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Abstract: In this study, hydrogen-assisted fatigue propagation (a kind of corrosion fatigue phe-
nomenon) in corner cracks at holes located in plates under tensile loading was studied, the results
compared with those obtained for propagation by fatigue in air. To this end, numerical modeling was
carried out for the case studied to evaluate the advance of the crack front based on the Paris equation
and the stress intensity factors (SIFs) obtained by Raju and Newman. The results showed that the
cracks tended toward a preferential propagation path in their growth, the effect of the presence of the
stress concentrator on the preferential fatigue propagation path being more pronounced in the crack
growth by fatigue in air than in the crack growth by corrosion fatigue.

Keywords: corner flaws; plates with holes; stress concentrators; numerical modeling; Paris law;
fatigue crack propagation; aspect ratio; preferential propagation path.

1. Introduction

The study of fatigue crack propagation in plates containing stress concentrators (holes
or notches) is of great interest in the field of fracture mechanics. In this framework, the stress
intensity factor (SIF) has been frequently calculated (both numerically and experimentally)
for cases of corner cracks (symmetrical or asymmetrical, one or two) emanating from a
hole [1–8] or for single cracks (also of the corner type) emerging from a notch [9,10]. The SIF
in quarter-elliptical corner cracks emanating from a notch placed in a plate under tension
loading has been calculated using finite element analysis (with 3D meshes of the cracked
plate and singular elements in the crack tip) together with the nodal force method [2,9] and
the quarter-point displacement or J-integral methods [6,10].

The finite element method (FEM), without explicitly including the crack in the mesh,
has also been used together with a simple engineering method [8], with a mathematical
splitting scheme [7] and with an iterative superposition of a finite element solution for
stresses in the unflawed body and an analytic solution for stresses in an infinite solid
containing a flat elliptical crack [1]. Empirical SIFs obtained using photoelastic frozen stress
tests [3] and digitized data on the fatigue growth [4] agree well with the SIFs calculated
with the finite element method. It is possible to apply the SIF solutions for cases of two
symmetric quarter-elliptical corner cracks emerging from a hole in large plates to cases
where there is a single corner crack in a finite-sized plate using certain empirical correction
factors [5].

Under tension, cracks in the corner of a plate have higher SIF values for the points
of the front near both free surfaces (they are maximum in the proximity of one or the
other depending on the crack aspect ratio) and lower ones for the inner points [11]. For
corner cracks originating in the semicircular notch of a plate subjected to tension, the
SIF is usually greater at the points of the crack front near the notch [9]. For a case in
which a crack presented aspect ratios (crack depth-to-crack length ratio) equal to 0.2, the
maximum SIF was found to occur near the intersection of the crack with the hole surface
for shallow cracks and at the front surface for deep cracks [2]. For a case in which the crack
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presented aspect ratios (crack depth-to-crack length ratio) equal to 2, the SIF was found
to be almost constant along the entire crack front [10]. For corner-type cracks emerging
from a semicircular notch or a through hole, the SIF rises (for the same crack configuration)
with the increase in the ratio between the notch radius (or hole) and the thickness of the
plate [6,10].

Cracks in plates, during their advance by fatigue, tend toward a preferential propaga-
tion path [12–14]. The existence of free surfaces influences the advance of the crack, so that
although it tries to propagate while maintaining the SIF constant (iso-K) along its front, the
free surface of the plate prevents it [15]. The corner cracks originating from holes located
in plates are propagated by fatigue (in tension) slightly faster along the hole, maintaining
an elliptical geometry during growth [16]. The crack advance tends asymptotically to
a preferential pattern, so that the aspect ratio approaches a constant value, greater with
the decrease in the radius of the hole and the increase in the Paris exponent of the mate-
rial [17,18]. The cold expansion of the drills causes a delay in the advance of the crack due
to the presence of compressive residual stresses [19].

