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Abstract: In applications requiring high load carrying capacity, conforming contacting pairs with a
relatively large contact footprint are used. These include circular arc, Novikov, and Wildhaber gears
found, for example, in helicopter rotors. Closely conforming contacts also occur in many natural
endo-articular joints, such as hips, or their replacement arthroplasty. The main determining factors
in contact fatigue are the sub-surface shear stresses. For highly loaded contacts, classical Hertzian
contact mechanics is used for many gears, bearings, and joints. However, the theory is essentially
for concentrated counterforming contacts, where the problem is reduced to a rigid ellipsoidal solid
penetrating an equivalent semi-infinite elastic half-space. Applicability is limited though, and the
theory is often used inappropriately for contacts of varying degrees of conformity. This paper
presents a generic contact mechanics approach for the determination of sub-surface stresses, which is
applicable to both highly conforming as well as concentrated counterforming contacts. It is shown
that sub-surface shear stresses alter in magnitude and disposition according to contact conformity,
and lead to the different modes of fatigue failure noted in practice.

Keywords: sub-surface stresses; concentrated counterformal contacts; conformal contacts; contact
fatigue; micro-pitting; inelastic deformation

1. Introduction

Conforming gear pairs are used in highly loaded applications, for example, the Novikov gears
of the final drive of helicopter gearboxes and some turboprops [1,2]. In such gearing systems,
convex-concave teeth pair geometry of a high degree of conformity (with very small radius difference,
δR, as shown in Figure 1) is used in order to maximize the contact footprint area and thus the load
carrying capacity [3]. It is quite clear that the footprint contact dimensions, typically shown in Figure 2a,
are comparable with the local radii of curvature of the contacting teeth pair, R1 and R2, at any instant
of time as shown in Figure 2b. Therefore, the semi-infinite elastic solid assumption underlying classical
Hertzian theory cannot be upheld [4]. The same can also be true of some counterformal gear teeth
pairs, where Hertzian contact mechanics is often erroneously used in literature. However, carrying out
3D contact mechanics analysis is very time consuming, particularly for a gearing pair, where applied
load during a meshing cycle and kinematic conditions are altered instantaneously. In such cases,
the geometrical and kinematic conditions are obtained through tooth contact analysis [5–8]. Clearly,
an analytical model is preferable as a first approach if 2D contact analysis can be assumed. Generically,
a conforming contact is represented by a disc of radius R1 residing in a cavity of radius R2 (Figure 2c),
where R1 and R2 are very close in dimension. In addition, the contact width of the disc is assumed to
be very large (infinite) compared with the radii R1 and R2.
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Figure 1. Conforming gear teeth pair contact. 
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Figure 2. Contact of closely conforming solids such as circular arc gear teeth pairs.

The onset of fatigue spalling determines the useful life of gearing pairs [9–11], so an accurate
prediction of sub-surface shear stresses is the main aim. For hard and brittle surfaces, maximum
shear stress is the most important according to the Tresca failure criterion, whereas for ductile solids,
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particularly bearings and gears, the reversing orthogonal shear stresses are the main determining
factors of gear life [4,12].

There has been a significant volume of research concerning the evaluation of sub-surface stresses,
mostly for counterformal concentrated contacts with the first solutions reported by Huber [13] and
Huber and Fuchs [14]. Lyman [15] was the first to study the reversing orthogonal shear stresses
in rolling contacts, with Poritsky [16] investigating the effect of reversing stressing in gears and
locomotive wheels. Johnson [17,18] provides a comprehensive review of the early investigations as
well as the fundamental aspects of contact mechanics of counterformal contacts. Other representative
solutions for counterformal idealized elastic line contact under dry contact conditions have also been
reported [19–21], some for inhomogeneous solids [22] and some for layered bonded solids such as
coated surfaces [23,24]. Other solutions have included lubricated contact conditions subjected to
an elastohydrodynamic regime of lubrication [25–28]. For point contact conditions, comprehensive
3D sub-surface stress evaluation for the application of any arbitrary pressure distribution for the
contact of counterforming pairs was reported by Johns-Rahnejat and Gohar [29] and Czyzewski [30].
Other 3D analyses are also provided by Sackfield and Hills [31] for a Hertzian ellipsoidal pressure
distribution, and with the inclusion of tangential traction [32]. However, as already noted, 3D solutions
are computationally very intensive, particularly for conforming solids with a large footprint contact
area. This paper provides a 2D solution for sub-surface stresses in contacts of varying degrees of
conformity. It is analytical and applicable to a range of contacting elastic solids, such as discs, circular
arc, and Novikov gears, as well as counterformal semi-infinite solids where the Hertzian pressure
distribution is used.

