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Abstract: The rotation speed directly influences the vibration and lubrication behaviors of
gear pairs, but studying the effects of time-varying rotation speeds during their operation
poses substantial challenges. The present work proposed an approach to analyzing the
dynamic response and lubrication performance of spur gear pairs under time-varying
rotation speeds. A single-degree-of-freedom torsional dynamics model was established to
capture the vibration responses and meshing forces of a gear pair, with the meshing stiffness
modulated by the time-varying rotation speed. Additionally, a transient elastohydrody-
namic lubrication model of the gear system was proposed to obtain the pressure pro-file
and film shape, incorporating the effects of time-varying rotation speeds. Three types of
time-varying rotation speeds were investigated: acceleration, deceleration, and oscillation.
The results reveal that the time-varying rotation speed induces chaotic motion of the gear
system, resulting in significant changes in the dynamic meshing force, entrainment velocity,
and curvature radius of the gear pair compared to those in constant-speed scenarios. The
lubrication performance under time-varying rotation speeds also shows diverse dynamic
characteristics, highlighting significant differences from that observed under a constant
rotation speed. These insights contribute to a more comprehensive understanding of gear
dynamics under realistic operating conditions, enhancing gears’ performance and reliability
in practical applications.

Keywords: spur gear; time-varying rotation speed; dynamic response; transient
elastohydrodynamic lubrication

1. Introduction
The gear system has many distinguished merits, such as high transmission efficiency,

high transmission accuracy, and high reliability. Consequently, gear transmissions are
used widely in mechanical equipment. Investigating gears has attracted a large number of
researchers, and research on gear vibration and lubrication has always been important. The
gear pair’s vibration response is extremely complex, and it directly affects the smoothness
and reliability of gear operation. The dynamic load caused by vibrations affects the
formation of a lubricating oil film. Lubrication failure can increase the friction and wear
and even result in tooth surface failure. Nevertheless, the dynamic response and lubrication
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behaviors of certain gear systems with time-varying rotation speeds, such as wind turbine
and robot reducer gears, is still not known clearly.

A gear transmission system is a typical nonlinear dynamics system, and the earliest
gear dynamics analyses can be traced back to the 1920s and early 1930s [1]. After nearly
100 years of development, several methods and models have been developed for studying
the vibration responses of gear pairs. Kahraman et al. [2] established a single-degree-
of-freedom model that accounted for the backlash and static transmission error, but the
time-dependent characteristics of the meshing stiffness were neglected. Chaotic and subhar-
monic resonances were observed in their study. Blankenship and Kahraman [3] studied the
complex behavior of a vibration system with clearance through analytical and numerical
methods, and a gear dynamics test rig was designed to verify the solutions. Kahraman
and Blankenship [4] observed the nonlinear behavior of a gear pair considering the clear-
ance and a periodically time-varying mesh stiffness function through experiments. Cheng
et al. [5] established a dynamics model of a gear system which could consider the lubrica-
tion. Their conclusion revealed that the surface roughness played an important role in the
meshing stiffness, damping, and gear performance. Wu et al. [6] proposed a gear dynamics
analysis approach that accounted for the effect of tooth cracks. Specifically, the influence of
tooth cracks on the engaged stiffness of the gear pair was considered. Yi et al. [7] proposed
a nonlinear dynamics model of a gear system that accounted for the time-varying pres-
sure angle and the backlash caused by bearing deformation. They found that the system
might approach a chaotic state early. Shahmasoorian et al. [8,9] undertook a tremendous
amount of work on chaos estimation for and control over nonlinear systems. Shi et al. [10]
developed a gear dynamics model that included the effect of the tooth separation and
the backside mesh. Cheng et al. [11] studied the impact of teeth wear on the dynamic
characteristics of gears. They found that the wear of the teeth changed the meshing stiffness
and meshing position and further impacted the dynamic response of the gear pair. Cao
et al. [12] investigated the effect of the load on the meshing stiffness and developed a non-
linear dynamics model that accounted for the force-dependent meshing stiffness, backlash,
and profile deviation. Hasnijeh et al. [13] studied the vibration behaviors of a spur gear
system considering stochastic external excitations. From the above discussion, the time-
varying mesh stiffness, backlash, static transmission error, and external load have been the
focuses of gear dynamics research. The effects of these external and parametric excitations
on the vibration responses of gear pairs have been studied systematically. However, the
studies discussed above neglected the variations in the rotation speed, which play a crucial
role in the meshing stiffness. The meshing stiffness is associated with the engagement
position of the gear joint, and it is a periodic function of time when the rotation speed of
the gears is constant. For this condition, the time for the gear pair to rotate by one tooth
is fixed, and it is called the meshing cycle. However, in practice, the rotation speed of the
gear does not always remain constant, such as in industrial robots and machine tools; the
speed of a gear pair varies over time. The meshing stiffness is no longer periodic, with
a constant period as a result. The meshing stiffness has to be converted from the space
domain into the time domain based on the rotation speed. Khabou et al. [14] studied the
dynamic behavior of gear sets powered by electric and four-cylinder diesel engines. The
variations in the rotation speed and torque were considered in their work. However, the
influence of a time-varying rotation speed was not investigated.

