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Abstract: Tapered roller bearings (TRBs) are widely used in heavy-load rotating machinery. One of
the technical problems in TRBs is the existence of sharp spikes of the contact pressure in the vicinity
of the two ends of the tapered rollers. To suppress the pressure spikes at the roller ends, a straight
roller profile is crowned in cylindrical and tapered roller bearings. However, compared to cylindrical
roller bearings, there are few studies on the profile modification of TRBs in the literature, and most of
the publications on the EHD analysis of tapered rollers focused on a single roller, using traditional
profiles such as logarithmic profiles, dub-off profiles and chamfer profiles. By using the numerical
running-in method proposed and used in crowning profiles of cylindrical rollers by the authors, this
paper provides the first ever asymmetric optimized profile solution for all TRBs rather than for just
a single roller. The results show that the optimized profile has the best performance in smoothing
contact pressure distribution in the axial direction compared with the conventional logarithmic profile
and is a useful profile form with respect to the elimination of sharp pressure spikes. In addition,
considering the effect of temperature and mixed lubrication, this paper analyzes the influences of
different axial profiles under radial load (Fr), rotation speed (N) and standard deviation of roughness
(Rq) conditions.

Keywords: tapered roller bearing; profile modification; running-in method; mixed lubrication

1. Introduction

Among many types of rolling element bearings, tapered roller bearings (TRB) are
advantageous to operate under combined heavy radial and thrust loadings, and hence are
widely used in rotating machinery, such as helicopter gearboxes, high-speed railway train
axle boxes, wind turbines’ main shafts and so on.

Over the decades, the numerical modeling of rolling element bearings has attracted
significant attention [1–3]. Compared with other types of rolling element bearings, analyses
of the kinematic and friction behavior of TRBs are more difficult due to their complex
geometric structure. Therefore, in the literature, there are relatively few reports on TRB
dynamics and elastohydrodynamic lubrication (EHL). Rahnejat and Gohar [4] reported
the influence of misalignment to the radial contact pressure distributions on tapered
rollers. They suggested careful axial profiling is important. Cretu et al. [5,6] developed a
comprehensive dynamic model to analyze TRBs with six degrees of freedom. In addition to
complex loads, the quasi-dynamic model considered centrifugal forces and roller gyroscopic
moments. To obtain the film thickness and pressure distributions between tapered rollers
and raceways, Yamashita et al. [7] presented an approximate fluid film lubrication model,
which combined a quasi-static model and a raceway EHL model. In recent years, Zheng
et al. [8] used a quasi-static model to investigate the influences of angular misalignment
and frictional force on contact pressure distributions of the main shaft bearing installed
in a modern wind turbine. Zhang et al. [9] explored the effects of roller skewing on the
frictional torque of a dry-lubricated tapered roller bearing. Nguyen-Schaefer [10] presented
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a computational model consisting of many circular slices per rolling element of rollers in
the TRB and applied the Levenberg–Marquardt’s algorithm to solve the strongly nonlinear
coupled equation systems. However, all of the studies mentioned above were carried out
without considering the mixed lubrication of rollers in the TRB.

Considering the increasingly harsh working conditions of tapered roller bearings,
investigating the mixed lubrication of finite line contacts has become more and more
significant in recent years. The foundation of the line contact EHL theory has been paved
by Petrusevich [11], Dowson and Higginson [12] and many others, including Gohar and
Cameron [13] and Wymer and Cameron [14]. Bahadoran and Gohar [15] investigated the
effects of different geometries of rollers on the EHL characteristics through experimental
measurements, and they found that the film thickness is contractive near the roller ends.
Kushwaha et al. [16,17] provided the EHL solutions of aligned and misaligned finite line
contact. Then, they discussed the effect of transient conditions. Liu and Yang [18] developed
the thermal EHL of finite line contacts under heavy loads. Based on the thermal EHL model,
Yang and Yang [19] studied the lubrication performances of two tapered rollers located in
the opposite orientations. Zhu et al. [20] presented a mixed EHL investigation considering
realistic geometries (crowning, end corners and chamfers) and surface roughness effects
on the behavior of finite line contact. Patir and Cheng [21,22] proposed the well-known
average flow model to modify the Reynolds equation, which can consider the effect of
surface roughness on lubrication performance. Then, Kogut and Etsion [23–25] presented
the elastic–plastic model (KE model), which can calculate the asperity contact pressure in a
statistic manner. Associated with this research into finite line contact and mixed lubrication,
the modification of roller profiles has been studied and improved to reduce the end effect
of stress concentration.

