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Abstract: A fundamental prerequisite for the micromechanical simulation of fatigue is the appropriate
modelling of the effective cyclic properties of the considered material. Therefore, kinematic hardening
formulations on the slip system level are of crucial importance due to their fundamental relevance
in cyclic material modelling. The focus of this study is the comparison of three different kinematic
hardening models (Armstrong Frederick, Chaboche, and Ohno–Wang). In this work, investigations
are performed on the modelling and prediction of the cyclic stress-strain behavior of the martensitic
high-strength steel SAE 4150 for two different total strain ratios (Rε = −1 and Rε = 0). In the first
step, a three-dimensional martensitic microstructure model is developed by using multiscale Voronoi
tessellations. Based on this martensitic representative volume element, micromechanical simulations
are performed by a crystal plasticity finite element model. For the constitutive model calibration,
a new multi-objective calibration procedure incorporating a sensitivity analysis as well as an
evolutionary algorithm is presented. The numerical results of different kinematic hardening models
are compared to experimental data with respect to the appropriate modelling of the Bauschinger
effect and the mean stress relaxation behavior at Rε = 0. It is concluded that the Ohno–Wang model is
superior to the Armstrong Frederick and Chaboche kinematic hardening model at Rε = −1 as well as
at Rε = 0.

Keywords: martensitic steel; fatigue; crystal plasticity; kinematic hardening models

1. Introduction

Martensitic high-strength steels are widely used as structural materials for highly loaded
components in the automotive as well as in aerospace industry [1,2]. Among them, quenched and
tempered SAE 4150 plays a pivotal role due to its excellent combination of strength and toughness [2].
Most of the breakdowns of these components are due to material fatigue representing the most dominant
failure mechanism [3]. During service life, load spectra may exhibit varying load ratios whereby loading
conditions unequal to Rε = −1 become important and influence fatigue life significantly as it is known
from the Goodman relation [4].
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Martensitic microstructures have been focused extensively in many experimental
investigations [1,5–7]. There are two major martensitic morphologies in steels, known as lath
and plate martensite. In low and medium carbon-alloyed steels such as the SAE 4150, lath martensite
is formed during the diffussionless and shear transformation from austenite (γ phase) to martensite
(α′ phase) [2]. Lath martensite is characterized by its hierarchical morphology, comprising prior
austenite grains (PAG), packets, blocks, and laths. An outstanding schematic representation of the
morphological structure of martensite is given in Kitahara et al. [1]. Depending on the chemical
composition, there can be formed up to 12 and 24 crystallographic variants from a single PAG with the
Nishiyama–Wassermann (NW) and Kurdjumov–Sachs (KS) orientation relationship, respectively [1,5].
The PAGs are subdivided into several packets which contain parallel blocks with an identical habit
plane. Blocks are collections of sub-blocks (groups of laths) which are separated by low angle
misorientations [7]. The mechanical properties of the martensitic steels are significantly affected by the
microstructural properties such as packet and block size [8,9]. Further strengthening mechanisms are
high dislocation density and solid solution hardening by carbon [2].

Microstructure-sensitive approaches incorporating crystal plasticity constitutive models provide
powerful techniques to investigate the cyclic deformation behavior of crystalline materials at the
microscale. Within these frameworks, the investigated microstructure is modelled by a representative
volume element (RVE) [10]. Numerous investigations on RVE modelling techniques have been
made for non-hierarchical microstructures [11–13]. However, martensitic microstructures have been
less-frequent subject of research. Studies about the modelling of martensitic RVEs as well as on
appropriate multiscale tessellation techniques for martensitic microstructures have been performed,
e.g., by Ghassemi-Armaki et al. [14], Altendorf et al. [15] and Sun et al. [16]. Sun et al. [16] proposed
an RVE modelling approach for a hierarchical martensitic microstructure incorporating KS orientation
relationship to perform investigations on the deformation behavior. In the present study, a comparable
methodology as in Sun et al. [16] proposed is used to create the martensitic microstructures.

For realistic simulations of the cyclic material behavior, the use of appropriate constitutive models
is also important in addition to adequate RVEs. Cyclic loading conditions including mean stresses
require kinematic hardening (KH) models which are not only able to capture first order stress-strain
hysteresis behavior but also higher order phenomena such as mean stress relaxation behavior [17]. It has
been widely noted in literature for J2 plasticity that the Armstrong Frederick KH model failed to predict
the mean stress evolution in cyclic loadings with non-zero mean stresses [18,19]. Hennessey et al. [17]
reported for Al 7075-T6 a dramatically over prediction of the mean stress relaxation behavior also
on crystal level in crystal plasticity simulations. Investigations on a polycrystalline IN718 superalloy
by Cruzado et al. [20] show a good agreement between experimental and simulated mean stress
relaxation behavior by using an Ohno–Wang KH model. Sweeney et al. [21] used a Chaboche KH
model for micromechanical fatigue simulations with mean stresses of a L605 CoCr alloy and achieved
also good agreements with experimental fatigue results. The Chaboche and Ohno–Wang models show
the potential to capture complex evolutions of mean stress relaxation. However, these KH models result
in an increased calibration effort. Trial and error approaches to determine the numerous constitutive
parameters are not very efficient and time consuming [22]. To overcome this problem, genetic algorithms
have been widely used to calibrate complex constitutive models [22–24]. Within the scope of this study,
the applicability of these approaches to the martensitic steel SAE 4150 is also investigated.

