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Abstract: Choosing the appropriate yield function is essential to precisely predicting the
anisotropic hardening behavior of steel metals considering general loading directions. This
research investigates the anisotropic hardening behavior of HC420 steel sheet by combining
experimental and analytical modeling. Experiments are conducted for uniaxial tensile tests
according to the three different directions and bulging tests to obtain hardening data. The
experimental findings show that the loading direction affects the anisotropic behavior of
HC420 steel’s strength and plastic deformation. The Chen-coupled quadratic and non-
quadratic (Chen-CQN) approach is used to ensure the convexity of the HC420 steel. By
comparing the Chen-CQN approach with the Yld2000-2d and Stoughton-Yoon’2009 yield
functions, the Chen-CQN approach shows superiority in predicting the hardening behavior
of the HC420 sheet, exhibiting a more straightforward numerical implementation and
enhanced accuracy in yield stress predictions under different loading directions. Results
from experimental hardening tests reveal that the Chen-CQN function precisely and flexibly
characterizes the yield surface of HC420 steel, with a constant variation of within 2% from
its predictions.

Keywords: anisotropic hardening; plastic deformation; yield function; convexity

1. Introduction
High-strength, cold-rolled steel sheet HC420 has been widely applied in various fields

due to its excellent mechanical properties, especially in the field of structures and auto-
mobiles [1]. This steel is especially suitable for the requirement of lightweight design;
its well-balanced strength and ductility ensure a much better vehicle performance with
higher fuel efficiency. Reliability and maximum performance can only be guaranteed when
the anisotropic behavior of this material is taken well into consideration in the forming
processes [2]. Given the hardening properties of HC420, the choice of an adequate yield
function becomes quite important with the increasing request for complex materials in
industrial applications [3]. Detailed numerical simulations of material behavior throughout
the whole forming process will hence be possible, enabling accurate mechanical perfor-
mance predictions and meeting the requirements concerning the durability and safety of
practical engineering applications [4]. The study on the yield behavior of metallic materials
has resulted in the formulation of various yield criteria [5]. Different anisotropic yield
functions [6–8] are used to improve the prediction accuracy of strong anisotropic behaviors,
typically applied under the plane stress condition to effectively characterize the anisotropy
of yield surfaces. The Hill48 yield criterion, which has added four non-uniform parameters
to the von Mises yield function [9], is one of the most important early contributions. This
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model is still in wide use because of its accuracy in predicting uniaxial and equibiaxial
tensile hardening characteristics in the rolling direction (RD), diagonal direction (DD), and
transverse direction (TD) loading directions. Although it is effective, the quadratic form of
Hill48 limits its ability to distinguish yield surfaces for metals exhibiting different crystal
structures [10]. To resolve this problem, Hosford proposed an exponential expression
that includes the yield behavior of face-centered cubic (FCC) and body-centered cubic
(BCC) metals [11]. Then, using linear transformation tensors, Barlat et al. [12] extended
isotropic functions to anisotropy, producing models like Yld2000-2d for plane stress states
and Yld2004-18p for spatial stress states. Cazacu et al. [13] made another breakthrough
by using primary stress deviation data to develop an orthogonal anisotropic yield model
that accounts for tension–compression asymmetry [14]. To further characterize the yield
surfaces, other researchers have investigated methods relying on stress invariants. In an
attempt to more accurately describe the asymmetry between tension and compression,
Yoon et al. [15] developed an asymmetric model involving the first invariant. To explain the
anisotropic behavior of BCC and FCC metals in complicated processes such as deep draw-
ing, as noted in investigations of aluminum alloys, Lou et al. [16] further developed these
models by accounting for the influence of third invariants. Also, the pressure-sensitive
Drucker yield function was developed to take into account the combined effects of strength
asymmetry, Lode angle, and pressure on yield behavior [17]. Such developments have
paved the way for anisotropic hardening models to use parameterized anisotropy coeffi-
cients explaining the changes in yield surfaces [18,19]. Lee et al. [20] used the CQN model,
which combines the quadratic and Hershey–Hosford functions, with which the hardening
tendencies reported are in good agreement. In the meantime, Hu et al. [21] developed a
fourth-order polynomial-based yield criterion to describe anisotropic evolution, while Hou
et al. [22] suggested an anisotropic hardening model to bridge the Hill48 function with
stress-invariant models.

