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Abstract: A tuned mass rocking wall (TMRW) is a passive control device that combines the merits
of a traditional tuned mass damper (TMD) and a traditional rocking wall (RW). TMRWs not only
help avoid weak story failure of the host structure but can also be regarded as a largely tuned mass
substructure in the building structure. Through the appropriate design of the frequency ratio, the
host structure can dissipate much more energy under earthquake excitations. In this paper, the basic
equations of motion for the mechanical model of an SDOF structure-rigid rocking wall are established,
and the optimization formulas of frequency ratio and damping ratio of TMRW are derived. Through
the dynamic elastoplastic analysis of a six-story TMRW-frame model, the applicability of the derived
parameter optimization formulas and the effectiveness of the TMRW in seismic performance control
are investigated. The results demonstrate that the TMRW can coordinate the uneven displacement
angle between stories of the host structure. Additionally, the TMRW is found to possess the merit of
reducing both the peak and root-mean-square (RMS) structural responses when subjected to different
types of earthquake excitations.

Keywords: tuned mass rocking wall (TMRW); parameter optimization; frame structure; time-
history analysis

1. Introduction

Concrete frame structures can collapse due to yield failure from earthquake excita-
tion [1]. Ductile design can improve the seismic performance of the structure, but it may
also increase interstory drifts [2]. In order to realize the ideal damage mechanism of a
frame structure, the RW, as a whole key component, has attracted the attention of many
scholars. The RW relies on its own sufficient lateral bearing capacity and stiffness to control
the lateral deformation mode of the host structure. The resulting change in stress of the
original frame structure improves the overall seismic performance of the structure [3].
In order to introduce members that can effectively control the lateral deformation mode,
Ajrab et al. [4] first proposed the concept of RW-frame structure in combination with the
advantage of an unbonded, prestressed concrete self-resetting shear wall; that is, the weak
story failure of the frame structure can be avoided through the lateral force resistance ad-
vantage of RW. Qu and Ye [5] investigated the damage mechanism of RW-frame structural
systems through nonlinear dynamic analysis and then proposed a method to determine
the stiffness of RW according to the stiffness demand of RW. Guo et al. [6] investigated
the seismic performance of RW-frame structures by pushover analysis. The results show
that the RW can significantly increase the overall bearing capacity of the structure, with a
more consistent distribution of displacement among stories along with a more uniform
plastic hinge distribution. Makris and Aghagholizad [7] analyzed the control results of
the stepping rocking wall coupled with an SDOF oscillator and verified the superiority of
suppressing displacement response for more flexible structures.

However, the RW has poor elastoplastic energy dissipation. Thus, many scholars use
the relatively uniform deformation mode created by RW to arrange energy dissipation
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elements between the wall and the frame column or between the wall and the foundation.
Qu [8] and Qu et al. [9] proposed an energy dissipation mechanism of setting shear dampers
along the height of RW. The G3 Building of the Tokyo Institute of Technology in Japan is
an example of such an approach. Compared with the other common building structures,
the G3 Building shows remarkable seismic performance and has an exceptional ability to
reduce the seismic responses of the structure. Based on the damage concentration mode,
Feng et al. [10] proposed strengthening the RW with buckling-restrained braces (BRB) so
that the RW can control the deformation mode and the BRB can provide lateral stiffness
and hysteretic damping, which can give full play to the seismic capacity of each part of the
structure. Chen et al. [11,12] proposed a rocking structure with a displacement damper set
at the bottom of the rocking steel truss to improve the seismic performance of the structure.
Zhang and Li [13] further analyzed the control performance of the RW-frame structure with
buckling-restrained columns (BRC) and verified that adding BRC at the bottom of the RW
can further improve the seismic performance of the RW-frame structure. Collini et al. [14]
analyzed the control performance of the passive tuned pendulum connected with a rocking
block under excitation of the base, which provides a theoretical basis for the application of
real rocking structures.