Elastohydrodynamic lubrication (EHL) is another significant field of gear research.
The analysis approach to investigations of gear EHL has developed maturely. The current
EHL model, which can account for factors including the temperature effect, surface rough-
ness, non-Newtonian behavior of the lubricant, and transient effects, meets the engineering
practice requirements. Li and Kahraman [15–17] studied the effect of transient and dynamic
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behaviors on the lubrication performance of gear transmission. The surface roughness
was considered in their works. As with surface roughness, the manufacturing errors is
significant to the lubrication performance of gear systems. Hjelm and Wahlström [18] estab-
lished a thermal elastohydrodynamic lubrication model which could take into account the
manufacturing errors. The results revealed that manufacturing errors had a great influence
on the lubrication behavior of the gear system. Xiao et al. [19] studied normal and tangen-
tial oil film damping of gears using a transient thermal EHL model. The non-Newtonian
effect of the lubricant was also considered in their work. Jamali et al. [20] proposed a
transient EHL model for point contact to consider the longitudinal crowning of the spur
gear teeth. They found that the film thickness close to the tooth edges obviously increased.
Liu and Gong [21] established a thermal EHL model for helical gears to investigate the
influences of profile modifications, the input torque, and the rotation speed on the flash
temperature. To study the lubrication characteristics of spur gears under transient impacts
and vibration conditions, Huang et al. [22] proposed an EHL model that accounted for
thermal and squeeze effects. The results revealed that the film temperature and pressure
increased remarkably while the film thickness decreased. Yin et al. [23] studied the lubrica-
tion performance of double involute gears at the graded position of the tooth waist. They
found the thermal effect had a negligible influence on the lubrication characteristics at this
position. In summary, gear EHL has already been studied thoroughly. As is well known,
the rotation speed, which affects the curvature radius, entrainment velocity, and contact
force, is essential to the lubrication performance of gear pairs. The rotation speed of the
gear pair has usually been assumed to be constant in previous studies. As discussed earlier,
the rotation speed is not always constant. However, an EHL model and an analysis method
for gear pairs with time-varying rotation speeds are still absent, and thus the lubrication
characteristics of gear systems with time-varying rotation speeds remain unclear.

This work proposed an approach to studying the transient response and lubrication
performance of spur gear pairs under time-varying rotation speeds. First, a nonlinear dy-
namics model of the gear system was established, incorporating the time-varying meshing
stiffness, static transmission error, and backlash. The meshing stiffness model, based on
the Ishikawa method, was developed by considering the variation in the rotation speed.
Additionally, a transient EHL model for the gear pair was formulated to account for the
dynamic changes in lubrication caused by variations in speed. Three types of rotation
speeds of acceleration, deceleration, and oscillation were analyzed to assess their impacts
on the gear dynamics and lubrication behavior. This study provides insights into the
influence of time-varying rotation speeds on both the transient responses and lubrication
characteristics of a spur gear pair, advancing our understanding of the gear performance
under realistic operating conditions.

2. Materials and Methods
2.1. Time-Varying Stiffness

Several approaches are usually employed to obtain the meshing stiffness along the
meshing line, and the Ishikawa approach was used in this work. As can be seen in Figure 1,
the gear tooth is simplified as a combination of a rectangle and a trapezoid according to the
Ishikawa method. The calculation process is shown in detail in Refs. [24,25]. The meshing
stiffness under different rotational angles was ultimately obtained as follows:

k(θ) =
Fn

δ
(1)

where k denotes the meshing stiffness, which is a function of the rotational angle. An
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involute spur gear pair is employed in this paper, and its parameters are shown in Table 1;
the meshing stiffness is obtained and is shown in Figure 2.
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Figure 1. Approximate tooth profile using the Ishikawa method.

Table 1. Gear data.

Symbol, Unit Gear Pair

Number of teeth, z1:z2 35:58
Pressure angle, ◦ 20

Module, mm 3
Face width, mm 20

Rotational inertia, kg·mm2 1860/13,590
Constant component of rotation speed, rad/min 2000

Center distance, mm 139.5
Modulus of elasticity, GPa 206

Damping ratio 0.05
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Figure 2. Meshing stiffness.

