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Abstract: The addition of alloying elements is a crucial factor in improving the mechanical properties
of pure copper, particularly in terms of enhancing its yield strength and hardness. This study examines
the influence of scandium additions (up to 0.27 wt.%) on low-alloyed copper. Following the casting
and solution-annealing processes, the alloys were quenched in water to maintain a supersaturated
state. The mechanical properties were evaluated by tensile tests to measure the yield strength and the
dynamic resonance method to determine the modulus of rigidity. Additionally, X-ray diffraction was
utilized to analyze changes in lattice parameters, elucidating the structural modifications induced
by scandium. This study dissects the parelastic and dielastic effects underlying the solid solution
hardening mechanism, providing insights into how scandium alters copper’s mechanical properties.
The findings align with the solid solution hardening theories proposed by Fleischer and Labusch,
providing a comprehensive understanding of the observed phenomena.

Keywords: Cu-Sc alloy; solid solution hardening; atomic size misfit; elastic modulus misfit; yield
strength; grain boundary hardening; X-ray diffraction; SEM; tensile test

1. Introduction

Copper alloys play an indispensable role in high-performance applications, such
as within the electrical and automotive industries, in which high levels of thermal and
electrical conductivity are of crucial importance. Despite these outstanding properties, the
comparatively low mechanical strength of pure copper poses a challenge [1]. In order to
counteract this deficit, it is common practice to increase the strength of pure copper by
alloying it in conjunction with a suitable heat treatment [2–6].

In recent years, copper–scandium alloys (Cu-Sc) have increasingly come into focus
as promising candidates for applications with specific requirements for high levels of
strength combined with high levels of electrical conductivity. Recent studies by Franczak
et al. [7] and Dölling et al. [8] have shown that the combination of copper and scandium
has considerable potential in this area and also has advantages in terms of recrystallisation
behavior and grain refinement [9]. These investigations primarily focused on the influence
of precipitation on its hardness and electrical conductivity, as well as the effect of cold
working prior to heat treatment. In a previous study, Henle et al. [10] investigated this
effect using differential scanning calorimetry (DSC) measurements on Cu-Sc. The findings
indicated that specimens with a 75% cross-section reduction from cold rolling exhibited an
earlier onset of the precipitation reaction, which significantly lowered the activation energy.
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In comparison to the industrial benchmark alloy Cu-Cr, the application of moderate pre-
deformation prior to heat treatment not only resulted in enhanced hardness and electrical
conductivity but also initiated the precipitation reaction at lower temperatures [11]. This is
advantageous for industrial applications, as it can lead to energy savings and potentially
enhance the economic feasibility and performance of these alloys. However, detailed
investigations of the strength-enhancing mechanisms and their interactions in such alloys
have yet to be documented in the literature.

Despite the low maximum solubility of scandium in the copper matrix of 0.35 wt.%
at 865 ◦C [12–15], as shown in the phase diagram in Appendix B, Figure A1, studies have
demonstrated an increase in hardness of up to 30 HV0.1 by adding 0.35 wt.% scandium in
the solution-annealed state compared to soft-annealed copper [8].

This study is the first step towards a detailed analysis of the strength-enhancing
mechanisms of this alloy, focusing on solid solution hardening. To isolate this from other
strengthening mechanisms, such as grain boundary hardening, further experimental inves-
tigations on grain size are carried out. A comprehensive understanding of the parelastic
and dielastic interactions of the alloying elements is crucial to accurately describe the mech-
anism of solid solution hardening in Cu-Sc alloys [16]. The aim of the investigations is to
analyze the effects of the interactions in more detail and to predict the critical resolved shear
stress or yield strength using the common models of Fleischer et al. [17], Labusch et al. [18],
and Gypen et al. [19]. The results are then compared with experimentally determined data.
A comprehensive understanding of the mechanisms that increase strength significantly
helps to optimize future alloy development.

2. Theoretical Background

An increase in strength is achieved by increasing the plastic deformation resistance,
which includes both the movement and the formation of dislocations [20]. In general,
the strength can be approximately quantified by the superposition of different hardening
mechanisms. This approach is illustrated by the following equation [4]:

σy = σ0 + σHP + σdis + σss + σp (1)

where σy is the yield strength, σ0 the lattice frictional stress, σHP is the grain size-dependent
strength contribution, σdis is the hardening due to dislocations, σss is the solid solution
hardening, and σp is the precipitation hardening.

In analogy to the stress intensity factor in linear fracture mechanics, which quantifies
the peak stress fields around cracks and describes their effect on crack propagation [21],
the Hall–Petch constant is used for the grain size-dependent strength contribution. The
relationship between strength and grain size is given by the Hall–Petch equation as fol-
lows [22–24]:

σHP =
kHP√

d
(2)

where d is the grain size, and kHP is the Hall–Petch constant. The values of this constant vary
for different materials and are documented to be 0.11 − 0.14 MPa·

√
m [2,25–28] for copper.

Solid solution strengthening σss is based on the interaction of dislocations with foreign
atoms that are incorporated into the lattice substitutionally or interstitially. A distinction
is made between parelastic, dielastic, and chemical interactions. The chemical interaction
results from the change in the stacking fault energy due to the dissolved atoms, which
generally decreases with increasing alloy content [2]. A lower stacking fault energy allows
for a preferential planar sliding motion of the dislocations in the lattice so that transverse
sliding through screw dislocations only occurs at high degrees of deformation and/or
temperatures [20]. The most important theories of solid solution strengthening can be
illustrated by using different exponents and strengthening parameters.