The famous logarithmic function to modify axial profile was introduced by Lund-
berg [26] in 1939. It can achieve the uniform pressure distribution of finite line contacts
on the assumption of dry, static and elastic contact. Then, Johns and Gohar [27] improved
Lundberg’s function, and Fujiwara [28,29] put forward an optimized logarithmic profile.
Cui and He [30] found a new logarithmic profile model of cylindrical roller bearings, which
can avoid edge effects and increase the fatigue life of cylindrical roller bearings. Except
for the logarithmic profile, the effects of other different types of profiles have also been
investigated. Poplawski et al. [31] analyzed and compared four common roller profiles
(flat roller profile, tapered crown roller profile, aerospace crown profile, and full crown
roller profile) used in cylindrical roller bearing design and manufacturing. Najjari and
Guilbault [32] studied the influence of seven common roller profile forms using the thermal
EHL model. Recently, Zhang et al. [33] applied a numerical running-in method to modify
the cylindrical roller profile, which enabled them to find an optimum profile leading to
uniformly distributed asperity contact pressure in the roller axial direction without the
need for any prior profile specifications.

It is worth noting that compared to cylindrical rollers, only a few studies considering
the profile modification of tapered rollers [34,35] have been carried out, and these studies
were only for single-roller contact, not for all tapered roller bearings. The present study
attempts to employ the quasi-static model, the mixed lubrication model and the thermal
effect equation to analyze the influences of different axial profiles on all tapered roller
bearings. Based on the numerical running-in method recently proposed by Zhang et al. [33],
a new asymmetric optimized profile of the tapered roller is found, which appears to be a
useful profile form in respect to the elimination of the sharp contact pressure spikes near
the ends of tapered rollers.

2. Mathematic Models

A quasi-static model and a mixed lubrication model are built for analyzing the mixed
lubrication of a tapered roller bearing. The former is to find the load distribution inside
a tapered roller bearing under given radial and axial bearing loads, while the latter is
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to analyze the mixed EHL of an individual tapered roller on a raceway. Moreover, the
numerical running-in method for optimizing roller profiles is described in detail as well.

2.1. Quasi-Static Model of a Tapered Roller Bearing

Figure 1a shows the degrees of freedom (DOF) of a tapered roller bearing (TRB). The
outer race (OR) is fixed in space with a center of OB. The inner race (IR) has three DOFs;
one of them is due to the bending moment Mb. Each rolling element (RE) has three DOFs
as well. Thus, there are 3 + 3Z DOFs for computing the internal load distribution of the
whole bearing, where Z is the number of rollers.
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Figure 1. Description of the tapered roller bearing: (a) the degrees of freedom (DOF); and (b) the
geometry features and the normal loads on a single element.

The geometry features and the normal loads on a single element are depicted in
Figure 1b. Each roller is divided into ns circular slices with the same thickness along the
length LRe. The resultant force Qji between the IR and the roller is the sum of normal loads
acting on each slice.

Qji(j) =
ns

∑
k=1

Qki(k, j) =
CL
ns

ns

∑
k=1

ıδki
10/9

fk(k) (1)

in which CL is the contact stiffness coefficient for two-side deformation of the roller on
the IR and OR,ıδki is the modified deformation on slice k of the IR of the roller #j and fk is
Reusner’s correction factor of the load on slice k of the roller #j.

Similarly, the resultant force Qjo between the OR and the roller can be written as

Qjo(j) =
ns

∑
k=1

Qko(k, j) =
CL
ns

ns

∑
k=1

δ̂ko
10/9

fk(k) (2)

in which δ̂ko is the modified deformation on slice k of the OR of the roller #j.
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In the y-direction, the radial load Fr acting on the bearing equals to sum of the forces
Qjo acting on the OR and all rollers. Therefore, the nonlinear force balance equation relating
to the unknown DOFs of δr,IR is expressed as

Fr −
CL
ns

Z

∑
j=1

ns

∑
k=1

δ̂ko
10/9

fk(k) cos αo cos ϕj = 0 (3)

where αo is the outer race contact angle, and ϕj is the position angle of the roller #j.
Meanwhile, the axial load Fa acting on the bearing equals the sum of the forces Qji

acting on the IR and all rollers in the x-direction. As a result, the nonlinear force balance
equation relating to unknown DOFs δa,IR is given by

Fa −
CL
ns

Z

∑
j=1

ns

∑
k=1

δ̂ko
10/9

fk(k) sin αo = 0 (4)

Each roller has a different bending moment Mbj. However, the sum of all moments
Mbj equals the given bending moment Mb acting on the bearing in the direction z. Hence,
the nonlinear moment balance equation relating to unknown DOFs θb, which is a function
of bending deformation δkM, yields to

