∗ = 𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ1 + (𝑆௫𝐾௫)௡ೣ

11 + ቀ 𝐵𝐾஻ቁ௡ಳ ≈  𝛼஺𝛾 (𝑆௫𝐾௫)௡ೣ1 + ቀ 𝐵𝐾஻ቁ௡ಳ  
𝐵∗ = 𝛼஻𝛾 (𝑆௬𝐾௬)௡೤

1 + (𝑆௬𝐾௬)௡೤ ≈  𝛼஻𝛾 (𝑆௬𝐾௬)௡೤ 

𝐶∗ = 𝛼஼𝛾 𝐴௡ಲ𝐾஺௡ಲ + 𝐴௡ಲ 

Set 𝑛஺ = 𝑛஻ = 1, 𝑛௫ = 𝑛௬ = 𝑁 and while ⎩⎨
⎧ ఊ௄ಲఈಲ ൬௄ೣௌ೤൰ே ≪ ൬ௌೣௌ೤൰ே

ఊ௄ಲఈಲ ൬௄ೣௌ೤൰ே ≪ ቀఈಳ௄ಲఈಲ௄ಳቁ ൬௄ೣ௄೤൰ே, namely ൜𝐾஺ ≪ 𝐴∗𝐾஻ ≪ 𝐵∗ 

𝐶∗ = 𝛼஼𝛾 ൬𝑆௫𝑆௬൰ே
𝛾𝐾஺𝛼஺ ൬𝐾௫𝑆௬ ൰ே + ൬𝑆௫𝑆௬൰ே + ቀ𝛼஻𝐾஺𝛼஺𝐾஻ቁ ൬𝐾௫𝐾௬൰ே ≈ 𝛼஼𝛾 ൬𝑆௫𝑆௬൰ே

൬𝑆௫𝑆௬൰ே + 𝐾෩ே = 𝐹 ቆ𝑆௫𝑆௬ቇ 

𝐾෩ = 𝐾௫𝐾௬ ൬𝛼஻𝐾஺𝛼஺𝐾஻൰ଵே
 

Ratio sensing could be obtained with 𝑛஺ = 2, 𝑛஻ = 1. Obviously, a stronger Hill coefficient 
constraint was imposed on Topo_10567, which might be a reason for the differences in robustness 
between motifs. Furthermore, the condition that 𝐾஺ ≪ 𝐴∗  and 𝐾஻ ≪ 𝐵∗  was important for 
Topo_10567 to ratio sensing. 

 
2. Supplementary figures  



 
Figure S1: The distribution of Q-values of enumerated three-nodes ENs.  

 
Figure S2: The distribution of Q-values and the topological complexity of ENs. The complexity of each 
topology was the total number of the regulatory edges between nodes. The circle size was proportional 
to the number of networks with the complexity and Q. 



 
Figure S3: The structural characteristics and robustness distributions of the four motif classes for 
ENs with Q-value>0.0001.  The top panel shows the cluster diagram of the four motif classes. The 
bottom panel shows the distribution of the topological complexity and robustness. Each column 
corresponding to the topologies in a motif class.  

 
Figure S4: The distribution of Q-values of enumerated three-nodes TRNs.  



 
Figure S5: The distribution of Q-values and the topological complexity of TRNs. The complexity of 
each topology was the total number of the regulatory edges between nodes. The circle size was 
proportional to the number of networks with the complexity and Q. 

Figure S6: The structural characteristics and robustness distributions of the three motif classes for 
TRNs with Q-value>0.0001.  The top panel shows the cluster diagram of the three motif classes. 
The bottom panel shows the distribution of the topological complexity and robustness. Each 
column corresponding to the topologies in a motif class. 
 
 



 

Figure S7: An example of ratio-sensing network simulation for the TRN Topo_8383. The parameters 
of the model were shown in the following table 1. 
 
3. Supplementary table 

Table S1. The parameters of the model simulation in Figure S7.  
Parameter value Parameter value Parameter value 

Kx 3.3997*1e3 αA 1.569*1e4 n 2 
Ky 8.2817*1e3 αB 2.0880*1e4 N 1 
KA 0.1912 αC 1.5017*1e4   

KB 2.0826     
 