2. Determination of 2D Sub-Surface Stress Field

2.1. Case of Non-Conforming Semi-Infinite Solids

For non-conforming gear teeth pairs, one may assume the equivalent contact of an ellipsoidal
rigid solid of reduced radius, R against a semi-infinite elastic half-space of equivalent (reduced) elastic
modulus, E∗ as in the classical Hertzian theory, where:

1
R

=
1

R1
+

1
R2

, (1)

E∗ =
E

1− ϑ2 , (2)

where, Equation (2) gives the plane strain elastic modulus for contacting solids made of the same
material with Young’s modulus of elasticity, E and Poisson’s ratio, ϑ.

For the general case of 2D stresses into the bulk of a semi-infinite solid, a parabolic pressure
distribution is assumed, which closely approximates the 2D elliptical Hertzian pressure profile, as noted
by many authors such as Love [33] and Muskhelishvili [34]:

p = pm

1−
x2

1

a2

, (3)

where, p is pressure, pm is the maximum pressure of a parabolic pressure distribution formed over the
contact length of: −a ≤ x1 ≤ a (a is the semi-half width of the thin Hertzian rectangular strip contact
footprint [4,18]). It should be noted that the current analysis considers a dry frictionless contact of
elastic bodies subjected to a Hertzian pressure distribution. In practice, the contact of elastic solids is
often rough and invariably lubricated. Therefore, for highly loaded contacts under elastohydrodynamic
regime of lubrication, the pressure distribution deviates from that of Hertzian, including an inlet rising
trail and a pressure spike in the vicinity of the contact exit as measured using micro-miniature pressure
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transducers [35,36]. Sub-surface stress fields under these measured conditions were reported [29].
Rolling contact fatigue cracking can also occur due to elastohydrodynamic squeeze effect [37].

Returning to direct and shear stresses in an element within the bulk of a semi-infinite dry
frictionless elastic half-space (Figure 3), it follows that [18]:

dσx = −2p
dx1

π

(x− x1)
2z

{(x− x1)
2 + z2}2

, (4)

dσz = −2p
dx1

π
z3

{(x− x1)
2 + z2}2

, (5)

dτzx = −2p
dx1

π

(x− x1)
2z2

{(x− x1)
2 + z2}2

, (6)
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The chosen parabolic pressure distribution allows analytical integration of the above equations.
Now replacing for parabolic pressure distribution from Equation (3), and using the stated
non-dimensional terms, the 2D sub-surface stress field for a semi-infinite solid is obtained as:

σx = −2z
∫ 1

−1
(x− x1)

2(1− x2)
{
(x− x1)

2 + z2
}
−2dx1, (7)

σz = −2z3
∫ 1

−1
(1− x2){(x− x1)

2 + z2
}
−2dx1, (8)

τzx = −2z2
∫ 1

−1
(x− x1)(1− x2){(x− x1)

2+}−2dx1, (9)

The non-dimensional terms are:

x =
x
a

, z =
z
a

, x1 =
x1

a
, σx =

πσx

pm
, σz =

πσz

pm
, τzx =

πτzx

pm
, (10)

Solution of Equations (7)–(9) leads to the 2D sub-surface stress field for the case of non-conforming
contact of semi-infinite elastic solids, subjected to a normal applied parabolic pressure distribution,
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approximating a Hertzian elliptical pressure distribution. Solution to this problem is provided for the
case of an infinite line contact by Johnson [18] and other researchers thereafter [19–21].

The solution to Equations (7)–(9) is provided in [4,18]. Here, Figure 4 shows the sub-surface
stress field along the z-axis into the depth of the semi-infinite elastic half-space at the position of the
maximum pressure (x = 0) for a parabolic distribution (as in Figure 3). The maximum shear stress is:

τmax =
|σx−σz|

2 , where the stresses in the x and z directions are the principal stresses. The maximum
shear stress is a determining factor for sub-surface inelastic failure, particularly for hard and brittle
substrates. For ductile material the cyclic reversing orthogonal shear stress τzx is the determining
factor [4,12,14].Lubricants 2020, 8, x FOR PEER REVIEW  5 of 14 
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Figure 4. Sub-surface stress variation in an elastic half-space subjected to a parabolic
pressure distribution.