Mb −
CL
′

ns

Z

∑
j=1

ns

∑
k=1

lkM δ̃kM
10/9

fk(k) cos ϕj = 0 (5)

where CL
′ is the contact stiffness coefficient for one-side deformation at the rib contact

regime, lkM is the moment arm, and δ̃kM is the modified bending deformation on slice k.
Besides the above nonlinear equations relating to the three DOFs of IR, each roller also

has three DOFs, δyj, δxj and ψj, in the x, y, and z directions, respectively. Using the force
balance equations of all rollers, two sets of Z nonlinear equations in the directions of x and
y can be written as

−Qji cos αi + Qjo cos αo + Q f sin α∗m − Fc = 0 (6)

−Qji sin αi + Qjo sin αo −Q f cos α∗m = 0 (7)

where αi is the inner race contact angle, α∗m is the rib contact angle and Fc is the centrifu-
gal force.

Similarly, when the moments of all rollers are balanced in the direction z, the set of Z
nonlinear equations for the DOF ψj are written as

(−
<ns,12

∑
k=1

lkLQko +
ns
∑

k≥ns,12

lkRQko) cos ϕj + (
<ns,12

∑
k=1

lkLQki −
ns
∑

k≥ns,12

lkRQki) cos ϕj−

Fclc cos ϕj + Q f hQ f cos ϕj + Mbj(j) = 0
(8)

in which lkL and lkR are the moment arms OReP shown in Figure 1b, ns,12 equals (ns + 1)/2,
and lc and hQf are the moment arm of the centrifugal force Fc and the rib force Qf, respectively.

To sum up, a nonlinear equation system is derived by the 3 + 3Z equations written in
Equations (3)–(8). The system describes a computational model that enables the calculation
of the internal load distribution for a tapered roller bearing under given radial, axial and
moment loads. The Levenberg and Marquardt method based on the Least Squares Method
(LSM) was applied to solve the nonlinear equation system. More details of Equations (1)–(8)
and the Levenberg and Marquardt method can be found in Reference [10].

2.2. Mixed Lubrication Model of Finite Line Contacts

After solving the normal forces acting on each roller in a TRB, a mixed lubrication
model is needed to calculate the pressure, lubricant film thickness and temperature distri-
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butions within any roller/raceway contacts. Additionally, in the present study, TEHLs of
finite line contacts are assumed under quasi-static and aligned conditions.

Taking a representative contact between a tapered roller and the IR for example, the
governing equations for the mixed lubrication analysis are given as follows:

2.2.1. Velocity Relationship

Due to the contact angles of the TRB, the surface velocities in the contact area vary
along the contact line. As shown in Figure 1b, the entrainment velocities of the roller–inner
raceway can be expressed as

→
uei =

1
2

î
ωr
→
r + (ωi −ωc)

→
ri
ó

(9)

where
→
r and

→
ri are the radii of the roller and the inner race, ωr is the angular velocity of

the roller around its axis, ωi is the angular velocity of the inner race, and ωc is the angular
velocity of the roller rotating with respect to the OBx axis. Assuming the outer race control
and the slide–roll ratio s, ωc and ωr are expressed as®

ωc =
1
2

2−s
2rm+sr ωiri

ωr =
ro
r ωc =

1
2

2−s
2rm+sr

rori
r ωi

(10)

where r equals Dm/2, ri, rm and ro are shown in Figure 1b, and s is the slide–roll ratio
between the roller and the IR.

2.2.2. Reynolds Equation

Based on the work of Patir and Cheng [21,22], the average flow Reynolds equation for
rough surfaces is given as

∂

∂x
(Φx

ρh3

12η

∂ph
∂x

) +
∂

∂y
(Φy

ρh3

12η

∂ph
∂y

) = uei
∂(ρh)

∂x
+ ueisRq

∂Φs

∂x
(11)

in which Φx and Φy are the flow factors in the x-direction and y-direction, ρ and η are the
density and the viscosity of the lubricant, respectively, h is the nominal film thickness, ph
is the hydrodynamic pressure, Rq is the composite standard deviation of roughness and
Φs is the shear flow factor. In solving Equation (11), the pressure boundary conditions are
written as

ph(xin, y) = ph(xout, y) = ph(x, yin) = ph(x, yout) = 0,
∂ph(xout, y)

∂x
= 0

2.2.3. Film Thickness Equation

For a finite line contact problem, the local lubricant film thickness h can be expressed as

h(x, y) = h0 + g(x, y) + v(x, y) (12)

where h0 represents the approach between the two bodies, and g(x, y) is due to the original
geometry profile that can be calculated by

g(x, y) = Rx(y)−
»

δ(y)− x2 (13)

in which Rx(y) is the equivalent radius along the contact line and δ(y) is the crown drop
relating to the roller profile.



