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Abstract

:

This paper proposes a novel ungrounded TMDI to improve the vibration suppression performance of the transmission line under harmonic excitation. This type of inerter-based damper may transform a translational motion into a rotational motion, greatly increasing the efficiency of vibration suppression. In the present study, the differential equations of motion are first derived based on the transmission line with an ungrounded TMDI structure. Then the closed-form solution of the displacement response spectrum considering the influence of the suspension location of the inerter is developed. The impact of the inerter location on vibration suppression performance is investigated in depth by defining the suspension location factor ( υ ) and tuning the damping ratio and frequency ratio. The results demonstrate that the suspension location of the inerter has a substantial impact on the damping ratio, frequency ratio, and vibration suppression performance. When the connection location of the inerter is near to the mass of the damper, it degrades the vibration suppression performance of the system. The failure phenomenon of the inerter occurs in the range of   0.2   <   υ   <   0.3  , indicating that the presence of the inerter in this range does not enhance vibration suppression performance. The modal coordinate difference has a considerable impact on the vibration suppression efficacy of the TMDI. With increasing modal coordinate differences, the vibration suppression performance of the TMDI grows dramatically.
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1. Introduction


Transmission lines are cable structures made of steel-core aluminum-stranded wire. These kinds of structures subjected to harmonic excitations are prone to vibration due to their light mass and low inherent damping, which will lead to accidents such as wire breakage and phase flashover. Therefore, the vibration suppression of conductors has always been a hot topic of research in the field of civil engineering [1,2,3,4,5,6,7,8,9]. For the transmission lines, the main source of external excitation is wind force [10,11]. As the most common wind-induced vibration, the vortex-induced vibration (VIV) is excited as periodically shed vortices exert unsteady loads on the surface of the bluff body. Hence, the VIV of transmission lines is a quasi-harmonic vibration, which will cause continuous high-frequency vibration of transmission lines. The tuned mass damper (TMD), a passive vibration control method, has been widely used in vibration control of different kinds of structures [12,13,14,15,16,17], e.g., marine risers, bridges, pipelines, and heat exchanger tubes. In 1928, a kind of TMD, dubbed the Stockbridge type damper, was proposed by Stockbridge [18], as shown in Figure 1. To date, this kind of dynamic vibration absorber is still employed to mitigate the vibration of transmission lines.



The damping mechanism of the Stockbridge damper is that the vibration of the cable is transferred to the hammerhead and steel strand by the wire clip. During the vibration process, the sliding friction occurs inside the steel strand, which dissipates the energy and reduces the vibration. By tuning the mass of the hammerhead and the stiffness of the steel strand, the energy dissipation efficiency of the Stockbridge damper can be optimized, thus reducing the structural vibration.



In the past few decades, research on Stockbridge dampers can be divided into two types. One is the research on the vibration features of the Stockbridge damper [19,20,21,22,23]. The other is the performance evaluation of structures [24,25,26]. Although the Stockbridge damper has the advantages of mechanical simplicity, cost-effectiveness, and excellent vibration suppression performance, there is still a limitation in terms of the effectiveness of vibration control. That is, the vibration control performance of the Stockbridge damper depends on the mass of the hammerhead. However, it is not appropriate to increase the mass of the damper for improving the vibration suppression performance of the structure. Because it will challenge the safety performance of the cable structure.



In 2002, the concept of the inerter element was proposed by Smith [27]. Since then, the research on inerter-based dampers has received a lot of attention. Although the inerter was initially employed in the field of electrical engineering, the corresponding mechanical components with the same property can also be obtained in the field of civil engineering, such as ball screw assembly, rack-and-pinion, hydraulic and viscous type inertial containers, etc. The ideal reaction force of the two terminals is proportional to the relative acceleration of the two terminals, which is expressed as


  F = b  (     u ¨   1  −    u ¨   2   )   



(1)




where      u ¨   1  ,    u ¨   2    represent the accelerations at two terminals, and b is the apparent mass factor. By connecting the TMD to the foundation with an inerter, a novel type of damper named the tuned mass damper inerter (TMDI) was proposed by Marian and Giaralis [28], as shown in Figure 2a,b.