The parelastic effect in the solid solution is caused by atomic size differences between
matrix and impurity atoms, which cause compressive or tensile stresses in the crystal
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lattice depending on whether the embedded atom is larger or smaller [6,29]. The parelastic
interaction δ can be described by the change in the lattice parameters as a function of the
alloy content [17].

δ =
1
a
· a

c
(3)

where a is the lattice parameter, and c is the alloy content.
In addition, the incorporation of impurity atoms locally changes the bond ratios

between the impurity atom and the matrix and thus the stiffness in the solid solution.
The elastic energy content of the distortion field of the dislocation is therefore subject to
variations. The change in stiffness due to the incorporation of impurity atoms can be
described by the change in the shear modulus as a function of the impurity concentration.
According to Fleischer et al. [17], the parameter η′ is defined as follows:

η′ = η

1 + 0.5|η| with η =
1
G

· dG
dc

(4)

where G is the shear modulus, and c is the alloy content. It should be noted that screw
dislocations have a very low hydrostatic contribution to the stress field and therefore hardly
interact with impurity atoms, which have an isotropic distortion field [30,31].

Gypen et al. [19] (henceforth referred to as GD) have proposed a modified modulus
parameter ηGD based on investigations by Takeuchi et al., which considers the dependence
of the shear modulus on the lattice contraction or expansion caused by the dissolved
impurity atoms.

ηGD =
η + Aδ

1 + 0.5|η + Aδ| (5)

where A = 5 for Cu alloys [32]. In the case of δ = 0, this equation changes to the original
equation of Fleischer [19].

The modulus effect and the changes in the lattice parameters can now be combined
into a hardening parameter according to the theories of Fleischer (henceforth referred to as
Fl) and Labusch (henceforth referred to as La) as follows:

εFl =
∣∣η′ + αδ

∣∣ εLa =

√(
η′2 + (αδ)2

)
(6)

where α is a weighting parameter that considers the influence of the parelastic and dielastic
effects and provides information on which type of dislocation interacts with the impurity
atoms. In general, 3 < α < 16 applies for screw dislocations and α > 16 for edge dislocations.
Fleischer et al. [17] proposed the value α = 3 for Cu alloys as an interaction with screw dis-
locations while more recent studies by Labusch et al. [18], Gypen et al. [19], and Kratochvíl
et al. [33] have found a better correlation with the value α = 16, indicating an interaction
with edge dislocations.

From the calculation of the hardening parameter, the increase in the critical resolved
shear stress (CRSS) due to solid solution strengthening can be inferred and depends on
the impurity concentration. In the Fleischer and Labusch model, this relationship has the
following form:

τss =
1
Z
· G·εp·cq with σss = MT ·τss (7)

where τss is the critical resolved shear stress, and MT is the Taylor factor with the value of
3.06 for face-centered cubic (fcc) crystal structures, which is generally used as a conversion
between the CRSS and yield strength [2,4,34,35]. G is the shear modulus, ε is the hard-
ening parameter, and Z is a solvent-related fitting parameter that varies with the theory
used. Furthermore, the exponents p and q vary depending on the theory chosen. Fleischer
suggested the values p = 3/2 and q = 1/2, while Labusch favored p = 4/3 and q = 2/3.
The reason for this is the Fleischer model assumes that the impurity atoms are uniformly
distributed along the dislocation line, while Labusch considers a random impurity distri-
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bution by introducing a distribution function [18,30]. The model proposed by Fleischer
is therefore more suitable for the calculation of substitutionally dissolved impurities in
very low concentrations, while the Labusch theory can also be applied to higher impurity
concentrations [18,31,36].

3. Materials and Methods

For the experimental investigations, pure copper and binary Cu-Sc alloys with a Sc
content in the range of 0.04 to 0.27 wt.% were produced according to the manufacturing
process shown in Figure 1. The raw material Cu-OFE and the master alloy CuSc23 were
melted using a VC400 casting machine (Indutherm Blue Power Casting Systems, Walzbach-
tal, Germany) with a 800 g casting weight in a boron-nitride-coated graphite crucible and
cast in a preheated graphite mold (with a 10 mm thickness) under vacuum conditions
at 1300 ◦C. In order to ensure a homogeneous microstructure for further experimental
investigations and prevent excessive work hardening and potential cracking, the specimens
were further processed in two cold-rolling steps with short intermediate annealing. Both
rolling stages had an identical logarithmic degree of deformation of φ = 0.6. The castings
were first cold-rolled in the longitudinal direction to a thickness of 5.5 mm. This was carried
out on a duo rolling mill (Bühler, Pforzheim, Germany) with 120 mm diameter rolls, which
were driven at a speed of 40 min−1. This was followed by short solution annealing for
10 min at 870 ◦C in a preheated furnace (model ME65/13, Helmut ROHDE GmbH, Prutting,
Germany) to minimize impurities. After final rolling to a thickness of 3 mm, the specimens
were solution-annealed at 870 ◦C for 60 min to ensure maximum solubility of scandium in
copper and to achieve a fully recrystallized microstructure. Subsequently, the specimens
were quenched to room temperature in circulating water.
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Figure 1. Manufacturing route for the preparation of Cu-OFE and binary Cu-Sc alloys.