2.2. Case of Conforming Elastic Solids

For conforming contacts, the area (or in the case of 2D analysis, the arc length) of contact can
be comparable to the dimensions (contact radii) of mating surfaces (an example is the circular arc
gear teeth in Figure 1). As a result, a Hertzian-type contact cannot necessarily be assumed and,
therefore, an approximate parabolic pressure distribution as in Equation (3) cannot be used since the
semi-half-width of the contact, a does not follow the Hertzian theory. In such cases, one can use the
following assumed parabolic pressure distribution:

p = pm − kβ2, (11)

where k is an arbitrary constant and β is any location within the arc of contact, measured from the
position of the maximum pressure, pm. The value of k can be obtained by applying the boundary
condition: p= 0, β = βm , where 2βm is the total arc length of the applied parabolic pressure distribution
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over a disc (Figure 5), representing an instantaneous conforming contact of a disc (e.g., representing
a convex tooth in 2D) within a cavity (e.g., a concave tooth). A disc-in-cavity is the general case of a 2D
conforming contact (Figure 2c), where the degree of conformity is affected by the arc length of contact,
2βm. Applying the above-stated boundary condition:

k =
pm

β2
m

, (12)
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Thus:

p = pm

1−
(
β

βm

)2
, (13)

Muskhelishvili [34] showed that stresses in a disc at a point x′, z′ with respect to the direction β of
an applied line load, W are obtained as:

σz′ =
2W
π


(

D
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−
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(
D
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)
[
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(
D
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x′2
(

D
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[
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(
D
2 + z′

)2
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D
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(
D
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)2
]2 +

x′
(

D
2 + z′

)2[
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(
D
2 + z′

)2
]2

, (16)
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These stresses can be made applicable for a parabolic pressure distribution as in Equation (13) by
making the substitution:

W =
Dpmβm

2

∫ +1

−1

1− (
β

βm

)2dβ, (17)

Substituting Equations (13) and (17) into Equations (14)–(16) yields:

σz = βm
∫ +1
−1 (1− β∗2){

(
1
2 − z cos βmβ∗

)[
cos2 βmβ∗

(
1
2 − z cos βmβ∗

)2
−

z sin βmβ∗ sin 2βmβ∗
(

1
2 − z cos βmβ∗

)
+ (z)2 sin4 βmβ∗

]
/
[
(z)2 sin2 βmβ∗+(

1
2 − z cos βmβ∗

)2
]2
+

(
1
2 + z cos βmβ∗

)[
cos2 βmβ∗

(
1
2 + z cos βmβ∗

)2
+

z sin βmβ∗ sin 2βmβ∗
(

1
2 + z cos βmβ∗

)
+ (z)2 sin4 βmβ∗

]
/
[
(z)2 sin2 βmβ∗+(

1
2 + z cos βmβ∗

)2
]2
− 1}dβ∗,

(18)

σx = βm
∫ +1
−1 (1− β∗2){

(
1
2 − z cos βmβ∗

)[
sin2 βmβ∗

(
1
2 − z cos βmβ∗

)2
+

z sin βmβ∗ sin 2βmβ∗
(

1
2 − z cos βmβ∗

)
+ (z)2 sin2 βmβ∗ cos2 βmβ∗

]
/
[
(z)2 sin2 βmβ∗+(

1
2 − z cos βmβ∗

)2
]2
+

(
1
2 + z cos βmβ∗

)[
sin2 βmβ∗

(
1
2 + z cos βmβ∗

)2
+

z sin βmβ∗ sin 2βmβ∗
(

1
2 + z cos βmβ∗

)
+ (z)2 sin2 βmβ∗ cos2 βmβ∗

]
/
[
(z)2 sin2 βmβ∗+(

1
2 + z cos βmβ∗

)2
]2
− 1}dβ∗,

(19)

τzx = βm
∫ +1
−1 (1− β∗2){

(
1
2 − z cos βmβ∗

)[
1
2 sin 2βmβ∗

(
1
2 − z cos βmβ∗

)2
+

z sin βmβ∗ cos 2βmβ∗
(

1
2 − z cos βmβ∗

)
−

1
2 (z)

2 sin2 βmβ∗ sin 2βmβ∗
]
/[

(z)2 sin2 βmβ∗ +
(

1
2 − z cos βmβ∗

)2
]2
+

(
1
2 + z cos βmβ∗

)[
1
2 sin 2βmβ∗

(
1
2+

z cos βmβ∗)
2
− z sin βmβ∗ cos 2βmβ∗

(
1
2 + z cos βmβ∗

)
−

1
2 (z)

2 sin2 βmβ∗ sin 2βmβ∗
]
/[

(z)2 sin2 βmβ∗ +
(

1
2 + z cos βmβ∗

)2
]2
− 1}dβ∗,

(20)

where the non-dimensional stresses are those stated in relationships (10), and the other non-dimensional
terms are:

β∗ =
β

βm
and z =

z
D

, (21)

Note the different definition for z in the generic case here, as opposed to that for a parabolic pressure
distribution as an approximation to an elliptical Hertzian pressure distribution for a semi-infinite solid
used in relationships (10).