Future sustainable resource-saving component developments require accurate lifetime prediction
models incorporating the formation and early growth of small fatigue cracks. Micromechanical
multiscale models are particularly suitable for these purposes. This is, because the fatigue crack initiation
time is strongly linked to local stress and strain states as well as to the underlying microstructures
in critical stressed regions [25]. Since fatigue properties are also strongly dependent on the cyclic
deformation behavior, the primary objective of this study is the micromechanical modelling of the cyclic
deformation behavior of the SAE 4150. A martensitic microstructure model, a comparison of different
KH models capturing the cyclic stress-strain behavior for a wide range of applied strain amplitudes
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and strain ratios, and a multi-objective calibration procedure are presented in this study and validated
by experiments.

This paper is structured as follows: first, in Section 2 the martensitic high-strength steel SAE
4150 is characterized with respect to microstructural properties as well as to the experimental cyclic
stress-strain behavior. Next, the RVE multiscale modelling technique, the constitutive models and
an appropriate multi-objective calibration procedure are described within Section 3. Results of the
comparison between the Armstrong Frederick, Chaboche, and Ohno–Wang KH models are presented
and discussed in Section 4. Finally, the main conclusions as well as the capabilities and limitations of
the models are summarized in Section 5.

2. Material and Experiments

This section focuses on the experimentally determined properties of the quenched and tempered
martensitic high-strength steel SAE 4150 (50CrMo4) with respect to microstructural properties and
cyclic stress-strain behavior. The steel exhibits a hardness of 39 HRC and its chemical composition
was determined by spark emission spectroscopy analysis. Table 1 shows the mean values of the
corresponding alloying elements.

Table 1. Chemical composition of the SAE 4150 in wt.%.

Material C Si Mn P S Cr Mo

SAE 4150 0.52 0.26 0.74 0.014 0.008 1.31 0.18

2.1. Microstructure Characterization

Scanning electron microscopy (SEM, Zeiss Merlin) observations including electron backscatter
diffraction (EBSD) analyses were performed to characterize the microstructure with respect to grain
morphology and crystallographic orientations. Therefore, multiple mechanically as well as electrically
polished specimen were analyzed in the SEM and areas of approximately 100 × 100 µm were scanned
with a constant sampling step size of 0.1 µm to capture the microstructural variety in detail.

The EBSD image quality (IQ) map as well as the corresponding EBSD orientation maps in
inverse pole figure (IPF) color coding are shown in Figure 1a,b, respectively. Figure 1a reveals that
the martensitic microstructure consists of multiple almost parallel crystallographic blocks forming
morphological packets. According to the stereographic triangle in Figure 1b, the colors of the IPF
correspond to the crystallographic directions normal to the investigated plane. The color coding of the
EBSD map (Figure 1b) clearly reveals the characteristic morphology and the crystallographic properties
of the lath martensite, in detail.

35 µm

(a)

35 µm 001 101

111

(b)
Figure 1. Experimental analysis of the SAE 4150 microstructure: (a) EBSD image quality map (b) EBSD
map in inverse pole figure color code.
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The transformation from austenite into martensite can be described by the four possible major
orientation relationships (OR): Bain [26], Kurdjumov–Sachs (KS) [27], Greninger-Troiano (GT) [28]
and Nishiyama–Wassermann (NW) [29,30]. However, only the KS OR and the NW OR are focused on
in the present study, since the Bain OR is rarely observed and the GT OR is in the middle of KS and
NW OR [7,31]. The orientation relationships of KS and NW are listed in Table 2.

Table 2. Kurdjumov–Sachs and Nishiyama–Wassermann orientation relationships for the transformation
from a parent austenite grain into the corresponding martensitic variants [1,6,31].

Orientation Relationship Plane Parallel Direction Parallel

Kurdjumov–Sachs (111)γ//(110)α′ [110]γ//[111]α′
Nishiyama–Wassermann (111)γ//(110)α′ [112]γ//[110]α′

To identify the OR for the investigated lath martensite, (001) pole figures of experimental EBSD
data are compared to calculated KS and NW data, Figure 2. The calculations of the KS and NW variants
were performed by MTEX (version 5.1.1) [32] in MATLAB R2016b. The PAGs and the corresponding
orientations are calculated from EBSD data by ARPGE (version 1.6) [33]. Experimental orientations are
plotted by black dots representing the martensitic variants of the single PAG outlined in Figure 1b.
Calculated martensitic variants based on the KS OR and NW OR are plotted by green dots in Figure 2a,b,
respectively. The initial orientations of the PAG are highlighted in orange.

(001)

Experiment          Simulation         PAG

(a)

(001)

Experiment          Simulation         PAG

(b)
Figure 2. (001) pole figures of experimental martensitic orientations within a single prior austenite
grain, corresponding simulated martensitic orientations and the underlying prior austenite grain
orientation: (a) with simulated Kurdjumov–Sachs OR (b) with simulated Nishiyama–Wassermann OR.

The qualitative comparison of Figure 2a,b indicates that the simulated NW OR shows a better
agreement to the experimental orientations than the KS OR. Based on this qualitative result, the NW
OR is used in this study.

2.2. Mechanical Cyclic Properties

From a macroscopic point of view, the cyclic deformation behavior of SAE 4150 plays a pivotal
role regarding fatigue prediction and the calibration of the micromechanical model. The macroscopic
deformation behavior in the low cycle fatigue (LCF)—regime is controlled by the collective elastic-plastic
behavior of all grains. An assumption of the crystal plasticity fatigue modelling approach is that for
macroscopic elastic loadings, the local hardening of individual critically oriented grains behaves in a
similar manner as for a collective macroscopic elasto-plastic deformation in the LCF-regime [22,34].
By the adaptation of a crystal plasticity parameter set to stress-strain hystereses from LCF tests, whereby
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the grains collectively behave elasto-plastic, information of local hardening is gained which can be used
for example in high cycle fatigue (HCF) simulations. Therefore, strain-controlled LCF experiments of the
SAE 4150 were performed at room temperature to provide an experimental database for calibration and
verification of the crystal plasticity model.