Many researchers have provided insight into the yield behavior and plastic anisotropy
under plane stress loading [23–27]. Barlat et al. [28] focused on linear transformations of
stress tensors to describe the anisotropy of plastic properties. Barlat et al. [29] studied the
plastic behavior and ductility of sheet metal under plane stress conditions. Hou et al. [30]
studied the experimental characterization and modeling of complex anisotropic hardening
in quenching and splitting steels subjected to biaxial disproportionate loads. While great
progress has been achieved, predicting stress-state effects on flow curves and precisely
capturing different strain-hardening responses remains a difficulty [31,32]. Continued
attempts to combine experimental data and enhance yield functions are critical to improve
our knowledge of anisotropic yield behavior [33–36]. Du et al. [37] proposed the CPN2025
yield stress function to accurately characterize plastic anisotropy under diverse loading
conditions. They compared the CPN2025 model with other non-associated functions,
including S-Y 2009, CQN2017, and NAFR-Poly4, demonstrating that CPN2025 exhibits
superior flexibility and accuracy, particularly in near-plane strain tension and simple
shear scenarios.

In this study, the hardening behavior of HC420 steel is investigated through tensile
and bulging tests along three directions, i.e., RD, DD, and TD. Three anisotropic yield
functions are selected to describe the anisotropic hardening behavior of HC420 steel,
with their convexity ensured using the dichotomy method. The effectiveness of these
yield functions in predicting the hardening curves of HC420 steel is compared, with a
focus on the Chen-CQN function due to its simplicity and high precision in numerical
applications. The performance of the Chen-CQN function is further validated by comparing
its predicted hardening curves with experimental results, demonstrating its suitability for
accurately predicting the plastic deformation of HC420 steel. This work provides a reliable
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approach for characterizing the anisotropic hardening behavior of HC420 steel, supporting
its application in lightweight automotive designs and numerical simulations.

2. Experiments
Dogbone specimens designed with a thickness of 1.20 mm were used to perform

uniaxial tensile tests, and bulging specimens with the same thickness were used for forming
limit curves tests of HC420 steel, as shown in Figure 1. The dogbone specimens were cut
from sheet metal using a laser cutting machine in three directions, consecutively: RD, DD,
and TD. A stochastic pattern was applied to the HC420 sheet metal, as it provides uniform
and controlled conditions, ensuring the reliability and repeatability of the tensile test results
critical for accurately characterizing the material’s structural behavior. The mechanical
properties of HC420 steel were calibrated from experimental data as follows: the elastic
modulus was 198 MPa, the yield strength was 450 MPa, the ultimate tensile strength was
783 MPa, the elongation was 22%, and the anisotropy coefficient is shown in Figure 3b as
the r-value of the material along three loading directions. The chemical composition of the
HC420 steel is shown in Table 1.
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Table 1. Chemical compositions of HC420 steel %.