For simplicity, the meshing stiffness is translated into a square wave. The maximum
stiffness is the mean of the double-tooth meshing region, and the minimum is the mean
of the single-tooth area. The meshing stiffness and the simplified stiffness are depicted
in Figure 2. The maximum and minimum values of the square wave stiffness are defined
as follows:

kmax =
1
θd

∫ θd

0
k(θ)dθ (2)

kmin =
1
θs

∫ θd+θs

θd

k(θ)dθ (3)

where kmax and kmin represent the maximum and minimum square wave stiffness; θd and
θs are the angular displacement in double-tooth and single-tooth meshing, and they can be
defined as follow:

θs = θt(2 − ε) (4)
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θd = θt(ε − 1) (5)

where θt is the meshing angle of one tooth, which defines θt = 2π/z, and ε is the
contact ratio.

Three types of time-varying rotations are employed in this paper. The first and second
types of rotation speed are acceleration and deceleration, respectively.

.
θ =

..
θt (6)

where
.
θ is the rotation speed, and

..
θ denotes the acceleration of the rotation speed; if

..
θ is

negative, this corresponds to deceleration.
The third type is a harmonic function of time, which can be expressed as follows:

.
θ =

.
θc + A sin(ωrt + φr) ωr = 2πn1/60 (7)

where
.
θc denotes the constant component of the rotation speed, A represents the amplitude

of varying components, ωr is the angular frequency, and φr denotes the phase angle. If the
initial rotation angle is zero, the rotation angle can be calculated as follows, respectively:

θ =
.
θt +

..
θt2

2
(8)

θ =
.
θct +

A
ωr

[1 − cos(ωrt + φr)] (9)

Based on Equations (5) and (6), the engaged stiffness is a time function.

k(t) =

{
kmax, (i + 1 − ε)θt < θ < iθt

kmin, else
(10)

where i is the cycle number. The gear meshing stiffness model can consider time-varying
rotation speeds. The meshing stiffness can easily transform from the space domain to the
time domain regardless of the form of the time-varying speed.

2.2. The Dynamics Model of the Gear Pair

A gear pair is a strong nonlinear dynamics system, and several typical nonlinear
phenomena, such as chaos and jump discontinuities, exist in gear dynamic systems. These
nonlinear phenomena mainly originate from the time-variant mesh stiffness and backlash.
The rotation speed plays an important role in the time-varying meshing stiffness. A
torsional dynamic model is developed to investigate the influence of the time-dependent
speed on the dynamic behavior of the gear system. As illustrated in Figure 3, the pinion
and gear are considered as two rigid disks with corresponding masses. The contact of
the tooth is replaced by a massless spring and massless damping. The kinetics model can
include the backlash and static transmission error. According to Newton’s law, a dynamics
equations can be obtained [26]: I1

..
θ1 + Rb1c

(
Rb1

.
θ1 − Rb2

.
θ2 −

.
e
)
+ Rb1k(t)(Rb1θ1 − Rb2θ2 − e) = T1

I2
..
θ2 + Rb2c

(
Rb1

.
θ1 − Rb2

.
θ2 −

.
e
)
− Rb2k(t)(Rb1θ1 − Rb2θ2 − e) = T2

(11)

where Ii is the rotary inertia, θi is the torsional angular displacement, Rbi denotes the base
cycle radius of the gear, and i = 1, 2 are the pinion and the gear, respectively. T1 and T2 are
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the input and output torque, and e denotes the transmission error due to manufacturing. k(t)
represents the mesh stiffness, which is time-varying. c denotes constant viscous damping:

c = 2ξ
√

mekm (12)

where ξ represents the damping ratio, me denotes the equivalent mass of the gear system,
and km is the average mesh stiffness.
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Let x = Rb1θ1 − Rb2θ2 − e; Equation (11) can be rewritten as follows [26]:

me
..
x + c

.
x + k(t)g(x) = f − me

d2e
dt2 (13)

in which
me =

I1 I2

I1R2
b2 + I2R2

b1
(14)

g(x) =


x − b, x > b

0,−b ≤ x ≤ b
x + b, x < −b

(15)

f =
T1

Rb1
=

T2

Rb2
(16)

where g(x) is the nonlinear displacement function. b is the backlash. The static transmission
error is assumed to be sinusoidal [26]:

e = er sin(ωet + φe) (17)

where er represents the amplitude; ωe denotes the angular frequency; φe represents the
phase angle.