LCF tests were performed on a universal servo hydraulic test frame from MTS, according to the
standards from ASTM E606 [35]. An extensometer from Sandner was mounted in the central zone
of the unnotched fatigue specimen to precisely measure the axial displacements in the gauge section.
Figure 3 shows the geometry and dimensions of the unnotched fatigue specimen. The tests were
carried out for two different total strain ratios, Rε = −1 and Rε = 0. Multiple fully reversed tests were
performed from εa,t = 0.25% to εa,t = 0.90%, whereby εa,t denotes the total strain amplitude. Four
different total strain amplitudes ranging from εa,t = 0.25% to εa,t = 0.50% were investigated in the LCF
tests at Rε = 0. A triangular waveform with a constant strain rate of 0.02 1/s was applied until fracture,
with at least one specimen per strain amplitude.

122.30
35

2
15

ø2
0

R3
0

ø7
351

Figure 3. Geometry and dimensions (in mm) of the unnotched low cycle fatigue test specimens.

Figure 4a shows the evolution of the maximum and minimum stresses in loading direction vs.
the normalized lifetime for the LCF tests at Rε = −1 with constant total strain amplitudes. Thereby, the
characteristic behavior of heat-treated high-strength steels exhibiting an initial cyclic strain softening
within the first number of cycles and a subsequent lifetime dominating part of cyclic stable conditions
becomes visible [4,36]. The proportion of lifetime between the cyclic strain softening and the cyclic
stable conditions is small and can, therefore, be neglected in the present study. According to Christ [36],
the cyclic stable material conditions being represented by almost horizontal maximum and minimum
stress curves in Figure 4a represent the dominating part of the material lifetime and the basis for
fatigue calculations. The stabilized stress-strain hysteresis loops (at normalized lifetime = 0.5) of the
different LCF experiments at Rε = −1 are shown in Figure 4b.
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Figure 4. Experimental low cycle fatigue test results: (a) Evolution of maximum and minimum stresses
versus normalized lifetime at Rε =−1 for different strain amplitudes and (b) cyclic stress-strain behavior
at Rε = −1, in cyclic stable material conditions (normalized lifetime = 0.5).

The different mean stress relaxation behavior for varying total strain amplitudes at Rε = 0 are
shown in Figure 5. The results indicate that the rate of mean stress relaxation increases with the
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increase of total strain amplitude. This can be justified by the fact that the plastic strain amplitude
represents a driving force for mean stress relaxation [37]. The mean stress relaxation behavior of the
investigated SAE 4150 is comparable to other martensitic steels as reported by Wehner and Fatemi [38],
Wu et al. [39] and Koh and Stephens [40].
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Figure 5. Experimental mean stress evolutions of SAE 4150 during cycling at different constant total
strain amplitudes at Rε = 0.

3. Modelling Methodology and Constitutive Calibration Strategy

A micromechanical finite element model is developed for the experimentally investigated
martensitic steel SAE 4150. Section 3.1 presents the generation and meshing approach for a three-
dimensional lath martensitic RVE. To describe the plasticity behavior of lath martensitic microstructures
at the crystal scale, an appropriate constitutive model with three different KH models is introduced in
Section 3.2. Finally, a multi-objective parametrization procedure for the different constitutive models
based on experimental LCF data is proposed in Section 3.3.

3.1. Generation of Representative Volume Elements

A Voronoi tessellation methodology is used to generate three-dimensional martensitic RVEs based
on experimental SAE 4150 crystallographic characteristics. An idealized visualization of a multiscale
martensitic microstructure is given in Kitahara et al. [1]. Thereby, the PAG represents the largest feature
in the hierarchical three-scale microstructure. Each PAG can be subdivided into multiple packets
and each packet is parallel to one of the four possible habit planes [6]. The individual packets are a
collection of blocks with the same habit plane {111}γ [1,5–7].

The multiscale Voronoi tessellations are performed by the C++ software library voro++ (version
0.4.6) [41] embedded in a python framework (version 2.7). The three-dimensional hierarchical martensitic
grain structure is generated according to the following procedure which is shown schematically in a
two-dimensional way in Figure 6. (i) First, the three-dimensional domain of the RVE is partitioned into
multiple convex polygons representing the PAG structure. Thereby, the number of PAGs can be specified.
Random crystallographic orientations in the form of Euler angles (in Bunge notation [42]) are assigned
to the individual PAGs. (ii) In the second tessellation level, the individual PAGs are further divided
into a predefined number of packets by the Voronoi tessellation. One of the four possible {111}γ habit
planes is randomly assigned to each packet. (iii) Finally, block structures with a predefined width are
generated within each packet parallel to the corresponding {111}γ habit plane. Using the NW OR, one
of the three possible crystallographic variants is assigned to each block [7]. In reality, individual blocks
are clusters of a variety of sub-blocks and laths. According to Morito et al. [7], misorientations between
adjacent sub-blocks are typically < 3◦. Thus, a further subdivision of the individual blocks into different
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martensitic laths was omitted and blocks are assumed as homogeneous entity. Thereby, martensitic
blocks represent the smallest feature in the hierarchical three-scale microstructure, in the present study.