After solution annealing, the chemical composition, homogeneity, microstructure, and
mechanical properties were examined. In order to avoid possible interactions, the surface
layer of the specimens was removed. The content of alloyed scandium was determined at
three different points of the rolled and annealed alloy using a calibrated optical emission
spectrometer (Spectrotest, SPECTRO Analytical Instruments GmbH, Kleve, Germany)
which took eighteen measurements per specimen in total. The maximum deviation from
the target composition was 0.02 wt.%. The microstructure characterization was performed
with a scanning electron microscope (SEM) (Gemini Sigma VP with the used NTS BSD (Carl
Zeiss Microscopy Deutschland GmbH, Oberkochen, Germany)) at 12 kV using a Bruker
XFlash 6|30 detector (Bruker Nano GmbH, Berlin, Germany).

The mean grain size of the alloys was determined according to the linear intercept
method (ASTM E112-13) [37] in five equidistant cross-sections using an optical light micro-
scope (Leica DM ILM LH113, Leica Microsystems, Wetzlar, Germany). For better contrast
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in the optical microscope, the specimens were etched according to Klemm III [38]. The ex-
amined area was 1.75 cm2 and consisted of images of transverse, longitudinal, and ground
surfaces for all specimens. The grain boundaries were marked manually. A correction
factor cL/D = 0.79 was applied to the raw data considering the “tomato salad problem” in
spherical stereology [39–41]. The data were approximated using a Gamma distribution,
whereby 217–361 chord lengths were marked depending on the specimen.

The electrical conductivity of each specimen was determined using an eddy current
test (Sigmascope SMP10, with TF100A for temperature compensation, Helmut Fischer
GmbH, Sindelfingen, Germany) to validate the alloy content. The measurement of electrical
conductivity was repeated ten times to minimize errors in the experimental data.

The Vickers hardness test was performed using a microhardness tester (NEXUS 412A,
equipped for Vickers hardness testing according to DIN EN ISO 6507-1:2018 [42], Inno-
vatest GmbH, Selfkant-Heilder, Germany) with a load of 0.980 N (HV0.1). Seven points
were measured for each specimen, and the mean value was calculated to minimize the
associated errors.

The mechanical properties were determined by tensile tests (Z100 TEW Allround-
Line with VideoXtens biax 2-150 HP for strain measurement; Xforce K 100 kN force mea-
surement system calibrated and verified according to the standards set forth in DIN EN
ISO 7500-1 [43]; an accuracy class 1 was achieved for measured forces above 200 N and
an accuracy class 0.5 for forces above 1000 N; testXpert III software was used for data
evaluation (ZwickRoell GmbH & Co. KG, Ulm, Germany)). The tests were conducted in
accordance with the DIN EN ISO 6892-1 [44] traverse-controlled test standard at a test speed
of 0.25 mm/min in the elastic area and 8.00 mm/min in the plastic area to determine the
yield strength and tensile strength. A minimum of three specimens were tested in tensile
tests for each alloy composition. To prevent any potential heat input into the specimens,
a cooling water bath was utilized during the milling process. The specified geometry
was in close accordance with the specifications set forth in DIN 50125 [45], with a thick-
ness a0 = 3 mm, width b0 = 5 mm, and initial gauge length l0 = 17 mm. For reference, the
technical drawing of the tensile specimen geometry is provided in Appendix B, Figure A8.

The specimens were analyzed by X-ray diffraction (XRD) (Seifert XRD 3000TT, Way-
gate Technologies, Ahrensburg, Germany) in Bragg–Brentano arrangement using CoKα

radiation at 40 kV/40 mA with a scan angle range of 20◦ to 140◦ with an increment of 0.05◦

at a scan speed of 0.15◦/min. The lattice parameters were evaluated with the Software
Rayflex—analyze (Version 2.503, Waygate Technologies, Ahrensburg, Germany) using a
pseudo-Voigt approximation.

The elastic properties of a material were accurately determined using the dynamic
resonance method, a non-destructive testing technique (RFDA Basic, IMCE nv, Genk,
Belgium). In this method, the resonant frequencies of a specimen are analyzed to determine
properties such as Young’s modulus and shear modulus. In this study, specimens measuring
50 × 15 × 3 mm (L × W × H) were subjected to mechanical vibrations using a small
hammer. A sensor records the resonant frequencies of these vibrations, which are then
analyzed using Fourier analysis. The frequencies were recorded at a sampling rate of
96 kHz, with frequencies below 200 Hz and above 20 kHz excluded from the analysis.
The elastic properties could be calculated from the measured frequencies and known
material parameters. To minimize experimental errors, at least ten measurements were
taken per specimen.

Given the greater relevance of the results to industrial applications, the experimental
investigations were correlated with the alloy content’s weight percent, while the modeling
was correlated with the atomic fraction in order to facilitate a more comparable analysis of
the modeling parameters with other published scientific articles.

With regard to the considerable number of abbreviations, symbols, and indices, a
comprehensive overview of these elements is provided in Appendix A, Tables A1–A3.
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4. Results

The following chapter presents the results of the investigation of the influence of scan-
dium on the solid solution hardening of the binary Cu-Sc alloy. The chapter is divided into
two main sections, covering the experimental investigations and the modeling. Each section
provides a comprehensive examination of the experimental results and their implications
for understanding the behavior of the alloy.