C Si Mn P S Al Nb Ti

0.10 0.50 1.60 0.025 0.024 0.015 ≤0.09 0.15

Uniaxial tensile tests were performed using the universal testing machine at room tem-
perature under quasi-static conditions, as shown in Figure 2. An XTOP three-dimensional
digital image correlation (3D-DIC) system with a resolution of 2448 × 600 pixels was
used to record between 200 and 250 images for each experiment during the experiment
to measure and analyze the deformation of the specimen. A EF11-100 LED was used
throughout the experimental process to enhance DIC calculations by improving contrast
and reducing glare on the specimens. Before starting the experiment, spray paint was used
to apply uniform black and white speckles on the surface of all specimens. For the dogbone
experiment, the crosshead speed was set to 3.6 mm/min, corresponding to a strain rate of
0.001/s under quasi-static conditions. The axial extensometer gauge length was 30 mm,
and the stroke was calculated by measuring changes in axial gauge length throughout the
experiment by using the GOM 2018 software. To achieve accurate measurement results, the
extensometer was positioned in a region where deformation was uniform at both ends of
the specimen’s parallel zone.
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A hydraulic bulging test machine (Zwick, Dortmund, Germany) with a blank holding
force of 600 kN was employed to collect test data for HC420 under equibiaxial tension (EBT)
circumstances. At least three tests were conducted for each loading direction to guarantee
adequate repeatability and reliability of the experiments.

Once the uniaxial tensile tests were finished, the load–stroke curve depicted in Fig-
ure 3a was created using the most representative tensile test data along three loading
directions: RD, DD, and TD. The ratio of the width strain to the thickness strain of the
material is represented by the Lankford coefficient (r-value), which represents the ability
of the material to exhibit plastic properties under tensile loading. Figure 3b shows the
relationship curves between the width strain and the axial strain of dogbone specimens in
the RD, DD, and TD directions. Figure 3c shows the evolution of the instantaneous r-value,
indicating that the plastic potential shape of HC420 changes dramatically during plastic
deformation. When the r-value is less than 1.0, the material preferentially deforms in the
thickness direction rather than in the plane, leading to reduced resistance to thinning and
potentially affecting formability. The r-value for the EBT is 1.0 and defined as dεy/dεx by
Barlat et al. [6]. Considering that the elastic strain is very small compared with the plastic
deformation, the coefficient of equibiaxial anisotropy can also be approximated by the ratio
of the dεy/dεx. While the studies are highly repeatable, the material’s hardening behavior
varies greatly depending on the loading circumstances, according to a comparison of the
experimental data processing findings between groups.

The true stress–strain curves for the uniaxial tensile test were computed along the
three loading directions of RD, DD, and TD after the load–stroke curves of each group
with the best repeatability were chosen. The stress–strain curves for EBT are displayed in
Figure 4. Figure 5 compares the stress–strain curves from the tensile and bulging tests with
the hardening curves calibrated using the Swift–Voce function as follows:

σ = αK
(
e0 + ε−p)n

+ (1 − α)
(

A − (A − B)exp
(
−Cε−p)) (1)

where k is the strengthening coefficient that accounts for strain rate sensitivity influencing
how the material’s stress responds to changes in the deformation rate, n is the hardening
exponent, determining how rapidly the strength of materials increases in response to
strain, e0 represents the initial plastic strain, and ε−p denotes the equivalent plastic strain.
A, B, and C represents the materials yield stress, saturation stress, and hardening rate,
respectively. Together, these parameters allow for an accurate description of the flow stress
under different loading conditions and capture the hardening response for HC420 steel.
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EBT test.

The calibrated curves that fit the test data were satisfying, demonstrating the high
accuracy of the Swift–Voce hardening function in describing the hardening behavior of
HC420. The results from the Swift–Voce function are shown in Table 2. The hardness curves
of the two tests were normalized along RD to enhance their similarity, as shown in Figure 6.
It is evident that the hardening curves of the material exhibited notable variations with the
change in the loading direction, suggesting that the loading direction can significantly affect
the material’s hardening behavior and further proving that HC420 has strong anisotropic
hardening characteristics.

Table 2. Mechanical properties of HC420 from the Swift–Voce equation.

