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Abstract

:

The concept of spin equilibrium due to an interaction between the stellar magnetosphere and a thin, Keplerian accretion disk, and a well-known formula of the corresponding equilibrium spin frequency, provide a key understanding of spin evolution and the distribution of rapidly spinning neutron stars, viz., millisecond pulsars. However, this concept and formula are for stable accretion, but the mass transfer to most accreting millisecond pulsars is transient and the accretion rate evolves by orders of magnitude during an outburst. In this short and focussed review, we briefly discuss a relatively new concept of the spin equilibrium condition and a new formula for the equilibrium spin frequency for transiently accreting millisecond pulsars. We also review a new method to estimate this equilibrium spin frequency for observed transiently accreting millisecond pulsars, even when a pulsar has not yet attained the spin equilibrium. These will be crucial to probe the spin evolution and distribution of millisecond pulsars, and should also be applicable to all magnetic stars transiently accreting via a thin, Keplerian accretion disk.
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1. Introduction


Rapidly spinning neutron stars, viz., millisecond pulsars (MSPs; spin period P  < 30   ms), manifest in various incarnations [1,2,3]. The largest known population (∼500) is of radio MSPs, which show regular brightness variation at the neutron star spin period in radio wavelengths [1]. There are also more than a hundred known  γ -ray MSPs, almost all of which are a subset of radio MSPs [3]. While most of these MSPs are in binary systems [1,2,3], they, with very few exceptions, do not accrete matter from the companion star [4]. These MSPs (RMSPs) are powered by neutron star spin or rotational kinetic energy [5]. Another kind of MSP accretes matter from a low-mass companion star (mass       ∼  <    1     M ⊙  ) in a neutron star low-mass X-ray binary (LMXB) system [6]. As the spinning neutron star’s magnetic field channels this matter to the stellar magnetic poles, X-ray intensity variation at the stellar spin frequency ( ν ) is observed. These are accretion-powered MSPs (AMSPs), also known as X-ray MSPs, and more than 20 such sources are known [2,4]. There is also another set of accreting X-ray MSPs in LMXB systems, which show nuclear-powered X-ray pulsations during thermonuclear X-ray bursts [5]. These bursts occur due to intermittent, unstable burning of accumulated matter on the accreting neutron star surface [7], and an asymmetric brightness pattern on this spinning star during such a burst causes these pulsations [5]. There are about 20 known nuclear-powered MSPs (NMSPs), and some of them are also AMSPs [5].



Thus, there are different types of MSPs, and the  ν -values of these neutron stars are measured by multiple methods using observations in various wavelengths (e.g., radio, X-ray,  γ -ray). However, how do MSPs attain high spin rates? Neutron stars are typically born with relatively high spin frequencies (tens of Hz) and large magnetic field values (  B ∼  10 12    G), and then slow down due to angular momentum loss via the radiation and polar outflow of particles [8]. If a neutron star is in a binary system with a low-mass companion star, then this companion may eventually fill its Roche lobe, and the neutron star may accrete matter through an accretion disk [6]. The high specific angular momentum of the disk matter can spin up the star and give rise to MSPs in the LMXB phase [9,10]. Discoveries of AMSPs and transitional MSPs, which swing between RMSP and AMSP phases, have confirmed this [11,12,13,14,15,16]. The neutron star magnetic field decreases to much lower values (  B ∼  10  7 − 9     G [17]), possibly due to accretion-induced Ohmic dissipation and/or diamagnetic screening, during the initial part of the spin-up in the LMXB phase [6,18,19,20]. Such a field decay allows the accretion disk to approach the neutron star and hence to spin it up more efficiently.