4.1. Experimental Investigations
4.1.1. Chemical and Microstructural Analysis

The starting point of the investigation was the state of the supersaturated solid solution
resulting from quenching it to room temperature after a solution heat treatment. In order to
correctly assess the mechanism of solid solution hardening, four Cu-Sc alloys with different
compositions were produced. The maximum Sc concentration was 0.27 wt.% and was thus
below the maximum solubility of the Cu-Sc of 0.35 wt.%. For the following investigations,
the alloys were selected according to the alloy contents listed in Table 1.

Table 1. Compositions in weight percent and atom percent of the experimentally investigated
Cu-Sc alloys.

Sc Content

at.% 0.06 0.11 0.21 0.39
wt.% 0.04 0.08 0.15 0.27

The homogeneity of the specimens was verified by means of SEM examinations. The
investigations using EDX in Appendix A Figure A2 showed that none of the specimens
examined exhibited an accumulation of scandium atoms that would indicate a possible
second phase besides the Cu crystal. This suggests a homogeneous distribution of Sc atoms
in the solid solution.

The electrical conductivity measurements in Figure 2 showed a continuous decrease
in electrical conductivity with increasing alloy content. This observation can be attributed
to the fact that the electrical resistance increases with the higher concentration of the
alloying element [2]. Thus, it can be concluded that the decreasing electrical conductivity is
essentially a consequence of solid solution hardening. The measurement of the electrical
conductivity for pure copper (Cu-OFE) resulted in a value of 58.7 MS/m, which is in good
agreement with the literature value of 58.0 MS/m [6].
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4.1.2. X-ray Diffraction Analysis

The (unsmoothed) X-ray diffractometer data of all alloys examined are shown in
Figure 3. To improve comparability between the specimens, the peak intensities were
normalized and shifted along the y-axis. This normalization allows for a direct comparison
of the different specimens by equalizing the height differences of the peaks and thus making
the relative intensities of the different diffraction maxima comparable. The diagrams show
that all peaks correspond to the characteristic reflections of the copper solid solution phase,
which has an fcc crystal structure. Particularly noticeable is the dominant peak of the (111)
orientation, which is the most pronounced in most of the alloys. In addition, the absence
of peaks other than copper is an indication of the absence of a second phase, suggesting
that all of the alloys investigated have a single-crystal Cu-fcc structure or homogeneous
solid solutions. The consistency of the observed peaks supports the conclusion that no
precipitates or second phases are present. With the increasing Bragg–Brentano angle, a
broadening of the peaks is observed, indicating splitting by CoKα and CoKβ reflexes.
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The values of the different Cu-Sc alloys presented in Table 2 demonstrate a clear
correlation between the lattice parameters and the scandium content. The lattice parameter
determined for pure copper (a = 3.6146 Å) is in close agreement with the value reported
in the literature (a = 3.6147 Å) [46,47]. This substantiates the precision of the conducted
measurements and the validity of the experimental techniques employed. As the Sc content
increases, the lattice parameter demonstrates a continuous and substantial increase. This in-
dicates a significant interaction between the scandium atoms and the copper matrix, which
leads to a widening of the lattice structure. The measurement results illustrate a significant
and consistent dependence of the lattice parameter on the scandium concentration in the
investigated alloys.

Table 2. Lattice parameters of the experimentally investigated Cu-OFE and Cu-Sc alloys.

Sc content (wt.%) 0.00 0.04 0.08 0.15 0.27

Lattice parameter (Å) 3.6146 3.6156 3.6171 3.6183 3.6210

4.1.3. Determination of Shear Modulus

The results of the shear modulus measurements obtained using the dynamic resonance
method are shown in Table 3, which presents the arithmetic mean of all the conducted mea-
surements. Further experimental data from the dynamic resonance method are provided in
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Appendix B, Table A5. It can be seen that the shear modulus increases with increasing Sc
content, indicating a higher level of strengthening due to the incorporation of scandium
into the Cu matrix. The observed deviations in the measurement results, especially for
pure copper, can be attributed to inhomogeneities within the relatively large specimen
pieces. For example, these can be caused by local microstructural variations or defects in
the material. Despite the variance in the shear modulus values of Cu-OFE in the range of
45.2 to 46.9 GPa, these values show good agreement with the range of values given in the
literature of 45.0 to 48.0 GPa [1,6,26,28,46]. The measurement results therefore provide a
reliable basis for further analyses and interpretations of the mechanical properties of the
alloys investigated.

Table 3. Mean values of shear modulus of the experimentally investigated Cu-OFE and Cu-Sc alloys.

Sc content (wt.%) 0.00 0.04 0.08 0.15 0.27

Shear modulus (GPa) 46.1 46.2 45.9 46.2 46.6

4.1.4. Grain Size Analysis

The grain sizes of the Cu-Sc alloys are shown in Table 4. The mean grain size of the
alloys is approximately 300 µm, although there is no clear tendency for the grain size to
become finer with increasing alloy content. However, this could also be due to statistical
deviations in the approximation of the Gamma distribution, the presence of inclusions or
impurities in the specimen, or different temperature or cooling conditions during the heat
treatment, which could have an influence on grain growth. A detailed representation of the
microstructure obtained by optical light microscopy as well as the (cumulative) distribution
density function of the alloys is shown in Appendix B, Figures A3–A7.

Table 4. Mean grain sizes of the experimentally investigated Cu-OFE and Cu-Sc alloys.