Stress State r-Value K
[MPa] e0 n A

[MPa]
B

[MPa] C α

RD #2 0.8012 1256.24 0.0020 0.1671 897.55 495.35 24.03 0.7403
DD #2 0.8437 1310.93 0.0022 0.1595 943.96 536.38 25.40 0.8217
TD #2 0.9316 1326.76 0.0019 0.1565 951.06 542.42 27.55 0.8046
EBT 1.00 1231.30 0.0020 0.1323 1096.30 572.59 11.51 0.7665
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3. Anisotropic Hardening Functions
Yld2000-2d, Stoughton-Yoon’2009 (S-Y 2009), and the recently suggested Chen-CQN

yield functions were chosen for comparison to identify appropriate yield functions for the
numerical modeling of HC420.

3.1. Yld2000-2d Function

The Yld2000-2d function for the planar strain issue may be expressed as follows:

∅ = ∅′ +∅′′ = 2σm (2)

where m is the material coefficient and ∅′ and ∅′′ are isotropic functions defined as:

∅′′ =
∣∣2X′′

2 + X′′
1
∣∣m +

∣∣2X′′
1 + X′′

2
∣∣m, ∅′ =

∣∣X′
1 − X′

2
∣∣m (3)

For BCC metals, the exponent m value should be six, whereas, for FCC metals, it
should be eight. Moreover, X′

i and X′′
j are the principal values of the matrices X′ and X′′ .

The following formula was used to determine the two values X′
i and X′′

j :

X′
i =

1
2

(
X′

11 + X′
22 ±

√(
X′

11 − X′
22
)2

+ 4X′2
12

)
, X′′

j =
1
2

(
X′′

11 + X′′
22 ±

√(
X′′

11 − X′′
22
)2

+ 4X′′2
12

)
(4)

where components of X′ and X′′ are obtained through the transformation matrix of the
Cauchy stress: X′ = L′σ and X′′ = L′′ σ. The following are the expressions for the
coefficients of L′ and L′′ :

L′
11

L′
12

L′
21

L′
22

L′
66


=


2/3 0 0
−1/3 0 0

0 −1/3 0
0 2/3 0
0 0 1


α1

α2

α7

,



L′′
11

L′′
12

L′′
21

L′′
22

L′′
66


=

1
9


−2 2 8 −2 0
1 −4 −4 4 0
4 −4 −4 1 0
−2 8 2 −2 0
0 0 1 0 9




α3

α4

α5

α6

α8

 (5)

where α1~α8 are eight anisotropic coefficients that are typically calibrated under EBT using
stress and r-values. The following is the calibration minimization function:

err =
l

∑
i=1

wi

(
σ

exp
i

σ
pred
i

− 1

)2

+
n

∑
j=1

wj

 rexp
j

rpred
j

− 1

2

(6)

where σ
exp
i and σ

pred
i are the experimental and predicted stress, respectively, and rexp

j and

rpred
j are the experimental and predicted r-values, respectively. Parameters Wi and Wj are

the weighting factors for stress and the r-value. Both i and j represent data points used to
optimize material parameters, typically 0◦, 45◦, and 90◦

3.2. Stoughton-Yoon’2009 Function

The hardening curves generated by various loading directions will vary when the
sheet is subjected to proportional loading. This observation challenges the assumption that
the yield surface shape remains constant in any isotropic yielding model. It suggests that
for anisotropic materials, the yield surface shape is, typically, only consistent during yield
hardening. To address this, S-Y 2009 replaces the hardening curves for 0◦, 45◦, and 90◦
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and isotropic biaxial tension conditions in the rolling direction under plane stress with the
parameters that reflect the initial anisotropy in the Hill48 yield criteria.

fs
(
σ, λ

)
=

(
σ11

σ2
0
(
λ
) − σ22

σ2
90
(
λ
))(σ11 − σ22) +

σ11σ22 − σ12σ21

σ2
b
(
λ
) +

4σ12σ21

σ2
45
(
λ
) (7)

where λ is the effective plastic strain and σ0
(
λ
)
, σ45

(
λ
)
, σ90

(
λ
)
, and σb

(
λ
)

align with
the hardening results under uniaxial tension conditions along RD, DD, and TD and
equibiaxial stress.

