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Abstract

:

We study radial oscillations in non-rotating neutron stars by considering the unified equation of states (EoSs), which support the 2 M⊙ star criterion. We solve the Sturm–Liouville problem to compute the 20 lowest radial oscillation modes and their eigenfunctions for a neutron star modeled with eight selected unified EoSs from distinct Skyrme–Hartree–Fock, relativistic mean field and quarkyonic models. We compare the behavior of the computed eigenfrequency for an NS modeled with hadronic to one with quarkyonic EoSs while varying the central densities. The lowest-order f-mode frequency varies substantially between the two classes of the EoS at 1.4 M⊙ but vanishes at their respective maximum masses, consistent with the stability criterion   ∂ M / ∂  ρ c  > 0  . Moreover, we also compute large frequency separation and discover that higher-order mode frequencies are significantly reduced by incorporating a crust in the EoS.
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1. Introduction


Neutron stars (NSs) are the collapsing cores of previously massive stars that form after supernova explosions [1]. An NS’s central density is predicted to be around ten times that of the nuclear saturation density (   n s  ≈   0.16 fm−3). Some unusual phases, such as meson condensation [2,3,4] and quark deconfinement [5,6,7], can be achieved at such high densities. It is impossible to achieve these circumstances on Earth. As a result, studying NSs gives us unique insights into the physics of strongly interacting nuclear matter and phase transitions at ultra-high densities.



Understanding NS also necessitates knowledge of several scientific fields, such as nuclear physics, particle physics, astrophysics and gravitational physics. Even while we know a great deal about how an NS forms, we know relatively little about its internal composition. The one known fact regarding NSs is that characteristics, such as the mass and radius are strongly influenced by the equation of state (EoS) of dense matter. Our overall objective in this field is to identify the properties that may be observed so that we can utilize the generated observational data to construct an accurate EoS, thereby bringing us one step closer to completely comprehending the interior of an NS.



NSs are shown to pulse with different quasi-normal modes (QNMs) in which infinitesimal perturbations induce oscillations whose amplitude decays exponentially with time due to various damping mechanics. Dynamical instabilities, such as mass accretion and tidal forces from a nearby binary companion [8,9], star-quakes generated by fissures in the crust [10], and supernova explosions, are a few sources that might induce oscillations inside an NS [11].



QNMs are categorized into two main groups based on the motion of the pulsations: radial and non-radial oscillation, and each of them is further classified based on the restoring force that acts on the displaced mass element to bring the system back to equilibrium. These restoring forces may be gravity (g-mode), a pressure gradient (p-mode), Coriolis forces (r-mode), magnetic fields and centrifugal force in rotating NS, distinguished by their frequency range. Here, we focus on pressure being our restoring force.



As QNMs are sensitive to the internal composition and EoS of dense matter, we analyze the internal structure of the star and identify the thermodynamic parameters of the NS’s interior using asteroseismology for the study of stellar pulsations in the general relativistic frame. The study of frequencies can thus assist us in indirectly probing within an NS and discovering how strongly interacting nuclear matter behaves at such high densities, thereby further constraining the choice of EoS [12,13,14,15,16,17,18,19,20,21].



Although radial oscillations cannot directly emit gravitational waves (GWs), they can couple with non-radial oscillations, amplifying them and creating a stronger GW that might be detected [17,22]. During the formation of hyper-massive NS through a binary NS merger, an SGRB is emitted, which can be modulated by the radial oscillations [23]. As a result, it is not only valuable in understanding the physics of dense nuclear matter inside an NS but also has some application in GW physics.



Chandrasekhar investigated radial oscillations in NS, which is the simplest mode of oscillation, for the first time in 1964 [24]. Following that, it was researched by other authors, such as Harrison et al. [25] and Chanmugam [26], employing zero-temperature EoS and finite-temperature EoS for proto-NSs by Gondek et al. [27] and strange stars by Benvenuto and Horvath [28] and Gondek and Zdunik [29]. Glass and Lindblom performed the first major investigation of radial oscillations in 1983 [30].



Their numerical results were later rectified by Väth and Chanmugam in 1992 [21] and re-examined by Kokkotas and Ruoff [13] using two alternative numerical approaches that included six more zero-temperature EoS. Their results suggested that oscillations become unstable after the central density at which the NS reaches its maximum mass. This was due to the fact that they used the equilibrium adiabatic index in all of their equations. However, if different adiabatic indices connected to the physical circumstances inside the NS are employed [27] and the slowness of weakly interacting processes is taken into account, stability can be extended beyond that central density [26,31].



The radial modes of oscillation are calculated in this work using eight unified EoSs based on the relativistic mean field (RMF), Skyrme–Hartree–Fock (SHF) [32,33] and quarkyonic models [34]. We solve the Sturm–Liouville eigenvalue problem [35,36,37] with the assumption that our NS is non-rotating and has a zero magnetic field. We base our theory on the fact that the oscillations are small enough to use linear theory. Furthermore, they are adiabatic such that the damping time scale is much longer than the oscillation period [38,39].



This work is structured as follows: in the upcoming Section 2, we go over the theoretical formalism, starting with hydrostatic equilibrium and stellar structure equations in general relativity in Section 2.1, followed by radial oscillation equations in Section 2.2. We discuss our numerical approach in Section 2.2.1. In Section 3, we offer a quick summary of our chosen eight EoS and the reasons for selecting them. In Section 4, we provide our numerical results. Section 4.1 corresponds to the computation of the mass–radius. In Section 4.2, we present our calculated radial mode frequencies in order to analyze them, followed by their chances and methods of detection in Section 4.3. Finally, we summarize and conclude as well as suggest opportunities for further improving our current work in Section 5.




2. Theoretical Formalism


The massive gravitational forces of a non-rotating NS’s interior allow only slight deviations from spherical symmetry, resulting in a nearly perfect formed sphere in its equilibrium condition. As a result, our assumption that the star is spherically symmetric is a reasonable approximation. The gravitational field of such a body is itself spherically symmetric and is given by the Schwarzschild metric in the form of (we use the mostly positive signature   ( − + + + )  ) [40]:


  d  s 2  = −  e  2 ν    c 2  d  t 2  +  e  2 λ   d  r 2  +  r 2   ( d  θ 2  +  sin 2  θ d  ϕ 2  )  ,  



(1)




where   λ ≡ λ ( r )   and   ν ≡ ν ( r )   follow their own set of equations. Here, the energy-momentum tensor   T  μ ν    has the form of a perfect fluid:


   T  μ ν   =  ( P + ε )   u μ   u ν  + P  g  μ ν   ,  



(2)




where P is the pressure,  ε  represents the energy density and   u μ   is the covariant velocity. Since we have spherical symmetry and are only going to consider motion along the radial direction, only the components   u 0   and   u 1   are non-zero.