Sc content (wt.%) 0.00 0.04 0.08 0.15 0.27

Mean grain size (µm) 301.4 258.2 291.0 338.8 326.6

4.1.5. Tensile Tests

The experimentally determined parameters from tensile tests provide a basis for
modeling and predicting the yield strength or CRSS of alloys in conjunction with solid
solution hardening. For experimental characterization, the yield strength, defined as the
stress at 0.2% plastic strain, was determined. A more detailed overview of additional
parameters from the tensile tests is given in Appendix B, Table A4. Table 5 presents the
most relevant parameters for the further characterization and classification of the alloys,
including the yield strength values Rp0.2 from the tensile tests, ultimate tensile strength Rm,
and elongation at break A. These values are derived from the mean values x for each alloy
composition, as listed in Appendix B, Table A4. Furthermore, the stress–strain curves for a
representative specimen of each alloy composition are provided in Appendix B, Figure A9,
for the purpose of facilitating a clear comparison.

Table 5. Mean values of yield strength, ultimate tensile strength, and elongation at break obtained by
tensile tests on Cu-OFE and Cu-Sc alloys.

Sc content (wt.%) 0.00 0.04 0.08 0.15 0.27

Rp0.2 (MPa) 38.8 48.9 57.3 65.8 71.9

Rm (MPa) 203.4 226.9 228.2 236.9 237.7

A (%) 53.9 55.5 54.4 52.8 50.5
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It can clearly be seen that both the yield strength and tensile strength increase with
increasing alloy content with a significant increase in yield strength from 38.8 MPa to
71.9 MPa between pure copper and CuSc0.27. The tensile strength also increases by
34.3 MPa, which is reflected in a change from approximately 19% (Cu-OFE) up to 30%
(CuSc0.27) in relation to the hardening ratio Rp0.2/Rm. This indicates that alloys with
a higher scandium content show a significant increase in strength with a simultaneous
decrease in plastic deformability. This is due to strengthening effects caused by the solid
solution formation and interaction of the scandium with the copper matrix.

The elongation at break of the materials tested demonstrated a consistent and pro-
gressive reduction in value. The initial value of approximately 60% (CuSc0.04) exhibited a
gradual decline to reach approximately 50.5% (CuSc0.27). The value for pure copper was
approximately 54%, which is situated within the middle range of the measured elongations
at break. The experimental values for pure copper (Cu-OFE) are in close agreement with
the data given in the literature [46,48]. The results of the investigations indicate that the
addition of scandium leads to a reduction in the ductility of the material.

4.2. Modeling
4.2.1. Determination of Strength Increase Due to Solid Solution Hardening

In order to estimate the increase in strength due to the solid solution formation, the
influence of grain size on strength was considered. In previous studies by Köster et al. [49]
it was found that the Hall–Petch factor kHP is not affected by alloy composition in the course
of the increase in strength due to grain size strengthening in copper alloys. It is therefore
assumed to remain constant over the range of scandium concentrations investigated here.

The increase in strength due to grain size was determined using the relationship
described in Equation (2), the average grain sizes that are given in Table 4, and a Hall–Petch
coefficient of 0.14 MPa·

√
m. The results of these calculations are visualized in Figure 4.
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Figure 4. Grain size-dependent strength increase of Cu-OFE and Cu-Sc alloys.

Figure 4 shows the effect of grain size on the strength of pure copper and Cu-Sc alloys.
It can be seen that the increase in strength due to grain size is averaged to be about 8 MPa.

Figure 5 shows the measured yield strengths and the corrected values for the grain
size-related strength contribution. Grain size was found to have an effect of approximately
21% on the overall strength of the pure copper.
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Based on the analyses carried out in Sections 4.1.1 and 4.1.2, precipitation strengthening
can be neglected as a further strengthening mechanism as no second phase was detected.
Given that all of the alloys were produced in the same way, a simplifying assumption for
further calculations can be made that the strength contribution due to dislocations σdis is
identical in all of the alloys. It can therefore be concluded that the increase in strength with
increasing scandium concentration is exclusively due to the mechanism of solid solution
hardening. From the fact that there is no increase in strength due to the solid solution in
the pure copper, the following relationship can be applied:

σ0 = σy(Cu−OFE) − σHP(Cu−OFE) = 30.77 MPa (8)

In this context, the intrinsic strength σ0 represents the hypothetical material’s strength,
where the influence of solid solution strengthening and grain boundary effects is not
considered. The following relationship can be derived from Equations (1) and (8) for the
further modeling of all of the alloys considered:

σss = σy − σHP − σ0 (9)

The results of the calculations are shown in Table 6.

Table 6. Estimated solid solution strengthening.