3.3. Newly Proposed Coupled Quadratic–Nonquadratic Function

The Chen-CQN model performs well in characterizing the curvature of the yield
surface of metals under planar tension circumstances, and the S-Y 2009 yield criteria accu-
rately depict anisotropic hardening under uncorrelated flow rules. To calibrate the yielding
behavior and characterize the anisotropic hardening of BCC and FCC under proportional
loading circumstances, Chen et al. [38] integrated the strengths of the two yield functions
and added the c parameter to the Cazacu’2018 function for BCC and FCC materials.

The yielding function proposed by Cazacu in 2018 looks like the following form:

σf
(
σij
)
= a

(
J4
2 − cJ2 J2

3

)1/8
(8)

where the parameter a can be expressed as:

a =

(
81 × 27
27 − 4c

) 1
8

(9)

The yielding behavior of the BCC and FCC materials is calibrated by the values of
1.5776 and 2.5116 for the parameter c in the Cazacu’2018 yield function, respectively. The
value of c has a significant impact on the development of the yield surface. The J2 and J3

are the second and third invariants of the stress deviator, respectively. The formulas of the
invariants J2 and J3 are defined as follows:

J2 = −s1s2−s2s3−s1s3 (10)

J3 = s1s2s3 (11)

where s1, s2, and s3 are principal invariants of the deviatoric stress tensor s. The Cazacu’2018
yield function may be extended to anisotropic hardening based on the CQN model by
substituting the modified Hill48 yield function in the S-Y 2009 function for the Cazacu’2018
yield function’s pressure invariant J2.

σ f
(
σij
)
= b

[
J2

(
J3
2 − cJ2

3

)]1/8
(12)

fc
(
σ, λ

)
=
[

fHill48
(
σ, λ

)
· fDrucker(σ)

] 1
8 = 1 (13)

with

fHill48
(
σ, λ

)
= F

(
λ
)
(σ22 − σ33)

2 + G
(
λ
)
(σ33 − σ11)

2 + H
(
λ
)
(σ11 − σ22)

2

+2L
(
λ
)
σ2

23 + 2M
(
λ
)
σ2

31 + 2N
(
λ
)
σ2

12

fDrucker(σ) = a
(

J3
2 − cJ2

3
) (14)
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where fDrucker(σ) is the Drucker function, fHill48
(
σ, λ

)
is an anisotropic hardening function

based on Hill48, and Equation (12) is a rearrangement of the Cazacu’2018 yield function.
The six parameters of the Hill48 are functions of the hardening along three directions,

and these parameters are defined as follows:

F
(
λ
)
=

1
2

(
1[

σ90
(
λ
)]8 +

1[
σND

(
λ
)]8 − 1[

σ0
(
λ
)]8
)

G
(
λ
)
= 1

2

(
1[

σ0
(
λ
)]8 +

1[
σND

(
λ
)]8 − 1[

σ90
(
λ
)]8
)

H
(
λ
)
= 1

2

(
1[

σ0
(
λ
)]8 +

1[
σ90
(
λ
)]8 − 1[

σND
(
λ
)]8
)

L
(
λ
)
=

1

2
[
τyz
(
λ
)]8

M
(
λ
)
=

1

2
[
τxz
(
λ
)]8

N
(
λ
)
=

1

2
[
τxy
(
λ
)]8

(15)

where τyz
(
λ
)
, τxz

(
λ
)
, and τxz

(
λ
)

are the shear hardening curves in the yz, xz, and xy planes,
while σ0

(
λ
)
, σ90

(
λ
)
, and σND

(
λ
)

are the hardening curves for uniaxial stretching conditions
along the rolling direction (RD), transverse direction (TD), and normal direction (ND).
Equation (15) is expressed under a full three-dimensional stress state, while the Yld2000-
2d and S-Y 2009 yield functions are formulated for plane stress conditions, neglecting
any out-of-plane stresses. This indicates the important role of the invariants J2 and J3 in
Equations (10) and (11) in characterizing the yield behavior of materials under complex
loading conditions.