Marian and Giaralis [28] indicated that the TMDI is capable of improving the vibration suppression performance of the primary structure while reducing the mass of the damper. Pan and Zhang [29] derived the closed-formed stochastic responses of SDOF structures with inerter-based dampers under white-noise loads. By the stochastic vibration response mitigation ratio, empirical expression formulae of the key parameters for the inerter systems were obtained. Giaralis and Petrini [30] indicated that TMDIs are capable of reducing the peak top-floor acceleration more effectively than the TMD. And the incorporation of the inerter can significantly reduce the energy consumption space of the TMD. Petrini et al. [31] proposed a novel TMDI used to address the occupant comfort issues in wind-induced tall buildings. In addition, the possibility of converting wind vibration energy into electrical energy by TMDIs was discussed. Wang et al. [32] studied the suppression performance of the inerter-based vibration absorbers used in high-rise buildings. Through the wind tunnel tests, the performance-based optimization of the inerter-based vibration absorbers was carried out to balance the vibration mitigation criteria between the displacement and the acceleration of the tall building. Su et al. [33] derived the closed-formed solutions for the mitigation performance of TMDI based on a filter approach. Moreover, the quantitative evaluation criterion for the control performance of TMDI was proposed, which indicated that the inerter was capable of enhancing the vibration control performance of the tall buildings subjected to wind and seismic loads. Dai et al. [34] discussed the impact of inerter location on the control performance of flexible structures with TMDIs. The results showed that when the two terminals of the inerter span longer beam length, the TMDI has better control performance. Zhang and Fitzgerald [35] proposed the application of a TMDI for the suppression of the edgewise blade vibration in wind turbines, which showed that the TMDI can maintain high vibration suppression efficiency while reducing the damper stroke up to 55% because of the inclusion of the inerter. In seismic base isolation, De Domenico and Ricciardi [36] proposed to attach the TMDI to the isolation floor for the displacement reduction of structures subjected to seismic activity. Based on the stochastic vibration theory, Domenico derived the expression formulation of the optimal parameters of the TMDI. The results showed that the base-isolation system equipped with optimal TMDI has a high level of control efficiency of both the displacement and the shear of the isolated superstructure.



In addition, the research on the optimization of inerter-based dampers can be divided into two branches. One is the mathematical method, which obtains the analytic solution of the objective function by mathematical derivation. Zhou evaluated the vibration control performance of the DTMDI by the fixed-point theory [37]. Wang and Giaralis [38] studied the effect of the stiffness and mass terms on the vibration suppression performance of the TMDI through a series of experiments on tapered cantilever beams. The other branch involves meta-heuristic algorithms, such as the colliding bodies optimization (CBO) method [39]. Kaveh et al. [40] verified the performance as well as the robustness of high-rise buildings with TMDI through the CBO method.



Compared to the TMD, TMDI not only has a good vibration suppression performance but also has a high potential to reduce the mass of the damper. Hence, this kind of damper has been widely used in vibration control of high-rise buildings, bridge structures, and wind turbines. So far, however, there has been little discussion about the instrument of inerter-based dampers in vibration suppression of transmission lines. The transmission line structure is a cable structure with internal axial tension, which is fundamentally different from traditional high-rise structures, bridge structures, or wind turbine blade structures. The internal tension has a significant effect on the dynamic characteristics of the conductor, so the impact of which cannot be ignored in vibration suppression studies. Furthermore, we prefer to improve the vibration reduction efficiency of dampers per unit mass. As known from the previous studies, the TMDI can simulate a large inertial mass while neglecting its physical mass. Hence, this paper innovatively proposes the utilization of the TMDI in transmission line systems to address the issue that the vibration suppression performance is overly dependent on the mass of the damper. According to the previous research, the grounded TMDI has better vibration suppression performance than TMD. This conclusion theoretically supports the utilization of TMDI for the vibration control of the transmission line. But considering the large height of the transmission line from the ground, the practical application of the grounded TMDI is more difficult. Therefore, the purpose of the present work is to discuss the impact of the inerter connection position on the vibration reduction performance for the ungrounded TMDI and to attempt to propose an ungrounded TMDI that can be used for the vibration suppression of conductors.



The remainder of this paper is organized as follows: the closed-form solution of the displacement response spectrum of the transmission line with an ungrounded TMDI is derived in Section 2. Through parameter optimization, the vibration suppression performance of the system is discussed in detail (Section 3). Finally, the conclusions are summarized in Section 4.




2. Dynamics Model


In this section, a transmission line equipped with an ungrounded TMDI is proposed. The excitation is simulated simplistically as a harmonic force. The schematic diagram of the model is shown in Figure 3.



2.1. Differential Equations of Motion


Based on the dynamics model, the force analysis is conducted on the micro-segment of the transmission line-ungrounded TMDI system, as shown in Figure 4. The closed-form solution of the displacement response spectrum is derived.



In terms of the horizontal balance conditions, the equations can be expressed by


   T B  c o s  α B  −  T A  c o s  α A  = 0  



(2a)




where    T A    and    T B    are the internal tension of the transmission line, which can be decomposed as follows


   T A  =  T  c o s  α A     



(2b)






   T B  =  T  c o s  α B    .  



(2c)







According to the vertical direction balance condition, the equation can be given by the following:


   T B  s i n  α B  −  T A  s i n  α A  −  m ¯   ( x )     ∂ 2  y  (  x , t  )    ∂  t 2    d x −  c ¯   ( x )    ∂ y  (  x , t  )    ∂ t   d x −   ∂ Q   ∂ x   d x  = − F  (  x , t  )  −  F a   (  x , t  )  −  F d   (  x , t  )   



(3)




in which    m ¯   ( x )   ,    c ¯   ( x )    are the mass and damping of the conductor per unit length along the span direction respectively.   y  (  x , t  )    is the vertical displacement of the transmission line.   F  (  x , t  )    is the harmonics force acts on the transmission line.    F a   (  x , t  )  ,  F d   (  x , t  )    are the feedback forces from the mass and inerter of the TMDI on the transmission line, respectively.