Most of the existing research regarding RW has focused on the stiffness coordination
function of the RW. Most of the energy dissipation elements described in the literature are
related to vibration control and are attached between the host structure and the RW or
between the RW and the foundation. Prior research efforts neglect the fact that the RW can
be designed as a tuned mass substructure. Di Egidio et al. [15] proposed a rigid rocking
block that functioned as the TMD. When coupled with the frame structure, this control
device was found to possess the merit of reducing both the displacement of the first floor
and the drift of the top floor.

In this paper, the energy dissipation capacity of RW is leveraged, and a new type
of TMRW-frame system is proposed. The basic equations of motion for the controlled
structure are established through the mechanical model of SDOF structure-rigid rocking
wall, and the calculation method of frequency ratio and connection stiffness between the
RW and the host structure is determined. Using ANSYS, the finite element models of the
frame, RW-frame, and TMRW-frame structures are established, and dynamic elastoplastic
analysis is carried out. The applicability of the designed formulas of TMRW and the
superiority of seismic performance are verified according to the structural responses under
earthquake excitations.

2. Propose of SDOF Structure-Rigid Rocking Wall Model

Referring to Figure 1, TMD is a passive damping device that transfers vibration energy
from the main mass to a substructure through the passive resonance of the substructure.
Unlike the TMD system, TMRW is placed on the right side of the main mass and hinged
to the base. The mechanical model of the SDOF structure-rigid rocking wall is shown in
Figure 2a. Considering the large stiffness of the RW in the actual structure, the TMRW is
regarded as rigid here. An appropriate frequency ratio design will enable the RW to absorb
the vibration energy of the main mass in the reciprocating rocking process, and the energy
dissipation principle of the RW is like that of a giant TMD substructure.
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Figure 2. Schematic model of TMRW: (a) TMRW-1 model; (b) TMRW-2 model; (c) TMRW-3 model. 

2.1. Vibration Analysis of TMRW-1 
Referring to Figure 2a, the equations of motion for an SDOF structure-TMRW mech-

anism are given as 
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where h  is the height of the main mass; 2I  is the moment of inertia of the TMRW, and 
can be expressed as 

2
2

2 3
m hI =  (3)

During harmonic loading, 

( ) ( )0 sinF t F tω=  (4)

is applied to 1m  the following expressions for ( )1x t  and ( )2x t  can be assumed 

( ) ( )1 1 sinx t X tω=  (5)

( ) ( )2 2 sinx t X tω=  (6)

Substituting Equations (5) and (6) into Equations (1) and (2), we can derive the 
steady-state solution 

( ) ( )
2 2

2 2 0
1 22 2 2

1 2 1 2 2 2

( )
( )

k h I FX
k k m k h I k h

ω
ω ω

−=
+ − − −

 (7)

Figure 1. Schematic model of TMD.
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Figure 2. Schematic model of TMRW: (a) TMRW-1 model; (b) TMRW-2 model; (c) TMRW-3 model.

2.1. Vibration Analysis of TMRW-1

Referring to Figure 2a, the equations of motion for an SDOF structure-TMRW mecha-
nism are given as

m1
..
x1(t) + (k1 + k2)x1(t)− k2hx2(t) = F(t) (1)

I2
..
x2(t)− k2hx1(t) + k2h2x2(t) = 0 (2)

where h is the height of the main mass; I2 is the moment of inertia of the TMRW, and can
be expressed as

I2 =
m2h2

3
(3)

During harmonic loading,
F(t) = F0 sin(ωt) (4)

is applied to m1 the following expressions for x1(t) and x2(t) can be assumed

x1(t) = X1 sin(ωt) (5)

x2(t) = X2 sin(ωt) (6)

Substituting Equations (5) and (6) into Equations (1) and (2), we can derive the steady-
state solution

X1 =
(k2h2 − I2ω2)F0

(k1 + k2 − m1ω2)(k2h2 − I2ω2)− (k2h)2 (7)