Sc content (wt.%) 0.00 0.04 0.08 0.15 0.27

σss (MPa) 0.00 9.47 18.12 27.23 33.24

4.2.2. Determination of Parelastic and Dielastic Misfit Parameter

To determine the parelastic and dielastic misfit parameters, the changes in lattice
parameter and shear modulus due to the alloying of scandium were extracted from the
available experimental studies in Tables 2 and 3. First, a linear regression was performed.
The values da/dc and dG/dc were determined separately using the lattice parameter change
(Equation (3)) and the shear modulus change (Equation (4)). To ensure comparability with
other solid solution hardening studies, the measured values were plotted as a function of
the scandium concentration in atomic percentage. The experimentally determined values
of the lattice parameters (Figure 6a) and the shear moduli (Figure 6b) are shown below
along with their linear correlation.
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As illustrated in Figure 6a, the linear correlation (da/dc) of the lattice parameter
demonstrates a change of 1.4356 Å, with a Pearson correlation coefficient of R2 = 0.95. This
indicates a strong linear relationship between the change in the lattice parameter and the
concentration of alloying atoms. In contrast, the shear modulus correlation (dG/dc) in
Figure 6b demonstrates a change of 135.13 GPa, though with a lower level of accuracy
reflected in its R2 value of 0.71. The base values of the lattice parameter (a) and shear
modulus (G) are derived from the y-intercepts of the regression. Based on the available
data, the parelastic misfit parameter δ and the elastic misfit parameters η′ and ηGD now
can be determined using Equations (3)–(5). The results are given in Tables 7 and 8. The
dependence of the shear modulus on lattice contraction/expansion caused by dissolved
atoms, as proposed by Gypen et al., leads to an increase in the misfit parameter by a value
of 0.23 compared to the classical Labusch theory.

Table 7. Dielastic and modified dielastic misfit parameters used for modeling.

G (GPa) dG/dc (GPa) η η’ ηGD

46.00 135.13 2.94 1.19 1.42

Table 8. Parelastic misfit parameters used for modeling.

a (Å) da/dc (Å) δ

3.6151 1.4356 0.3971

The results of these calculations yield the hardening parameters ε, which are presented
in Table 9. The hardening parameters εFl and εLa were determined using the corresponding
Fleischer and Labusch theories, as defined in Equation (6), with consideration of the
misfit parameters δ and η′. The hardening parameter εLa-GD corresponds to the parameter
calculated according to the Labusch theory but using the misfit parameter ηGD proposed
by Gypen et al.

Table 9. Hardening parameters according to theories of Fleischer adapted from Ref. [17], Labusch
adapted from Ref. [18], and Labusch with Gypen misfit parameter adapted from Ref. [19].

εFl εLa εLa-GD

7.544 6.464 6.511
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By utilizing the weighting parameter α = 16, as recommended by Labusch et al. [18],
Gypen et al. [19], and Kratochvíl et al. [33], the impact of the dielastic effect can be signif-
icantly minimized. As a result, the hardening parameter εLa-GD is observed to exhibit a
negligible difference from that of the classical Labusch approach. The correlation analysis
between the modelled hardening parameters and experimental data from the tensile tests
was performed using several parameters. Figure 7 presents the experimental values and
modelled curves according to the different theories. The findings revealed that the best
fit with the experimental data was achieved with the fitting parameters ZLa = 1160 and
ZFl = 5400, when the respective theories were applied. Conversely, the largest discrepancies
between the modelled and the experimental values were observed for the strength values
of CuSc0.04 and CuSc0.27. Nonetheless, the correlations resulted in a Pearson correlation
coefficient of R2

Fl = 0.90 when applying the Fleischer theory and R2
La = R2

La-GD = 0.94
when applying the Labusch theory.
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5. Discussion

The influence of scandium dissolved in copper on its strength is found to be significant
in the analyzed alloy range. Scandium contents of up to 0.39 at.% result in a clearly measur-
able change in the lattice parameter due to large differences in atomic size. An increase in
the shear modulus with increasing scandium content is observed. The empirical increase in
strength as a function of the alloy content (in the atomic fraction) is σss/dc1/2 = 542.75 MPa
and σss/dc2/3 = 1557.30 MPa. This corresponds to a considerable increase in strength com-
pared to that of the other alloying elements in copper. A comparison with the other alloying
elements shows that the hardening parameter εLa exhibits a significant above-average
increase, as illustrated in Figure 8. The change in critical resolved shear stress (CRSS)
per atomic fraction was visualized according to the Labusch model with the weighting
parameter α = 16 in relation to the hardening parameter εLa.

With regard to the misfit parameters, it can be seen that the misfit parameter ηGD,
as proposed by Gypen et al., differs significantly from the Labusch parameter. This dis-
crepancy is due to the additional effects of lattice distortion that Gypen et al. consider.
However, when both parameters are employed in the formula proposed by Labusch for
calculating the hardening parameter, the effect is minimal. This is due to the fact that
the shear modulus exerts a very small influence with regard to edge dislocations, which
interact strongly with impurity atoms that have an isotropic distortion field. The influence
of the weighting parameter α significantly reduces the influence of the dielastic parameter.
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Zhang et al. [51] conducted studies in which they performed ab initio calculations to de-
termine the mechanism of solid solution hardening using the Labusch theory in copper
alloys. Their results indicate that scandium has a particularly high potential for solid
solution strengthening in copper. However, their calculations indicate a reduction in the
shear modulus with increasing scandium content with a value of dG/dc = −130.30 GPa.
Given that the dielastic misfit parameter is quadratic in the equation of the hardening
parameter of the Labusch equation, this results in only a minor change in the hardening
effect compared to the measurements presented here. Nevertheless, the actual effect of the
change in shear modulus in the solid solution can be considered to be very small. Should
the modification of the shear modulus not be considered in this instance, where η is set to
0, the resulting impact on the material’s strength would be a decline of −0.80 MPa when
utilizing identical parameters at a scandium concentration of 0.27 wt.%; this result is within
the measured uncertainty detailed in Table A4.
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Zhang et al. [51] estimated a misfit parameter of 0.2707 for the parelastic effect, which
is significantly lower compared to the value of 0.3971 exhibited by the experimental re-
sults presented here. Previous studies investigating solid solution hardening have indi-
cated that the Labusch model offers a more accurate representation than the Fleischer
model [19,33,36,52]. This was confirmed with the alloys investigated here, although a good
level of agreement was also achieved with the Fleischer model. In this study, the fitting
parameter ZLa was found to have a value of 1160, which correlates well with the values
reported by Jax et al. [52] and Kratchovíl et al. (1250 for both), who investigated the effect
of various alloying elements (Al, Zn, Ga, Ge, and Au) on the hardening of copper.