Lubricants 2023, 11, 97 6 of 20

v(x, y) is the sum of elastic deformations of contacting surfaces due to pressure, calcu-
lated by the well-known Boussinesq integration:

v(x, y) =
2

πE′
x

Ω

pt(x′, y′)»
(x− x′)2 + (y− y′)2

dx′dy′ (14)

where pt is the sum of the hydrodynamic pressure ph and the asperity contact pressure pa.
However, Boussinesq integration is under half-space assumption, which leads to incor-

rect pressure increases near free edges. A correction factor, ψ, proposed by Guilbault [36],
was applied to correct the shear and normal stress influence on displacements through the
mirroring process and can be approximated by the following formulation:

ψ = 1.29− 1
1− ν

(0.08− 0.5ν) (15)

in which ν is the Poisson’s ratio.

2.2.4. Viscosity and Density Relationships

There are two types of lubricant in TRBs, either lubricating oils or greases. Grease
consists of thickener and base oil, and its main advantages are ease in application and
natural sealing ability. However, it is still difficult to model its rheological behavior under
high shear rate, high pressure and non-constant temperature conditions precisely due to
the complicated dynamics of its soap network in EHL contacts. Based on the experimental
findings by Cen [37], the grease film thickness at EHL contacts can be calculated by using
the base oil viscosity at higher entrainment velocities. Hence, the present study only
considers base oil lubrication for the sake of simplicity.

In Equation (11), the oil lubrication viscosity is considered as a function of pressure and
temperature, and one of the commonly used viscosity equations is the Roelands law [38]:

η(ph, T) = η0 exp
ß

(ln η0 + 9.67)
ï
−1 + (1 + 5.1× 10−9 ph)

Z
(

T − 138
T0 − 138

)−S0
ò™

(16)

The density is also assumed to be dependent on pressure and temperature, usually
expressed as [39,40]

ρ(ph, T) = ρ0

ï
1 +

Aph
1 + Bph

+ D(T − T0)
ò

(17)

in which A, B and D are pressure–density coefficients. The parameters common to all results
in this paper are: A = 0.6× 10−9 Pa−1, B = 1.7× 10−9 Pa−1 and D = −0.00065 K−1.

In addition, oil lubrication usually behaves as a non-Newtonian fluid under high
pressure and high shear rate. Hence, shear thinning should be considered in the TEHL
calculation. Among several models of the shear thinning fluid behavior, the B-W model
proposed by Bair and Winer [41] was used, written as

.
γ = − τlim

η(ph, T)
ln(1− τ

τlim
) (18)

where
.
γ is the shear rate, τ is the shear stress and τlim is the limiting shear stress, which

can be illustrated as [42]

τlim = (τ10 + γl ph)exp(βl(
1
T
− 1

T0
)) (19)

in which τ10 is the initial limiting shear stress, γl is the pressure coefficient corresponding
to maximum friction coefficient and βl is the temperature coefficient.
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2.2.5. Asperity Contact Model

To calculate the asperity contact pressure under mixed lubrication, the stochastic rough
surface contact model proposed by Kogut and Etsion (KE model) was used [23–25]. This
model accounts for the elastic, first elastic–plastic, second elastic–plastic, and fully plastic
deformation of asperities, and it can be written as

pa =
2
3 πβsKω∗c Hd(

∫ d∗+ω∗c
d∗ I1.5+1.03

∫ d∗+6ω∗c
d∗+ω∗c

I1.425+1.4
∫ d∗+110ω∗c

d∗+6ω∗c
I1.263+ 3

K
∫ ∞

d∗+110ω∗c
I1) Ib = ( z∗−d∗

ω∗c
)
b
Φ∗(z∗)dz∗, K = 0.454 + 0.41ν

ω∗c = ωc
σ0

= Ras
σ0

( πKHd
E′ )

2
, d∗ = h− 1√

48πβs

(20)

where βs is the surface roughness parameter, which usually equals 0.05 [43], the hardness
coefficient K is related to Poisson’s ratio of the softer material (see CEB friction model [44]),
ω∗c is the critical interference value of the elastic and the elastoplastic deformation regime,
Ras is the mean radius of asperity, Hd is the hardness of the softer material, z∗ is the asperity
height, Φ∗(z∗) is the asperity heights probability density function which is assumed to be
Gaussian and d∗ is the asperity separation. All the dimensionless values are normalized by
the standard deviation of roughness σ0 and denoted by *.