X2 =
k2hF0

(k1 + k2 − m1ω2)(k2h2 − I2ω2)− (k2h)2 (8)
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In order to make the amplitude of the main mass zero, the molecular part of
Equation (7) should be equal to zero, so there is

ω2 =
k2h2

I2
(9)

when ω is equal to the natural frequency ωn of the main mass, the expression for calculating
stiffness k2 can be given as

k2 =
m2ωn

2

3
(10)

2.2. Vibration Analysis of TMRW-2

Referring to Figure 2b, the equations of motion for this model are

m1
..
x1(t) + c2

.
x1(t)− c2h

.
x2(t) + (k1 + k2)x1(t)− k2hx2(t) = F0 sin(ωt) (11)

I2
..
x2(t)− c2h

.
x1(t) + c2h2 .

x2(t)− k2hx1(t) + k2h2x2(t) = 0 (12)

The equations of a harmonic response analysis are obtained by representing the
response in terms of harmonic components with angular frequency ω

x1(t) = X1ei(ωt+θ1) (13)

x2(t) = X2ei(ωt+θ2) (14)

Substituting Equations (13) and (14) into Equations (11) and (12) gives

X1eiθ1 =

(
k2h2 − I2ω2 + ic2ωh2)F0

[(k1 − m1ω2)(k2h2 − I2ω2)− I2k2ω2] + ic2ω(k1h2 − m1ω2h2 − I2ω2)
(15)

X2eiθ2 =
(k2h + ic2ωh)X1eiθ1

k2h2 − I2ω2 + ic2ωh2 (16)

For brevity, we introduce the following symbols

µ =
m2

m1
ωn

2 =
k1

m1
ωd

2 =
k2h2

I2
ζd =

c2h2

2I2ωd
(17)

f =
ωd
ωn

g =
ω

ωn
δst =

F0

k1
(18)

In terms of these parameters, the complex amplitude Equation (15) takes the form

X1

δst
=

 (2ζdg)2 +
(

g2 − f 2)2

(2ζdg)2
(

g2 − 1 + 1
3 µg2

)2
+
[

1
3 µg2 f 2 − (g2 − 1)(g2 − f 2)

]2


1
2

(19)

The dynamic amplification factor X1/δst is shown as a function of frequency in
Figure 3. It is a remarkable fact that all curves intersect at points A and B, for which
the magnitude of the response is independent of the damping ratio. Substituting ζd = 0
and ζd = ∞ into Equation (19) respectively, and setting them equal, we can derive the
following equation

g4 −
2
[
3 + (µ + 3) f 2]

µ + 6
g2 +

6 f 2

µ + 6
= 0 (20)
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Figure 3. Dynamic amplification for f = 1, µ = 1/4.

The roots of Equation (20) are denoted gA
2 and gB

2 and correspond to the fixed points
in Figure 3. The ordinates of the two fixed points can be obtained by substituting gA and
gB into Equation (19), respectively. When the two ordinates are equal, the control result of
the TMRW is optimal. This leads to

fopt =
3

µ + 3
(21)

The optimal value of ζd should make the dynamic amplification factor of the two fixed
points reach the maximum. Substituting Equation (21) into Equation (19) and differentiating
g, we can obtain the slope of the curve. By making the slope of point A equal to the slope
of point B, the damping ratio is determined as

ζd1
2 =

9µ
(

3 −
√

µ
µ+6

)
8(µ + 3)3 (22)

ζd2
2 =

9µ
(

3 +
√

µ
µ+6

)
8(µ + 3)3 (23)

Since the difference between the two values is small, the average value is taken as the
optimal damping ratio

ζdopt
2 =

27µ

8(µ + 3)3 (24)

Using the values of fopt and ζdopt , the optimal values of stiffness and damping coeffi-
cient can be calculated as

kopt =
m2 fopt

2ωn
2

3
(25)

copt =
2m2ωnζdopt fopt

3
(26)

