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Abstract: Constitutive description of the plastic flow in metallic foams has been rarely explored in
the literature. Even though the material is of great interest to researchers, its plasticity remains a
topic that has a much room for exploration. With the help of the rich literature that explored the
material deformation mechanism, it is possible to introduce a connection between the results of the
atomistic simulations and the well-established continuum constitutive models that were developed
for various loading scenarios. In this work, we perform large-scale atomistic simulations of metallic
gold foams of two different sizes at a wide range of strain rates (107 − 109 s−1) under uniaxial
compression. By utilizing the results of those simulations, as well as the results we reported in our
previous works, a physical atomistic-continuum dislocations-based constitutive modeling connection
is proposed to capture the compressive plastic flow in gold foams for a wide range of sizes, strain
rates, temperatures, and porosities. The results reported in this work present curated datasets that
can be of extreme usefulness for the data-driven AI design of metallic foams with tunable nanoscale
properties. Eventually, we aim to produce an optimal physical description to improve integrated
physics-based and AI-enabled design, manufacture, and validation of hierarchical architected metallic
foams that deliver tailored mechanical responses and precision failure patterns at different scales.

Keywords: size effect; strain rate; strain hardening; atomistic-continuum; multiscale; large-scale
simulations

1. Introduction

Cellular solids have always attracted attention because they have one of the most
desirable material characteristics that a researcher could ask for, and that is a high stiffness-
to-weight ratio [1]. This promotes the material capacity to be used in a wide range of
applications; it is excellent in terms of shock absorbency [1,2], energy absorbency as the
core of sandwich metal tubes [3,4], catalysts [5–7], sensors and super capacitors [8–12],
actuators [13], and radiation-tolerant materials [14–16]. Bicontinuous metallic nanofoam,
which is a class of cellular solid, is made of a network of interconnected ligaments and
pores. This material, which is the subject of this work, has been researched for some time
by using various approaches, including pure experimental work (continuum scale) [17–23]
and pure computer simulations (mainly atomistic scale) [24–31]. Despite the fact that there
were trials to directly compare the results of molecular dynamics (MD) simulations with
the results of experiments [32–35], no adequate connection has been made between the
two scales in terms of the constitutive description of the material plastic flow. In fact, a
constitutive description of the plastic flow of metallic nanofoams has rarely been explored
in the literature. That can be attributed first to the fact that constitutive description of the
plastic flow of any full density (nonporous) solid is a very challenging task, given that
there are a lot of variables that play important roles in the material response (size, strain
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rate, temperature, crystal structure, etc.). Additionally, for the case of bicontinuous metallic
nanofoam, there is the added complexity of having more variables to take into account,
such as porosity, network connectivity, structural disorder, and free surface effects. All of
this makes atomistic simulations of the plasticity of nanofoams computationally expensive
and structurally complex.

However, this should not hold researchers back from trying to provide the required
constitutive models that capture the material response. The need for either physical or
phenomenological constitutive models is a fundamental necessity. For example, it is
required to ensure the applicability of the second law of thermodynamics in the continuum
description of a system in equilibrium in addition to the basic laws of mass, energy, and
momentum conservation. Without the constitutive models, we will end up with a number
of equations less than the number of unknowns, and in turn, produce a nonsolvable scheme.
In other words, unlike atomistic simulations, which are dependent on the interatomic
potential description rather than the constitutive description, continuum-based simulations
are extremely dependent on constitutive description. For example, constitutive models
that account for material deformation mechanisms as well as the effects of temperature,
strain rate, size, and density are required to perform continuum-based simulations such as
finite element (FE) and/or meshless-based simulations. Therefore, the challenge becomes
more about what constitutive model to use or to develop rather than discussing the need
for those constitutive descriptions.

To avoid repeating the works of others, and because we would not provide any
better extensive comparisons between different existing constitutive models than those
provided by references [36–40], we would refer the readers to those references. In general,
to choose a suitable continuum-based constitutive model to describe the plastic flow of
foams, especially that those constitutive models were originally developed for full density
(nonporous) solids, a physical-based constitutive model should be the first type to consider.
Additionally, because the deformation mechanism of gold metallic foams is controlled
by dislocation mechanics, as explained extensively in the literature and in our previous
works [25,26,29–31,41–43], the physical-based constitutive model needs to be dislocation-
controlled. As we will show later, the only available constitutive description for gold foams
is based on dislocation dynamics. Moreover, the flexibility of determining the material
constants from a limited set of experimental data and capturing the static and/or dynamic
behavior should be considered in the selection process. For those reasons, among the
well-known available constitutive models in the literature [38,44–50], we choose to use the
Voyiadjis–Abed (VA) constitutive model [49] which is a modified/extension version of the
well-known Zerilli–Armstrong (ZA) constitutive model [47]. In later sections, we provide
more details on the theory that promotes the constitutive model efficiency, aside from it
being flexible in determining its parameters.