2.2.6. Thermal Effect

The calculation of 3D temperature distribution follows the energy equation within a
mixed lubrication contact, which is given by

cρ(u
∂T
∂x

+ v
∂T
∂y
− w

∂T
∂z

) = k
∂2T
∂z2 −

T
ρ

∂ρ

∂T
(u

∂ρ

∂x
+ v

∂ρ

∂y
) + η

ñÅ
∂u
∂z

ã2
+

Å
∂v
∂z

ã2ô
+ τa

√Å
∂u
∂z

ã2
+

Å
∂v
∂z

ã2
(21)

where c and k are the specific heat and conductivity of the lubricant, respectively, the
shear stress of the asperity contact τa equals µa pa and µa is the friction coefficient of the
asperity contact.

The boundary conditions for surface temperature are written as
T(x, y, 0) = k1√

πρ1c1k1u1

∫ x
−∞

∂T
∂z

∣∣∣
x,y,0

ds√
x−s + T0

T(x, y, h) = k1√
πρ2c2k2u2

∫ x
−∞

∂T
∂z

∣∣∣
x,y,h

ds√
x−s + T0

(22)

2.2.7. Load Balance

In mixed lubrication, an external normal load acting on the roller/IR contact is bal-
anced by the hydrodynamic pressure and asperity contact pressure together as follows:

Qji =
x

Ω

phdxdy +
x

Ω

padxdy (23)

where Qji is the external normal load, and Ω means the contact region.

2.3. Numerical Running-In Method

Running-in is a traditional and conventional technique widely used in industry for the
improvement of the conformity of sliding and rolling contacts of machine components at the
microscale under appropriate mild conditions in the initial operation phase. After a proper
running-in process, the surface topographical, physical and chemical structures, including
profiles, surface roughness, compositions and microstructures, transform from their initial
as-finished forms due to wear, tribochemical reactions and phase transformations occurred
during running-in too in some conditions. Differing from conventional running-in, which
is carried out in a real machine system in the operation stage, numerical running-in aims to
achieve a similar effect on modifications of surface profile as that of a physical running-
in by the means of computer simulations in the design stage of machine elements. The
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approach was proposed by authors and first applied to the modification of cylindrical roller
profile [33]. In the present paper, the numerical running-in method is used in tapered roller
bearings to seek the optimal design of a tapered roller profile.

As presented in Reference [33], the wear depth in each step of iterations can be
determined with the aid of Archard’s wear law as follows:

∆wd(x, y) = Kw
pa(x, y)∆S

Hd
(24)

where ∆wd is the wear depth increment, Kw is the wear coefficient, ∆S is the sliding distance
increment and Hd is the material hardness.

When Kw, ∆S and Hd are constants, the wear depth increment is proportional to the
asperity contact pressure. The optimized crown drop at position y is updated step-by-
step, as shown below, until the calculated asperity contact pressure pa(0, y) meets a set
convergence condition.

δ′′(y) = δ′(y) + ∆wd(0, y) (25)

in which δ′(y) is the crown drop at position y in the previous step and δ′′(y) is the up-
dated one.

The flowchart of the optimization process for the crowning profile is shown in Figure 2.
At first, the internal load distribution in a TRB is calculated by using the quasi-static model
described in Section 2.1 above. Then, the roller bearing the maximum load is focused
on, and its pressure, lubricant film thickness and temperature distributions are analyzed
with the mixed lubrication model in Section 2.2. The third step is to check the ratio of the
maximum asperity contact pressure, max(pa(0, y)), to the mean asperity contact pressure,
mean(pa(0, y)). If the ratio is greater than 1.01, Equations (24) and (25) are used to update
the crown drop at that point. Meanwhile, the minimum contact pressure, min(pa(0, y)), is
also compared with the mean asperity contact pressure, mean(pa(0, y)), and if it is less than
the mean value, a negative crown drop is applied. Finally, a profile with uniform asperity
contact pressure can be obtained, which is the optimal crowning profile.
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3. Numerical Model Validation

In Reference [34], Yang calculated the distributions of the EHL pressure and lubricant
film thickness for three tapered rollers with different profiles rolling on an infinite plane
based on the following dimensionless input parameters: W = 3 × 10−5, U = 2 × 10−11.

To validate the mixed lubrication model used in the study, numerical EHL simulations
were performed with the same values of input parameters (shown in Table 1) as those in
Reference [30]. As shown in Figure 3, the simulation results of the present study (denoted
as current results in the figure) and Yang’s results are generally in good agreement, except
that the calculated lubricant film thickness is slightly smaller. The discrepancy is attributed
to the thermal effect described in the present study (the main thermal parameters are listed
in Table 2), while the EHL analysis in Reference [30] was isothermal. We can see that both
pressure and film thickness distributions are asymmetric, owing to the difference in size
between the bigger and smaller ends of the tapered rollers, and that the crown and dub-off
profiles give rise to more uniform distributions of lubricant film thickness and pressure
near the ends than the chamfer profile.