Based on the dimensionless variables and parameters below, X = x/b, ωn= 2ξ
√

km/me,
K = k/km, F = f /(bkm), T = tωn, Ωe = ωe/ωn, F = er/b. The dimensionless form of
Equation (14) can be written as follows:

..
X + 2ξ

.
X + KG(X) = F + FaΩ2

e sin(ΩeT + φe) (18)

G(X) =


X − 1, X > 1
0, −1 ≤ X ≤ 1
X + 1, X < −1

(19)

The time-varying rotation speed mainly affects the meshing stiffness. The meshing
stiffness is no longer a function of time with a fixed period. The advantage of this model is
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that it can be used to tackle dynamic response problems for a gear pair with any form of
time-varying rotation speed.

The meshing force on the tooth can be calculated according to the dynamic response
and the meshing stiffness:

ft = kig(x) + c
.
x (20)

2.3. Geometry and Kinematics Analysis

According to EHL theory, the contact of the gear teeth can be treated as the contact
between a plane and a cylinder. The radius of the cylinder defines the equivalent radius
which can be obtained using the geometry analysis. The curvature radii of the two gear
teeth at the contact point can be expressed as follows:

R1 = Rb1 tan(θ0 + θmi) (21)

R2 = s2 − (R1 − s1) (22)

where θ0, s1, s2 are the geometry parameters displayed in Figure 4. θmi is the rotation angle
of the ith tooth, which changes from zero to θi. θi is the rotation angle of the ith tooth from
the approach point to the recession point. The curvature radii can be transformed into the
time domain with the known gear rotational speed. With the curvature radii of the contact
teeth, the equivalent radius can be obtained [18]:

R =
R1R2

R1 + R2
(23)
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The transient tangential velocity of the teeth at the contact point can be expressed as
follows [27]:

u1 =
.
θ1R1 (24)

u2 =
.
θ2R2 (25)

where
.
θ1 and

.
θ2 are the rotation speed of the gear and the pinion, respectively. The

entrainment velocity can be written as follows:

u =
u1 + u2

2
(26)

where u1 and u2 are the rolling speeds of the teeth at the contact point, respectively.
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2.4. The Transient EHL Model

A lubricant film forms in the contact region of the teeth. The pressure of the lubricant
film is controlled by the Reynolds equation. When the thermal effect is neglected, the line
contact Reynolds equation for Newtonian fluid reads as follows [27]:

∂

∂x

(
ρh3

η

∂p
∂x

)
= 12u

∂

∂x
(ρh) +

∂

∂t
(ρh) (27)

where x represents the coordinate along the rolling direction; p donates the hydrodynamic
pressure; h represents the film’s thickness; ρ and η represent the density and viscosity of
the lubricant, respectively; and t represents the time.

The boundary and cavitation conditions should be known when solving the Reynolds
equation, which define the following:{

x = x0, p = 0
x = xe, p = ∂p

∂x |x=xe= 0
(28)

where x0 and xe are, respectively, the inlet and outlet locations of the lubricant.
The film thickness equation reads as follows [27]:

h(x) = h0 +
x2

2R
− 4

πE

xe∫
x0

p(s) ln|x − s|ds (29)

where h0 donates the rigid body displacement, and E denotes the composite Young’s
modulus, which can be expressed as follows [18]:

1
E
=

1
2

(
1 − υ2

1
E1

+
1 − υ2

2
E2

)
(30)

The equilibrium equation reads as follows:

w =
∫ xe

x0

p(x)dx (31)

The Dowson–Higginson equation and the Roelands equation are employed to describe
the relation of density and viscosity to pressure, respectively [28].

ρ = ρ0(1 +
0.6p

1 + 1.7p
) (32)

η = η0 exp
{
(ln η0 + 9.67)[−1 + (1 + 5.1 × 10−9 p)

z}
(33)

where ρ0 and η0 represent the density and viscosity of the lubricant in ambient conditions;
Z denotes the viscosity–pressure index and is set to 0.68 in this paper [29,30].

A lack of dimensions can reduce the number of parameters and simplify the control
equations. Hence, the following parameters are introduced to obtain a dimensionless form
of the control equations.

X =
x
b0

, H =
hR0

b2
0

, P =
p

PH
, η =

η

η0
, ρ =

ρ

ρ0
(34)

T =
tus

b0
, PH =

Eb0

4R0
, b0 =

√
8w0R0

πE
, U =

u
us

, ε =
ρH3

ηλ
, λ =

12η0usR2
0

PHb3
0

(35)

where b0 represents the half-width of the Hertz contact region at the approach point of the



Lubricants 2025, 13, 15 9 of 17

teeth; R0 is the equivalent radius at the approach point; PH donates the maximum Hertz
pressure of the approach point of contact of the teeth; us is the rolling speed of the approach
point of contact of the teeth when the gear rotation speed corresponds to deceleration or
sinusoidal variation, and the rolling speed of the recession point when the gear rotation
speed corresponds to acceleration; w0 represents the force on a unit width of the gear tooth
at the approach point.