Before proceeding with the results of the generic methodology expounded here, it is important
to undertake a validation study. The appropriate approach is to validate the methodology against a
classical universally acknowledged solution, such as the sub-surface stress field for a semi-infinite
elastic half space subjected to Hertzian conditions (such as that shown in Figure 4). Clearly, as the value
of βm decreases the contact conformity diminishes. Therefore, with the generic formulation here and a
half-contact arc of βm = 0.02 rad (1.15

◦

), the conditions tend to the case of a non-conforming contact.
Figure 6 shows that the maximum shear stress for both cases of a semi-infinite (non-conforming)
contact and that predicted by the generic methodology agree very closely. Furthermore, the depth at
which the absolute maximum shear stress occurs is identical. Clearly as the extent of contacting arc,
2βm, increases, a larger divergence occurs between the results of the two methodologies with a greater
degree of conformity.

It should be noted that the maximum shear stress and depths of contact are converted for the
case of the generic method to that for the semi-infinite Hertzian condition, using their appropriate
non-dimensional terms in (10) and (21).
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Figure 6. Comparison of predictions of the expounded generic method for low degree of conformity
with semi-infinite non-conforming (Hertzian) conditions.

3. Results and Discussion

As already noted, Equations (18)–(20) provide the variation of the sub-surface stress field along
the z-axis, when x = 0 . In this case, the following substitutions are made in Equations (14)–(16):

x′ = −z sin β, z′ = z cos β, (22)

For any applied parabolic pressure distribution for any given contacting arc, 2βm , symmetric
about the position x = 0, the shear stress variation along the z-axis is: τzx = 0. In this case, the stresses
σz and σx are the principal stresses. The maximum sub-surface shear stress is obtained as:

τmax =
1
2

∣∣∣σz − σx

∣∣∣, (23)

Figure 4 shows the sub-surface stress field for the case of counterformal contact, where it is already
well-established that the maximum value of τmax = 0.9. This occurs at a depth of z = 0.78a, for a
Hertzian elliptical pressure distribution for a homogeneous, isotropic semi-infinite elastic half-space.
For a small contact angle using the generic methodology of a disc-in-a cavity expounded here, a contact
with very low degree of conformity would result. In fact, very similar results as those in Figure 4 are
obtained for βm = 0.02 rad (1.15

◦

) (as shown in Figure 6). For larger arcs of contact, the sub-surface
stresses diverge from the semi-infinite assumption of the classical Hertzian theory. However, it should
be noted that in many practical gearing cases the value of βm ≤ 0.1 rad (5.7

◦

). Figures 7 and 8 show
the same sub-surface stress field components as the arc of contact is increased. As the arc of contact
extends further, the contact becomes progressively more conforming. It can be clearly seen that the
maximum shear stress moves inwards to the bulk of the material. The maximum principal stress,
σz tends to uniformity within the layers of bulk material and the minimum principal stress, σx begins
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to diminish. Consequently, there is a gradual increase in the magnitude of shear stress as it moves
further into the depth of the solid. The implication is that for counterformal concentrated contacts the
near-surface maximum shear stress can lead to failure by micro-pitting, which is observed in many
highly loaded involute spur and helical gears [9–11]. For circular arc and Novikov gearing with a
greater degree of conformity, teeth-pair inelastic deformation can occur in the depth of the material,
followed by crack initiation and propagation to the contacting surface as shown in [4,9–11,20] among
other contributions. In all cases, the shear stress must reach approximately τmax ≈ 0.3pm in the presence
of small inclusions/pits or cavities in the bulk solid for any inelastic deformation to take place.
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Now using Equations (14)–(16), but this time using the substitutions in (24) as well as Equation (17),
after non-dimensionalisation, the entire sub-surface stress contours can be obtained:

z′ = zcosβ+ xsinβ and x′ = −zsinβ+ xcosβ (24)

There is no orthogonal shear stress along the z-axis, so the maximum shear stress is given by
Equation (23). Elsewhere in the sub-surface stress field; τzx , 0. Hence, the maximum shear stress
contour for the domain (x, z) is obtained as:

τmax =
1
2

{
(σz − σx)

2 + τzx
2
} 1

2 , (25)

Figures 9 and 10 show the entire sub-surface maximum shear stress contour. The same observations
as before can be made, that with an increasing degree of conformity (i.e., an increasing value of βm),
maximum shear stresses retreat into the depth of the contacting solids. This is evident when comparing
the contours in Figures 9 and 10. With reduced contact conformance there are more concentrated shear
stresses near the surface. In all cases, the maximum shear stresses occur along the z-axis.
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4. Concluding Remarks

A generic analytical contact mechanics methodology is presented to determine the sub-surface
shear stress field, which is often the limiting factor in the structural reliability of many highly loaded
contacts. The methodology is applicable to contacts of different degrees of conformity, including
concentrated highly loaded counterformal contacts, where the problem is usually reduced to an
equivalent ellipsoidal rigid solid of revolution contacting an equivalent semi-infinite elastic half-space,
in line with the classical Hertzian theory. When the degree of conformity increases, as in many
applications, the assumptions of the classical Hertzian theory cannot be upheld. In these cases, often
complex 3D contacting geometry is used to determine the contact footprint, followed by finite element
or finite difference solution of a discretized sub-surface domain. This is a very time consuming and
computationally intensive undertaking. When a 2D domain may be assumed as a good approximation
to the overall conditions, then a generic analytical and time efficient methodology is developed and
highlighted in this paper.

The analysis shows that with low degree of contact conformity, represented by a small arc of
contact, the results obtained are in line with the counterformal concentrated contact as represented by
the classical Hertzian theory. Many applications are adequately represented by the Hertzian theory,
such as cam-tappet, cam-roller, ball and rolling element bearings-to-raceway grooves, and involute
spur, helical, and hypoid gear pairs. However, as the degree of conformity increases the sub-surface
stress field deviates from the semi-infinite elastic half-space assumption at the heart of Hertzian theory.
For these cases, the more generic methodology presented in this paper applies. Applications such
as roller-in-socket, circular arc and Wildhaber-Novikov gears fall into the category of highly loaded
conforming contacts. Furthermore, the methodology highlighted here can be used for any material
combinations, which may be of lower elastic modulus, thus subject to larger strains than those at the
core of the Hertzian theory.

The results show that for hard materials with a low degree of contact conformity, failure due to
sub-surface stresses in the presence of material voids, inclusions, and cavities occurs when the maximum
shear stress is near the contacting surface. These failures will be in the form of micro-pitting. As the
degree of conformity (and thus the area of contact) increases with reduced pressures, the maximum
shear stresses occur deeper in the bulk of the elastic solids and failure is usually due to inelastic
deformation. The presented analytical technique can be used to predict the onset of potential failure for
any arbitrarily determined pressure distribution, although the current analysis uses an approximated
parabolic pressure distribution. The theory does not cover elasto-plastic nature of the contact or
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the actual mechanism of inelastic deformation. This is highlighted in some representative literature,
which apply finite element analysis, not an analytical approach. Therefore, the future direction of
the current research can include elasto-plasticity [38,39], also including the role of adhesion [40,41].
Furthermore, coatings are bonded layered solids [24] and do not follow Hertzian pressure generation,
so the current approach can be used in an extended manner to deal with a subset of such conditions.

Author Contributions: Conceptualization: P.M.J.-R.; methodology: all; software: P.M.J.-R. and N.D.; validation:
all; formal analysis: all; investigation: P.M.J.-R. and N.D.; data curation: N.D.; original drafting: P.M.J.-R. and H.R.;
writing: all; review and editing: all; visualization: N.D.; supervision: P.M.J.-R. and H.R.; project administration:
P.M.J.-R. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: This work is the continuation of an initial research sponsored by the British Ministry of
Defence and Westland Helicopters.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

Roman Symbols
a Hertzian semi-minor half-width
b Hertzian semi-major half-width
D Diameter of the disc
E Modulus of elasticity
p Pressure
pm Maximum pressure
R1, R2 Radii of contacting bodies at the point of contact
W Applied line load
x, z Location in the depth of a contacting solid
x′, z′ Location measured from an applied line load
x1 Location of a pressure element, p
Greek Symbols
β Arc location of a pressure element, p
βm Half arc extent of a curvilinear contact
δR Radius difference of contacting pairs
ϑ Poisson’s ratio
σx. σz Direct sub-surface stresses
τzx Orthogonal sub-surface shear stress
τmax Maximum sub-surface shear stress
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