(a) (b) (c)

Figure 6. Two-dimensional schematic procedure of the hierarchical modelling approach for lath martensitic
microstructures of low carbon-alloyed steels. (a) Generation of prior austenite grains. (b) Partition of
each prior austenite grain into packets. (c) Generation of blocks parallel to the corresponding habit
plane within individual packets.

After the multiscale Voronoi tessellations, the information about the martensitic microstructure
must be defined and incorporated into ABAQUS. This task is performed by a mesh generator written
in python. The mesh generator initially creates a cubic regular mesh of n× n× n 8-node linear brick
elements (C3D8) and assigns the corresponding material property to each element according to its
spatial position. Furthermore, periodic boundary conditions are applied on opposite faces of the RVE,
in analogy to Smith’s [43] procedure. The loading direction of the RVE is represented by direction 2.
Figure 7a shows a voxelated microstructure with 125,000 elements (n = 50) mapping the martensitic
microstructure and morphology in detail.

The correct implementation of the NW OR in the microstructure model is verified by the comparison
between the (100) pole figure (Figure 7c) of a synthetically generated martensitic microstructure based
on a PAG with an initial orientation of (001)[100] (Figure 7b) and the corresponding (100) reference pole
figure which is shown in Kitahara et al. [6].

(a) (b) (c)

1

2

3

Figure 7. Three-dimensional synthetic martensitic microstructure: (a) Representative volume element
with 125,000 elements (b) two-dimensional representation of a transformed PAG with an initial
orientation of (001)[100] (c) (100) pole figure of Figure 7b.

3.2. Constitutive Framework

To model the cyclic behavior of the considered martensitic high-strength steel SAE 4150, a crystal
plasticity model which was introduced by Boeff et al. [13] is used and extended. In Section 3.2.1
the standard constitutive model on the crystal level is presented. The different phenomenological
hardening evolution laws are given in Section 3.2.2.

3.2.1. Crystal Plasticity Model

A phenomenological local crystal plasticity model is used to determine the elastic and plastic
cyclic response of the martensitic crystals, respectively. It is worth noting that the local crystal plasticity
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model is length scale independent [44]. Thereby, the model is not able to capture grain size effects such
as the Hall-Petch effect [45,46].

The local crystal plasticity model is implemented in a finite strain framework and based on the
multiplicative decomposition of the deformation gradient F into elastic Fe and plastic F p components,

F = FeF p (1)

In the intermediate (relaxed) configuration, it is assumed that plastic deformation occurs solely due to
dislocation slip [47] on the 12 possible {110}<111> slip systems for BCC. Thereby, the plastic velocity
gradient Lp is determined by the superposition of crystallographic slips on the different slip systems
α via

Lp = Ḟ pF p−1 =

Nslip

∑
α

γ̇αmα ⊗ nα (2)

where mα and nα represent the unit vectors in slip direction and normal to the slip plane in intermediate
configuration equivalent to those from the reference configuration, respectively. By using the definition
of the Green-Lagrange strain tensor, an elastic finite strain measure Ee can be derived,

Ee =
1
2
(FeT Fe − I) (3)

The second Piola-Kirchhoff stress T representing the work conjugate stress measure is defined by

T = C : Ee (4)

where C represents the fourth-order elasticity tensor of the single crystal. The second Piola-Kirchhoff
stress in the intermediate configuration can be used to approximate the resolved shear stress on each
glide system,

τα = (FeT FeT) : (mα ⊗ nα) ≈ T : (mα ⊗ nα) (5)

since the elastic stretch is small for most metallic materials, according to Meissonnier et al. [48].
The magnitude of the shear rate γ̇α on each glide system is related to the resolved shear stress τα

via a phenomenological elasto-viscoplastic constitutive model. The original model was developed by
Rice and Hutchinson [47,49,50] for monotonic loading.

The modification for cyclic loading was done by Cailletaud [51]:

γ̇α = γ̇0

∣∣∣∣∣τα − χα
b

τα
c,0

∣∣∣∣∣
m

sign(τα − χα
b) (6)

where γ̇0 represents a reference shear rate, χα
b and τα

c,0 are the individual resolved back stress and the
critical resolved shear stress of each glide system α. The elasto-viscoplastic formulation represents a
power-law approach which is characterized by the inverse strain rate sensitivity exponent m.

3.2.2. Phenomenological Hardening Models

To capture isotropic as well as KH on crystal scale, different phenomenological hardening
evolution laws are used. The isotropic hardening is considered by increasing the critical resolved shear
stress on each slip system. The influence of any slip system β on the fixed slip system α with respect to
isotropic hardening behavior is given by,

τ̇c
α = hαβ|γ̇β| (7)

where hαβ represents the hardening matrix for interactions among slip systems [44]:
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hαβ = qαβ

[
h0

(
1− τ

β
c

τs

)a]
(8)

In this formulation, ho, a and τs represent the hardening parameter, hardening exponent, and the
saturated shear stress, respectively.

KH and the resulting phenomenon called Bauschinger effect are captured by different non-linear
KH models. From a micromechanical point of view, backstresses on slip systems result from dislocation
slip irreversibility. A widely used evolution law for the backstress χα

b in phenomenological local crystal
plasticity is the Armstrong Frederick (AF) [52] model representing an extension of the linear KH
model proposed by Prager [53]. For the evolution of KH, the AF model assumes strain hardening and
dynamic recovery, whereby the coefficients A and B represent the direct hardening and the dynamic
recovery modulus, respectively [19]. From a mathematical point of view, the model is an ordinary first
order differential equation with a recall term being called dynamic recovery:

χ̇α
b = Aγ̇α − Bχα

b |γ̇α| (9)

A decomposed non-linear KH rule in J2 plasticity was proposed by Chaboche et al. [54]. Applied to
micromechanical modelling, the model can be formulated by:

χ̇α
b,i = Aiγ̇

α − Biχ
α
b,i|γ̇α| , χα

b =
NB

∑
i=1

χα
b,i (10)

The proposed KH rule is a superposition of NB AF formulations. According to Chaboche [55], the
superposition of the several hardening rules improves the transition between the elastic regime and
the onset of plasticity. Initially, Chaboche [54] proposed to use three decomposed hardening rules
with C3 = 0 to improve the macroscopic simulation of cyclic stress-strain hysteresis and ratcheting
behavior [18]. Therefore, in the present study, three decomposed hardening rules (NB = 3) are used.