2.1. Hydrostatic Equilibrium Equations


In a state of hydrostatic equilibrium, all quantities are time-independent. Therefore, even   u 1   is zero. From Einstein’s field equations, using the Schwarzschild metric in Equation (1) in equilibrium and applying the boundary condition   λ ( r = 0 ) = 0  , we find that:


   e  − 2 λ ( r )   =  1 −   2 G m    c 2  r    ,  



(3)




where the mass m can be integrated using:


    d m   d r   =   4 π  r 2  ε   c 2   .  



(4)




Similarly, using the law of conservation of momentum, we obtain [41]:


    d ν   d r   = −  1  P + ε     d P   d r   .  



(5)




Finally, using Equation (5) and Einstein’s field equations, we obtain:


    d P   d r   = −   G m    c 2   r 2       P + ε   1 +   4 π  r 3  P   m  c 2       1 −   2 G m    c 2  r      



(6)




Equations (3) and (5) define the behavior of the metric functions inside the NS where   r < R  . At the surface, i.e., at   r = R  , they satisfy the boundary condition,


    e  2 ν ( R )   =  e  − 2 λ ( R )   =  1 −   2 G M    c 2  R     .  



(7)




Equation (7) stays true even outside the star, where R should be replaced by r for   r > R   as it attains the familiar form of the Schwarzschild solution.



Equations (4) and (6) are collectively known as the Tolman–Oppenheimer–Volkoff (TOV) equations [42,43]. These equations express the equilibrium at each step of the radius r, between the internal pressure of the overlying material against the gravitational force of attraction. These equations can be interpreted if we consider a shell of radius r and thickness   d r  , with a pressure difference of   d p   in the exterior with respect to its interior and evaluate the net force on each side. The only thing needed to solve the structure equations of NSs is the Equation of State (EoS) of dense matter, i.e., the relation between the pressure and the energy density, which enters the TOV equations.



For a given EoS, the TOV equations can be integrated from the origin with the boundary conditions   m ( r = 0 ) = 0   and   P  ( r = 0 )  =  P c   , where   P c   is the central pressure, until the pressure becomes zero. The point R, where the pressure vanishes, provides the circumferential radius of the star. The integration of Equation (4) from zero to R gives its total mass   m ( R ) = M  .




2.2. Radial Oscillation Equations


Keeping the spherical symmetry of the background equilibrium configuration, we perturb both fluid and spacetime variables. Assuming a harmonic time dependence for the radial displacement of the fluid element located at position r in the unperturbed model,


  δ r  ( r , t )  = X  ( r )   e  i ω t   ,  



(8)




the linearized radial perturbation equations can be written as [13]


      c  s  2   X  ″   +     c  s  2   ′  − Z +   4 π G   c 4   r γ P  e  2 λ   −  ν ′   c 2    X ′         +   2    ν ′   2   c 2  +   2 G m   r 3    e  2 λ   −  Z ′  −   4 π G   c 4    ( P + ε )  Z r  e  2 λ   +  ω 2   e  2 λ − 2 ν    X      = 0 ,     



(9)




where primes denote differentiation with respect to radial coordinate r and    c  s  2  =   d P   d ε     is the speed of sound squared in units of   c 2  .  γ  is the adiabatic index, related to the speed of sound by


  γ =    P + ε  P    c  s  2  ,  



(10)




and


  Z  ( r )  =  c  s  2    ν ′  −  2 r   .  



(11)







Now, we re-define the displacement function as


  ζ =  r 2   e  − ν   X .  



(12)




Equation (9) can be rewritten for  ζ  as


   d  d r    H   d ζ   d r    +   ω 2  W + Q  ζ = 0 ,  



(13)




with


    H    =  r  − 2    ( P + ε )   e  λ + 3 ν    c  s  2      



(14a)






    W    =  r  − 2    ( P + ε )   e  3 λ + ν       



(14b)






    Q    =  r  − 2    ( P + ε )   e  λ + 3 ν       ν ′   2  +  4 r   ν ′  −   8 π G   c 4    e  2 λ   P  .     



(14c)




H, W and Q are functions of radial coordinate r and can be calculated using the unperturbed background configuration. Note, Equation (13) explicitly shows its self-adjoint nature. The Lagrangian variation of the pressure now takes the simple form


  Δ P = −  r  − 2    e ν   ( P + ε )   c  s  2   ζ ′  .  



(15)




The boundary condition at the center is


  X ( r = 0 ) = 0 ,  



(16)




because the fluid element there cannot be displaced for radial oscillations, and, at the stellar surface, the Lagrangian variation of pressure should vanish


  Δ P ( R ) = 0 .  



(17)




The differential Equation (13) subject to boundary conditions Equations (16) and (17) is a Sturm–Liouville eigenvalue problem. The eigenvalues   ω  n  2   are real and form an infinite discrete sequence with


   ω  0  2  <  ω  1  2  <  ω  2  2  < . . .  











The eigenfunction of the n-th mode has precisely n number of zeros between the center and the surface of the star.  ω  is real for    ω 2  > 0  ; thus, the solution is purely oscillatory. However, for    ω 2  < 0  , we have an imaginary frequency, which corresponds to an exponentially growing solution. Since the general solution is always a superposition of all such solutions    ω n  s  , the presence of an exponentially growing solution corresponds to instability in the radial oscillations. For NSs, the fundamental mode   ω 0   becomes unstable exactly at the central density   ρ c   greater than the   ρ critical   corresponding to the maximum mass configuration. The star will eventually collapse into a black hole in that case.



2.2.1. Numerical Method


For numerical integration, we write Equation (13) as a system of two first-order differential equations in  ζ  and   η = H  ζ ′   :


    d ζ   d r   =  η H   



(18)




and


    d η   d r   = −   ω 2  W + Q  ζ .  



(19)







Expanding  ζ  and  η  close to the origin and comparing the leading order coefficients gives    η 0  = 3  ζ 0   H 0    [13]. Here,   η 0  ,   ζ 0   and   H 0   are their corresponding values at   r =  r min   , where   r min   is the smallest radial coordinate considered in the integration of the TOV equations. Choosing    η 0  = 1  , we find    ζ 0  = 1 /  ( 3  H 0  )   . At the surface, boundary condition Equation (17) implies


  η ( R ) = 0 .  



(20)







For an arbitrary value of  ω , the integration can be done from the stellar center to its surface, where   η ( R )   is obtained. Those  ω s for which Equation (20) is satisfied are the eigenfrequencies of the radial oscillation.






3. Equation of State


To solve the radial oscillation of the NS, we chose five unified hadronic EoSs based on the RMF and SHF models with different parameterization [32,33] and three quarkyonic EoSs [34,44], viz:




	
NL3: The famous NL3 is based on a non-linear interaction, where only the  σ -meson self-coupling term is included, while the cross-coupling terms are not considered [45].



	
IOPB: Interaction with higher-order couplings, including self-coupling of  ρ -mesons and  ω – ρ  cross-coupling terms [46].