There were few attempts in the literature to explore the constitutive modeling of
the plastic flow in metallic foams [51–56]. However, to the best of authors’ knowledge,
there were no trials in developing a physical-based and dislocation-based constitutive
model for that matter. Moreover, there is no known effort in establishing a connection
between any physical-based continuum constitutive model and the atomistic observations
of the material behavior. The proposed work utilizes a continuum, physical-based, and
dislocation-based constitutive model to provide a physical meaning and to modify the
authors’ previously published atomistic constitutive description in metallic foams. The
newly proposed constitutive model will establish a connection between the two scales
(atomistic and continuum). Accordingly, we report the first trials to propose a connection
between atomistic and continuum constitutive description of the plastic flow of face center
cubic (FCC) nanofoams after performing large-scale MD simulations of different sizes and
strain rates of gold foam. In Section 2, the authors recall the dislocation-based atomistic
constitutive description of gold foams proposed in their previous publications. In Section 3,
the authors review the dislocation-based continuum constitutive description of plasticity
in nonporous FCC metals as proposed by Voyiadjis and Abed [57]. In Section 4, the
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authors introduce the proposed connection between the atomistic and the continuum
constitutive models. In Section 5, the computational modeling part is presented, in which
large-scale MD simulations are performed over a wide range of strain rates for two different
average ligament sizes. The results of those simulations in addition to the results of the
simulations that were reported by the authors in their previous works are used to test the
proposed atomistic-continuum connection. In Section 6, the results are discussed in light of
the simulations.

2. Atomistic Dislocation-Based Constitutive Model for Gold Foams
In this section, the authors recall the atomistic constitutive model that was developed

by the same authors in their previous work [29–31,58]. Saffarini et al. [29] proposed an
expression to describe the plastic flow in gold foams under compression as a function of the
total dislocation density, as well as other phenomenological parameters. The parameters
were determined based on large-scale simulations that were conducted for a range of
ligament sizes, temperatures, and strain rates. However, no coupling effect was considered
during the development of the formulation. In other words, every series of simulations
was done by varying one aspect and fixing all others. The proposed expression is shown in
Equation (1),

σCompression = Cσy︸︷︷︸
Yield−Controlled Stress

Component

+ Denρ︸ ︷︷ ︸
Dislocation−Controlled Hardening Stress

Component

, (1)

where σy is the yield strength, C is a size dependent constant, D is a stress parameter that
is size- and temperature-dependent, n (mm2) is an exponent that is related to the ligament
area and is size- and strain rate-dependent, and ρ (mm−2) is the total dislocation density.
Table 1 shows the values of Equation (1) parameters as provided by Saffarini et al. [29].

Table 1. Equation (1) parameters values according to Saffarini et al. [29].

Avg. Ligament
Diameter (nm) 6.4 13.1 25.6

Strain Rate (s−1) 106 107 108 5×108 109 108

Temperature (K) 300 300 400 500 600 700 300

C
om

pr
es

si
on

C 1.10 1.05 0.95
D

(MPa) 11 12 13 17.5 23 11 5.5 1.0

n
(×10−12)
(mm2)

9.5 8.2 7.5 7.0 10.5 23.5

The constitutive model suggests that the plastic flow in gold foam can be decomposed
into two stress components: (1) a yield-controlled stress component, and (2) dislocation-
controlled hardening (densification) stress component. The second component corresponds
to the amount of stress needed to continuously ensure the nucleation of dislocations in gold
foams to plastically deform the material. Due to the small ligament size and the presence
of porosity that typically comprise the microstructure of the foam, dislocations annihilate
almost instantly upon nucleation by escaping at the ligament’s free surfaces. This type
of dislocation interaction and accumulation mechanism prior to densification requires a
continuous supply of stress to plastically deform the material. For more details about the
dislocation dynamics controlling the deformation mechanism, the reader is referred to the
authors’ previous works [29–31].

The hardening term in Equation (1) takes the exponential form to capture the densi-
fication regime that is dominant in all cellular materials under compression. As shown
by Saffarini et al. [31], this regime is initiated once the material transforms from being
open-cell foam into closed-cell foam, losing its bicontinuous microstructure and allowing
dislocation to accumulate and interact without being annihilated [29].
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The total dislocation density ρ (mm−2) variable that appears in Equation (1) can be
determined by using the formulation that Saffarini et al. [29] previously proposed. The
developed exponential expression describes the evolution of total dislocation density as a
function of relative density under compression.