An extension of the Chaboche KH model is the Ohno–Wang [19] KH model. The model formulation
which was originally proposed for J2 plasticity can be written on the crystal level as [17,20]

χ̇α
b = Aγ̇α − B

( |χα
b |

A
B

)M

χα
b |γ̇α| (11)

The Ohno–Wang non-linear KH model is based on a strain hardening term minus a modified
dynamic recovery term for an improved description of ratchetting and mean stress relaxation behavior.
In Equation (11), the exponent M controls the non-linear character of the dynamic recovery term.
The dynamic recovery term becomes active when the backstress reaches the saturation level A/B.
In principle, several non-linear KH evolution laws of the Ohno–Wang model can also be superposed,
as for example at the Chaboche model [17,19]. In this study, one non-linear KH evolution law of the
Ohno–Wang model is used.

The presented crystal plasticity model is implemented as a user defined material (UMAT)
subroutine in ABAQUS 2016.

3.3. Parametrization of the Crystal Plasticity Model

Systematically calibrated constitutive model parameters based on experimental input data are
crucial for the prediction of fatigue crack initiation life. The calibration procedure exhibits a non-trivial
effort due to the complexity of the mesoscale constitutive model, the numbers of KH coefficients
and individual difficult accessible material parameters [22,24]. In the present case, few constitutive
model parameters are taken from literature and others are calibrated to experimental LCF data by a
multi-objective optimization procedure. In a first step, a numerically efficient RVE for the effective
cyclic properties is generated to ensure an efficient optimization procedure. The multi-objective
calibration strategy is then presented in detail.
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Based on the approach from Herrera-Solaz et al. [22,56], different representations of the
microstructure were used to investigate the effective macroscopic cyclic properties with respect to
accuracy and numerical efficiency. Therefore, two different RVE variants have been used to solely
simulate the cyclic stress-strain hysteresis which will be used in the subsequent calibration procedure.
The first variant V1 represents the RVE which contains a fully martensitic microstructure with the
NW OR and 125,000 C3D8 elements, depicted in Figure 7a. The second variant V2, shown in Figure 8,
denotes a simplified RVE with only 64 equiaxed grains and 512 C3D8 elements. It should be noted
that fatigue crack initiation simulations cannot be carried out with the second reduced RVE realization
because microstructural information is neglected; however, for the calibration process, the simplified
microstructure is sufficiently accurate.

1

2

3

Figure 8. RVE variant V2 with 512 elements for the simulation of effective cyclic properties.

According to Seguardo and Llorca [57], representations of RVEs with only one element per grain
tend to be too stiff, due to the over constrained deformations within the individual grains. To overcome
this problem, eight elements per grain have been used in variant V2 to represent single grains.
A martensitic microstructure which includes multiple PAGs does not show any texture and exhibits
isotropic material behavior, from a macroscopic point of view. This hypothesis can be confirmed by
the three different pole figures, shown in Figure 9, which have been derived from the EBSD data of
Figure 1b. Therefore, random orientations have been assigned to the individual grains by which the
isotropy of the material can be taken into account.

(100) (111)(110)

x x x

y y y

Figure 9. (100), (110) and (111) pole figures of the EBSD data from Figure 1b.

Strain-controlled micromechanical simulations of the effective cyclic properties indicate a small
dependency between the discretization of the microstructure and the effective cyclic properties. In the
present study, the maximum deviation in peak stress between the variants V1 and V2 is less than
1.0% for total strain ranges εa,t ∈ [0,1.0%]. Based on this observation, variant V2 with 512 C3D8
elements, random orientations and periodic boundary conditions on the RVE cell faces represents
a good compromise between numerical efficiency and macroscopic accuracy for the simulation of
effective cyclic properties which will be used in the numerical extensive multi-objective optimization
procedure. However, for the final comparison of the different KH models and the evaluation of local
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microstructural quantities as well as for future fatigue simulations, the variant V1 with the fully
martensitic microstructure will be used.

Calibration Strategy

The multi-objective calibration procedure is used to determine the constitutive model parameter
sets for different KH models: AF, Chaboche (CH) and Ohno–Wang (OW). The cyclic stable experimental
stress-strain hysteresis, with total strain amplitudes of 0.35%, 0.60% and 0.90%, presented in Section 2
serve as reference for the calibration. The model parameters can be classified into four categories:

• Γel = [C11, C12, C44] a set of elastic constants of the crystal
• Γ f low = [γ̇0, m, τα

c,0] a set related to the flow rule
• Γiso = [h0, τs, a] a set related to the isotropic hardening
• Γkin = [Ai, Bi, Mi] a set related to the KH

The elastic stiffness tensor C remains constant for the three different KH models. Elastic constants
from an HSLA-50 steel provided by Xie et al. [24] were adopted. The values which are listed in Table 3
show a good agreement to experimental stress-strain curves within the elastic regime. The reference
shear rate γ̇0 is set equal to 0.001 1/s for all models [13,17]. Due to the low macroscopic strain rate
sensitivity of the considered SAE 4150 [58], the strain rate sensitivity exponent m is set equal to m = 100
to avoid any strain rate hardening [34]. It is worth noting that high strain rate sensitivity exponents
make numerical convergence more difficult [17,34].