4. Convexity Analysis
It is evident from the earlier analysis of Figure 6 that HC420 exhibits clear anisotropic

properties in uniaxial tension under various loading scenarios, and that the hardening
behavior of HC420 varies under the two stress states of uniaxial and EBT. Additionally, the
likelihood of the material displaying surface convexity decreases due to the variation in
plastic strain across stress levels. Thus, further research on the yield function’s convexity is
required in this work.

In the Chen-CQN yield model, the associated plastic strain λ significantly influences
the anisotropic properties of the material, whereas parameter c governs the curvature of
the yield locus. Thus, both c and λ define the convexity of the yield surface in the model.
In this study, the newly proposed geometry-inspired numerical convex analysis (GINCA)
approach is used to examine the convexity of the yield surface. The GINCA approach has
been developed to evaluate the convexity of yield functions. The GINCA approach focuses
on the effective stress derived from the yield function, eliminating the need to calculate first-
and second-order partial derivatives. The effectiveness of the GINCA method has been
verified by applying it to various well-established yield functions, including those proposed
by Cazacu–Barlat (2004), Cazacu (2018), and Drucker and Hu (2017). In addition, it has
been used to determine the convexity of the yield function of Gao (2011), which had not
been previously defined. The GINCA approach has also been used to analyze the evolution
of convex domains concerning plastic deformation in anisotropic hardening functions and
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to investigate the convexity of polynomial yield functions relevant to strongly anisotropic
metals [39]. As shown in Figure 7, the convex domain represented by the region between
the two red solid lines is mapped by varying the parameters c and λ under circumstances
of plane stress and equibiaxial loading. It is evident that the λ determines the critical value
of c required to ensure the yield function adheres to the condition of external convexity.
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The convex domains of both functions were compared, as the anisotropic Chen-CQN
model simplifies into the isotropic Cazacu’2018 model when applied to isotropic materials.
The boundary of the convex domain for the Cazacu’2018 model is represented by the solid
blue line in Figure 7. It is clear that the convex domain of the Cazacu’2018 function entirely
encompasses that of the Chen-CQN function. This phenomenon occurs because increasing
material anisotropy in the Chen-CQN model reduces its convex domain, thereby increasing
the likelihood of yield surface distortion.

As long as the effective plastic strain λ is within the range [0, 1.8] in Figure 7, the
hardening law for HC420, a BCC material, stays inside the convex domain. The yield
surfaces for the two sites λ = 0.0067, c = 2.5116, and λ = 1.5, c = 2.5116 are shown in Figure 8.
Red dots indicate areas of the yield surfaces that are depressed. As seen in Figure 8a, the
yield surface is concave because the point λ = 0.0067 and c = 2.5116 is beyond the convex
domain. Here, the plane strain state is surrounded by four concave regions. On the other
hand, the convex with no concave areas is at point λ = 1.5 and c = 2.5116.
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5. Results
To validate whether the yield function accurately describes the anisotropic features

of HC420, the expected yield trajectories obtained from the Yld2000-2d, S-Y 2009, and
Chen-CQN yield functions were compared with experimental observations. The calibrated
coefficient values of the Yld2000-2d model at different levels of plastic strain in HC420 were
derived from the hardening curve data of the material and are summarized in Table 3.

Table 3. Coefficients of the Yld2000-2d function.