Aside from the effect of relative density, the effect of ligament size, strain rate, and
temperature are captured by the remaining phenomenological parameters. The model is
described by Equation (2),

ρ = Aemϕ + B, (2)

where ρ is the total dislocation density, A (m−2) and B (m−2) are parameters that capture
the coupling effect of size, temperature, and strain rate, and m (m2) is an exponential decay
factor that is size-dependent only (i.e., strain rate- and temperature-independent). Table 2
shows the values of the parameters as reported in their work.

Table 2. Equation (2) parameters values according to Saffarini et al. [29].

Avg. Ligament
Diameter (nm) 6.4 13.1 25.6

Strain Rate (s−1) 106 107 108 5×108 109 108

Temperature (K) 300 300 400 500 600 700 300

Comp

A
(×1017) −27.5 −33 −42 −38.5 −35 −31.5 −23.5 −45 −22.62 −16.56

B
(×1017) 4 4.7 5.9 5.4 5 4.5 3.5 6.4 8.6 8.2

m −4 −2 −1.42

3. Continuum Dislocation-Based Constitutive Model for Nonporous FCC Metals

Plastic deformation in FCC metals is controlled by dislocations’ motion and their
respective interactions, which are well established by the dislocation theory [59]. Accord-
ingly, constitutive models describing metal plasticity were developed to accommodate the
microscopic interaction of dislocations and how they control the deformation and the stress
evolution upon initiation of plasticity. In this section, a brief overview is presented of the
continuum dislocation-based constitutive model that is utilized to establish the connection
with the atomistic constitutive description described in the previous section. Specifically,
we refer to the dislocation dynamics theory in full density (nonporous) FCC metals as the
basis of this proposed connection.

Voyiadjis and Abed [49] developed a physical- and dislocation-based constitutive
model that describes the plastic flow in FCC metals over a wide range of strain rates
and temperatures based on the concepts of thermal activation processes that were proven
to control dislocation dynamics at low strain rates. They modified the ZA constitutive
model [47], to overcome two major shortcomings. The first is that the explicit definition of
one of its parameters which assumes that the thermal activation area is constant instead
of being temperature-dependent. The second shortcoming is that the model assumes
a simple mathematical expansion that can be only applicable for very low strain rates
and temperature ranges. Such an assumption limits the usage of the model with regard
to the reference strain rate. Accordingly, Voyiadjis and Abed [47] proposed significant
modifications to those assumptions. Here, we present the final form of the VA constitutive
model which will be used later to provide the physical basis for our proposed continuum-
atomistic connection.

In FCC metals in particular, the plastic deformation is dominated by the evolution of a
“heterogeneous microstructure of dislocations (mobile)” and the long-range intersections
between dislocations (forest), especially at strain rates less than 104. For that, the thermal
activation analysis depends on plastic strain [49]. Moreover, dislocations during plastic de-
formation can be cumulatively trapped to form a forest of dislocations. Forest dislocations
act as a barrier that hinders the motion of mobile dislocations. Overcoming such a barrier
requires introducing thermal energy that in turn can provide thermal hardening. For that
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reason, the plastic flow stress must contain a thermal component that is dependent on the
plastic strain. Moreover, because “slip-crystal flow stress” is controlled by dislocation den-
sity and intersections (activation area), this thermal component of the stress is proportional
to the inverse square root of the plastic strain. Accordingly, the VA constitutive model
decomposes the stress response of the material into athermal stress (σath) and thermal stress
(σth) components as shown by Equation (3):

σ = σath + σth. (3)

The athermal stress component is plastic strain-independent and is completely related
to the initial yield stress Ya. Since there is no strain rate and temperature dependency
on the initial yield stress, Ya becomes constant. The thermal stress component describes
the coupling effect of temperature, strain rate, and plastic strain. Based on that, Voyiad-
jis and Abed [47] presented the final form of the total flow stress expression as shown
by Equation (4),

σ = Ya︸︷︷︸
athermal stress

+
∼
Bε0.5

p

(
1− (βT)

1
q

) 1
p
+ Yd

(
1− (βT)

1
q

) 1
p

︸ ︷︷ ︸
thermal stress

(4)

where
∼
B is a hardening parameter and is defined as

∼
B = mαoµob2

A′′o
, parameter Yd is the

resultant drag-stress at the reference velocity or zero absolute temperature and is defined

as Yd = mαoµob2

A′o
, constants p and q define the shape of the obstacle where p ranges from 0

to 1, and q ranges from 1 to 2. Moreover, the thermal activation parameter β is defined as

β = β1 − β2ln
.
εp

.
εpo

with parameters β1 and β2 defined as β1 = k
Go

ln
(−

mbvoρ
)

and β2 = k
Go

,

where k is the Boltzmann’s constant, b is Burger’s vector, ρ is the dislocation density, vo is
the dislocation velocity, and Go is the reference Gibbs free energy.