Why is the study of neutron star spin evolution important? The MSPs have shown a wide range of spin frequencies (up to 716 Hz [21]). Apart from these  ν -values, several other properties, such as the rate of change of  ν  (i.e.,   ν ˙  ), nature of the companion star, binary orbital period, etc., of many radio MSPs are known and could be accessed, e.g., from the ATNF pulsar catalogue 1. Moreover, the upcoming radio observatory Square Kilometre Array (SKA) could increase the number of such radio MSPs by about an order of magnitude. The earlier evolution of these MSPs through their LMXB phases determined their parameter values. Such an evolution depends on several fundamental aspects, e.g., accretion through the stellar magnetosphere and strong gravity region, the stellar structure that depends on the equation of state (EoS) models, gravitational wave emission and binary evolution, etc., of neutron stars. Thus, one could probe these aspects of physics and astrophysics of neutron stars by computing the stellar and binary evolution, including the  ν -evolution, through the LMXB phase and comparing the calculated parameter values at each evolutionary stage with the known values. This is why a realistic estimation of  ν -evolution is essential.



We see that the neutron star spin frequency attains or approaches an equilibrium value due to accretion through the stellar magnetosphere. For a neutron in an LMXB, this equilibrium frequency (  ν eq  ) is high, and this is why MSPs attain high  ν -values. The traditional expression of   ν eq   does not consider transient or episodic accretion in the LMXB phase (Section 2). However, in Section 3, we show the crucial effects of transient accretion. We mention the implications of such accretion in Section 4.




2. Spin Equilibrium without Transient Accretion


Let us consider a neutron star accreting matter through a thin, Keplerian disk. If the stellar magnetic field is relatively weak, the disk can extend up to the stellar surface, or up to the innermost stable circular orbit (ISCO), the radius of whichever is larger. In such cases, the accreted matter could spin up the neutron star till the  ν -value almost reaches the Keplerian value or the so-called breakup spin rate, and no spin equilibrium via disk–magnetosphere interaction is attained. Note that all measured  ν -values [22,23] are substantially less than the expected breakup spin rates of neutron stars [24,25].



If the neutron star magnetic field is relatively strong, and the energy density of this magnetic field balances the kinetic energy density of the inflowing matter at a certain radius   r m  , which is greater than both ISCO and stellar radii, then the disk stops at   r m   and the accreted matter is channelled by the field onto the stellar magnetic polar caps [2,6,26]. Equating the magnetic and material stresses, we obtain [20,27]:


   r m  = ξ     μ 4   2 G M   M ˙  2      1 / 7   .  



(1)







Here,  μ  (=  B  R 3   ) is the neutron star magnetic dipole moment, B is the stellar surface dipole magnetic field, R and M are the stellar radius and mass, respectively,   M ˙   is the accretion rate, and  ξ  is a constant, which depends on the disk–magnetosphere interaction and the magnetic pitch at the disk inner edge [27]. The value of  ξ  could be ∼0.3–0.5 [2].



Another characteristic radius of the system is the corotation radius (  r co  ), where the disk Keplerian angular velocity is the same as the stellar angular velocity. This condition gives


   r co  =     G M   4  π 2   ν 2      1 / 3   .  



(2)







A third important radius is the speed-of-light cylinder radius    r lc  = c / 2 π ν  . Typically,    r lc  >  r co   .



For a thin, Keplerian disk, there can be the following three regimes of accretion.



	
(i)    r m  <  r co   : In this accretion phase a steady accretion occurs, and the neutron star spins up because the matter at the disk inner edge rotates faster than the star, and hence, applies a net positive torque on the star [28,29]. If    r m  > R  and   r ISCO    (  r ISCO  : ISCO radius), the accreted matter is channelled onto the neutron star by a magnetic field, and X-ray pulsations occur.



	
(ii)    r co  <  r m  <  r lc   : In this so-called “propeller” phase, the neutron star magnetosphere rotates faster than the accreted matter at the disk inner edge, and hence, a centrifugal barrier could shut off the accretion [30,31]. A part of the accreted matter could be driven away from the system in this phase at the expense of the neutron star’s angular momentum, and hence, the star slows down [20,32].



	
(iii)    r lc  <  r m   : In this phase, the accreted matter does not enter the magnetosphere, and the radio pulsar mechanism could turn on [33]. This happens when   M ˙   is relatively low.