6. Conclusions

The objective of this investigation was to analyze the dielastic and parelastic effects
that determine the mechanism of solid solution hardening for Sc in Cu. The effects were
investigated through the utilization of the dynamic resonance methodology to assess the
elastic properties and X-ray diffraction techniques to ascertain the lattice constants of
the alloys. Furthermore, a correlation of the results with experimental investigations of
the yield strength was investigated using the common theories of Fleischer and Labusch,
along with the quantification of solid solution hardening of copper–scandium alloys. The
outcomes of the computations and measurements yielded the following conclusions:
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• The influence of scandium dissolved in copper on the strength is significant in the
investigated alloy range up to 0.27 wt.%, leading to an increase in strength of approxi-
mately 33 MPa;

• The main strength-increasing mechanism is the parelastic effect of lattice distortion,
which is caused by atomic size differences between copper and scandium;

• The enhancement in strength resulting from the solid solution hardening of scandium
in copper can be attributed to both Fleischer’s and Labusch’s theories. However,
the correlation between the observed phenomenon and the Labusch theory is more
pronounced than that observed with the Fleischer theory. This observation is consistent
with other published findings.

In the present study, the maximum addition of scandium in copper was 0.27 wt.%,
which is below the reported solubility limit of 0.35 wt.%. To gain further insight into the
limits of solid solution strengthening, it would be beneficial to conduct further studies
with increased scandium concentrations. The results presented indicate the potential for
the further strengthening of Cu-Sc alloys. With the maximum solubility of 0.35 wt.%, an
increase in strength of up to 38.0–42.4 MPa compared to pure copper can be expected with
the model parameters presented here.

However, micro-alloyed Cu alloys are primarily considered for industrial applications
that require high levels of electrical conductivity and high levels of strength. Despite the
notable enhancement in strength, the dissolution of scandium in the solid solution leads
to a considerable reduction in electrical conductivity. In order to achieve both high levels
of hardness and electrical conductivity, the precipitation hardening of the Cu-Sc alloy
is of great importance for future research. Modeling this phenomenon would be highly
valuable in assessing the competitiveness of Cu-Sc alloys compared to industrial alloys
such as Cu-Cr or Cu-Zr, which are frequently used in this field of application. Moreover,
the influence of additional alloying elements may yield potential synergistic effects on the
strengthening mechanisms.
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Appendix A

Table A1. List of abbreviations.

Abbreviation Description

BSD Back scatter detector
CDF Cumulative distribution function
Cr Chromium
Cu Copper

Cu-OFE Oxygen-free and non-phosphorus-deoxidized copper (Oxygen Free
Electronic Grade) with a guaranteed purity of 99.99%

CRSS Critical resolved shear stress
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Table A1. Cont.

Abbreviation Description

EDX Energy dispersive X-ray spectroscopy
fcc Face-centered cubic
PDF Probability density function
SEM Scanning electron microscope
SGTE Scientific Group Thermodata Europe
Sc Scandium
XRD X-ray diffraction
Zr Zirconium

Table A2. List of symbols.

Symbol Unit Description

a Å = m−10 Lattice parameter
A - Fitting parameter, with A = 5 for Cu alloys
A % Elongation at break
Ag % Uniform extension
α - Weighting parameter
a0 mm Thickness of tensile specimens
b0 mm Width of tensile specimens
c - Atom fraction/mass fraction
d µm Grain size
δ - Parelastic interaction parameter
E GPa Young’s modulus
ε - Hardening parameter
G GPa Shear modulus
H HV0.1 Hardness
µ - Poisson ratio
η - Modulus parameter
H′ - Modified modulus parameter
kHP MPa·

√
m Hall–Petch constant

l0 mm Initial gauge length of tensile specimens
MT - Taylor factor (MT = 3.06 for fcc)
p - Exponent
q - Exponent
Rp0.2 MPa Yield strength at 0.2% plastic strain
Rm MPa Ultimate tensile strength
R2 - Pearson correlation coefficient
φ - Logarithmic degree of deformation
s - Standard deviation
σ S/m Electrical conductivity
σ MPa Stress
τ MPa Critical resolved shear stress
WB J Fracture energy
x - Arithmetic mean value
Z - Fitting parameter

Table A3. List of indices.

Index Description

dis Dislocation
Fl Fleischer
GD Gypen–Deruyttere
HP Hall–Petch
La Labusch
La-GD Combination of Labusch theory with misfit parameter proposed by Gypen et al.
p Precipitation
ss Solid solution
y Yield strength
0 Intrinsic
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distribution (red) of the solution-annealed XRD specimens for CuSc0.27: (a) probability density
function (PDF); (b) cumulative distribution function (CDF).
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All relevant parameters from the valid tensile tests and those obtained using the
dynamic resonance method in the solution-annealed condition of pure copper (Cu-OFE)
and the Cu-Sc alloys were recorded as part of this study. The stress–strain curves presented
in Figure A9 are based on one representative specimen per alloy composition from the valid
tensile tests. More detailed information regarding the tensile tests can be found in Table A4,
while the measurements obtained using the dynamic resonance method are detailed in
Table A5. The mean value of all valid measurements is denoted by x, and the standard
deviation by s.
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Table A4. Measurements of relevant parameters of tensile tests for Cu-OFE and Cu-Sc alloys.