Table 1. Input parameters for the analyzed cases [34].

Parameter Value Parameter Value

Half length of rollers, l, mm 20 Effective elastic modulus, E′, GPa 228
Radius of rollers on the section y = 0, r, m 0.02 Material parameter, G, dimensionless 5000
Deflective angles of tapered rollers, β, (◦) 10 Nominal maximum Hertzian pressure, PH , GPa 0.5
Ambient viscosity of lubricant, η0, Ns/m2 0.08 Angular velocities of rollers, ωa, rad/s 9.86
Ambient density of lubricant, ρ0, kg/m3 870 Angular velocities of plane, ωb, rad/s 56.4
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Table 2. Parameters of the thermal effect of current model.

Parameter Value

Ambient temperature, T0, K 313
Specific heat of lubricant, c, J/kg K 1880
Specific heat of solids, c1 and c2, J/kg K 460
Thermal conductivity of lubricant, k, W/m K 0.145
Thermal conductivity of solids, k1 and k2, W/m K 46
Density of the solids, ρa and ρb, kg/m3 7850
Thermos-viscosity index, β, K−1 0.0585

4. Results and Discussion
4.1. Calculation Parameters of the Axial Box TRBs

TRBs are generally used in the axial boxes of trains on high-speed railways. Typical
operation conditions of axial-box TRBs are listed in Table 3. The thermal parameters are the
same as in Table 2, and the bearing rotation speeds corresponding to the steady running
speeds of the high-speed railway are shown in Table 4.

Table 3. Main parameters of the TRB used in high-speed railway.

Parameter Value Parameter Value

Constant axial load, Fa, KN 15 Length of rollers, LRe, mm 50
Varying radial load, Fr, KN 10–50 Radius of rollers on the section y = 0, r, mm 13
Bearing rotation speed, N, 103 rpm 1–3 Mean pitch radius of bearing, rm, mm 92.5
Bending moment, Mb, Nm 50 Outer race contact angle, αo, (◦) 12
Number of bearing rollers, Z 17 Inner race contact angle, αi, (◦) 9
Bearing diametric clearance, Pd, µm 30 Ambient temperature, T0, K 353
Effective elastic modulus, E′, GPa 226 Ambient viscosity of lubricant, η0, Ns/m2 0.014
Poisson’s υ ratio, 0.3 Composite standard deviation of roughness, Rq, µm 0.5
Slide–roll ratio, s 0.05 Hardness of the softer material, Hd, GPa 4.04
Material parameter, G, dimensionless 4241 Mean radius of asperity, Ras, µm 10

Table 4. The relationship between the bearing rotation speed and the high-speed railway speed.

The Bearing Rotation Speed The High-Speed Railway Speed

1000 rpm 152 km/h
1500 rpm 228 km/h
2000 rpm 304 km/h
2500 rpm 380 km/h
3000 rpm 456 km/h

4.2. Internal Load Distributions

Figure 4 shows the calculated results of contact loads acting on each roller (half of
rollers numbered as No.1 to No.9 are displayed for the sake of symmetry) under different
radial loads and bearing rotation speeds. As the radial load increases, the rollers at the
bottom bear higher loads no matter whether they contact with the inner or outer race. In
contrast, the rollers at the top bear lighter loads. A minor difference in contact load between
the inner and the outer raceways is caused by the centrifugal force Fc. As the bearing
rotation speed increases, no significant change happens in internal load distributions, but
huge differences in the TEHL results appear as well as the roller profile modifications,
which are discussed later.
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4.3. Effect of Different Axial Roller Profiles

In this section, the simulation results of the mixed lubrication of roller No.1 on the
inner raceway—which is under the heaviest load among the all rollers—at typical working
conditions (Fa = 15 KN, Fr = 40 KN, N = 2000 rpm) are presented, and the effect of roller
profiles is demonstrated with three different forms: dub-off, logarithmic and running-in
optimized profiles.

Figure 5a shows the diagrams of different roller profiles. For the roller with a dub-off
profile, a rounding radius R is set as 30 mm and the rounding width Ld as 2.5 mm. The



Lubricants 2023, 11, 97 12 of 20

logarithmic profile is well-known for its uniformity of pressure distribution under static
line contact conditions. It was proposed by Lundberg [26] and improved by Johns and
Gohar [27], which can be expressed as a function