The dimensionless forms of the Reynolds equation, the film thickness equation, and
the equilibrium equation are defined as follows:

∂

∂X

(
ε

∂P
∂X

)
= U

∂ρH
∂X

+
∂ρH
∂T

(36)

H = H00 +
X2R0

2R
− R0

πR

∫ Xe

X0

P(S) ln|X − S|dS (37)

2.5. The Numerical Procedure

Varying rotation speeds mainly impact the mesh stiffness of the gear system. Obtaining
the mesh stiffness is the first step of a dynamics and lubrication analysis. The meshing
stiffness along the line of action is calculated using the Ishikawa approach. The meshing
stiffness is transformed into the time domain according to the time-varying rotation speed.
A dynamics model of the gear system considering time-varying rotation speeds is proposed.
The fourth-order Runge–Kutta method is employed for the solution of the dynamics
equations. Then, the meshing force can be obtained according to the transient response
of the gear pair. The curvature radii and the entrainment velocity are obtained through
a geometry and kinematics analysis of the gear system. The transient EHL model is
established to obtain the film thickness profile and the pressure distribution. The meshing
time of each tooth is not equal. The number of discrete points is also unequal in each
meshing cycle period. The inlet and outlet positions of the lubricant are x0 = −4 and
xe = 1.5, and 512 nodes exist in the X direction. The pressure and the film thickness from
the previous time step are employed to initialize the current time step. The pressure and
film thickness at the approach point are the solutions for the steady state. The pressure
is Hertz pressure when the speed of the gear is equal to zero. The Gauss–Seidel iterative
method is employed to obtain the pressure in light-load regions, and the Jacobi dipole
iterative method in is used high-load regions. The iteration ends and proceeds to the next
time step when the convergence criteria for the pressure and load are both satisfied. The
convergence criteria are defined as follows:

∑
∣∣∣pn+1

i − pn
i

∣∣∣
∑ pn+1

i

≤ εp (38)

∣∣∣∫ xe
x0

p(x)dx − π/2
∣∣∣

π/2
≤ εw (39)

where εp and εw are the thresholds for the relative error in the pressure and load; we
take εp = 10−5 and εw = 10−3 in this paper. The equation was solved in this article using
MATLAB R2021a.

3. Results and Discussions
Three types of time-varying rotation speeds are investigated in this paper. The first

type of speed accelerates from zero to 200 rad/s at constant acceleration. The second
decelerates from 200 rad/s to zero at constant deceleration. The third is the sum of a
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constant speed and a sinusoidal wave. The amplitude of the sinusoidal wave is 0.5 times of
the constant speed, and the frequency is the same as the pinion’s rotation.

The parameters of the gear pair and the lubricant are summarized in Table 1. The
types of time-varying rotation speeds and corresponding time-varying meshing stiffnesses
are shown in Figures 5–7. The meshing stiffness is obtained using the model proposed
in Section 2.1. The gears’ rotation speed has a significant effect on the meshing stiffness.
No periodicity exists in the meshing stiffness when the rotation speed corresponds to
acceleration or deceleration. As depicted in Figure 5b, the meshing stiffness is simplified as
a square wave; the lower edge of the square wave is a single-tooth mesh region, and the
higher edge is a double-tooth mesh region. The tooth mesh cycle decreases as the rotation
speed increases. Figure 7b demonstrates the meshing stiffness when the gear’s rotation
speed is sinusoidal. The meshing stiffness shows regular changes in density. The red lines
in Figures 5–7 denote the meshing cycles selected for studying the following lubrication
performance of the gear pair.
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3.1. Dynamic Response of the Gear System with Time-Varying Rotation Speeds

The transient displacement of the gear pair with different types of rotation speed is
shown in Figure 8. The dynamic response is obtained by solving the dynamics model for
the gear pair. As can be seen, the response is more complex than the response of a constant-
rotation-speed gear pair. No evident period is observed in the dynamic response. Severe
fluctuation appears when the teeth enter into meshing and then gradually disappears.
Fluctuation also appears when the number of teeth engaged changes. These fluctuations
are the transient response of the gear pair, and the frequency is close to the natural frequency
of the system. As shown in Figure 8a,b, the transient response is followed by a steady
response. The fluctuation in the steady response regions is caused by the static transmission
error, which is an internal excitation with a high frequency. The backlash is taken as 10−4 m
in this paper, so the teeth are always stay in contact, and no impact occurs. The other
fluctuation is caused by time-varying meshing stiffness, and its frequency is not constant.
The frequency increases with the rotation speed.
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The Fourier spectra of the dynamic transmission error shown in Figure 9a–c corre-
spond to acceleration, deceleration, and a sinusoidal rotation speed, respectively. As can be
seen, rich frequency content exists in the amplitude-frequency spectrum The conclusion
can be drawn that the motions of the three rotational speeds are all chaotic. The amplitude–
frequency spectra for acceleration motion and deceleration motion are essentially identical.
The amplitude–frequency spectrum for a sinusoidal rotation speed is rougher. The gear
system is more likely to enter into chaotic motion when the rotation speed is time-varying.
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3.2. Effect of Time-Varying Rotation Speeds on Gear Lubrication