4. Proposed Atomistic-Continuum Constitutive Connection

Except for a few constitutive models [45,60], most of the existing continuum consti-
tutive models that describe the plastic flow in FCC metals, including the one presented
earlier, were well-established for strain rates less than 104 s−1 because they were developed
by using the concept that thermal activation processes are the driving force for the motion
of dislocation. For the case of higher strain rates than 104 s−1, and specifically at certain
threshold values, there will be an “upturn” in the flow stress as proven experimentally
by Follansbee and Kocks [50]. In more detailed terminology, there appears to be a rise in
the strain rate sensitivity at such level of strain rates. For that reason, those constitutive
models need to be revisited to include a description that considers some of the physics that
are driving this strain rate sensitivity. That is, the constitutive model’s parameters need to
either be reevaluated, expanded, or combined with additional parameters.

Despite the upturn in flow stress being an experimental fact, the main driving force
behind it is still debatable [37]. Follansbee and Kocks [50] stated that it is still controlled
by thermal activation processes instead of the dislocation drag. Rusinek et al. [61] em-
phasized that it is controlled by both dislocation drag and thermal activation. Zerilli and
Armstrong [62] showed that dislocation drag is not the driving force because strain under
tension does not increase as it should if dislocation drag is active. This means that there
is an unclear thermal-activation-guided process that is playing a key role. However, as
shown by Saffarini et al. [30], the dislocation evolution becomes significantly high at very
high strain rates due to the rapid nucleation and annihilation of dislocations, as well as the
speed at which they move. Such phenomena are difficult to attribute to thermal activation
processes and are believed to be controlled by dislocation drag [62,63].

Following this debate, several trials ranging from attributing the strain rate sensitiv-
ity to structure evolution, redefining the dislocation spacing and density, to introducing
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a “characteristic length evolution” parameter, were made to explain the upturn in flow
stress [50,64,65]. Despite the fact that those trials do not exactly match the case we are pre-
senting in this work, they fall under the same umbrella. It is shown later that the main goal
of this proposed connection and modification is to combine terms that attribute dislocation
behavior under very high strain rates in metallic foams to both the thermal activation pro-
cesses (especially yielding) and dislocation drag (especially hardening and densification).

All of the abovementioned studies concluded that the rate of dislocations’ evolution
at very high strain rates is significantly higher, and in turn, this increases the dislocation
density and decreases the dislocation spacing, activation area, and other characteristic
lengths. This is believed to induce the upturn in the stress [37]. For that reason, there needs
to be a dedicated term in our proposed constitutive model that describes the unique, abrupt
change in the dislocation interactions at such high strain rate, which in turn captures the
said significant increase in dislocation density and the corresponding material hardening.
Moreover, because the dislocation spacing and interaction in metallic foams is defined
mainly by the material porosity [30,31], the effect of porosity (relative density) needs to be
a fundamental aspect of the constitutive model (see Equations (2), (8) and (10)).

As explained earlier, at very high strain rates, it is debatable whether the upturn
in stress is controlled solely by thermal activation processes or by dislocation drag. We
show here that adopting a constitutive description that combines a derivation based on the
concept of thermal activation and a phenomenological description of the other processes
that were shown to control the deformation mechanisms in metallic foams can accurately
capture the stress–strain response of gold foams. By trying to describe the unique dis-
location density evolution mechanism in metallic foams, we will be able to capture the
stress–strain response of gold foams under compression for different sizes and at strain
rates in the range 107 − 109 s−1.

Several constitutive models were proposed to describe dislocation density evolu-
tion [44,66–69]. However, it is a slightly different case in this work due to the different
nature of the microstructure encountered in metallic foams that are uniquely characterized
by the presence of porosity. In other words, the fact that dislocations in the case of porous
medium evolve in a different manner than that in nonporous medium plays an important
role in the behavior of dislocation evolution. As shown by our previous works [29–31],
dislocations in porous media travel significantly shorter distances than those in nonporous
media because they get annihilated after escaping the solids at the ligament’s surfaces. This
leads to the need of a continuous stress increase to renucleate dislocations and plastically
deform the material. This process remains active until material compaction reaches a point
where the bicontinuous microstructure starts to disappear, and densification is initiated. At
that stage, we start to observe some of the dislocation dynamics that occur in full density
(nonporous) solids to take place, and thus, significant hardening starts to appear in the
material response. However, that does not preclude the fact that dislocation dynamics
during the instances when dislocations are traveling within ligaments prior to annihilation
(especially before densification initiation), are the same as that in nonporous media. The
fact is that the stress response that is controlling the plastic deformation of metallic foams
is dominated by dislocation annihilation. Other than that, dislocation dynamics within the
solid will still abide by the same dislocation dynamics observed in nonporous media at
very high strain rates. Therefore, the following continuum formulation is used to physically
justify Equation (2), which determines the dislocation density as a function of relative
density in gold foams. The first connection is that the continuum formulation to predict the
dislocation density in FCC metals takes the same form as the atomistic formulation as will
be shown next. This is because, as stated earlier, the dynamics of dislocations remain the
same for porous and nonporous media at very high strain rates.