From the above, we see that for    r m  <  r co   ,  ν  increases due to a positive torque applied on the neutron star, and hence,   r co   decreases (Equation (2)). On the other hand, for    r co  <  r m  <  r lc   ,  ν  decreases because of a negative torque applied on the neutron star, and hence,   r co   increases (Equation (2)). Thus, due to this self-regulated mechanism,   r co   tends to become   r m  , which is the spin equilibrium condition. For this condition, using Equations (1) and (2), one obtains the following expression of the equilibrium spin frequency [6,20]:


   ν eq  =  1  2 π      G M   r  m  3    =  1   2  11 / 14   π  ξ  3 / 2          G 5   M 5    M ˙  3    μ 6     1 / 7   .  



(3)







This is also the maximum  ν -value a spinning-up neutron star could attain by the disk–magnetosphere interaction [34]. Moreover, this expression could be applicable to any spinning, magnetic star (e.g., a neutron star in a high-mass X-ray binary (HMXB), protostar) accreting through a thin, Keplerian disk. Note that the stellar magnetic dipole moment  μ , and hence the magnetic field B, are related to the equilibrium spin frequency by    ν eq  ∝  μ  − 6 / 7   ∝  B  − 6 / 7    . This is why the low-magnetic field (∼  10  7 − 9    G) neutron stars in LMXBs can attain orders of magnitude higher  ν -values compared to those of the high-magnetic field (∼  10 12   G) neutron stars in HMXBs.



Realistic expressions of disk–magnetosphere interaction torque formulae are [20,35,36]:


   N acc  =  M ˙    G M  r m    +   μ 2   9  r  m  3     2     r m   r co    3  − 6     r m   r co     3 / 2   + 3   



(4)




for the accretion phase, and


   N prop  = − η  M ˙    G M  r m    −   μ 2   9  r  m  3     3 − 2     r co   r m     3 / 2     



(5)




for the propeller phase. In each of Equations (4) and (5), the first term is the contribution due to accretion disk matter, and the second term is due to the interaction of the stellar magnetic field with the entire disk. In the propeller phase, an unknown fraction of disk matter could be ejected, which is taken care of by an order of unity positive constant  η  (Equation (5) [20,32]).



The equilibrium spin frequency provides the main concept to understand the spin evolution and distribution of MSPs. However, apart from the spin-down in the propeller phase, a neutron star in an LMXB could also spin down due to electromagnetic (e.g., magnetic dipole) radiation, the polar outflow of particles, the ejection of accreted matter via jets powered by the stellar spin kinetic energy, and the emission of gravitational waves (GW). For example, the magnetic dipole radiation torque is given by [8]:


   N EM  = −   2  μ 2    3  r  lc  3    = −   16  π 3   μ 2   ν 3    3  c 3    .  



(6)







Moreover, the gravitational wave torque is given by [37]:


   N GW  = −   32 G  Q 2   5      2 π ν  c   5  ,  



(7)




where Q is the stellar rotating misaligned mass quadrupole moment. One or more of such negative torques acting on the neutron star should affect the spin equilibrium condition. For example, if negative   N GW   balances positive   N acc  , then accretion continues, and hence,    r m  <  r co   . This higher   r co   value implies a lower  ν -value for the spin equilibrium, and hence, a lower equilibrium spin value. However, we primarily consider only the disk–magnetosphere interaction, and not these extra negative torques, in this review.




3. Spin Equilibrium with Transient Accretion


We did not consider the effects of transient accretion in Section 2. It has recently been shown that these effects are crucial when computing neutron star spin evolution [20,34,36].



All AMSPs and most neutron star LMXBs accrete matter transiently [2]. This means the source passes through alternate outburst and quiescent periods. An outburst period typically lasts days to weeks, and the usual durations of quiescent periods are months to years. The instantaneous accretion rate   M ˙   increases by several orders of magnitude during an outburst [38]. Two instabilities in the accretion disk—thermal and viscous—cause such outbursts when the long-term average accretion rate    M ˙  av   is less than a critical    M ˙   av , crit    value [39,40]. The matter from the companion star accumulates during a long quiescent period, and then falls onto the neutron star causing a relatively short outburst. Note that, while such a transient behaviour could have various observational implications, e.g., for repeating fast radio bursts according to a model [41], here we focus on its effects on the neutron star spin evolution.