Table 3. Elastic constants of the stiffness tensor C, provided by Xie et al. [24].

C11 C12 C44

253.1 GPa 132.4 GPa 75.8 GPa

According to Figure 4, the material of interest shows cyclic stable material behavior. Therefore,
isotropic hardening is not considered in the present study. To do so, the set of parameters Γiso for
isotropic hardening are set to zero.

The remaining constitutive parameters to be calibrated, such as the critical resolved shear stress
τα

c,0 and the KH parameters of the AF, CH, and OW KH model are strongly related to the stress-strain
hysteresis loops. As a consequence of this, the calibration procedure implies the solution of multiple
least-square minimization problems between the experimental and simulated stress-strain hysteresis
loops, respectively. The three different models are fitted to the same fully reversed experimental
stress-strain hysteresis loops determined for Rε = −1. The fitness function of the optimization problem
for each hysteresis loop is defined as:

F =

√√√√ 1
Ω

Ω

∑
j=1

(σ
exp
22 − σsim

22 (εexp))2 (12)

where Ω represents the number of data points of each hysteresis, σ
exp
22 and σsim

22 the stresses measured
in the LCF experiments and calculated in the micromechanical simulation, respectively.

To treat the multi-objective optimization problem of each KH model adequately, a combined
sensitivity analysis with an evolutionary algorithm (EA) is applied using OptiSlang [59] commercial
software together with ABAQUS. Furthermore, the Pareto dominance criterion is applied due to the
ability of the simultaneous consideration of multiple objectives [60]. Thereby, Pareto optimal crystal
plasticity parameter sets are obtained which capture the cyclic stress-strain response for a wide range
of applied strain amplitudes. Figure 10 shows the flow chart of the applied calibration procedure.
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Figure 10. Flow chart of the calibration procedure for the crystal plasticity parameters using a genetic
algorithm.

The workflow starts with a stochastic-based sensitivity analysis to identify unimportant input
parameters and for the verification of the fitness function and possible conflicts [59]. Thereby, a Latin
hypercube (LHS) sampling technique is used. The main advantages of the LHS are the complete
exploration of the input parameter space as well as the prevention of undesired correlations between
the input parameters [61]. Multiple crystal plasticity simulations are performed for the constitutive
model parameter sets defined by the LHS algorithm, within the sensitivity analysis. Therefore, at the
end of the sensitivity analysis, multiple parameter sets can be compared in terms of fitness. The most
suited parameter sets are then transferred to the multi-objective EA as an initial population. Instead
of using a random initial population, the transfer of best designs out of the sensitivity analysis may
significantly improve the efficiency of the multi-objective optimization [59].

For solving the multi-objective optimization problem, an EA which is based on the Strength
Pareto Evolutionary Algorithm 2 [62] was used. The major benefit of this heuristic approach is the
parallel search for a set of Pareto optimal solutions [59,60,63]. In the present study, the solutions have
been selected in a way that the errors are equivalent for all three objectives.

4. Results and Discussion

The micromechanical model described in the previous section is used to model the cyclic effective
properties of SAE 4150. First, the calibrated sets of crystal plasticity parameters for Rε = −1 are
presented for the three KH models. Next, a prediction of the stress-strain hysteresis and the mean
stress relaxation behavior for Rε = 0 is made and compared to the experimental data. Finally, these
results are compared and discussed.

4.1. Calibration of the Constitutive Models

The KH model dependent Pareto optimal sets of the crystal plasticity parameters obtained by
the multi-objective calibration procedure are shown in Table 4. Within the multi-objective calibration
procedure, the numerical efficient RVE of Figure 8 was used for the numerous micromechanical
simulations. Three experimental LCF stress-strain hysteresis at εa,t = 0.35%, εa,t = 0.60% and εa,t =
0.90%, have been required for the calibration of the KH constitutive models at Rε = −1.

4.2. Cyclic Deformation Behavior at Rε = −1—KH Model Comparison

The effective cyclic properties of the KH models are compared with the experimental stabilized
stress-strain hysteresis at Rε =−1 within this section. Computational homogenization of the martensitic
RVE of Figure 7a provides the effective cyclic properties from the numerical results. Figure 11 shows
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the comparison of the experimental stress-strain hystereses and the corresponding strain-controlled
numerical results which were simulated with the parameter sets of Table 4 and the martensitic RVE of
Figure 7a.

Based on the qualitative comparison of the cyclic stress-strain hysteresis in Figure 11, the AF,
CH and OW models show in general a good agreement to the experimental results for Rε = −1.
However, at the lowest strain amplitude εa,t = 0.35% all models predict slightly too high plastic strain
ranges. There are only small differences between the different models for εa,t = 0.35% and εa,t = 0.60%.
However, at εa,t = 0.90% the CH model shows a better agreement to experimental data than the AF
and OW KH model.

Table 4. Optimized parameter sets for different kinematic hardening models for quenched and tempered
SAE4150 with 39 HRC.