Armstrong et al. [57,70] pointed out that the activation area decreases significantly
and approaches an atomistic dimension when the upturn in flow stress occurs at high
strain rates. This means that the dislocation distance will decrease, leading to a dislocation
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density increase. Accordingly, the hardening parameter controlled by dislocation density
can take the form shown by Equation (5),

ρ f = ρ f i + f
M
ka

(1− e−kaεp), (5)

where ρ f i is the initial forest dislocation, ρ f is the forest dislocations, f the forest dislocation
density fraction of the total dislocation density, M is the Schmidt factor, and ka is the
dislocation annihilation factor. The term shown by Equation (5) can be rewritten to take the
form shown by Equation (6),

ρ f = ρ f i + f
M
ka
− f

M
ka

e−kaεp , (6)

where the first two terms can be assumed to be constant in a statistical averaging sense
while the third term is a varying term as a function of plastic strain. This can help us in
rewriting Equation (6) to take a form similar to Equation (2), such that:

ρ = C1 + C2erεp , (7)

where C1 = ρ f i + f M
ka

, C2 = − f M
ka

, and r = −ka. For the case of metallic foams, as
shown previously by Saffarini and coworkers [29–31], relative density in our case is directly
proportional to the engineering plastic strain, and the dislocation distance. The intersection
spacing in metallic foams is in the order of atomic diameter (a factor of the average ligament
size ~5 × Atomic Diameter) as Armstrong et al. [57,70] pointed out (see above).

Since the relative density is directly proportional to the engineering plastic strain, as
stated earlier, it is used as an alternative representation that describes the average activation
area as well as the dislocation distance in the material. This allows one to reasonably and
directly replace the plastic strain by the relative density, leading one to rewrite Equation (7)
to follow the same form presented in Equation (2) as by Equation (8):

ρ = C1 + C2erϕ. (8)

By comparison, one has the parameters of Equation (8) follow the same form presented
in Equation (2) such that C1 = B, C2 = A, and r = m. By using Equation (8), one can
evaluate the second term (hardening stress term) in Equation (1).

Despite the fact that Saffarini et al.’s constitutive model (Equation (1)) has been shown
to significantly capture the MD simulation results as displayed in their previous studies [71]
and the fact that the second term of the model (dislocation-controlled stress component) is
physically justified by the dislocation dynamics reported in their work and well-established
by the literature, the first term (yield-controlled stress term) still lacks the required physical
reasoning. For that, here one introduces the second continuum-atomistic connection, in
which it is proposed that the first part of the atomistic constitutive model (yield-controlled
stress component) is directly related to the continuum microscopic description that the
VA constitutive model provides. In other words, one proposes the equality shown by
Equation (8):

Cσy︸︷︷︸
Yield−Controlled stress

component

= Ya︸︷︷︸
athermalstress

component

+
∼
Bε0.5

p

(
1− (βT)

1
q
) 1

p
+ Yd

(
1− (βT)

1
q
) 1

p︸ ︷︷ ︸
thermal stress component

. (9)
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Substituting Equation (9) into Equation (1) gives the proposed model as shown by
Equation (10):

σ = Ya︸︷︷︸
athermal stress

component

+
∼
Bε0.5

p

(
1− (βT)

1
q
) 1

p
+ Yd

(
1− (βT)

1
q
) 1

p︸ ︷︷ ︸
thermal stress component

︸ ︷︷ ︸
VA Model

+ Denρ︸ ︷︷ ︸
“upturn” stress

component︸ ︷︷ ︸
Hardening Term From Equation (1)

, (10)

where ρ is the dislocation density as determined by Equation (8). That being said, the
proposed constitutive model now consists of three components: (1) the stress component
that controls the material yielding (athermal stress component), (2) the stress component
that controls the thermal activation processes (thermal stress component), and (3) the
stress component that controls both the densification (hardening) and the upturn in flow
stress due to the effect of very high strain rate (dislocation-controlled hardening stress
component). The third stress component is dislocation-controlled and should capture the
exponential increase in stress in metallic foams due to the material densification.