Note that Equation (3) tacitly assumes a constant accretion rate, i.e.,    M ˙  =   M ˙  av   . Thus, in this case,   r m   does not change much, and   r co   evolves to ultimately satisfy the spin equilibrium condition (   r m  =  r co   ). However, for a transient accretion,   r m   drastically changes, as   M ˙   (  ∝  r  m   − 7 / 2    ) evolves by several orders of magnitude in an outburst cycle. On the other hand,  ν , and hence   r co  , do not evolve appreciably during one outburst. Therefore, for one   M ˙  -value of the outburst,   r m   equals   r co  , but otherwise, the standard equilibrium condition (   r m  =  r co   ) is not satisfied during an outburst cycle. Then, what is the condition of spin equilibrium for transient accretion?



3.1. Spin Equilibrium Condition


During the rise of an outburst, when the   M ˙   value increases by several orders of magnitude, the disk approaches the star, and   r m   decreases. Thus, the source could pass through    r m  >  r co   ,    r m  =  r co    and    r m  <  r co    conditions. These conditions should occur in the opposite order during the outburst decay. The    r m  =  r co    condition (dashed horizontal line in Figure 1a–d) separates the accretion phase from the propeller phase. The former phase (   r m  <  r co   ) is for   M ˙   values above the dashed horizontal line, while the latter phase (   r m  >  r co   ) is for   M ˙   values below this dashed horizontal line. Since   r co   is a function of  ν , whether for a given   M ˙   value the source will be in the accretion phase or in the propeller phase depends on  ν .



To understand the spin equilibrium condition for transient accretion, let us now consider a relatively low  ν -value, which implies a comparatively high   r co   value. Thus, the    r m  =  r co    condition occurs at a high   r m   value, and hence, for a relatively low   M ˙   value. This means that most of the time during an outburst the source remains in the accretion phase (see Figure 1a). Moreover, since   M ˙   is larger in the accretion phase, the total positive angular momentum transfer to the star in the accretion phase is higher than the total negative angular momentum transfer in the propeller phase during an outburst. Therefore, a net spin-up of the star happens.



On the other hand, if the  ν -value is relatively high,   r co   is low. Thus, the    r m  =  r co    condition occurs at a low   r m   value, and hence, for a relatively high   M ˙   value (see Figure 1b). This means the total positive angular momentum transfer to the star in the accretion phase is lower than the total negative angular momentum transfer in the propeller phase during an outburst. Therefore, a net spin-down of the star happens.



Thus, the neutron star spins up when the  ν -value is low and spins down when this value is high. Thus, a self-regulated mechanism works even for transient accretion and the star approaches a spin equilibrium (see Figure 1c). The condition for this equilibrium is that the total angular momentum transferred to the neutron star is zero during an outburst cycle. Considering no angular momentum is transferred in the quiescent phase, and accretion torque (e.g.,   N acc  ) and propeller torque (e.g.,   N prop  ) are the only torques applied on the star, the equilibrium condition implies that the total positive angular momentum transfer to the star in the accretion phase balances the total negative angular momentum transfer in the propeller phase during an outburst.



Note that during such an equilibrium, the  ν -value decreases and increases during an outburst. However, the magnitude of this  ν -change is very small during days to weeks of an outburst because the spin-up timescale is typically about a billion years for a neutron star in an LMXB. As a result, one can ignore such  ν -value fluctuations during an outburst for the long-term spin evolution. Nevertheless, we call the spin frequency corresponding to the spin equilibrium for transient accretion the effective equilibrium spin frequency (  ν  eq , eff   ). This is the maximum frequency for a transiently accreting neutron star.




3.2. Effective Equilibrium Spin Frequency: A Simple Formula


A primary aim of this short review is to discuss simple formulae for equilibrium spin frequency due to disk–magnetosphere interaction during transient accretion. The formula (Equation (3)) for persistent accretion (   M ˙  =   constant) has been popularly used for decades. However, this persistent accretion formula is not applicable to most sources because most neutron star LMXBs accrete transiently.