Armstrong Frederick (AF) Chaboche (CH) Ohno–Wang (OW)

τα
c,0 187 MPa 155 MPa 209 MPa

A1 79,397 MPa 254,385 MPa 65,506 MPa
B1 491 2636 499
A2 - 90,000 MPa -
B2 - 8547 -
A3 - 20,303 MPa -
B3 - 0 -
M - - 8
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Figure 11. Experimental and simulated stress-strain hysteresis loops of SAE 4150 at cyclic stable
material conditions, for three different total strain amplitudes, (a) εa,t = 0.35%, (b) εa,t = 0.60% and
(c) εa,t = 0.90%.
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To quantify the influence of the exponent M of the OW model (defined in Equation (11)) on
the effective cyclic properties at Rε = −1, multiple simulations at different total strain amplitudes
were performed with varying exponents M in the range of M ∈ [0;80]. For these micromechanical
simulations, the martensitic RVE of Figure 7a was used. Figure 12a shows in a representative way
the influence of the varying exponents M on the stress-strain hysteresis with a total strain amplitude
of εa,t = 0.50%. These results reveal that the influence of the exponent M on the cyclic effective
properties at zero mean stress is negligible. This observation agrees well with the results from
Hennessey et al. [17]. However, the exponent M of the OW model significantly affects the mean stress
relaxation rate. Figure 12b shows the mean stress relaxation behavior of a total strain amplitude of
εa,t = 0.50% at Rε = 0 for 50 computational cycles depending on varying exponents M, whereby the
simulations were based on the martensitic RVE of Figure 7a . This model feature enables the accurate
modelling of the mean stress relaxation behavior by a specific selection of the exponent M.
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Figure 12. Influence of the exponent M of the Ohno–Wang model, (a) on the effective cyclic properties
at zero mean stress; (b) on the mean stress relaxation behavior at εa,t = 0.50% at Rε = 0.

The qualitative comparison of the cyclic stress-stain curves indicates a good agreement between
the three different KH models and the experimental data. However, to make a quantitative statement
regarding the agreement of simulation and experiment, the plastic strain energy density is used in
the following as an evaluation basis. The plastic strain energy density Wpl , defined in Equation (13),
represents a fundamental quantity characterizing the level of fatigue loading. Plastic deformations
result either in heat dissipation or in raising internal energy of the material. The increase of internal
energy can be linked e.g., to formation of cracks, rearrangement of dislocations and formation of point
defects [64]. Therefore, it is of particular importance to predict accurately the material specific Wpl
characteristic in fatigue crack initiation simulations [65]. The Wpl characteristics depending on the
three KH models were simulated with the martensitic RVE of Figure 7a. The applied strain rate for the
cyclic simulations was set to 0.009 1/s. Due to the low applied strain rate, the rise of internal energy
and temperature is assumed to be minimal since the dissipated plastic energy will be transported away
by heat conduction. Figure 13a,b compare the simulated Wpl characteristics to experimental data of
the SAE 4150 in a semi-log and linear representation, respectively.

Wpl =
∫

σ dε (13)

The Wpl characteristics of the three KH models in Figure 13a reveal distinct differences for small
applied total strain amplitudes. A good agreement with the experimental data shows the OW model,
except for εa,t = 0.35% and εa,t = 0.40%. In contrast to this, the AF and CH model predict effective cyclic
properties with slightly higher Wpl, in the present study. Especially the CH model reveals a lagged
transition from the elastic-plastic to the complete elastic regime. This can potentially be traced back to
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the lower critical resolved shear stress τα
c,0 of the CH model parameter set. The appropriate transition

from the elastic-plastic to the fully elastic regime represents a fundamental prerequisite for an adequate
modelling of fatigue damage under HCF loading, resulting in a preference for the OW model. Figure 13b
is adequate for the evaluation of the Wpl characteristic for total strain amplitudes > 0.50%. In this regime
of total strain amplitudes, the KH models do not show a significant difference with respect to cyclic
effective properties. However, the AF model shows a slightly too high level of plasticity.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

εa,t in %

10−4

10−3

10−2

10−1

100

101

W
cy
cl
e

in
M

J
m

3

Experiment

Armstrong Frederick

Chaboche

Ohno Wang

(a)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

εa,t in %

0

2

4

6

8

10

W
cy
cl
e

in
M

J
m

3

Experiment

Armstrong Frederick

Chaboche

Ohno Wang

(b)
Figure 13. Plastic strain energy density characteristics for three different kinematic hardening models
and experimental data of SAE 4150 at Rε = −1; (a) with logarithmic y-axis (b) with linear y-axis.

4.3. Cyclic Deformation Behavior at Rε = 0—KH Model Comparison

In the next step, predictions for a totally different strain ratio Rε = 0 are made using the calibrated
constitutive parameters from Rε = −1. To characterize the mean stress relaxation behavior of the
different KH models, simulations with the martensitic RVE of Figure 7a were performed for 50 loading
cycles at a strain ratio of Rε = 0 with the equivalent numerical settings as in the previous section.
The mean stress relaxation behavior of the AF, CH, and OW model is compared to experimental
results in Figure 14a–c, respectively. Simulation results are shown as solid lines and the experimental
references which are normalized with respect to lifetime are shown in a dotted form. The corresponding
mean stress values at half normalized lifetime can be considered as experimental references due to the
fact that also at Rε = −1 the stress-strain hysteresis is considered at half lifetime.