High-strength low-alloy (HSLA) steels demonstrate high strengthtoweight ratios and
good atmospheric corrosion resistance. They can be considered as microalloyed steel
and are used for manufacturing structures, ships, cranes, pipes for oil and so on. In
HSLA steels, fatigue crack growth in water was found to be higher than that in air due
to anodic dissolution and possible H embrittlement effects, while fatigue crack growth in
NaOH solution was significantly less than that in air [20]. In relation to the influence of
hydrogen on fatigue, the hydrogen effect was found to increase with decreasing SIF range
and with the increase in exposure time [21]. Welded joints in HSLA steels are areas of
weakness [22,23]; an alternative is threaded joints, where holes have to be made. Non-load
carrying spot-welded joints have a significantly lower fatigue limit compared to specimens
with a drilled hole [24]. It has been observed that the large defects inherent to each hole-
making procedure are those that determine the fatigue failure, regardless of the studied
HSLA grades [25].

The novelty of this study was that the authors numerically examined the hydrogen-
assisted fatigue propagation paths of corner cracks (with different initial geometries) at
holes located in HSLA-80 steel plates under tensile cyclic loading, comparing the results
with those obtained for fatigue in air. In addition, the effects of the environment and the
hole size on the fatigue preferential propagation path were analyzed.

2. Numerical Procedure

The material used in this study was a Cu-strengthened HSLA-80 steel. Roy, Manna
and Chattoraj [21] studied the fatigue crack growth for this steel during hydrogen charging,
finding that the increase in the charging current density raises the Paris constant C and
decreases the slope m. Thus, the value of the Paris exponent was m = 3.2 in air-tested
specimens and m = 0.6 in the sample after hydrogen charging at 1 mA/cm2. The steel had
a yield strength of 650 MPa and an ultimate tensile strength of 740 MPa.

Numerical modeling was performed in Java language to study the advance paths of
corner-type cracks located on plates of great length, high width w and finite thickness t,
subjected to cyclic tensile loading. The cracks emerge from a corner of the plate (Figure 1a)
or from the edge of a hole of radius r (Figure 1b), propagating through the cross-section of
the plate.

The crack front was modeled as a quarter-ellipse of semiaxes a (crack depth) and b
(crack length). Each point p on the crack front was characterized by the angular parameter
φ, which depends on the ratio between the semiaxes a and b of the ellipse (Figure 2).
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Figure 1. Crack emanating from: (a) the corner of a plate; (b) a hole. 
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Figure 2. Angle ϕ defining a point p of the crack front: (a) a/b ≤ 1; (b) a/b > 1. 

The SIFs K used in this study were those obtained by Raju and Newman [2,11,26] by 
means of a 3D finite element analysis and the nodal force method. For a plate subjected to 
remote tension σ, with a crack of quarter-ellipse geometry emerging from a corner (Fig-
ure 1a), these authors [2,26] fitted the results to the equation: 

πσ= 1
aK F

Q
 (1)

The function Q is the form factor for an ellipse (which is given by the square of the 
complete elliptic integral of the second class) depending on the crack aspect ratio a/b. The 
function F1 depends on the parameters: crack aspect ratio a/b, relative crack depth a/t, fi-
nite width b/w and angular location ϕ. This function is valid for 0.2 ≤ a/b ≤ 2, a/t < 1, b/w < 
0.5 and 0 ≤ ϕ ≤ π/2 [2,26]. 

For a plate subjected to remote stress with a quarter-ellipse corner-type crack ema-
nating from a through hole (Figure 1b), Raju and Newman [11,26] obtained the equation: 

πσ= 2
aK F

Q
 (2)

The function F2 depends on the same parameters as F1 and, in addition, it also de-
pends on the radius–thickness ratio r/t and radius–width ratio r/w. This function is valid 
for 0.2 ≤ a/b ≤ 2, a/t < 1, 0.5 ≤ r/t ≤ 2, (r + b)/w < 0.5 and 0 ≤ ϕ ≤ π/2 [11,26]. 

t

b

a

w

br

w

t
a

br

w

t
a

φa

b

p

φ
a

b

p

Figure 1. Crack emanating from: (a) the corner of a plate; (b) a hole.
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Figure 2. Angle φ defining a point p of the crack front: (a) a/b ≤ 1; (b) a/b > 1.