Since our aim is to find simple analytical formulae, we ignore the second terms of the torque formulae (Equations (4) and (5)), and assume   η = 1  . Numerical computations have shown that this does not introduce an error more than ∼10% [20]. From this and Equation (1), we can write the torque on the neutron star:


  N =   d J   d t   = ± C   M ˙   6 / 7   ,  



(8)




where J is the stellar angular momentum, C is a constant independent of   M ˙  , and positive and negative signs are for the accretion phase and propeller phase, respectively.



Now, let us assume triangular outburst profiles with the same peak accretion rate (   M ˙  peak  ) for all outbursts (see Figure 1c). Following the spin equilibrium condition mentioned in Section 3.1, we equate the total angular momentum transfer to the star during an outburst to zero [20]:


  +   [  C 1  ∫   M ˙   6 / 7   d  M ˙  ]  acc  −   [  C 1  ∫   M ˙   6 / 7   d  M ˙  ]  prop  = 0 ,  



(9)




where    C 1  = C /  ( d  M ˙  / d t )    is independent of   M ˙   for linear outburst rise and decay. For the accretion phase, one needs to integrate from    M ˙  eff   to    M ˙  peak  , where    M ˙  eff   is the accretion rate that separates the accretion regime from the propeller regime, and thus corresponds to    r m  =  r co   , at the spin equilibrium for transient accretion (see Figure 1c). Similarly, for the propeller phase, one needs to integrate from 0 to    M ˙  eff  , assuming the quiescent phase    M ˙  = 0  . Thus, one can write:


    M ˙   peak   13 / 7   −   M ˙   eff   13 / 7   =   M ˙   eff   13 / 7   .  



(10)







Here, the L.H.S. gives the positive angular momentum transfer in the accretion phase, while the R.H.S. gives the negative angular momentum transfer in the propeller phase. This gives ([20,34]; see also Figure 1c):


     M ˙  eff    M ˙  peak   =  2  − 7 / 13   ≈ 0.69 .  



(11)







Since    M ˙  peak   could be inferred from the observed burst peak intensity, one could estimate    M ˙  eff   from Equation (11).



The effective equilibrium spin frequency (  ν  eq , eff   ) is the  ν  at spin equilibrium for transient accretion (Section 3.1). This  ν -value corresponds to a   r co   value (Equation (2)), which equals the   r m   value corresponding to    M ˙  eff   (Figure 1c). Thus, using Equation (3), one obtains    ν  eq , eff   ∝   M ˙   eff   3 / 7    . For the same values of other source parameters ( ξ ,  μ , M), if   ν  eq , peak    is the equilibrium spin frequency corresponding to    M ˙  peak  , then from Equation (3), one obtains    ν  eq , peak   ∝   M ˙   peak   3 / 7    . Therefore [20,34],


    ν  eq , eff    ν  eq , peak    =      M ˙  eff    M ˙  peak     3 / 7   =  2  − 3 / 13   ≈ 0.85 .  



(12)







Thus, the equilibrium spin frequency for transient accretion for linear outburst rise and decay could be expressed by the following simple formula [36]:


   ν  eq , eff   = j  ν  eq , peak   =  j   2  11 / 14   π  ξ  3 / 2          G 5   M 5    M ˙   peak  3    μ 6     1 / 7   ,  



(13)




where   j ≈ 0.85  .



Suppose we consider a more general formula of torques in accretion and propeller regimes, viz.,


  N =   d J   d t   = ± C   M ˙  n  ,  



(14)




which is similar to Equation (8) but   6 / 7   in the power of   M ˙   is replaced with n [20]. In this case,


     M ˙  eff    M ˙  peak   =  2  − 1 / ( n + 1 )   ,  



(15)




and   j =  2  − 3 / [ 7 ( n + 1 ) ]    .