	
DD2: A density-dependent interaction with experimental values of proton and neutron mass—  m p   and   m n  . This model can provide an accurate description of the composition and the thermodynamic quantities over a large range of densities [47].



	
DDME2: Another effective mean-field interaction with density-dependent meson–nucleon couplings [48].



	
SLy4: Based on the Skyrme-Lyon model, this interaction is suitable for calculating the properties of neutron-rich matter. This model can describe both the NS crust as well as the liquid core [49].



	
Q1–3: A quark-to-hadron crossover transition model with leptons and nucleons that coexist in quarkyonic phase and degenerate in momentum space. The chosen sets of parameters are as follows [34]:



	
Q1: L = 30 MeV,  Λ = 1400 MeV,   n t   = 0.3 fm−3.



	
Q2: L = 30 MeV,  Λ = 800 MeV,   n t   = 0.3 fm−3.



	
Q3: L = 50 MeV,  Λ = 1400 MeV,   n t   = 0.4 fm−3.






Here, L is the slope parameter,  Λ  is the baryonic shell thickness parameter, and   n t   is the transition density between the nucleonic and quarkyonic phases.








Figure 1 shows the pressure calculated with five unified hadronic EoSs: NL3 [45], IOPB [46], DD2 [47], DDME2 [48] and SLy4 [49] using dashed lines and with three quarkyonic EoSs Q1–3 [34] using solid lines.



Among these chosen EoSs, NL3 yields the stiffer EoS, followed by DDME2 and DD2. SLy4 is initially the softest at lower densities but becomes stiffer than the remaining two EoSs as the density rises. On the contrary, IOPB begins as stiffer than SLy4 but becomes softer with increasing density. At lower densities, Q1 and Q2 begin as softer EoSs, whereas Q3 is stiffer. These quarkyonic EoSs exhibit a crossover transition at their respective transition densities; however, unlike the usual phase transition, which generally softens EoSs, [50], they abruptly stiffen up when quarks flow off of nucleons and fill the lower momenta states, causing a spike in the pressure. Soft-to-stiff transition is a unique feature of crossover transitions; see [51,52], which can be dynamically constructed in the quarkyonic model. We use the above-mentioned EoSs for the calculation of radial oscillations and NS properties.




4. Results and Discussion


In the relativistic frame, the radial modes and global properties for eight separate sets, each with its own EoS, are computed concurrently. The Runge–Kutta method of the fourth order is employed to solve the set of coupled first-order differential Equations (4)–(6) employing a logarithmic step size ranging from 6 m near the center to about 1 m near the surface. This unequal variation aids in recording the rapid change in  γ  near the surface. The solution is iterated until the boundary conditions are fulfilled. Using these solutions, we solve another set of coupled first-order differential Equations (18) and (19) using Equation (14).



Here, the boundary condition, Equation (20) (which is associated with a change of sign) can, thus, be calculated numerically by root-finding methods, such as the bisection method or the shooting method. We implemented the bisection method in our calculation. In all the EoSs used here, at least 20 nodes lie well within   f < 50   kHz. The computational findings will be discussed in detail in the following subsections. It is worth noting that the eigenfrequencies in Section 2.2 were angular frequencies ( ω ), but we consider linear frequencies (f) where   ω = 2 π f   in our results since it is more prevalent in asteroseismology. Table 1 lists the frequencies of the 20 lowest radial oscillation nodes, measured at 1.4 M⊙, for our selection of EoSs.



4.1. M–R Relation


For an EoS, computations begin at the star’s center with the initial parameter central density   ρ c   as input and continue solving the TOV Equations (4)) and (6) until   P < 0   to obtain the radius R and mass M of an NS. We repeat the procedure by changing   ρ c   in equal increments and performing the same calculations to obtain the mass–radius (M–R) plot. Figure 2 shows the mass–radius plot for the eight EoSs considered in this work.



NICER helps in the study of exotic matter and NS composition. In 2019, the analysis of the NICER data of PSR J0030+0451 by Miller et al. [53] and Riley et al. [54] gave the measurements of mass M and radius R as   M = 1 .  44  − 0.14   + 0.15     M⊙ and   R = 13 .  02  − 1.06   + 1.24     km as well as   M = 1 .  34  − 0.16   + 0.15     M⊙ and   R = 12 .  71  − 1.19   + 1.14     km, respectively. These are shown as the lower pink and magenta boxes in Figure 2. Cromartie et al. [57] and Antoniadis et al. [58], through data from radio observations from PSR J0740 + 6620, calculated the NS mass as   M = 2 .  14  − 0.09   + 0.1     M⊙ and   M = 2 .  01  − 0.04   + 0.04     M⊙, respectively. Fonseca et al. [59] calculated the mass of this pulsar using a model-averaged estimation.



This gives the lower limit for the maximum mass of the NS as   M = 2 .  08  − 0.07   + 0.07     M⊙. The NICER data and XMM Newton data of the millisecond pulsar PSR J0740+6620 in 2021 by Miller et al. gave the radius to be   R = 13 .  7  − 1.5   + 2.6     km [55], while Riley et al. calculated it to be   R = 12 .  39  − 0.98   + 1.30     km [60]. These are represented by the upper dark and light blue horizontal boxes in the figure. We also have the data from the GW detection of a black hole and a compact object merger, GW190814 [56], which tells us the secondary mass of the compact object is   M = 2 .  59  − 0.09   + 0.08     M⊙ as depicted by the green horizontal band.



Among the quarkyonic EoSs, for a fixed L and   n t   values, one having higher  Λ  has greater maximum mass and a more significant bending towards large radii, due to a higher peak in the sound speed. A smaller transition density   n t   and a larger L also lead to higher maximum mass and larger radii. As already verified by the authors in refs. [34,45,46,47,48,49], these EoSs are consistent with the astrophysical data from pulsars and GWs and thereby are a good choice for our radial oscillation calculations.




4.2. Radial Oscillation Modes


In Figure 3, we present the radial profile of   η n   and   ζ n   for the f-mode (n = 0) as well as excited p-modes (n = 1, 2, 10, 15, 19) in 1.4 M⊙ NS of SLy4 and Q1 EoS. Following the property of a Sturm–Liouville system, the eigenfunction   ζ n   has exactly n zeros (nodes) in the region   0 < r < R  . While  ζ  is related to the radial displacement function by Equation (12) and using Equations (14), (15) and (18) together, we find that  η  is associated with the Lagrangian variation of pressure by   η = − Δ P  e  λ + 2 ν    . Similar to   ζ n  ,   η n   also has precisely n zeros (nodes) between the center and the stellar surface.