λ α1 α2 α3 α4 α5 α6 α7 α8 m

0.002 0.9988 0.8812 0.9780 0.9470 0.9739 0.7950 0.9235 0.9800 6
0.10 1.0034 0.8752 0.9852 0.9464 0.9739 0.7968 0.9243 0.9798 6
0.20 0.9988 0.8812 0.9780 0.9470 0.9739 0.7950 0.9235 0.9800 6

Figure 9 shows the development of the yield surface for HC420 corresponding to vari-
ous equivalent plastic stresses based on the three yield functions, against the experimental
results in biaxial tensile tests. The S-Y 2009 and Chen-CQN yield functions accurately de-
fined the yield surface during initial yielding, while the Yld2000-2d yield function offered
a slightly less accurate fit to the experimental data. However, as the associated plastic
strain increased, the accuracy of the Yld2000-2d yield function diminished. This decline is
attributed to its inherent isotropic hardening characteristics, which become less effective in
capturing the behavior of the material-evolving plastic. In turn, the S-Y 2009 and Chen-
CQN yield functions retained high accuracy, offering a nearly perfect description of the
yield surface of HC420 at high strains.

Figure 10 shows the yield surface predictions of HC420 under geographic loading
in the π-plane using the Chen-CQN and S-Y 2009 methods. The solid and dashed lines
represent the Chen-CQN and S-Y 2009 yield functions, respectively, while the points
represent the experimental results. The Chen-CQN function predicts lower yield stress
values under the plane stress conditions than the Yld2000-2d method. Therefore, the
Yld2000-2d function was excluded due to its poor predictive effectiveness in evaluating the
experimental data, so the Chen-CQN method is more accurate when predicting the yield
surface of HC420 steel. Figure 11 compares the yield stress predicted by the Chen-CQN
model for the uniaxial tensile loading of HC420 along RD, TD, and DD with experimentally
measured yield stresses. With increasing plastic strain, the predicted yield stress values
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strongly agreed with the empirical measurements, confirming the remarkably high accuracy
of the Chen-CQN model in describing the uniaxial tensile yield stresses of HC420 under
different strains.
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Figure 12 compares the hardening curves of HC420 under uniaxial stress at three
loading orientations, i.e., RD, DD, and TD, with experimental data and under EBT for
predictions by the Chen-CQN yield function. It is seen that the predicted uniaxial tensile
anisotropic hardening curves agreed closely with the actual data, with only a small de-
viation between the predicted and experimental curves under EBT. The prediction error
between the Chen-CQN and experimental stress was calculated using Equation (16), and
the prediction error is shown in Figure 12b; the largest inaccuracy in the Chen-CQN func-
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tion’s predictions of hardening curves during plastic deformation under uniaxial strain
was consistently less than 1%. Furthermore, the prediction error gradually diminished
as the strain rose, finally nearing zero. Under EBT circumstances, the highest inaccuracy
occurred at the start of plastic deformation, when irregularities in the material’s hardening
curve were more noticeable, resulting in significantly lower forecast accuracy. However,
throughout the plastic deformation process, up to necking, the difference between the
prediction and experimental curves under equibiaxial stress was less than 2%. These
findings demonstrate that the anisotropic hardening behavior of HC420 is accurately char-
acterized by the Chen-CQN yield function and meets the required accuracy standards for
numerical simulations.

%Error =

(
σ

pred
i

σ
exp
i

− 1

)
× 100 (16)

Metals 2025, 15, x FOR PEER REVIEW 13 of 17 
 

 

 

Figure 11. Uniaxial tensile yield stress progression between the forecast and the experiment is 
compared. 