5. Computational Modeling

The microstructures of the nanoporous gold samples used in this work simulations
were produced by using the phase field method through spinodal decomposition [72–74].
More details about the process can be found in our previous work [31] which has the details
of generating the samples used in this work. Two Au single crystals were generated; one
has the dimensions of 100 × 100 × 100 lattice spacing (ao = 4.08 Å), and the other is scaled
by a factor of two in each direction. The smaller sample microstructure and morphology is
shown in Figure 1 after being postprocessed by using the OVITO surface reconstruction
modifier [59,60]. This sample template was applied as is in the finite element solver, and
then scaled by a factor of 2 as mentioned earlier to generate the second larger sample. This
protocol guarantees self-similarity, the same porosity, and the same network connectivity
for both samples. Such conditions will reduce the variability between the two samples,
limiting the difference between them to the difference in size and difference in response to
strain rate effect. At the end of the process, the first sample ended up containing ~2 million
atoms, whereas the second one has ~16 million atoms.
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stress component that controls both the densification (hardening) and the upturn in flow 
stress due to the effect of very high strain rate (dislocation-controlled hardening stress 
component). The third stress component is dislocation-controlled and should capture the 
exponential increase in stress in metallic foams due to the material densification. 
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ing ~2 million atoms, whereas the second one has ~16 million atoms. 
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duce the larger sample which ended up having same porosity and network connectivity, but with 
different ligament size (solid surface is white and interior of solid is gold). 

The samples morphologies were characterized using AQUAMI [75] software. This 
analysis yields that the average ligament diameter (𝐿) for first sample is 6.4 nm and 13.1 
nm for the second one. Both generated samples have 50% porosity. 

The large-scale atomic molecular massively parallel simulator (LAMMPS) open-
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embedded atomic method (EAM) interatomic potential for gold [77] was used for the in-
teratomic interaction. Before performing any production simulations, the statistical 

Figure 1. The small sample microstructure and morphology. This template was scaled as is to produce
the larger sample which ended up having same porosity and network connectivity, but with different
ligament size (solid surface is white and interior of solid is gold).
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The samples morphologies were characterized using AQUAMI [75] software. This
analysis yields that the average ligament diameter (L) for first sample is 6.4 nm and 13.1 nm
for the second one. Both generated samples have 50% porosity.

The large-scale atomic molecular massively parallel simulator (LAMMPS) open-source
code [76] was used in this work to perform the MD simulations. The Foiles et al. embedded
atomic method (EAM) interatomic potential for gold [77] was used for the interatomic
interaction. Before performing any production simulations, the statistical minimization of
the atomic potential energy was performed by using the conjugate gradient method with a
final condition of zero stress in each direction. Upon finalization of energy minimization, a
thermal relaxation was performed for each sample to achieve a final target temperature of
300 K and final target pressure of zero over the span of 0.5 ns in NPT ensemble.

For the production simulations, a uniaxial strain through scaling of the simulation
box was applied along the [001] direction at four different strain rates of 107 s−1, 108 s−1,
5× 108 s−1, and 109 s−1 and room temperature of 300 K while maintaining zero stress
condition in the other two perpendicular directions in an NPT ensemble. The 3D periodicity
was maintained during all simulation stages (minimization, equilibration, and production).
Finally, the visualization and postprocessing was performed by using the OVITO software
and crystal analysis tool [78–82].

6. Results and Discussion

In this section, the authors present and discuss the results of the proposed constitutive
model compared with the MD simulation results. In addition, they provide a comparison
between the proposed constitutive model, the VA constitutive model, and the hardening
term in Equation (1) to further show the usefulness of the newly proposed connection.

The stress–strain curves obtained from the simulations were determined based on the
global stress tensor of the full sample as per the virial theorem in LAMMPS [83]. The global

stress is computed by the formula σ = NkBT
V + 1

Vd

N′

∑
i=1

→
ri .
→
fi , where N is the number of atoms

in the system, kB is the Boltzmann constant, T is the temperature, d is the dimensionality
of the system (2 for 2D, 3 for 3D), and V is the system volume. The second term is the
virial, equal to −dU/dV (U is the potential energy), computed for all pairwise as well as

2-body, 3-body, 4-body, many-body, and long-range interactions, where
→
ri and

→
fi are the

position and force vector of atom i, and the dot indicates the dot product (scalar product).
As for the engineering strain, it is the simple change of length along the load direction
since the loading was applied by scaling the simulation box at a predefined rate (refer to
Section 5). Accordingly, the global von Mises stress (J2) is computed by using Equation (11)
to produce the stress-strain plots:

J2 =

√√√√(
σxx − σyy

)2
+
(
σyy − σzz

)2
+ (σzz − σxx)

2 + 6
(

σ2
xy + σ2

xz + σ2
yz

)
2

(11)

Tables 3 and 4 show the parameters’ values of Equations (8) and (10), respectively.
The parameters of Equation (8) were obtained from Saffarini et al. [29] for all strain rates
in the case of the small sample and for the strain rate of 108 s−1 in the case of the medium
sample. As for the remaining strain rates of the medium sample, the parameters have been
evaluated by using the same approach of Saffarini et al. [29] by using the MD simulations
performed for this work and as per the definitions of Equation (6).
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Table 3. Equation (8) parameter values.