According to Figure 14a, the AF model is not able to capture any mean stress effects. The initial
mean stresses are almost fully relaxed for all applied total strain amplitudes within the first 10 to
15 simulation cycles. The AF relaxation characteristic results in almost fully relaxed stress-strain
hysteresis which are shown in Figure 16a–c. The plotted experimental stress-strain hysteresis is at half
lifetime. In contrast to this, the predicted mean stresses by the Chaboche model, shown in Figure 14b,
are only partially relaxed. However, the predicted mean stresses indicate inconsistent results. This
is because the smallest applied strain amplitude εa,t = 0.30% shows the highest relaxation rates and
consequently the lowest mean stresses. In general, there are increased relaxation rates at higher total
strain amplitudes due to the presence of lager plastic strains which act as a driving force for mean stress
relaxation [3,4,38,66]. Finally, the predicted mean stresses by the OW model are shown in Figure 14c.
They are well consistent with the postulated relaxation theories. The three simulated mean stresses
are all partially relaxed and the agreement with the experimental results is adequate for εa,t = 0.50%,
εa,t = 0.40%. However, for the total strain amplitude of 0.30%, the agreement between the OW model
and the experimental results at half normalized lifetime get worse, with absolute errors in excess of
90 MPa. These deviations can be attributed to the increased level of plasticity at the calibration of
the KH models at Rε = −1 for small total strain amplitudes. Furthermore, transient effects may also
contribute to mean stress deviations at small applied total strain amplitudes. Experimental relaxation



Metals 2019, 9, 368 16 of 21

data also indicate substantial declines in mean stress relaxation rates in the transition regime from the
elastic-plastic to the elastic regime [3,66].
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Figure 14. Comparison of the mean stress relaxation behavior at Rε = 0 for three different total strain
amplitudes εa,t = 0.30%, εa,t = 0.40% and εa,t = 0.50% between the micromechanical model prediction
and the experimental results; (a) for the AF KH model (b) for the CH KH model and (c) for the
OW KH model.

In analogy to the evaluation of the strain energy density characteristics for the fully reversed
simulations in Section 4.2, Figure 15 shows the strain energy density characteristics for the simulations
at Rε = 0. The three KH model dependent characteristics confirm that all KH models show an increased
level of plasticity for the considered total strain amplitudes at Rε = 0. According to Figure 15, the strain
energy density characteristic of the CH model shows the best agreement of the three KH models to the
experimental strain energy densities for the total strain amplitudes of 0.30% and 0.40%. However, it
is recalled that the CH model reveals an inconsistent mean stress relaxation behavior, according to
Figure 14. Consequently, under consideration of the results from Figure 14 as well as Figure 15, the
OW model is superior to the AF and CH model.

According to Figure 16b,c, the agreement of the predicted stress-strain hystereses by the OW
model show an excellent agreement for εa,t = 0.40% and εa,t = 0.50% with the experimental results.
Furthermore, the deviations for the hystereses at εa,t = 0.30% are still within acceptable ranges.
The mean stress relaxation results of the OW model indicate a good transferability between different
applied total strain amplitudes. This property is very important regarding the application of the
micromechanical model to a wide variety of load cases.
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Figure 15. Plastic strain energy density characteristics at Rε = 0, for the three different KH models in
cycle stable conditions and the corresponding experimental data of SAE 4150 at half lifetime.
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Figure 16. Effective cyclic properties at Rε = 0, simulation and experimental results. The applied total
strain amplitudes are (a) εa,t = 0.30%, (b) εa,t = 0.40% and (c) εa,t = 0.50%.

5. Conclusions

In the present study, a micromechanical framework has been developed to model the cyclic
behavior of the martensitic high-strength steel SAE 4150 at different strain ratios. A multiscale
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martensitic microstructure model was developed and incorporated into the modelling framework.
Furthermore, a phenomenological crystal plasticity model was used to perform micromechanical
simulations and to evaluate different KH models with respect to mean stress relaxation behavior.
To calibrate the different complex KH models in an efficient way, a multi-objective calibration procedure
was developed and implemented. Three experimental cyclic stable stress-strain hystereses are required
for the calibration procedure to capture the cyclic macroscopic deformation behavior of the considered
SAE 4150 from εa,t ∈ [0,1.0%]. To identify an appropriate KH model for the cyclic deformation behavior
under consideration of varying loading conditions, the calibration of the constitutive model must be
performed for multiple strain ratios. A summary of the results is as follows:

• A comparison of experimental EBSD data and calculated OR indicates that the Nishiyama–
Wassermann orientation relationship is well suited for representing the martensitic variants.

• A microstructure model for lath martensite incorporating the Nishiyama–Wassermann orientation
relationship is proposed using a multiscale Voronoi tessellation technique.

• A multi-objective calibration procedure for the determination of the cyclic crystal plasticity
constitutive parameters based on experimental LCF data is proposed. Thereby, a simplified
numerical efficient RVE is used for the combined sensitivity analysis and the subsequent genetic
algorithm. The simplified RVE shows macroscopically an almost equivalent stress-strain behavior
than the most complex proposed martensitic RVE with deviations smaller than 1.0%.

• For fully reversed loadings (Rε = −1), the OW model shows an excellent agreement to
experimental data, in particular for small applied total strain amplitudes. The agreement of
the AF and Chaboche model to the experimental data are adequate, but with increasing errors.
Consequently, the OW model is superior to the AF and Chaboche model for all applied total strain
amplitudes, except for εa,t = 0.90% where the Chaboche model agrees better to experimental data
than the OW model.

• Simulations of the KH model dependent mean stress relaxation behavior for (Rε = 0) indicate
that the AF model is not able to capture mean stress effects. The mean stress relaxation predicted
by the Chaboche model shows a non-consistent characteristic due to high mean stresses for
large applied strain amplitudes and small mean stresses for small applied strain amplitudes.
The OW model shows a good agreement to the experimental stress-strain hystereses at Rε = 0.
Furthermore, the predicted mean stress relaxation characteristic by the OW model agrees well
with the experimental characteristic with small deviations.
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