The SIFs K used in this study were those obtained by Raju and Newman [2,11,26] by
means of a 3D finite element analysis and the nodal force method. For a plate subjected
to remote tension σ, with a crack of quarter-ellipse geometry emerging from a corner
(Figure 1a), these authors [2,26] fitted the results to the equation:

K = σ

√
πa
Q

F1 (1)

The function Q is the form factor for an ellipse (which is given by the square of the
complete elliptic integral of the second class) depending on the crack aspect ratio a/b. The
function F1 depends on the parameters: crack aspect ratio a/b, relative crack depth a/t,
finite width b/w and angular location φ. This function is valid for 0.2 ≤ a/b ≤ 2, a/t < 1,
b/w < 0.5 and 0 ≤ φ ≤ π/2 [2,26].

For a plate subjected to remote stress with a quarter-ellipse corner-type crack emanat-
ing from a through hole (Figure 1b), Raju and Newman [11,26] obtained the equation:

K = σ

√
πa
Q

F2 (2)

The function F2 depends on the same parameters as F1 and, in addition, it also depends
on the radius–thickness ratio r/t and radius–width ratio r/w. This function is valid for 0.2
≤ a/b ≤ 2, a/t < 1, 0.5 ≤ r/t ≤ 2, (r + b)/w < 0.5 and 0 ≤ φ ≤ π/2 [11,26].
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The basic hypothesis of this modeling consists of assuming that each point at the crack
front propagates by fatigue in the direction perpendicular to such a front, according to the
Paris–Erdogan law [27]

da
dN

= C∆Km (3)

by maintaining the elliptical geometry throughout the calculation process, as has been
shown in experimental [13] and numerical [14] ways.

The crack front was discretized in a set of points, by dividing them into z segments of
identical length using the Simpson rule. Next, each point i was shifted in a perpendicular
manner to the crack front according to the Paris–Erdogan law [27]. At point i of maximum
SIF F{max} the maximum crack increase ∆a{max}≡max ∆a(i) (of constant value throughout
the full calculation) was applied, while for the other points the advance ∆a(i) was calculated
through the equation:

∆a(i) = ∆a{max}
[

F(i)
F{max}

]m

(4)

Finally, the calculated points were fixed to a quarter-ellipse geometry (using the least
squares method), thereby obtaining another crack front that allowed the process to be
started again (it can be repeated iteratively until the desired depth is achieved).

A convergence study was carried out to determine the value of the parameters z and
∆a{max}. The propagation of cracks with relative crack depths in the range 0 < a/t < 0.1 is
not shown in the results, because convergence problems occurred.

3. Numerical Results

Figures 3–8 show the advance of corner-type cracks (with several initial geometries:
relative crack depth (a/t)0 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7} and crack aspect ratio (a/b)0 = {2,
1, 0.2}) located in plates subjected to air fatigue (m = 3.2) or corrosion fatigue in a hydrogen
environment (m = 0.6) under tensile loads. Figures 3 and 6 correspond to the results for a
crack located in the corner of a plate, Figures 4 and 7 with those of a corner type originating
in a hole of radius r/t = 2 and Figures 5 and 8 with those of a corner type emanating from a
hole of smaller radius than in the previous case, r/t = 0.5.

Metals 2021, 11, x FOR PEER REVIEW 4 of 12 
 

 

The basic hypothesis of this modeling consists of assuming that each point at the 
crack front propagates by fatigue in the direction perpendicular to such a front, according 
to the Paris–Erdogan law [27] 

a
N

= Δ md
d

C K  (3)

by maintaining the elliptical geometry throughout the calculation process, as has been 
shown in experimental [13] and numerical [14] ways. 

The crack front was discretized in a set of points, by dividing them into z segments 
of identical length using the Simpson rule. Next, each point i was shifted in a perpendic-
ular manner to the crack front according to the Paris–Erdogan law [27]. At point i of 
maximum SIF F{max} the maximum crack increase Δa{max} ≡ max Δa(i) (of constant 
value throughout the full calculation) was applied, while for the other points the advance 
Δa(i) was calculated through the equation: 

{ } { }
 

Δ = Δ  
  

m
( )( ) max

max
F ia i a

F
 (4)

Finally, the calculated points were fixed to a quarter-ellipse geometry (using the 
least squares method), thereby obtaining another crack front that allowed the process to 
be started again (it can be repeated iteratively until the desired depth is achieved). 