L (nm) 6.4 13.1
.
ε (s−1) 107 108 5 × 108 109 107 108 5 × 108 109

C1 (×1017)
(m−2)

4.7 5.9 6.4 6.4 8.85 8.6 8 7.75

C2(×1017)
(m−2)

−33 −42 −45 −45 −24.2 −22.62 −20 −18

r
(
m2) −4 −2

Table 4. Equation (10) parameter values.

L 6.4 13.1
.
ε (s−1) 107 108 5 × 108 109 107 108 5 × 108 109

Ya (MPa) 180 200 220 240 170 200 250 290
∼
B (MPa) 1000

β 0.003315 0.003323 0.003330 0.003333 0.003315 0.003323 0.003330 0.003333
Yd (MPa) 50

p 0.5
q 1.5

D (MPa) 11 5.5
n (×10−12)

(mm2)
7.5 9.5

The parameters of the VA constitutive model part of Equation (10) were determined
by using the definition of each parameter as listed in Section 3 and by performing the
simple regression analysis explained by Voyiadjis and Abed [49,57] using the results of
the small sample. As the table shows, the parameters of the VA constitutive model, except
for the yield stress (Ya), are size-independent. The strain rate dependency is captured by
the β parameter which allows the remaining VA parameters, except for the yield stress, to
be strain rate-independent. The yield stress term is both size and strain rate-dependent.
Those variations in the parameters’ values, along with their dependencies, are in line with
the physical definition of the VA constitutive model described in Section 3, and with the
physical meaning intended from combining the VA constitutive model with the hardening
term from the Saffarini et al. constitutive model.

The upturn flow stress component, as represented by the hardening stress term in
Equation (10), is strain rate-independent because the strain rate contribution is taken care
of by C1 and C2 parameters of Equation (8), as well as the β parameter in the VA part.
Additionally, the size dependency is captured by both the parameters of the upturn stress
component and Equation (8) parameters.

Figure 2 shows the proposed constitutive model predictions of the plastic flow in
gold foam compared to the MD simulation results, the prediction of the VA constitu-
tive model, and the predictions of the hardening term from the Saffarini et al. model
(dislocation-controlled stress component) at different strain rates of

.
ε = 107 s−1,

.
ε = 108 s−1,

.
ε = 5× 108 s−1, and

.
ε = 109 s−1 for the smaller sample (L = 6.4 nm). Figure 3 shows the

same but for the larger sample (L = 13.1 nm). Figure 4 shows a comparison of the stress
component corresponding to the VA model contribution to the newly proposed model
due to thermal activation processes at the different strain rates of

.
ε = 107 s−1,

.
ε = 108 s−1,

.
ε = 5× 108 s−1, and

.
ε = 109 s−1 for both sizes simulated in this work (L = 6.4 nm and

L = 13.1 nm)
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Figure 2. Model predictions of the plastic flow in gold foam compared to the MD simulation results
performed in this work, the VA model predictions, and the hardening term from the Saffarini et al.
model (dislocation-controlled stress component) in Equation (1) at (a)

.
ε = 107 s−1, (b)

.
ε = 108 s−1,

(c)
.
ε = 5× 108 s−1, (d)

.
ε = 109 s−1. All for the smaller sized sample with L = 6.4 nm.

Several observations regarding the constitutive model behavior can be noted from
the three figures. The first observation is that the proposed equation results are in good
agreement with the MD simulation results. The proposed equation captures both the
initial plateau-like plasticity and the later stages of densification, which are controlled
mainly by the rapid increase in dislocation evolution upon porosity annihilation. As
shown by Equation (10), the proposed equation is simply the sum of the VA part and
the Saffarini et al. hardening part. For this, it is obvious that each component fails to
capture the full stress–strain response of the material. Here appears the superiority of
the atomistic-continuum constitutive model over the standalone continuum constitutive
model. It is also obvious that the hardening term is not supposed to capture the MD
simulation stress–strain response because it is only half the original model shown in
Equation (1). However, it is important to highlight that the hardening stress component of
the model comprises less than 15% of the total stress throughout the deformation process.
The remaining 85% contribution comes from the VA stress component. In the previous
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atomistic formulation, the VA constitutive model was replaced by a simple multiplication
between a constant and the yield stress. Although it phenomenologically captured the
VA constitutive model contribution, that term did not have a physical reasoning behind it.
Using the VA constitutive model, one can simply show that this term is physically justified.
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Figure 3. Model predictions of the plastic flow in gold foam compared to the MD simulation results
performed in this work, the VA model predictions, and the hardening term from the Saffarini et al.
model (dislocation-controlled stress component) in Equation (1) at (a)

.
ε = 107 s−1, (b)

.
ε = 108 s−1,

(c)
.
ε = 5× 108 s−1, (d)

.
ε = 109 s−1. All for the medium-sized sample with L = 13.1 nm.