Compared to the transmitted torque, the rotation speed plays a more significant
role in the formation of the film of gear lubrication. The transmitted torque affects the
dynamic meshing force, while the rotation speed also affects the curvature radius and
the entrainment velocity. The curvature radius and the entrainment velocity in the third,
fourth, and fifth stages of the acceleration process are illustrated in Figure 10. The curvature
radius, entrainment velocity, and meshing force in each tooth meshing cycle are different
when the rotation speed is time-varying. Figure 10a shows the curvature radii in different
tooth meshing cycles. The values for the curvature radius from the approach point to
the recession point are equivalent. However, the meshing time for each tooth is different.
For the acceleration process, the meshing time is decreased. A trend can also be seen
in Figure 10b for the entrainment velocity in different tooth meshing cycles. Unlike the
curvature radius, the value of the entrainment velocity is different in each tooth meshing
cycle. During the acceleration process, the entrainment velocity increases with time. This is
because the entrainment velocity is positively correlated with the rotation speed. Figure 11
depicts the engagement force of the third to the fifth tooth. Fluctuation is also observed
when the number of teeth engaged changes. The transient response disappears, and a
steady-state response is entered. The frequency of the steady-state response is the same as
the static transmission error. The engagement force in the single-tooth mesh region is larger
than that in the double-tooth mesh regions. The contact area of the meshing teeth is related
to the meshing force. So, the contact area for each tooth is different due to the meshing
force on each tooth varying when the rotation speed is time-varying. The curvature radius,
entrainment velocity, and engagement force on the tooth in the deceleration process and
with a sinusoidal rotation speed also demonstrate different characteristics compared with
those at a constant rotation speed. The Dowson and Higginson’s (D-H) formula for the
minimum film thickness is employed to validate the proposed model. The 15th tooth’s
meshing cycles at a sinusoidal rotation speed are selected. As shown in Figure 12, the
minimum film thickness obtained using the present model is slightly smaller than that with
the D-H formula. This is because the D-H formula neglects the transient effects.

Considering the complex calculation of the EHL simulation, six tooth meshing cycles
of each type of time-varying speed are selected. For the acceleration and deceleration
processes, the 3rd, 13th, 23rd, 33rd, 43rd, and 43rd tooth meshing cycles are chosen. For
a sinusoidal rotation speed, the 3rd, 9th, 15th, 21st, 27th, and 33rd tooth meshing cycles
are selected. The selected meshing cycles are highlighted in red in Figures 5–7. The
dimensionless pressure and the film thickness distribution in the third engagement cycle of
the acceleration process are depicted in Figure 13. The typical characters of EHL line contact,
such as the quadratic pressure spike and the neck of the film thickness, are displayed at
each time point. The pressure profile and the film distribution exhibit fluctuations caused
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by the meshing force along the time axis. The trend is the same for the meshing force. The
pressure in the engaged single-tooth region is larger, and the film thickness is thinner than
that in the double-tooth meshing regions.
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Figure 10. Curvature radius and entrainment velocity in different tooth meshing cycles in the
acceleration process: (a) curvature radius and (b) entrainment velocity.

Lubricants 2025, 13, x FOR PEER REVIEW 13 of 17 
 

 

20 25 30
0

2

4

20 25 30
0

1

2

(b)(a)

10−3

10−2

 R1

 R2

 R

C
u

rv
at

u
re

 r
ad

iu
s 

(m
)

t (s)

10−3

 v1

 v2

 v

E
n

tr
ai

n
m

en
t 

v
el

o
ci

ty
 (

m
/s

)

t (s)

3rd tooth 4th tooth 5th tooth
3rd tooth 4th tooth 5th tooth

 

Figure 10. Curvature radius and entrainment velocity in different tooth meshing cycles in the accel-

eration process: (a) curvature radius and (b) entrainment velocity. 

20 25 30
0

1

2

3

10−3

102

 3rd tooth

 4th tooth

 5th tooth

f t
 (

N
)

t (s)
 

Figure 11. Meshing force in different meshing cycles of the acceleration process. 