A convergence study was carried out to determine the value of the parameters z and 
Δa{max}. The propagation of cracks with relative crack depths in the range 0 < a/t < 0.1 is 
not shown in the results, because convergence problems occurred. 

3. Numerical Results 
Figures 3–8 show the advance of corner-type cracks (with several initial geometries: 

relative crack depth (a/t)0 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7} and crack aspect ratio (a/b)0 = {2, 
1, 0.2}) located in plates subjected to air fatigue (m = 3.2) or corrosion fatigue in a hydro-
gen environment (m = 0.6) under tensile loads. Figures 3 and 6 correspond to the results 
for a crack located in the corner of a plate, Figures 4 and 7 with those of a corner type 
originating in a hole of radius r/t = 2 and Figures 5 and 8 with those of a corner type 
emanating from a hole of smaller radius than in the previous case, r/t = 0.5. 

0.0

0.5

1.0

1.5

2.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

a/t

a/
b
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The propagation paths for a single corner-type crack emanating from a hole (Figures
4, 5, 7 and 8) are the same as in the case of two symmetrical corner cracks strating in a hole,
since the relation between the SIFs in both cases, for each point of the crack front (in the
same crack geometry), is the same [2,26] and does not affect the calculation.

The fatigue crack growth from different initial geometries tends towards a preferential
propagation path, which approximately corresponds to that of a very shallow initial crack
of quasi-circular front a/b ~ 1, with a faster convergence (approach between the different
propagation curves a/b–a/t) for cracks originating in the corner of a plate than for those
emanating from a hole. For this latter case, the convergence is greater when the ratio
between the radius of the hole and the thickness of the plate r/t is increased.

The proximity between the propagation curves a/b–a/t is greater in air fatigue than in
corrosion fatigue. Such a proximity increases through the reduction of the initial relative
crack depth (a/t)0 and the increase of the closeness between the initial crack geometry
((a/t)0, (a/b)0) and the preferential propagation path. Thus, cracks with an elevated initial
aspect ratio ((a/b)0 = {1, 2} (upper part of the plots)) present a greater convergence than those
of initial quasi-straight geometry ((a/b)0 = 0.2 (lower part of the plots)), which, for elevated
initial relative depths (lower right-hand part of the plots), are quasi-straight a/b–a/t paths,
really similar for all studied cases.
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4. Discussion

Figure 9 shows the crack aspect ratio vs. relative crack depth curves corresponding to
the preferential propagation path (a/b–a/t)P for the configurations studied (fatigue in air,
m = 3.2, and corrosion fatigue, m = 0.6; crack emanating from a corner and from a hole of
radius r/t = {0.5, 2}).
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In corrosion fatigue and fatigue in air, the preferential propagation path curves (a/b–
a/t)P show a higher aspect ratio a/b for the same crack relative depth a/t when a hole is
present in the plate, the value increasing more by decreasing the hole radius. In addition,
for corrosion fatigue (m = 0.6) the three curves (plate without a hole and plate with a hole of
radius r/t = {0.5, 2}) are closer to each other than in the case of fatigue in air (m = 3.2), such
that the effect of the presence of the stress concentrator on the preferential propagation path
is more pronounced in the crack propagation by fatigue in air than in the crack propagation
by corrosion fatigue.

In the curve of the preferential propagation path corresponding to the crack advance
by air fatigue in a plate without a hole, it can be observed that the crack aspect ratio always
decreases with the crack relative depth, whereas, if the plate presents a hole, the crack
aspect ratio first increases with the crack relative depth and then decreases, this effect
being more pronounced as the hole radius decreases. In contrast, in the corrosion fatigue
for the three cases studied (plates without hole and with hole of radius r/t = {0.5, 2}), the
preferential propagation paths show that the crack aspect ratio always decreases with the
crack relative depth.