We can observe the growing amplitude of   ζ n   as the radial coordinate increases, whereas   η n   oscillates with a decaying amplitude and vanishes finally at the surface. Since   η n   is continuous and so is   Δ P  , it follows that the system always oscillates close to equilibrium [61]. The radial functions   ζ n   and   η n   are smooth for hadronic SLy4 EoS; however, close to   0.8 R  , we observe abrupt changes for quarkyonic Q1 EoS. This abrupt behavior is attributed to the jump in the adiabatic index  γ  due to the crossover transition at   0.3   fm−3. For higher-order modes, some of the nodes move across the core–crust transition and lie in the crust   ( 0.9 R ≲ r ≤ R )  , where   ζ n   changes signs rapidly with a large amplitude and appears as parallel vertical lines; see the higher modes (n = 10, 15, 19) in Figure 3.   η n  , on the other hand, possesses a small amplitude in the crust.



In Figure 4, we investigate the dependence of eigenfrequencies on the central densities   ρ c   for our chosen EoSs, comparing a set of two EoSs at a time. We plot the first four radial modes and find that when the density increases, regardless of EoS, we approach our stability limit. The instability point is defined by the presence of a zero eigenvalue for f-mode and corresponds to the central density   ρ critical   where the star approaches its maximum mass   M max   [13].



Moreover, with a lower central density, an NS can be modeled as a homogeneous, non-relativistic body [21,62,63] with an angular frequency that follows    ω 2  ∝ ρ  ( 4 γ − 3 )    [64]. This implies that the frequency is only affected by density because  γ  is fairly constant at lower densities. Thus, regardless of EoS, the frequency approaches zero when the star’s central density is sufficiently low, as illustrated in Figure 4.



Furthermore, we can see a series of ‘avoided crossings’ between separate modes where the frequencies of two consecutive modes from different families repel each other when they approach one another [13,29]. We have two independent families of radial oscillation modes, one at the high density core and the other at the low density envelope, partitioned at the neutron drip density. This neutron drip is linked with any realistic EoSs; hence, the avoided crossings phenomenon, as shown in the figure, is likewise a feature of such EoSs. At the point of the avoided crossings, the solution to the eigenvalue problem shifts from being a standing wave localized primarily in the envelope to one that is localized mostly in the core [29].



We also notice that quarkyonic EoSs have multiple peaks for higher-order modes; see, for example,   n = 3   in Figure 4. As quarkyonic EoSs have a narrow peak of adiabatic index above the transition density, this local peak is a fine interior structure sensitive to higher-order modes. This unique feature in higher-order modes could be a strong indication of a crossover transition, if observed.



In Figure 5, we display the NS’s f-mode frequency vs. mass M to investigate the relationship between radial oscillation and stability more thoroughly. The curves for the quarkyonic EoSs follow the same trend as that of hadronic EoSs, reaching exactly zero at   M max   (from the M–R curve). However, in the case of quarkyonic EoSs, the f-mode frequency increases rapidly near 1.4 M⊙, at which point, quarks begin to drip out from nucleons; however, in the case of hadronic EoSs, it remains practically constant until it falls at   M max   [65]. Beyond this limit,   ω 2   becomes negative; therefore, with an imaginary frequency, the star can no longer recover from minor radial perturbations and ultimately collapses into a black hole. Thus, this result is consistent with the stability condition   ∂ M / ∂  ρ c  > 0   [25,62].



Figure 6 depicts the variation of the so-called large separation, the difference between consecutive nodes   Δ  f n  =  f  n + 1   −  f n   , with   f n   calculated at 1.4 M⊙, which aids in understanding the physics of the star interiors and is a commonly used quantity in asteroseismology. When an EoS is considered without a crust, the variation is smooth and consistent with Sagun et al. [66], and the first large separation   Δ  f 0    is larger than the rest. Furthermore, as we decrease the central density from its critical point, where the star reaches its maximum mass,   Δ f   falls as well; see the difference between subsequent nodes in Figure 4. However, when we consider unified EoSs, such as IOPB and Q1, we obtain uneven fluctuations.



This is because the inner crust, the region in which the behavior of the adiabatic index is no longer monotonic, is believed to be characterized by complex structures collectively known as nuclear pasta. Outside nuclear pasta, the adiabatic index is about   γ = 4 / 3   as determined by relativistic electron gas, while, inside the pasta,   γ ≳ 2  . For the lowest-order mode (  n = 0  ), the crust does not play a large role in radial oscillation, since it typically accounts for less than 10 percent of the stellar radius, and the oscillation nodes lie deeply in the NS core; see Figure 3. Some of the oscillation nodes are in the crust for higher-order modes, which is equivalent to lower-order modes of NS without a crust.



In other words, in order to reach identical oscillation mode in an NS without crust, NSs with a crust need to have additional nodes in the crust. We also note that, whenever a new node appears in the pasta region,   Δ f   shows a peak, meaning that the k-th peak will have k crustal nodes and (  n − k  ) nodes inside the core, where n is the total number of nodes. Furthermore, the points between the k-th and (  k + 1  )-th peaks will also have k and (  n − k  ) nodes in the crust and the core, respectively. As a result, the crust modulates the eigenfrequency significantly.




4.3. Detectability


We may be able to learn about radial oscillation frequencies by examining the emission mechanism of SGRBs, as such oscillations influence the emission from a hypermassive NS generated following a binary NS merger [23]. These short hard gamma ray bursts (SGRBs) that accompany a compact binary system merger should not be confused with soft gamma repeater (SGR) bursts, which are thought to be magneto-emissions from the crust of magnetars [67]. Radial oscillation can also couple with non-radial oscillation and amplify GWs [17,22]. Nonetheless, current GW detectors, such as Advanced LIGO, Advanced Virgo and KAGRA, are projected to have a sensitivity of   ∼ 2 ×  10  − 22    –  4 ×  10  − 24     strain/  Hz   at ∼20 Hz–4 kHz [68,69].



Even third-generation ground-based detectors, such as the 40 km long Cosmic Explorer, may have a sensitivity under   10  − 25    strain/  Hz   above a few kHz [70], while the underground 10 km long Einstein Telescope is expected to have a sensitivity   > 3 ×  10  − 25     strain/  Hz   at 100 Hz and   ∼ 6 ×  10  − 24     strain/  Hz   at   ∼ 10   kHz [71]. As a result, neither the current nor the next generation of GW detectors could achieve the requisite sensitivities at the full frequency range in our study. However, the detector sensitivities can be considerably increased by optical reconfiguration or with the use of advanced quantum techniques [68,72]. This could help us reach our target level, or we may have to wait for the fourth generation [73].





5. Conclusions


In this study, we investigated radial oscillations of NSs while considering eight realistic EoSs based on the hadronic RMF, SHF and quarkyonic models [32,33,34]. Quarkyonic EoSs differ from hadronic EoSs by a peak in the speed of sound at which quarks drip out of nucleons. We computed the mass and radius from the TOV equations for each EoS and verified that they are compatible with astrophysical observational evidence from pulsars and GWs [53,54,55,56,57,58]. The radial oscillation equations were then solved considering infinitesimal adiabatic perturbations to calculate the modes of oscillation.