Figure 12 compares the hardening curves of HC420 under uniaxial stress at three 
loading orientations, i.e., RD, DD, and TD, with experimental data and under EBT for 
predictions by the Chen-CQN yield function. It is seen that the predicted uniaxial tensile 
anisotropic hardening curves agreed closely with the actual data, with only a small devi-
ation between the predicted and experimental curves under EBT. The prediction error 
between the Chen-CQN and experimental stress was calculated using Equation (16), and 
the prediction error is shown in Figure 12b; the largest inaccuracy in the Chen-CQN func-
tion’s predictions of hardening curves during plastic deformation under uniaxial strain 
was consistently less than 1%. Furthermore, the prediction error gradually diminished as 
the strain rose, finally nearing zero. Under EBT circumstances, the highest inaccuracy oc-
curred at the start of plastic deformation, when irregularities in the material’s hardening 
curve were more noticeable, resulting in significantly lower forecast accuracy. However, 
throughout the plastic deformation process, up to necking, the difference between the 
prediction and experimental curves under equibiaxial stress was less than 2%. These find-
ings demonstrate that the anisotropic hardening behavior of HC420 is accurately charac-
terized by the Chen-CQN yield function and meets the required accuracy standards for 
numerical simulations. %𝐸𝑟𝑟𝑜𝑟 = ቆ𝜎ௗ𝜎௫ − 1ቇ × 100 (16)

 

Figure 11. Uniaxial tensile yield stress progression between the forecast and the experiment is compared.

Metals 2025, 15, x FOR PEER REVIEW 14 of 17 
 

 

 
(a) 

 
(b) 

Figure 12. Hardening curves of HC420 under uniaxial and EBT: (a) stress–strain curves for uniaxial 
and EBT are compared between predictions and experiments and (b) prediction inaccuracy of uni-
axial and EBT stress–strain curves. 

6. Conclusions 
In this study, uniaxial tensile tests in three directions and EBT tests are performed for 

HC420 steel to obtain hardening data. The Chen-CQN approach is applied to characterize 
the anisotropic hardening behavior, and the convexity of the yield surface of the Chen-
CQN approach is verified using the dichotomous method. The experimental data are com-
bined with Chen-CQN approach predictions, and the hardening behavior predictions of 

Figure 12. Cont.



Metals 2025, 15, 149 14 of 16

Metals 2025, 15, x FOR PEER REVIEW 14 of 17 
 

 

 
(a) 

 
(b) 

Figure 12. Hardening curves of HC420 under uniaxial and EBT: (a) stress–strain curves for uniaxial 
and EBT are compared between predictions and experiments and (b) prediction inaccuracy of uni-
axial and EBT stress–strain curves. 

6. Conclusions 
In this study, uniaxial tensile tests in three directions and EBT tests are performed for 

HC420 steel to obtain hardening data. The Chen-CQN approach is applied to characterize 
the anisotropic hardening behavior, and the convexity of the yield surface of the Chen-
CQN approach is verified using the dichotomous method. The experimental data are com-
bined with Chen-CQN approach predictions, and the hardening behavior predictions of 

Figure 12. Hardening curves of HC420 under uniaxial and EBT: (a) stress–strain curves for uniaxial
and EBT are compared between predictions and experiments and (b) prediction inaccuracy of uniaxial
and EBT stress–strain curves.

6. Conclusions
In this study, uniaxial tensile tests in three directions and EBT tests are performed for

HC420 steel to obtain hardening data. The Chen-CQN approach is applied to characterize
the anisotropic hardening behavior, and the convexity of the yield surface of the Chen-CQN
approach is verified using the dichotomous method. The experimental data are combined
with Chen-CQN approach predictions, and the hardening behavior predictions of the
Chen-CQN approach are compared with the yield functions Yld2000-2d and S-Y 2009. The
results of the study are as follows:

1. The results show anisotropic behavior in the plastic deformation of HC420 steel, such
a behavior being crucial for its use in lightweight automotive applications.

2. The Chen-CQN function shows high accuracy in predicting the anisotropic hardening
behavior of HC420 steel under varying stress conditions, whereas the Chen-CQN
function results show a prediction error of less than 2%.

3. The Chen-CQN function shows superiority in yield stress prediction and clearer
numerical implementation compared with Yld2000-2d and S-Y 2009 yield functions.

4. The Chen-CQN function shows its ability to combine high accuracy and flexibility in
determining the anisotropic behavior of HC420 steel.
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