Considering the complex calculation of the EHL simulation, six tooth meshing cycles 

of each type of time-varying speed are selected. For the acceleration and deceleration pro-

cesses, the 3rd, 13th, 23rd, 33rd, 43rd, and 43rd tooth meshing cycles are chosen. For a 

sinusoidal rotation speed, the 3rd, 9th, 15th, 21st, 27th, and 33rd tooth meshing cycles are 

selected. The selected meshing cycles are highlighted in red in Figures 5–7. The dimen-

sionless pressure and the film thickness distribution in the third engagement cycle of the 

acceleration process are depicted in Figure 13. The typical characters of EHL line contact, 

such as the quadratic pressure spike and the neck of the film thickness, are displayed at 

each time point. The pressure profile and the film distribution exhibit fluctuations caused 

by the meshing force along the time axis. The trend is the same for the meshing force. The 

pressure in the engaged single-tooth region is larger, and the film thickness is thinner than 

that in the double-tooth meshing regions. 

 

Figure 12. The minimum film thickness obtained using the D-H formula and the present model. 

1.80 1.85 1.90 1.95
6

8

10

12

h
m

in
(m

)

t(s)

 D-H

 Present

Figure 11. Meshing force in different meshing cycles of the acceleration process.

Lubricants 2025, 13, x FOR PEER REVIEW 13 of 17 
 

 

20 25 30
0

2

4

20 25 30
0

1

2

(b)(a)

10−3

10−2

 R1

 R2

 R

C
u

rv
at

u
re

 r
ad

iu
s 

(m
)

t (s)

10−3

 v1

 v2

 v

E
n

tr
ai

n
m

en
t 

v
el

o
ci

ty
 (

m
/s

)

t (s)

3rd tooth 4th tooth 5th tooth
3rd tooth 4th tooth 5th tooth

 

Figure 10. Curvature radius and entrainment velocity in different tooth meshing cycles in the accel-

eration process: (a) curvature radius and (b) entrainment velocity. 

20 25 30
0

1

2

3

10−3

102

 3rd tooth

 4th tooth

 5th tooth

f t
 (

N
)

t (s)
 

Figure 11. Meshing force in different meshing cycles of the acceleration process. 

Considering the complex calculation of the EHL simulation, six tooth meshing cycles 

of each type of time-varying speed are selected. For the acceleration and deceleration pro-

cesses, the 3rd, 13th, 23rd, 33rd, 43rd, and 43rd tooth meshing cycles are chosen. For a 

sinusoidal rotation speed, the 3rd, 9th, 15th, 21st, 27th, and 33rd tooth meshing cycles are 

selected. The selected meshing cycles are highlighted in red in Figures 5–7. The dimen-

sionless pressure and the film thickness distribution in the third engagement cycle of the 

acceleration process are depicted in Figure 13. The typical characters of EHL line contact, 

such as the quadratic pressure spike and the neck of the film thickness, are displayed at 

each time point. The pressure profile and the film distribution exhibit fluctuations caused 

by the meshing force along the time axis. The trend is the same for the meshing force. The 

pressure in the engaged single-tooth region is larger, and the film thickness is thinner than 

that in the double-tooth meshing regions. 

 

Figure 12. The minimum film thickness obtained using the D-H formula and the present model. 

1.80 1.85 1.90 1.95
6

8

10

12

h
m

in
(m

)

t(s)

 D-H

 Present

Figure 12. The minimum film thickness obtained using the D-H formula and the present model.



Lubricants 2025, 13, 15 14 of 17Lubricants 2025, 13, x FOR PEER REVIEW 14 of 17 
 

 

 
(a) (b) 

Figure 13. The pressure and film of the 3rd tooth from mesh-in to mesh-out in the acceleration pro-
cess: (a) pressure profile and (b) film distribution. 

The dimensionless minimum and central film thicknesses under three types of rota-
tion speed are depicted in Figures 14–16. Figure 14 demonstrates the minimum and cen-
tral film thicknesses in different meshing cycles of the acceleration process. The minimum 
and central film thickness both increase from mesh-in to mesh-out. The film thickness in 
different meshing cycles increases with an increasing rotation speed. Hence, the wear of 
the gear pair is more serious at the starting stage. Fluctuations exist in both the minimum 
and central film thicknesses, and the frequency is identical to the meshing force. As dis-
cussed previously, the meshing force on the tooth has two dominant frequencies: the 
higher frequency is the natural frequency of the system, and the lower frequency is caused 
by the static transmission error. The two frequencies are constant, and the tooth meshing 
cycle in the acceleration process decreases. So, the number of fluctuations decreases as the 
rotation speed increases. The range of fluctuations in the minimum film thickness is 
greater than that for the central film thickness. The high-frequency component is less ob-
vious in the central film thickness. The film thickness in the engaged single-tooth region 
is thinner than that in the double-tooth meshing regions. The minimum film thickness 
suddenly increases when single-tooth meshing changes to double-tooth meshing. The 
minimum and central film thicknesses in different meshing cycles of the deceleration pro-
cess are depicted in Figure 15. The film thickness decreases with a decreasing rotation 
speed. The film thicknesses in different meshing cycles increase from mesh-in to mesh-
out. Nevertheless, they decrease as the rotation speed decreases. 