Through our analysis of highly excited modes, we observed that the functions    η n   ( r )    and    ζ n   ( r )    undergo sign changes n times within the star. We compared the behavior of these functions in both hadronic and quarkyonic stars. Notably, in the case of quarkyonic stars, we observed an abrupt change in these functions near a radius of   0.8 R  . This is due to the sudden jump in the adiabatic index that occurs during the crossover transition from hadronic matter to a quark–hadron mixture. We also investigated the behavior of the first four radial modes as their central densities change.



Our results for realistic EoSs resemble those of Kokkotas and Ruoff [13], and we also found that quarkyonic EoSs show multiple peaks at higher order. We then examined the nature of only the f-mode frequency with NS mass and observed that   f 0   falls to zero at the maximum mass corresponding to its critical density. This outcome, regardless of EoS, is compatible with the static stability criterion   ∂ M / ∂  ρ c  > 0  . In the M–R relation, quarkyonic EoSs have a significant bend towards a higher radius at higher mass. This unique feature is also shown in the f-mode frequency vs. mass curves. Hadronic EoSs show a flat f-mode frequency; however, the f-mode frequency of quarkyonic EoSs increases after the appearance of quarks, forming a peak.



Furthermore, this peak frequency is higher than the f-mode frequency of any hadronic EoS. If we observe an f-mode frequency of   f > 3.5   kHz, it is a hint of a strong crossover transition. This offers a chance to break the degeneracy of EoSs producing a similar radius, e.g., SLy4 has an identical radius but different f-mode frequency with Q1–3 for canonical mass NSs. In addition, we studied how the nature of the large separation   Δ  f n    is smooth and evenly spaced for an EoS without a crust. However, its nature changes dramatically and becomes uneven with eigenfrequencies being squeezed within a shorter range when we include the crust. Finally, we discussed the possibility of detecting such radial frequencies when coupled with GWs through using our current and third-generation ground-based GW detectors.



Our comprehension of the internal structure of an NS will surely be further deepened by a reasonable application of this study in more realistic environments considering rotation, non-zero temperature and magnetic fields [74]. Additionally, research on the potential for radial oscillation frequency detection and efforts to increase detector sensitivity will provide a chance for observational validation of our theory. We hope to explore these options in the near future.







Author Contributions


Conceptualization, S.S., S.K. and B.K.; methodology, S.S., S.K. and A.K.; validation, T.Z. and B.K.; formal analysis, S.S., S.K., S.G. and P.J.K.; data curation, A.K. and P.R.; writing—original draft preparation, S.S., S.K., S.G., P.J.K. and T.Z.; writing—review and editing, T.Z. and B.K.; visualization, P.R.; supervision, B.K.; project administration, B.K. All authors have read and agreed to the published version of the manuscript.




Funding


B.K. acknowledges partial support from the Department of Science and Technology, Government of India with grant no. CRG/2021/000101. T.Z. is supported by the Department of Energy, Grant No. DE-FG02-93ER40756.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


The data presented in this study are available on request from the corresponding author.




Acknowledgments


The authors thank Grigoris Panotopoulos for their helpful comments and suggestions. S.S. is thankful to Yong Gao for their useful discussion about the numerical method for the calculation of eigenfrequencies.




Conflicts of Interest


The authors declare no conflict of interest.




Abbreviations


The following abbreviations are used in this manuscript:



	SGRB
	Short Gamma Ray Burst



	NICER
	Neutron star Interior Composition Explorer



	XMM
	X-ray Multi-Mirror









References


	



Baade, W.; Zwicky, F. Remarks on Super-Novae and Cosmic Rays. Phys. Rev. 1934, 46, 76–77. [Google Scholar] [CrossRef]

	



Migdal, A. Stability of vacuum and limiting fields. Sov. Phys. JETP 1972, 34, 1184. [Google Scholar] [CrossRef]

	



Migdal, A.B. Vacuum Stability and Limiting Fields. Sov. Phys. Uspekhi 1972, 14, 813. [Google Scholar] [CrossRef]

	



Mannarelli, M. Meson condensation. Particles 2019, 2, 411–443. [Google Scholar] [CrossRef]

	



Rajagopal, K.; Wilczek, F. The condensed matter physics of QCD. In At The Frontier of Particle Physics: Handbook of QCD; World Scientific: Singapore, 2001; Volume 3, pp. 2061–2151. [Google Scholar]

	



Alford, M.G.; Schmitt, A.; Rajagopal, K.; Schäfer, T. Color superconductivity in dense quark matter. Rev. Mod. Phys. 2008, 80, 1455. [Google Scholar] [CrossRef]

	



Anglani, R.; Casalbuoni, R.; Ciminale, M.; Ippolito, N.; Gatto, R.; Mannarelli, M.; Ruggieri, M. Crystalline color superconductors. Rev. Mod. Phys. 2014, 86, 509. [Google Scholar] [CrossRef]

	



Chirenti, C.; Gold, R.; Miller, M.C. Gravitational Waves from F-modes Excited by the Inspiral of Highly Eccentric Neutron Star Binaries. Astrophys. J. 2017, 837, 67. [Google Scholar] [CrossRef]

	



Hinderer, T.; Taracchini, A.; Foucart, F.; Buonanno, A.; Steinhoff, J.; Duez, M.; Kidder, L.E.; Pfeiffer, H.P.; Scheel, M.A.; Szilagyi, B.; et al. Effects of Neutron-Star Dynamic Tides on Gravitational Waveforms within the Effective-One-Body Approach. Phys. Rev. Lett. 2016, 116, 181101. [Google Scholar] [CrossRef] [PubMed]

	



Franco, L.M.; Link, B.; Epstein, R.I. Quaking Neutron Stars. Astrophys. J. 2000, 543, 987–994. [Google Scholar] [CrossRef]

	



Tsang, D.; Read, J.S.; Hinderer, T.; Piro, A.L.; Bondarescu, R. Resonant Shattering of Neutron Star Crusts. Phys. Rev. Lett. 2012, 108, 011102. [Google Scholar] [CrossRef] [PubMed]

	



Brillante, A.; Mishustin, I.N. Radial oscillations of neutral and charged hybrid stars. EPL Europhys. Lett. 2014, 105, 39001. [Google Scholar] [CrossRef]

	



Kokkotas, K.; Ruoff, J. Radial oscillations of relativistic stars. Astron. Astrophys. 2001, 366, 565–572. [Google Scholar] [CrossRef]

	



Miniutti, G.; Pons, J.; Berti, E.; Gualtieri, L.; Ferrari, V. Non-radial oscillation modes as a probe of density discontinuities in neutron stars. Mon. Not. R. Astron. Soc. 2003, 338, 389–400. [Google Scholar] [CrossRef]

	