How significant is the effect of transient accretion on the equilibrium spin frequency? This can be seen from the ratio    ν  eq , eff   /  ν  eq , per    , if all source parameter values ( ξ ,  μ , M,    M ˙  av  ) are the same for both transient and persistent accretion. Note that one can obtain the equilibrium spin frequency   ν  eq , per    for persistent accretion from Equation (3) assuming    M ˙  =   M ˙  av   . Thus, one can write [20,36]


    ν  eq , eff    ν  eq , per    = j      M ˙  peak    M ˙  av     3 / 7   .  



(16)







A typical range of     M ˙  peak  /   M ˙  av    is 10–100 [42], which implies    ν  eq , eff   /  ν  eq , per   ∼   2–6 using Equation (12). These values have been confirmed by numerical computation. This result shows that transient accretion can spin up neutron stars to frequencies much higher than those by persistent accretion, which is crucial for the spin evolution and equilibrium of MSPs [20].




3.3. A Way to Find If a Transiently Accreting MSP Has Reached Spin Equilibrium


Most AMSPs and NMSPs accrete transiently and have a wide range of  ν -values. Some of these MSPs may have reached the spin equilibrium, while others have not. Moreover, the  ν -values of some of them could have resulted from the disk–magnetosphere interaction alone, while other torques (e.g.,   N GW  ) might have played a significant role for some other MSPs. Thus, to understand the spin evolution and distribution of accreting MSPs, it can be very useful to know if a given transiently accreting MSP has reached the spin equilibrium by disk–magnetosphere interaction alone, and if not, what this equilibrium spin frequency could be. A recent work suggested the following method to achieve this [34].



Let us consider a transiently accreting MSP. Suppose    M ˙  tran   is the accretion rate that corresponds to    r m  =  r co    and thus separates the accretion phase from the propeller phase during an outburst (Figure 1a–c). Note that the    M ˙  tran   value could be inferred from specific evolutions of the outburst light curve and spectrum, e.g., [43,44]. Moreover,    M ˙  peak   could be estimated from the observed outburst peak intensity. If one finds that     M ˙  tran  /   M ˙  peak    is consistent with 0.69 for linear outburst rise and decay, then the source is likely to be found in the spin equilibrium by disk–magnetosphere interaction (see Equation (11); Figure 1c). However, if     M ˙  tran  /   M ˙  peak    is significantly less than 0.69, one may conclude that the MSP has not yet reached the spin equilibrium (e.g., Figure 1a).



How can one estimate the   ν  eq , eff    value of this MSP despite it currently being   ν <  ν  eq , eff    ?



Note that the   r co   value corresponding to current  ν  equals the   r m   value corresponding to    M ˙  tran  . Therefore, using Equation (3),   ν ∝   M ˙   tran   3 / 7    . This and Equation (11) give


   ν  eq , eff   ≈ ν   0.69     M ˙  peak    M ˙  tran      3 / 7   ,  



(17)




which is for linear outburst rise and decay, and could be estimated from the known pulsar spin frequency and inferred accretion rates. If the estimated   ν  eq , eff    value is very high, e.g., above the observed range, or even above the breakup frequency, then that could suggest the presence of an additional spin-down torque, such as the one due to gravitational wave emission. The above-mentioned method has been successfully applied to the source Aql X-1 [34].




3.4. Effective Equilibrium Spin Frequency for Various Outburst Profiles


We have so far considered only triangular outburst profiles. A realistic profile could be more complex, e.g., [38]. For example, while the rise might be near-linear, there could be a somewhat flat top portion and then a relatively slow decay part that is typically close to exponential. Moreover, there could be significant fluctuations, and even multiple peaks and dips. Nevertheless, while the   ν  eq , eff    value depends on the exact nature of the outburst profile, our conclusions do not change for a complex profile.



To begin with, the spin equilibrium condition would remain the same. Therefore, whatever the profile’s shape, one may find an accretion rate (   M ˙  eff  ) above which (accretion phase) the positive angular momentum transfer to the neutron star and below which (propeller phase) the negative angular momentum transfer to the star balance each other. The     M ˙  eff  /   M ˙  peak    value depends on the outburst shape, but typically,    ν  eq , eff   /  ν  eq , per     remains significantly greater than 1.