The dynamic amplification factors of the uncontrolled and controlled models for
µ = 0.5 are illustrated in Figure 4.
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2.3. Vibration Analysis of TMRW-3

Referring to Figure 2c, the equations of motion for this model are

m1
..
x1(t) + (c1 + c2)

.
x1(t)− c2h

.
x2(t) + (k1 + k2)x1(t)− k2hx2(t) = F0 sin(ωt) (27)

I2
..
x2(t)− c2h

.
x1(t) + c2h2 .

x2(t)− k2hx1(t) + k2h2x2(t) = 0 (28)

For brevity, we introduce an extra symbol

ζs =
c1

2m1ωn
(29)

In terms of the parameters above, the dynamic amplification factor of the main mass
takes the form

X1

δst
=

 (2ζdg)2 +
(

g2 − f 2)2

g2
[
2ζd

(
g2 − 1 + 1

3 µg2
)
+ 2ζs(g2 − f 2)

]2
+
[

1
3 µg2 f 2 + 4ζsζdg2 − (g2 − 1)(g2 − f 2)

]2


1
2

(30)

Since the values of each parameter have an impact on the dynamic amplification
factor in the above Equations, the two fixed points no longer exist. In this case, numerical
methods can be adopted to determine fopt and ζdopt .

2.4. Control Result of TMRW

The control performance of TMRW for µ = 0.5 is investigated through the time-history
analysis of an SDOF model with ζs = 0.05. Sinusoidal base excitation is adopted to excite
the model, and the frequency is set as 1 Hz, which is close to the natural frequency of
the SDOF model. The amplitude of the excitation is set as 0.1 g. Figure 5 compares the
uncontrolled and controlled displacement responses of the main mass. It can be seen from
Figures 4 and 5 that the TMRW device is effective when it is designed close to the excitation
frequency. In addition, if some damping is added to TMRW, the performance deterioration
caused by the change of excitation frequency can be improved.
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3. Structure Models

In this paper, the 6-story structure is a typical prototype model that is simplified from
a practical frame structure. As shown in Figure 6, a plane finite element model of the
TMRW-frame structure is built using ANSYS. The concrete columns are rigidly connected
with the foundation. The hinged wall and the frame at each floor level are connected by
horizontal connections. The host structure is a six-story reinforced concrete frame with a
floor height of 3.6 m and a standard floor height of 3 m. The structure model has three
spans, with a side span of 6 m and a middle span of 4.5 m. TMRW is 3 m wide, and the
mass ratio between the added mass to the host structure is 0.4. The strength grade of
concrete is C30, and HRB335 is adopted as the main reinforcement.
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The beams and columns of the reinforced concrete frame are simulated by the three-
dimensional linear finite strain beam element Beam188. The elastoplastic constitutive
model is simplified into a piecewise linear function by using the constitutive model of
reinforced concrete equivalent material proposed by Pian et al. [16]. The elastoplastic
constitutive model of the frame column is shown in Figure 7. Elastic shell elements Shell181
are adopted for the RW. The horizontal connection between TMRW and frame is realized by
the spring-damper element Combin14. Combin14 has longitudinal or torsional capability
in single-dimensional or multi-dimensional applications. The element is defined by a
spring-constant, damping coefficients, and two nodes. Stiffness and damping values are
designed according to Equations (25) and (26), and the distribution form of each value
on the floors is an inverted triangle. El Centro, Taft, and Wenchuan earthquake records
are selected with a peak acceleration set between 0.1 g and 0.2 g. Figure 8 shows the
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acceleration response spectra of earthquake waves when the damping ratio reaches 5%.
The corresponding natural frequencies of different structural models are also indicated in
Figure 8.
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4. Seismic Behavior Analysis of TMRW
4.1. Deformation Mode