Panotopoulos, G.; Lopes, I. Radial oscillations of strange quark stars admixed with condensed dark matter. Phys. Rev. D 2017, 96, 083013. [Google Scholar] [CrossRef]

	



Passamonti, A.; Bruni, M.; Gualtieri, L.; Sopuerta, C.F. Coupling of radial and nonradial oscillations of relativistic stars: Gauge-invariant formalism. Phys. Rev. D 2005, 71, 024022. [Google Scholar] [CrossRef]

	



Passamonti, A.; Bruni, M.; Gualtieri, L.; Nagar, A.; Sopuerta, C.F. Coupling of radial and axial nonradial oscillations of compact stars: Gravitational waves from first-order differential rotation. Phys. Rev. D 2006, 73, 084010. [Google Scholar] [CrossRef]

	



Savonije, G.J. Non-radial oscillations of the rapidly rotating Be star HD 163868. Astron. Astrophys. 2007, 469, 1057–1062. [Google Scholar] [CrossRef]

	



Flores, C.V.; Hall, Z.B.; Jaikumar, P. Nonradial oscillation modes of compact stars with a crust. Phys. Rev. C 2017, 96, 065803. [Google Scholar] [CrossRef]

	



Flores, C.V.; Lugones, G. Radial oscillations of color superconducting self-bound quark stars. Phys. Rev. D 2010, 82, 063006. [Google Scholar] [CrossRef]

	



Väth, H.M.; Chanmugam, G. Radial oscillations of neutron stars and strange stars. Astrophys. Astron. J. 1992, 260, 250–254. [Google Scholar]

	



Passamonti, A.; Stergioulas, N.; Nagar, A. Gravitational waves from nonlinear couplings of radial and polar nonradial modes in relativistic stars. Phys. Rev. D 2007, 75, 084038. [Google Scholar] [CrossRef]

	



Chirenti, C.; Miller, M.C.; Strohmayer, T.; Camp, J. Searching for Hypermassive Neutron Stars with Short Gamma-Ray Bursts. Astrophys. J. 2019, 884, L16. [Google Scholar] [CrossRef]

	



Chandrasekhar, S. The Dynamical Instability of Gaseous Masses Approaching the Schwarzschild Limit in General Relativity. Astrophys. J. 1964, 140, 417. [Google Scholar] [CrossRef]

	



Harrison, B.K.; Thorne, K.S.; Wakano, M.; Wheeler, J.A. Gravitation Theory and Gravitational Collapse, 1st ed.; University of Chicago Press: Chicago, IL, USA, 1965; ISBN 978-02-2631-802-8. [Google Scholar]

	



Chanmugam, G. Radial oscillations of zero-temperature white dwarfs and neutron stars below nuclear densities. Astrophys. J. 1977, 217, 799–808. [Google Scholar] [CrossRef]

	



Gondek, D.; Haensel, P.; Zdunik, J. Radial pulsations and stability of protoneutron stars. arXiv 1997, arXiv:astro-ph/9705157. [Google Scholar]

	



Benvenuto, O.G.; Horvath, J.E. The Evolution of Proto-Strange Stars. arXiv 2013, arXiv:1309.1532. [Google Scholar]

	



Gondek, D.; Zdunik, J.L. Avoided crossings in radial pulsations of neutron and strange stars. Astrophys. Astron. J. 1999, 344, 117–122. [Google Scholar]

	



Glass, E.N.; Lindblom, L. The Radial Oscillations of Neutron Stars. Astrophys. J. Suppl. 1983, 53, 93. [Google Scholar] [CrossRef]

	



Gourgoulhon, E.; Haensel, P.; Gondek, D. Maximum mass instability of neutron stars and weak interaction processes in dense matter. Astron. Astrophys. 1995, 294, 747–756. [Google Scholar]

	



Fortin, M.; Providência, C.; Raduta, A.R.; Gulminelli, F.; Zdunik, J.L.; Haensel, P.; Bejger, M. Neutron star radii and crusts: Uncertainties and unified equations of state. Phys. Rev. C 2016, 94, 035804. [Google Scholar] [CrossRef]

	



Parmar, V.; Das, H.C.; Kumar, A.; Sharma, M.K.; Patra, S.K. Crustal properties of a neutron star within an effective relativistic mean-field model. Phys. Rev. D 2022, 105, 043017. [Google Scholar] [CrossRef]

	



Zhao, T.; Lattimer, J.M. Quarkyonic matter equation of state in beta-equilibrium. Phys. Rev. D 2020, 102, 023021. [Google Scholar] [CrossRef]

	



Ince, E. Ordinary Differential Equations; Dover Publications: New York, NY, USA, 1956. [Google Scholar]

	



Byron, F.W.; Fuller, R.W. Mathematics of Classical and Quantum Physics; Dover Publications: New York, NY, USA, 1992. [Google Scholar]

	



Cox, J.P. Theory of Stellar Pulsation, 1st ed.; Princeton University Press: Princeton, NJ, USA, 1980; pp. 63–148. ISBN 978-06-9162-996-4. [Google Scholar]

	



Bardeen, J.M.; Thorne, K.S.; Meltzer, D.W. A Catalogue of Methods for Studying the Normal Modes of Radial Pulsation of General-Relativistic Stellar Models. Astrophys. J. 1966, 145, 505. [Google Scholar] [CrossRef]

	



Haensel, P.; Zdunik, J.L.; Schaeffer, R. Phase transitions in dense matter and radial pulsations of neutron stars. Astrophys. Astron. J. 1989, 217, 137–144. [Google Scholar]

	



Schwarzschild, K. On the Gravitational Field of a Mass Point According to Einstein’s Theory. Abh. Konigl. Preuss. Akad. Wiss. Jahre 1916, 1916, 189–196. [Google Scholar]

	



Landau, L.; Lifshitz, E. The Classical Theory of Fields, 4th ed.; Butterworth-Heinemann: Oxford, UK, 1980; pp. 258–272. ISBN 978-07-5062-768-9. [Google Scholar]

	



Oppenheimer, J.R.; Volkoff, G.M. On massive neutron cores. Phys. Rev. 1939, 55, 374. [Google Scholar] [CrossRef]

	



Tolman, R.C. Static solutions of Einstein’s field equations for spheres of fluid. Phys. Rev. 1939, 55, 364. [Google Scholar] [CrossRef]

	



McLerran, L.; Reddy, S. Quarkyonic Matter and Neutron Stars. Phys. Rev. Lett. 2019, 122, 122701. [Google Scholar] [CrossRef]

	



Lalazissis, G.A.; König, J.; Ring, P. New parametrization for the Lagrangian density of relativistic mean field theory. Phys. Rev. C 1997, 55, 540–543. [Google Scholar] [CrossRef]

	



Kumar, B.; Patra, S.; Agrawal, B. New relativistic effective interaction for finite nuclei, infinite nuclear matter, and neutron stars. Phys. Rev. C 2018, 97, 045806. [Google Scholar] [CrossRef]