As an example, let us consider the exponential decay of an outburst (   M ˙  ∝ exp  [ − t / T ]   , T: constant [20]). For such a profile (compare with Equations (11) and (12)),


     M ˙  eff    M ˙  peak   =  2  − 7 / 6   ≈ 0.45 ,  



(18)




and


    ν  eq , eff    ν  eq , peak    =      M ˙  eff    M ˙  peak     3 / 7   =  2  − 1 / 2   ≈ 0.71 .  



(19)







Therefore, for a commonly seen linear rise and exponential decay profile, j (see Equation (13)) should be between ≈0.71 and ≈0.85 [20].



Why is j smaller for an exponential decay than for a linear decay? This is because, for the former,   M ˙   is lower for a larger fraction of the outburst period. Similarly, for a profile with a longer flat top, the source spends a larger fraction of the outburst period with a higher   M ˙   value, and hence,     M ˙  eff  /   M ˙  peak    and j should be larger (see Figure 1d). For this figure, the spin equilibrium condition gives (compare with Equation (10)):


    M ˙   peak   13 / 7   −   M ˙   eff   13 / 7   +  C 2  Δ t =   M ˙   eff   13 / 7   ,  



(20)




where   C 2   is a constant and a function of    M ˙  peak  , and   Δ t   is the duration of the flat top (see Figure 1d). This implies a larger     M ˙  eff  /   M ˙  peak    value compared with that from Equation (11), as expected.





4. Final Remarks


In this short review, we discussed the spin equilibrium condition and formulae of the equilibrium spin frequency for transiently accreting MSPs. Note that these should also be applicable to all magnetic stars accreting via a thin, Keplerian accretion disk. We explained that transiently accreting neutron stars can attain much higher spin rates than those of persistently accreting stars. The time scale to reach the spin equilibrium depends on the    M ˙  av   value, but since    ν  eq , eff   >  ν  eq , per    , a transient source would take more time to reach the spin equilibrium than a persistent source for the same parameter values for both cases [20].



Here, we note that the disk–magnetosphere interaction could be more complex, e.g., [45,46,47], than what is assumed in this review. However, the spin equilibrium condition for a transiently accreting MSP requires zero angular momentum transfer to the MSP during an outburst cycle and    ν  eq , eff   >  ν  eq , per     depends on     M ˙  peak  >   M ˙  av   . Both these spin equilibrium conditions and     M ˙  peak  >   M ˙  av    would be valid for a different disk–magnetosphere interaction, and hence, the conclusions of this review should also be qualitatively valid for a more complex interaction.



We further elaborated on a way to find out if an MSP has already attained the spin equilibrium due to disk–magnetosphere interaction alone and mentioned a method to estimate this equilibrium spin frequency for those sources that have not yet reached spin equilibrium.



Here, we assumed the same peak accretion rate (   M ˙  peak  ) for all outbursts of a given MSP. In reality,    M ˙  peak   could have a wide range, and some outbursts may not even enter the accretion phase. However, even then an effective spin equilibrium could be established and an equilibrium spin frequency could be estimated, as shown in a recent paper [34].



Another important aspect not considered here is a slow evolution of the long-term average accretion rate    M ˙  av  , which depends on the binary evolution. Depending on the    M ˙  av   value relative to a critical average accretion rate    M ˙   av , crit   , the same MSP could accrete persistently in one phase and transiently in another phase [36]. Thus, the star should approach a lower equilibrium frequency   ν eq   (Equation (3)) in the former phase, and a much higher equilibrium frequency   ν  eq , eff    (Equation (13)) in the latter phase. This shows that the spin evolution of MSPs could be complex and the traditional computation of  ν -evolution without transient accretion may not be adequate in most cases [36].
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Figure 1. Schematic illustrations of outburst and quiescent periods of a neutron star LMXB [20,34,36]. The evolution of the accretion rate, normalized by the peak accretion rate, through accretion, propeller and quiescent phases is shown. Here, triangular outburst profiles (linear rise and decay) are displayed in panels (a–c) and profiles with flat top