Figures 10–15 present the evolution of the dimensionless SIF K/σ(πa)1/2 along the
crack front for the cracks linked to the preferential propagation path with depths a/t = {0.1,
0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8}. The free surfaces raise the SIF in the crack-front points near to
them, presenting smaller values for the inner zones. In addition, in cracks originated from
holes, the SIF is greater in the region of the crack front close to the hole (Figures 11, 12, 14
and 15). The decrease in the radius of the hole produces a greater gradient of the SIF, but
also decreases its area of influence. For short cracks there is a greater variation in the SIF
because the majority of the crack front is in the region of influence of the stress concentrator.
However, when the crack is deeper, part of the front is in a region of lower stress gradient.
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Figure 13. Dimensionless SIF along the crack front for the preferential fatigue propagation path
(corrosion fatigue; cracks emanating from a plate corner).
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The curves corresponding to the preferential propagation paths in fatigue can be fitted
to fourth degree polynomial equations (with correlation coefficients < 0.0004):( a

b

)
P
= A + B

( a
t

)
P
+ C

( a
t

)2

P
+ D

( a
t

)3

P
+ E

( a
t

)4

P
(5)

for which the values of the coefficients A, B, C, D and E for the different cases studied are
shown in the Table 1.

Table 1. Coefficients for Equation (5).

Environment r/t A B C D E

Air
− 1.14226 −0.663195 1.19311 −1.15887 0.412712
2 1.14307 −0.546965 1.16221 −1.18695 0.426212

0.5 1.16205 −0.314444 0.623563 −0.741959 0.287784

Hydrogen
− 0.970317 −0.187459 0.124991 −0.321309 0.155703
2 0.990338 0.0352184 0.546897 −1.21531 0.583372

0.5 1.02962 0.981150 −1.67329 0.914044 −0.283772

5. Conclusions

Corner cracks at holes located in plates subject to cyclic tensile loading, with dif-
ferent initial geometries, approximate during their fatigue growth towards a preferential
propagation path (a/b–a/t)P, different in fatigue in air than in corrosion fatigue.

The convergence, closeness rate between the crack growth curves a/b–a/t from distinct
initial geometries, was quicker for fatigue in air (greater exponent m of Paris) than for
corrosion fatigue and when the hole relative radius r/t was increased (still greater if there
is no hole).

Crack advance according to the preferential propagation path showed a greater crack
aspect ratio a/b, for the same crack relative depth a/t, when there was a hole than when
there was no hole, increasing its value when the hole relative radius r/t decreased.

In corrosion fatigue the preferential propagation path curves (a/b–a/t)P were closer to
each other than in the case of fatigue in air, so that the effect of the presence of the stress
concentrator on the preferential propagation path was more pronounced in fatigue in air
than in corrosion fatigue.

Future research directions in which the obtained models could be practically applied
would involve hydrogen-assisted fatigue propagation effects in corner cracks at holes
located in plates under tensile loading. In practical terms, these models could be applied to
the analysis of fractures of HSLA-80 steels subjected to fatigue loading.
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List of Symbols

a Crack depth
a/b Crack aspect ratio
(a/b)0 Initial crack aspect ratio
(a/b)P Crack aspect ratio for preferential propagation path
a/t Relative crack depth
(a/t)0 Initial relative crack depth
(a/t)P Relative crack depth for preferential propagation path
A Crack-front point corresponding to the crack depth
∆a(i) Crack advance at the point i
∆a{max} Maximum crack advance in the iterations
b Crack length
B Crack front-point corresponding to the crack length
C Paris constant
da/dN Crack growth rate
F1 Parameter to obtain the SIF in a corner crack
F2 Parameter to obtain the SIF in a corner crack at a hole
F(i) Parameter F at the point i
F{max} Maximum parameters F along the crack front
φ Angle characterizing a point at the crack front
i Crack front discrete point
K Stress intensity factor (SIF)
∆K Stress intensity factor range
m Paris exponent
Q Parameter to obtain K
r Hole radius
r/t Relative hole radius
s Ellipse arc length characterizing a crack front-point
S Quarter-ellipse length characterizing crack front
σ Remote tension
t Plate thickness
w Plate width

List of Abbreviations

FEM Finite element method
HSLA High-strength low-alloy
SIF Stress intensity factor
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