	



Typel, S.; Röpke, G.; Klähn, T.; Blaschke, D.; Wolter, H. Composition and thermodynamics of nuclear matter with light clusters. Phys. Rev. C 2010, 81, 015803. [Google Scholar] [CrossRef]

	



Lalazissis, G.A.; Nikšić, T.; Vretenar, D.; Ring, P. New relativistic mean-field interaction with density-dependent meson-nucleon couplings. Phys. Rev. C 2005, 71, 024312. [Google Scholar] [CrossRef]

	



Douchin, F.; Haensel, P. A unified equation of state of dense matter and neutron star structure. Astron. Astrophys. 2001, 380, 151–167. [Google Scholar] [CrossRef]

	



Bejger, M.; Blaschke, D.; Haensel, P.; Zdunik, J.; Fortin, M. Consequences of a strong phase transition in the dense matter equation of state for the rotational evolution of neutron stars. Astron. Astrophys. 2017, 600, A39. [Google Scholar] [CrossRef]

	



Baym, G.; Hatsuda, T.; Kojo, T.; Powell, P.D.; Song, Y.; Takatsuka, T. From hadrons to quarks in neutron stars: A review. Rept. Prog. Phys. 2018, 81, 056902. [Google Scholar] [CrossRef]

	



Masuda, K.; Hatsuda, T.; Takatsuka, T. Hadron–quark crossover and massive hybrid stars. PTEP 2013, 2013, 073D01. [Google Scholar] [CrossRef]

	



Miller, M.C.; Lamb, F.K.; Dittmann, A.J.; Bogdanov, S.; Arzoumanian, Z.; Gendreau, K.C.; Guillot, S.; Harding, A.K.; Ho, W.C.G.; Lattimer, J.M.; et al. PSR J0030+0451 Mass and Radius from NICER Data and Implications for the Properties of Neutron Star Matter. Astrophys. J. 2019, 887, L24. [Google Scholar] [CrossRef]

	



Riley, T.E.; Watts, A.L.; Bogdanov, S.; Ray, P.S.; Ludlam, R.M.; Guillot, S.; Arzoumanian, Z.; Baker, C.L.; Bilous, A.V.; Chakrabarty, D.; et al. A <i>NICER</i> View of PSR J0030+0451: Millisecond Pulsar Parameter Estimation. Astrophys. J. 2019, 887, L21. [Google Scholar] [CrossRef]

	



Miller, M.; Lamb, F.; Dittmann, A.; Bogdanov, S.; Arzoumanian, Z.; Gendreau, K.; Guillot, S.; Ho, W.; Lattimer, J.; Loewenstein, M.; et al. The Radius of PSR J0740+6620 from NICER and XMM-Newton Data. Astrophys. J. Lett. 2021, 918, L28. [Google Scholar] [CrossRef]

	



Abbott, R.; Abbott, T.D.; Abraham, S.; Acernese, F.; Ackley, K.; Adams, C.; Adhikari, R.X.; Adya, V.B.; Affeldt, C.; Agathos, M.; et al. GW190814: Gravitational Waves from the Coalescence of a 23 Solar Mass Black Hole with a 2.6 Solar Mass Compact Object. Astrophys. J. Lett. 2020, 896, L44. [Google Scholar] [CrossRef]

	



Cromartie, H.T.; Fonseca, E.; Ransom, S.M.; Demorest, P.B.; Arzoumanian, Z.; Blumer, H.; Brook, P.R.; DeCesar, M.E.; Dolch, T.; Ellis, J.A.; et al. Relativistic Shapiro delay measurements of an extremely massive millisecond pulsar. Nat. Astron. 2020, 4, 72–76. [Google Scholar] [CrossRef]

	



Antoniadis, J.; Freire, P.C.C.; Wex, N.; Tauris, T.M.; Lynch, R.S.; van Kerkwijk, M.H.; Kramer, M.; Bassa, C.; Dhillon, V.S.; Driebe, T.; et al. A Massive Pulsar in a Compact Relativistic Binary. Science 2013, 340, 1233232. [Google Scholar] [CrossRef] [PubMed]

	



Fonseca, E.; Cromartie, H.T.; Pennucci, T.T.; Ray, P.S.; Kirichenko, A.Y.; Ransom, S.M.; Demorest, P.B.; Stairs, I.H.; Arzoumanian, Z.; Guillemot, L.; et al. Refined Mass and Geometric Measurements of the High-mass PSR J0740+6620. Astrophys. J. Lett. 2021, 915, L12. [Google Scholar] [CrossRef]

	



Riley, T.E.; Watts, A.L.; Ray, P.S.; Bogdanov, S.; Guillot, S.; Morsink, S.M.; Bilous, A.V.; Arzoumanian, Z.; Choudhury, D.; Deneva, J.S.; et al. A NICER View of the Massive Pulsar PSR J0740+6620 Informed by Radio Timing and XMM-Newton Spectroscopy. Astrophys. J. Lett. 2021, 918, L27. [Google Scholar] [CrossRef]

	



Di Clemente, F.; Mannarelli, M.; Tonelli, F. Reliable description of the radial oscillations of compact stars. Phys. Rev. D 2020, 101, 103003. [Google Scholar] [CrossRef]

	



Shapiro, S.L.; Teukolsky, S.A. Black Holes, White Dwarfs, and Neutron Stars: The Physics of Compact Objects, 1st ed.; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 1983; pp. 241–266. ISBN 978-35-2761-766-1. [Google Scholar]

	



Arnett, W.D.; Bowers, R.L. A Microscopic Interpretation of Neutron Star Structure. Astrophys. J. Suppl. 1977, 33, 415. [Google Scholar] [CrossRef]

	



Li, H.B.; Gao, Y.; Shao, L.; Xu, R.X.; Xu, R. Oscillation Modes and Gravitational Waves from Strangeon Stars. arXiv 2022, arXiv:2206.09407. [Google Scholar] [CrossRef]

	



Sun, T.T.; Zheng, Z.Y.; Chen, H.; Burgio, G.F.; Schulze, H.J. Equation of state and radial oscillations of neutron stars. Phys. Rev. D 2021, 103, 103003. [Google Scholar] [CrossRef]

	



Sagun, V.; Panotopoulos, G.; Lopes, I. Asteroseismology: Radial oscillations of neutron stars with realistic equation of state. Phys. Rev. D 2020, 101, 063025. [Google Scholar] [CrossRef]

	



Kondratyev, V.N. Magnetoemission of Magnetars. Phys. Part. Nucl. 2019, 50, 613–615. [Google Scholar] [CrossRef]

	