δ(y) =
Wr

πLE′
ln

1

1− (1− 0.6066b/L)(2y/L)2 (26)

where Wr is the load acting on the roller and the inner raceway, L is the contact length, and
b is the half width of the nominal Hertzian line contact.
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As shown in Figure 5b, there are no obvious differences between the three axial profiles
along the rolling direction (y = 0). The maximum total pressure is about 0.7 GPa and close to
the maximum Hertzian contact pressure. However, Figure 5c,d indicate that the differences
in contact pressure are huge along the axial direction (x = 0). For the dub-off profile, no
matter whether the pressure is hydrodynamic or asperity, it increases sharply at the edges.
The maximum total pressure is about 0.9 Gpa, which is larger than the maximum Hertzian
contact pressure. Though the hydrodynamic pressure does not rise sharply near the end
with the logarithmic profile, the asperity contact pressure still has an obvious spike, which
would result in severe local wear. Starting from the initial logarithmic profile, the axial
profile was modified step by step by using the numerical running-in method described in
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Section 2.3. The comparison is shown in Figure 6. Obviously, for the profile after running-in
(denoted as the optimized profile in the figure), the spikes of asperity contact pressure in
the vicinity of the roller ends are eliminated, resulting in a much more uniform asperity
contact pressure distribution in the axial direction.
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4.4. Influences on Bearing Performance

To reveal the effect of profiles on bearing performance, all rollers in a TRB are assumed
to be crowned in the same axial profile as roller No.1 with either dub-off, logarithmic
or running-in optimized profiles, and the mixed lubrication of all rollers in a TRB was
analyzed, respectively.

The asperity contact pressure distributions of each roller along the rolling direction
are presented in Figure 7a–c. Like roller No.1 discussed in Section 4.3, the asperity contact
pressure distributions of the other rollers have no obvious difference, although the profiles
change. It should be noted that from roller No.1 to No.9, the contact load decreases, and
hence, the contact half-width becomes smaller and asperity contact pressure becomes lower,
which means that the lubrication state of the rollers changes from mixed lubrication to
full-film lubrication.

Figure 7d–f display the distributions along the axial direction of the rollers. For the
bearing of rollers with the dub-off profile, only the rollers with light loads have no contact
pressure spikes near the ends, and the asperity contact pressures of the other rollers are
non-uniform. Compared with the dub-off profile, the logarithmic profile gives rise to
lower edge contact pressure, but most of the rollers still have non-uniform contact pressure.
Because of the deflective angles of tapered rollers, the entrainment velocities along the axial
direction are different, and the pressures near the smaller ends are slightly higher than
those at the larger end. In contrast to the profiles mentioned above, it is demonstrated that
the profile modified by the running-in method is beneficial to reducing the end effect of
stress concentration for all of the rollers, not just for roller No.1.

In addition, we also compared the maximum asperity contact pressures and standard
deviations of the contact pressure of all rollers among the three profiles. As shown in
Figure 8, it is clear that the optimized profile is advantageous in both aspects over the other
ones, especially in respect to the standard deviations, which means that the asperity contact
pressure distributions are smoother. However, the effect of the optimized profile for roller
Nos. 7 and 8 is worse than that of the logarithmic profile. The differences between the two
types of profiles are small and ignorable because the loads acting on the two rollers are
relatively light.
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4.5. Effects of Other Factors on Asperity Contact Pressure Distributions
4.5.1. Radial Load (Fr) Effect

The radial load has a critical influence on mixed lubrication and asperity contact
pressure distributions. Figure 9a indicates that the roller bearing under heavier loads needs
larger crown drops at the smaller ends. Figure 9b–d compare the pressure distributions
of the three profiles under different radial loads Fr = 10 KN, 30 KN, 50 KN. The contact
pressures near the ends become higher as the radial load increases. In all cases, the
optimized profile shows the best performance and effectively reduces the end effect.

Lubricants 2023, 11, x FOR PEER REVIEW 18 of 23 
 

 

 
Figure 9. The effect of the radial load (Fr) under N = 2000 rpm, 𝑅𝑞 = 0.5 μm: (a) The comparison of 
the profiles with different Fr; (b) contact pressures under 𝐹𝑟 = 10 KN; (c) contact pressures under 𝐹𝑟 = 30 KN; and (d) contact pressures under 𝐹𝑟 = 50 KN. 
4.5.2. Rotation Speed (N) Effect 

In addition to the radial load, the rotation speed is also an important factor in deter-
mining the lubrication state. As discussed in Section 4.2, the increase in rotation speed has 
little influence on load distribution but has a great effect on the modified profile and TEHL 
performance, as shown in Figure 10. We can see that the higher the speed is, the larger the 
crown drop and the lower the contact pressure. Obviously, the optimized profile is better 
than the other profiles in terms of asperity contact pressure uniformity. 

Figure 9. The effect of the radial load (Fr) under N = 2000 rpm, Rq = 0.5 µm: (a) The comparison of
the profiles with different Fr; (b) contact pressures under Fr = 10 KN; (c) contact pressures under
Fr = 30 KN; and (d) contact pressures under Fr = 50 KN.