130 140 150 160 170
0.0

0.2

0.4

0.6

720 740 760
0.2

0.4

0.6

0.8

1340 1360 1380

0.6

0.8

1.0

1880 1900 1920 1940

0.6

0.8

1.0

2600 2620 2640
0.6

0.8

1.0

1.2

3360 3380 3400
0.6

0.8

1.0

1.2

1.4

 Hmin

 Hc

H

T

 Hmin

 Hc

H

T

 Hmin

 Hc

H

T

 Hmin

 Hc

H

T

(a) (b) (c)

(d) (e) (f)

 Hmin

 Hc

H

T

 Hmin

 Hc

H

T
 

Figure 13. The pressure and film of the 3rd tooth from mesh-in to mesh-out in the acceleration
process: (a) pressure profile and (b) film distribution.

The dimensionless minimum and central film thicknesses under three types of rotation
speed are depicted in Figures 14–16. Figure 14 demonstrates the minimum and central
film thicknesses in different meshing cycles of the acceleration process. The minimum
and central film thickness both increase from mesh-in to mesh-out. The film thickness in
different meshing cycles increases with an increasing rotation speed. Hence, the wear of the
gear pair is more serious at the starting stage. Fluctuations exist in both the minimum and
central film thicknesses, and the frequency is identical to the meshing force. As discussed
previously, the meshing force on the tooth has two dominant frequencies: the higher
frequency is the natural frequency of the system, and the lower frequency is caused by the
static transmission error. The two frequencies are constant, and the tooth meshing cycle in
the acceleration process decreases. So, the number of fluctuations decreases as the rotation
speed increases. The range of fluctuations in the minimum film thickness is greater than
that for the central film thickness. The high-frequency component is less obvious in the
central film thickness. The film thickness in the engaged single-tooth region is thinner
than that in the double-tooth meshing regions. The minimum film thickness suddenly
increases when single-tooth meshing changes to double-tooth meshing. The minimum and
central film thicknesses in different meshing cycles of the deceleration process are depicted
in Figure 15. The film thickness decreases with a decreasing rotation speed. The film
thicknesses in different meshing cycles increase from mesh-in to mesh-out. Nevertheless,
they decrease as the rotation speed decreases.
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Figure 14. The minimum and central film thicknesses in different meshing cycles of the acceleration
process (a–f) six different meshing cycles.
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Figure 16. The minimum and central film thicknesses in different meshing cycles of the sin form:
(a–f) six different meshing cycles.

Figure 16 depicts the minimum and central film thicknesses in different meshing cycles
when the rotation speed changes in sin form. The film thickness in different meshing cycles
changes periodically with the rotation speed. The range of variation in the film thickness
increases with rotation speed.

4. Conclusions
The dynamic response and lubrication performance of gear pairs at time-varying

rotation speeds were investigated in the present work. Three time-varying rotation speed
types were selected: acceleration, deceleration, and oscillation. The meshing stiffness,
dynamic response, and lubrication characteristics of an involute spur gear pair were
obtained. Some of the findings of this study are shown as follows:

1. The time-varying rotation speeds affect the meshing stiffness due to the variation in
the rotation time per tooth. The type of time-varying rotation plays a significant role
in the shape of the meshing stiffness of the gear pair.
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2. The time-varying rotation speeds induce chaotic motion of the gear pair. The vi-
bration is higher when the frequency of the rotation speed is lower, and the ampli-
tude of the rotation speed primarily influences the fluctuation range of the dynamic
transmission error.

3. The time-varying rotation speed influences the lubrication characteristics through
changes in the curvature radius, entrainment velocity, and meshing force. The film
thickness of each tooth is different, which makes it difficult to predict the lubricant
and wear performance of the gear pair.

This study highlights the complex relationship between speed variations and dynamic
behavior and lubrication performance, offering valuable insights for optimizing gear
performance in variable-speed applications. The rotation speed of a given gear system
not only exhibits variability but also randomness, such as for the gear pairs used in wind
turbines. The models and method proposed in the paper will support dynamics and
lubrication studies in the future.
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