Martynov, D.; Miao, H.; Yang, H.; Vivanco, F.H.; Thrane, E.; Smith, R.; Lasky, P.; East, W.E.; Adhikari, R.; Bauswein, A.; et al. Exploring the sensitivity of gravitational wave detectors to neutron star physics. Phys. Rev. D 2019, 99, 102004. [Google Scholar] [CrossRef]

	



Abbott, B.P.; Abbott, R.; Abbott, T.; Abraham, S.; Acernese, F.; Ackley, K.; Adams, C.; Adya, V.; Affeldt, C.; Agathos, M.; et al. Prospects for observing and localizing gravitational-wave transients with Advanced LIGO, Advanced Virgo and KAGRA. Living Rev. Relativ. 2020, 23, 1–69. [Google Scholar] [CrossRef]

	



Abbott, B.P.; Abbott, R.; Abbott, T.D.; Abernathy, M.R.; Ackley, K.; Adams, C.; Addesso, P.; Adhikari, R.X.; Adya, V.B.; Affeldt, C.; et al. Exploring the sensitivity of next generation gravitational wave detectors. Class. Quantum Gravity 2017, 34, 044001. [Google Scholar] [CrossRef]

	



Punturo, M.; Abernathy, M.; Acernese, F.; Allen, B.; Andersson, N.; Arun, K.; Barone, F.; Barr, B.; Barsuglia, M.; Beker, M.; et al. The Einstein Telescope: A third-generation gravitational wave observatory. Class. Quantum Gravity 2010, 27, 194002. [Google Scholar] [CrossRef]

	



Danilishin, S.L.; Khalili, F.Y.; Miao, H. Advanced quantum techniques for future gravitational-wave detectors. Living Rev. Relativ. 2019, 22, 2. [Google Scholar] [CrossRef]

	



Bora, J.; Dev Goswami, U. Radial oscillations and gravitational wave echoes of strange stars for various equations of state. Mon. Not. R. Astron. Soc. 2021, 502, 1557–1568. [Google Scholar] [CrossRef]

	



Panda, N.; Mohanta, K.; Sahu, P. Radial modes of slowly rotating compact stars in the presence of magnetic field. Eur. Phys. J. A 2016, 52, 1–10. [Google Scholar] [CrossRef]








[image: Galaxies 11 00060 g001 550] 





Figure 1. Pressure in NS matter vs. baryon density calculated using five unified hadronic as well as three quarkyonic EoSs [32,33]. 
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Figure 2. NS mass-radius relation for our choice of EoSs. The lower pink and magenta boxes show the constraints on the mass and radius from the 2019 NICER data of PSR J0030+0451 by Riley and Miller [53,54]. The upper dark and light blue boxes show the 2021 NICER data with X-ray Multi-Mirror observations of PSR J0740+6620 [55]. Observational mass data from merger event GW190814 is shown as a horizontal green band [56]. The upper left region is restricted so that the speed of sound in the object does not surpass the speed of light in vacuum (causality). 
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Figure 3. (Top):   η /  η 0    as a function of dimensionless radial coordinate   r / R   for low (  n = 0 ,   1 ,   2  ) and highly excited modes (  n = 10 ,   15 ,   19  ). (Bottom): Same as before but for   ζ /  ζ 0   . In both panels, the left corresponds to an NS with SLy4 EoS, and the right corresponds to that with Q1 EoS at 1.4 M⊙.   η 0   and   ζ 0   are the values of the respective functions at the smallest radial coordinate   r min  . 
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Figure 4. The first four radial modes as a function of the central density. In the first three plots, we compare a hadronic EoS with a quarkyonic one, and, in the last one, we compare the stiffest hadronic EoS NL3 with the softest SLy4. The vertical orange line in the first three plots marks the transition density (  n t  ) for the respective quarkyonic EoSs indicating the sudden change in frequencies. 
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Figure 5. The f-mode frequency vs. mass curves for our choice of EoSs. The blue vertical bands represent the 2021 NICER data with XMM mass observations of PSR J0740+6620 [55], and the green vertical band represents the mass data from the GW190814 merger event [56]. 
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Figure 6. Large frequency separation vs. frequency comparing a unified hadronic EoS IOPB to a quarkyonic Q1 at 1.4 M⊙. Furthermore, the nature of IOPB without a crust (at the same mass) is shown to analyze how drastically the behavior changes with the removal of the crust part from the EoS. 
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Table 1. Frequencies   f n   (in kHz) of the 20 lowest radial oscillation modes for our choice of five hadronic and three quarkyonic unified EoSs taken at 1.4 M⊙.
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Order

	
Hadronic EoSs

	
Quarkyonic EoSs




	
n

	
DD2

	
DDME2

	
IOPB

	
NL3

	
SLy4

	
Q1

	
Q2

	
Q3






	
0

	
3.11

	
3.25

	
2.87

	
2.59

	
3.01

	
5.61

	
4.95

	
3.45




	
1

	
6.43

	
6.52

	
6.15

	
5.56

	
6.96

	
8.03

	
8.11

	
7.45




	
2

	
8.65

	
8.56

	
8.28

	
7.28

	
9.60

	
9.63

	
10.21

	
9.18




	
3

	
9.36

	
9.31

	
8.99

	
8.30

	
10.81

	
11.75

	
11.97

	
10.71




	
4

	
11.48

	
11.47

	
11.30

	
10.57

	
12.33

	
14.35

	
14.21

	
12.64




	
5

	
13.18

	
13.13

	
12.74

	
11.17

	
14.59

	
15.88

	
15.95

	
14.38




	
6

	
14.43

	
14.42

	
13.95

	
13.15

	
16.54

	
17.51

	
17.86

	
15.79




	
7

	
16.18

	
16.14

	
15.78

	
14.35

	
17.89

	
19.98

	
20.51

	
18.03




	
8

	
18.14

	
18.13

	
17.51

	
15.77

	
19.97

	
21.95

	
22.15

	
19.77




	
9

	
19.28

	
19.22

	
18.72

	
16.97

	
22.08

	
24.39

	
23.99

	
21.46




	
10

	
21.12

	
21.15

	
20.64

	
18.83

	
23.61

	
25.88

	
26.47

	
23.59




	
11

	
23.17

	
23.14

	
22.17

	
19.93

	
25.4

	
27.71

	
28.49

	
25.50




	
12

	
24.40

	
24.31

	
23.62

	
21.48

	
27.59

	
30.25

	
30.23

	
27.19




	
13

	
26.03

	
26.06

	
25.22

	
23.38

	
29.41

	
32.53

	
32.52

	
29.03




	
14

	
28.15

	
28.24

	
27.27

	
24.38

	
30.97

	
34.18

	
34.66

	
30.79




	
15

	
29.65

	
29.53

	
28.30

	
26.02

	
32.99

	
35.99

	
36.69

	
32.67




	
16

	
31.07

	
31.09

	
30.38

	
27.46

	
35.15

	
38.34

	
38.67

	
34.53




	
17

	
33.08

	
33.13

	
31.89

	
28.93
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