In order to assess the seismic behavior of multistory frame structures, the interstory
drift ratio (IDR) is frequently used as a measure of damage [7]. Figures 9–11 respectively
plot the IDRs of the frame, RW-frame, and TMRW-frame structures when different earth-
quakes strike. The results show that the original frame structure, uncontrolled with RW
or TMRW, experiences extremely large IDRs in certain stories under various earthquake
excitations while the IDRs of the RW-frame structure are uniformly distributed along
each floor without obvious deformation concentration. When the RW is designed to also
function as a TMRW, the distribution of IDRs over the height of the host structure can
also be improved; but compared with the traditional RW, the ability to coordinate the
deformation of the host structure is reduced.
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Figure 9. Comparison of the IDRs under El Centro earthquake excitation: (a) 0.1 g case; (b) 0.2 g case.
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Figure 11. Comparison of the IDRs under Wenchuan earthquake excitation: (a) 0.1 g case; (b) 0.2 g case.
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4.2. Displacement and Acceleration Responses

In order to evaluate the control performance of the TMRW, the control effectiveness η
was defined as a quantitative index. The control effectiveness is expressed as

η =
Ru − Rc

Ru
× 100% (31)

where Ru and Rc refer to the uncontrolled and controlled responses, respectively.
Figure 12 shows the control results obtained from different earthquakes, and the

displacement responses of the weak layer are compared. Table 1 further compares the
peak and the RMS control effectiveness. The control results show that the displacement
responses of the weak layer of the host structure are significantly reduced after the TMRW
is added. In addition, the control effectiveness on both the peak and the RMS responses
is above 40%. When the excitation intensity reaches 0.2 g, the control effectiveness can
increase or decrease slightly, but in the worst case is reduced by 4.6%.
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Figure 12. Comparison of the displacement responses (the second floor): (a) El Centro earthquake excitation (0.1 g); (b) El
Centro earthquake excitation (0.2 g); (c) Taft earthquake excitation (0.1 g); (d) Taft earthquake excitation (0.2 g); (e) Wenchuan
earthquake excitation (0.1 g); (f) Wenchuan earthquake excitation (0.2 g).
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Table 1. Control effectiveness of the displacement responses (the second floor).

Excitation Value
Displacement (mm)

η
Uncontrolled TMRW

El Centro (0.1 g) Peak 15.275 7.480 51.0%
RMS 3.331 1.512 54.6%

El Centro (0.2 g) Peak 30.601 14.971 51.1%
RMS 6.022 3.013 50.0%

Taft (0.1 g) Peak 13.150 7.214 45.1%
RMS 3.304 1.412 57.3%

Taft (0.2 g) Peak 26.840 14.430 46.2%
RMS 6.239 2.839 54.5%

Wenchuan (0.1 g) Peak 13.212 7.498 43.2%
RMS 3.631 1.775 51.1%

Wenchuan (0.2 g) Peak 25.285 15.006 40.7%
RMS 6.989 3.545 49.3%

Figure 13 compares the acceleration responses at the top of the frame for different
earthquake excitations. Table 2 further compares the peak and the RMS control effectiveness.
It is observed that the control effectiveness of the RMS responses is above 24.6% after the
TMRW is added, and the peak responses are below 21.6%. As the excitation intensity
increases from 0.1 g to 0.2 g, the control effectiveness of the peak and the RMS responses
reduce by 9.4% and 6.7%, respectively.
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Figure 13. Comparison of the acceleration responses (the top floor): (a) El Centro earthquake
excitation (0.1 g); (b) El Centro earthquake excitation (0.2 g); (c) Taft earthquake excitation (0.1 g);
(d) Taft earthquake excitation (0.2 g); (e) Wenchuan earthquake excitation (0.1 g); (f) Wenchuan
earthquake excitation (0.2 g).
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Table 2. Control effectiveness of the acceleration responses (the top floor).