Moreover, the previous atomistic formulation assumes that the yield-controlled stress
term (refer to Equation (1)) is a constant value throughout the deformation process at each
strain rate. That is simply because the constant parameter (C) is independent of the plastic
strain or relative density. This means that for any strain rate, the yield-controlled stress
component is a fixed value from plasticity initiation until complete densification. Despite it
being true for a very high strain rate, it is not quite accurate for lower values of strain rate.
As shown by Figure 4, the VA stress component shows that there is slight hardening due
to thermal activation energy. This is more accurate constitutive description in light of the
discussion in Section 4 where it shows that thermal activation processes still contribute to
the material hardening even at high strain rates [47,50]. This shows that the updated model
proposed in Equation (10) is better than that in Equation (1).
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Figure 4. The stress component value corresponding to the VA model contribution of the newly
proposed model due to thermal activation processes at

.
ε = 107 s−1,

.
ε = 108 s−1,

.
ε = 5× 108 s−1, and

.
ε = 109 s−1 for both sizes simulated in this work.

Another observation is that at very high strain rate, the VA component of Equation (10)
reaches a value equal to the yield stress and maintains this value to be constant throughout
the full deformation process. That behavior, which reaches the value of the yield stress
or the athermal stress component of the VA constitutive model, can be noticed for both
sizes at strain rate of 109 s−1 in Figure 4a,b. This means that at very high strain rates, the
contribution of the thermal activation part of the model towards the plastic deformation
of the foam is becoming completely ineffective, and that the plastic flow is completely
controlled by the hardening stress component (especially after densification initiation at
ε ≈ 0.22). This follows the discussion presented earlier in Section 4, in which it was shown
that the contribution of the thermal activation processes decay and that the control will
be mainly due to dislocation drag at very high strain rate, during which the dislocation
evolution and speed become significantly high. In fact, those physical phenomena go hand
to hand with the dislocation dynamics presented in the authors’ previous work about the
effect of strain rate in gold foams at a wide range of strain rates [30].

The last observation is that in the case of the small sample, the hardening term
contribution in the regions of material densification (ε ≥ 0.22) increases significantly until
it reaches or surpasses the value predicted by the VA stress component. This happens at
later stages of the deformation when the material completely compresses and the porosity
vanishes, transforming it from an open-cell bicontinuous foam microstructure into a full-
density nonporous-like microstructure. At this stage the contribution of the upturn stress
component matches the contribution of the VA stress component because the material is
now fully populated by forest dislocations, and there is no dislocation annihilation at free
surface anymore.

7. Conclusions

In this work, the authors performed large-scale simulations at wide range of strain
rates (107 s−1 to 109 s−1) and different ligament sizes (L = 6.4 nm and 13.1 nm) to propose
a new constitutive description of the plastic flow in gold foams. The description is based
on an atomistic-continuum connection that physically captures both thermal activation
processes at low strain rates as well as the upturn in flow stress controlled by dislocation
drag and the rapid increase in their evolution at very high strain rates. The paper presents
an overview of the theory behind the two combined models (atomistic constitutive model
and the continuum constitutive model) to later introduce the connection between the two
scales, and in turn, present the proposed model results. The proposed constitutive model
shows good agreement with the simulation results and captures the physical description
discussed throughout the paper. The model shows promising results in capturing the
physics of the deformation mechanism in gold foams at a wide range of strain rates and
for different sizes. The proposed equation captures both the initial plateau-like plasticity



Metals 2023, 13, 652 14 of 17

and the later stages of densification, which is controlled mainly by the rapid increase
in dislocation evolution upon porosity annihilation. Moreover, it is observed that the
proposed constitutive description is more accurate than the standalone VA model or the
hardening term from the Saffarini et al. model. This comes from the fact that the model
combines the best of the two models to cover all the processes involved in controlling
the dislocation density effect (thermal activation energy and dislocation drag). Such a
promising constitutive description can help improving integrated physics-based and AI-
enabled design of architected metallic foams that deliver tailored mechanical responses at
different scales.
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