Sc Content
(wt.%)

Specimen
Number E (GPa) Rp0.2 (MPa) Rm (MPa) Rm/Rp0.2 (%) A (%) Ag (%) µ (-) WB (J)

0.00

1 114.4 38.4 203.6 18.9 52.3 35.6 0.4 20.9
2 68.0 38.7 203.4 19.0 54.0 38.8 0.4 22.8
3 53.7 39.4 203.2 19.4 55.5 36.7 0.4 21.6
x 78.7 38.8 203.4 19.1 53.9 37.0 0.4 21.8
s 25.9 0.4 0.1 0.2 1.3 1.3 0.0 0.8

0.04

1 72.9 48.2 224.3 21.5 51.3 37.1 0.4 23.4
2 47.2 48.3 227.1 21.3 60.7 39.5 0.4 27.9
3 97.6 48.0 228.0 21.0 58.9 39.8 0.4 28.1
4 104.6 51.0 228.1 22.4 51.2 36.7 0.4 24.1
x 80.6 48.9 226.9 21.5 55.5 38.3 0.4 25.9
s 22.6 1.3 1.5 0.5 4.3 1.4 0.0 2.2

0.08

1 90.4 55.4 227.1 24.4 58.2 39.4 0.4 27.7
2 88.2 57.1 229.5 24.9 54.9 37.1 0.3 26.4
3 103.7 57.0 227.6 25.1 56.3 36.9 0.4 25.5
4 76.5 59.5 228.7 26.0 48.1 35.8 0.3 22.1
x 89.7 57.3 228.2 25.1 54.4 37.3 0.3 25.4
s 9.7 1.4 0.9 0.6 3.8 1.3 0.0 2.1

0.15

1 104.8 62.5 234.9 26.6 55.7 38.4 0.4 26.4
2 115.9 66.8 237.8 28.1 52.6 38.1 0.3 26.3
3 110.6 68.3 239.1 28.6 52.0 36.2 0.4 25.2
4 79.9 65.5 235.7 27.8 50.9 36.1 0.3 24.0
x 102.8 65.8 236.9 27.8 52.8 37.2 0.3 25.5
s 13.8 2.1 1.7 0.7 1.8 1.1 0.0 1.0
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Table A4. Cont.

Sc Content
(wt.%)

Specimen
Number E (GPa) Rp0.2 (MPa) Rm (MPa) Rm/Rp0.2 (%) A (%) Ag (%) µ (-) WB (J)

0.27

1 90.1 75.3 237.2 31.7 53.5 38.5 0.4 26.5
2 126.4 72.2 238.0 30.3 54.1 37.9 0.4 27.0
3 105.0 72.7 234.9 30.9 45.8 34.9 0.4 22.3
4 96.7 67.5 240.6 28.1 48.7 34.5 0.4 24.2
x 104.5 71.9 237.7 30.3 50.5 36.5 0.4 25.0
s 13.7 2.8 2.0 1.4 3.5 1.8 0.0 1.9

Table A5. Measurements of relevant parameters using dynamic resonance method for Cu-OFE and
Cu-Sc alloys.

Sc Content Specimen Measurement
(wt.%) 1 2 3 4 5 6 7 8 9 10 ¯

x s

0.00
E [GPa] 117.3 117.3 117.3 117.1 117.1 125.1 125.2 125.0 125.1 125.0 121.1 4.0
G [GPa] 45.2 45.5 45.2 45.2 45.2 46.9 46.9 46.9 46.9 46.8 46.1 0.8

µ [-] 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.0

0.04
E [GPa] 129.0 129.0 128.9 129.0 129.0 129.8 129.8 129.8 129.8 129.8 129.4 0.4
G [GPa] 46.6 46.6 46.6 46.6 46.6 45.8 45.8 45.8 45.8 45.8 46.2 0.4

µ [-] 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.0

0.08
E [GPa] 126.4 126.4 126.4 126.4 126.4 127.0 127.0 127.0 127.0 127.0 126.7 0.3
G [GPa] 46.3 46.3 46.3 46.3 46.3 45.6 45.6 45.6 45.6 45.6 45.9 0.3

µ [-] 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.0

0.15
E [GPa] 123.9 123.9 123.9 123.9 123.9 126.7 126.7 126.7 126.7 126.7 125.3 1.4
G [GPa] 46.2 46.2 46.2 46.2 46.2 46.3 46.3 46.3 46.3 46.3 46.2 0.1

µ [-] 0.3 0.3 0.3 0.3 0.3 0.4 0.4 0.4 0.4 0.4 0.4 0.0

0.27
E [GPa] 122.9 122.9 122.9 122.9 122.9 124.9 124.8 124.9 124.9 124.9 123.9 1.0
G [GPa] 46.7 46.7 46.7 46.7 46.7 46.5 46.5 46.5 46.5 46.5 46.6 0.1

µ [-] 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.0
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