4.5.2. Rotation Speed (N) Effect

In addition to the radial load, the rotation speed is also an important factor in deter-
mining the lubrication state. As discussed in Section 4.2, the increase in rotation speed has
little influence on load distribution but has a great effect on the modified profile and TEHL
performance, as shown in Figure 10. We can see that the higher the speed is, the larger the



Lubricants 2023, 11, 97 16 of 20

crown drop and the lower the contact pressure. Obviously, the optimized profile is better
than the other profiles in terms of asperity contact pressure uniformity.
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4.5.3. Standard Deviation of Roughness (Rq) Effect

The optimized profiles are related to standard deviations of roughness, as shown
in Figure 11a. When Rq equals 0.2 µm, non-uniform contact pressure only appears at
the ends of the roller. It can be also found that with a smaller Rq, a larger crown drop
is needed to achieve smoother pressure distributions. Moreover, due to the asymmetry
of the tapered roller, the smaller end needs a larger amount of modification than the
larger end. It is interesting to note that for the larger end (profile < 0), padding is needed
instead of trimming to achieve a smooth asperity contact pressure distribution, as shown
in Figure 11b–d.
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5. Conclusions

For the purposes of making the asperity contact pressure of tapered rollers uniform
and reducing the sharp spikes of the contact pressure in the vicinity of the roller ends, a
numerical running-in method is applied, and a new asymmetric optimized profile is found.

Compared with the traditional profiles, it is clear that the optimized profile has im-
mense advantages in terms of the asperity contact pressure uniformity and the elimination
of the end effect of stress concentration not only for a single tapered roller but also for all
tapered roller bearings. The numerical running-in method is proved to be suitable for vari-
ous working conditions, and the optimized roller profile always shows better performance
and effectively reduces the end effect. It is hoped that this method will be helpful in the
improvement of tapered roller bearing design in the bearing industry.
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Nomenclature

b half width, m u, u1, u2 rolling speed, m/s

c, c1, c2
specific heat of lubricant, upper
solid and lower solid, J/(kg·K)

→
uei

entrainment velocities of
roller–inner raceway, m/s

CL, CL
′ contact stiffness coefficient,

N/m10/9 U dimensionless velocity parameter

d∗ dimensionless asperity separation v(x, y) elastic deformation, m
Dm pitch diameter, m Wr applied load, N
E′ effective elastic modulus, Pa W dimensionless load parameter
fk Reusner’s correction factor z∗ dimensionless asperity height
Fa axial load, N Z number of rollers
Fc centrifugal force, N αi, αo race contact angle, (◦)
Fr radial load, N α∗m rib contact angle, (◦)
g(x, y) original geometry profile, m β thermos–viscosity index
G dimensionless material parameter βl temperature coefficient
h nominal film thickness, m βs surface roughness parameter

h0
approach between the two
bodies, m

.
γ shear rate, s−1

Hd hardness of the softer material, Pa γl pressure coefficient

k, k1, k2

thermal conductivity of lubricant,
upper solid and lower solid,
W/(m·K)

∆S sliding distance interval, m

K hardness coefficient, 0.454 + 0.41 υ ∆wd wear depth interval, m
Kw wear coefficient δ(y) crown drop, m
l, hQ f moment arm, m δkM bending deformation, m
L contact length, m δr,IR, δa,IR, θb DOF of IR
Ld rounding width, m δyj, δxj, ψj DOF of roller #j

LRe length of roller, m ıδki, δ̂ko
modified deformation on the slice
k, m

Mb bending moment, N·m η viscosity of lubricant, Pa·s
ns circular slices η0 ambient viscosity of lubricant, Pa·s
N bearing rotation speed, rpm µa coefficient of asperity contact
OB center of bearing υ Poisson’s ratio
pa asperity contact pressure, Pa ρ density of lubricant, kg/m3

ph hydrodynamic pressure, Pa τ shear stress, Pa
pt total pressure, Pa τa shear stress of asperity contact, Pa
Pd bearing diametric clearance, m τlim limiting shear stress, Pa

PH
nominal maximum Hertzian
pressure, Pa

τ10 initial limiting shear stress, Pa

Qji, Qjo
normal load between roller and
race, N

ϕj position angle of the roller, (◦)
→
r ,
→
ri radius of roller and inner race, m Φs shear flow factor

R rounding radius, m Φx, Φy flow factors
Ras mean radius of asperity, m ωc, ωi, ωr angular velocities, rad/s
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Rq, σ0
composite standard deviation of
roughness, m

ω∗c dimensionless critical interference

Rx(y) equivalent radius, m ψ correction factor
s slide–roll ratio Ω contact regime
T0 ambient temperature, K
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