Excitation Value
Acceleration (m/s2)

η
Uncontrolled TMRW

El Centro (0.1 g) Peak 3.12 2.997 3.9%
RMS 0.583 0.386 33.8%

El Centro (0.2 g) Peak 5.927 5.939 −0.2%
RMS 1.055 0.769 27.1%

Taft (0.1 g) Peak 2.707 2.122 21.6%
RMS 0.602 0.425 29.4%

Taft (0.2 g) Peak 4.815 4.229 12.2%
RMS 1.128 0.850 24.6%

Wenchuan (0.1 g) Peak 2.827 2.307 18.4%
RMS 0.716 0.503 29.7%

Wenchuan (0.2 g) Peak 5.624 4.615 17.9%
RMS 1.374 1.006 26.8%

4.3. Comparisons of the Control Results of the TMD and TMRW Controlled Systems

In order to further verify the applicability of the TMRW design formulas for the
new structural system, the seismic behavior of the RW designed using the traditional
TMD parameter optimization formulas proposed by Rana and Soong [17] is investigated.
The distributions of IDRs over the height of the host structure, when subjected to Taft
earthquake excitation, are shown in Figure 14. The figures show that the TMRW controlled
system has a better reduction on IDRs. Table 3 further compares the control results of
uncontrolled, TMD, and TMRW controlled systems. One can see that from the table, under
Taft excitation, the two controlled systems have a good seismic performance on both the
peak and the RMS responses. However, compared to TMRWs, TMDs have poorer control
effectiveness in each case.
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Figure 14. Comparison of the IDRs under Taft earthquake excitation: (a) 0.1 g case; (b) 0.2 g case.
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Table 3. Comparison of control effectiveness under Taft earthquake excitation.

Excitation
Responses

Displacement
(mm) η

Acceleration
(m/s2) η

TMD TMRW TMD TMRW TMD TMRW TMD TMRW

0.1 g Peak 8.954 7.214 31.91% 45.1% 2.393 2.122 11.6% 21.6%
RMS 1.895 1.412 42.65% 57.3% 0.432 0.425 28.2% 29.4%

0.2 g Peak 17.679 14.430 34.13% 46.2% 4.458 4.229 7.4% 12.2%
RMS 3.781 2.839 39.4% 54.5% 0.855 0.850 24.2% 24.6%

5. Conclusions

In this paper, a new type of TMRW-frame structure is proposed by using the traditional
TMD damping principle, and the theoretical analysis and numerical calculation of this new
structure are investigated. The findings obtained are summarized as below:

• Through the appropriate design of the frequency ratio, the traditional rocking wall can
absorb the vibration energy of the host structure while coordinating the deformation
of the frame structure, thus improving the seismic performance of the structure.

• By establishing the basic equations of motion for the mechanical model of SDOF
structure-rigid rocking wall, the formulas for calculating the frequency ratio and
damping ratio of TMRW are developed. The theoretical results show that the steady-
state amplitude of the SDOF structure can be made zero by tuning the rocking wall. If
the optimal design formulas, which consider damping, is adopted, the performance
deterioration caused by the change of excitation frequency can be improved;

• TMRW can improve the uneven interstory drift ratio of the frame structure, but its
deformation coordination ability is lower than that of traditional RW. Under earth-
quake excitation, a frame structure equipped with a TMRW can effectively reduce
both the displacement response of the weak layer and the acceleration response of the
top floor. The control effectiveness of the peak and the RMS displacement are 51.1%
and 57.3%, respectively; the peak and the RMS acceleration are reduced by 21.6% and
33.8%, respectively;

• When subjected to Taft earthquake, the RW designed by using the traditional TMD pa-
rameter optimization formulas exhibited poor seismic behavior compared with TMRW.
The weaker performance may be attributed to the detuning of TMRW parameters.

• In the proposed TMRW system, the mass ratio and the connecting stiffness are two
key parameters that influence the control performance. Furthermore, since a larger
mass ratio leads to higher costs when implementing the system, it is necessary to
further study the energy dissipation capacity of the TMRW under different mass ratios,
especially with lower mass ratios. Additionally, the control performance of TMRW
and the failure modes under mass earthquake excitation should also be examined in
structures with different height-width ratios.
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