Based on the balance condition of the bending moment, the equation is obtained by


   (  M +   ∂ M   ∂ x   d x  )  − M −  (  Q +   ∂ Q   ∂ x   d x  )  d x −  m ¯   ( x )     ∂ 2  y  (  x , t  )    ∂  t 2    d x   d x  2  +  T B  s i n  α B  d x  −  T B  c o s  α B    ∂ y  (  x , t  )    ∂ x   d x = 0  



(4a)




where  M  and  Q  are the bending moments and shear force of the cross-section, which are


  M = E I    ∂ 2  y  (  x , t  )    ∂  x 2     



(4b)






  Q =   ∂ M   ∂ x   = E I    ∂ 3  y  (  x , t  )    ∂  x 3    .  



(4c)







According to the geometric differential relation of the micro-segment,   t a n  α A    and   t a n  α B    are expressed as follows


  t a n  α A  =   ∂ y  (  x , t  )    ∂ x    



(4d)






  t a n  α B  =   ∂ y  (  x , t  )    ∂ x   +    ∂ 2  y  (  x , t  )     ∂ 2  x   d x .  



(4e)







Simultaneous with Equations (2)–(4), the differential equation of motion is as follows


   m ¯   ( x )     ∂ 2  y  (  x , t  )    ∂  t 2    +  c ¯   ( x )    ∂ y  (  x , t  )    ∂ t   + E I    ∂ 4  y  (  x , t  )    ∂  x 4    − T    ∂ 2  y  (  x , t  )    ∂  x 2    .  = F  (  x , t  )  +  F a   (  x , t  )  +  F d   (  x , t  )   



(5)







The harmonics excitation can be expressed as


  F  (  x , t  )  = δ  (  x − h  )   f ^   ( x )  s i n  (   ω ¯  t  )   



(6)




where    f ^   ( x )    denotes the amplitude of the external force,    ω ¯    represents the frequency of the harmonic excitation, and  δ  is the Dirac function, which is


  δ  ( x )  =  {      ∞   x = 0       0   x ≠ 0       .  



(7)







To calculate the feedback forces of    F a   (  x , t  )    and    F d   (  x , t  )   , the dynamic equation for the TMDI is developed as follows:


   m T     y ¨   T  +  c T   (    y ˙  T  −   y ˙  a   )  +  k T   (   y T  −  y a   )  + b  (     y ¨   T  −    y ¨   d   )  = 0  



(8)




where    m T  ,  k T  ,  c T    are the mass, stiffness, and damping of the TMDI.    y T    is the vertical displacement of the mass of the TMDI.    y a  ,  y d    are the vertical displacements of the transmission line at the suspension location of the mass and the inerter of the TMDI, respectively.    F a   (  x , t  )    and    F d   (  x , t  )    can be calculated as follows


   F a   (  x , t  )  = δ  (  x − a  )   [   c T   (    y ˙  T  −   y ˙  a   )  +  k T   (   y T  −  y a   )   ]   



(9)






   F d   (  x , t  )  = δ  (  x − d  )  b  (     y ¨   T  −    y ¨   d   )  .  



(10)







The vertical displacement of the line,   y  (  x , t  )   , can be expressed as a linear combination of the vibration modes


  y  (  x , t  )  =   ∑   n = 1  ∞   u n   ( t )   ϕ n   ( x )   



(11)




in which    ϕ n    is the nth vibrational modal of the transmission line, which can be expressed as    ϕ n   ( x )  = s i n ( n π x / L ) ;      u n   ( t )    denotes the nth order generalized displacement of the transmission line.



When the nth modal resonance occurs, substituting Equation (11) into Equation (7) and simultaneous Equation (10), ignoring the other modal response [1,35]. The equations of motion of the system can be expressed in matrix form as follows:


  M  Y ¨  + C  Y ˙  + K Y = F  



(12)






  M =  [       M n  −  ϕ n   ( a )   ϕ n   ( d )  b +  ϕ n 2   ( d )  b      ϕ n   ( a )   (   m T  + b  )  −  ϕ n   ( d )  b       −  ϕ n   ( d )  b      m T  + b      ]   



(13a)






  C =  [       C n     0      −  ϕ n   ( a )   c T       c T       ]   



(13b)






  K =  [       K n     0      −  ϕ n   ( a )   k T       k T       ]   



(13c)






  Y =    [       u n   (  x , t  )       y T   (  x , t  )       ]   T   



(13d)






  F =    [       ϕ n   ( h )  F  (  x , t  )     0     ]   T   



(13e)






   M n  =  m ¯   ( x )    ∫  0 L     [   ϕ n   ( x )   ]   2  d x  



(13f)






   C n  =  c ¯   ( x )    ∫  0 L     [   ϕ n   ( x )   ]   2  d x  



(13g)






   K n  =  [  E I    (    n π  L   )   4  + T    (    n π  L   )   2   ]    ∫  0 L     [   ϕ n   ( x )   ]   2  d x  



(13h)




where    M n  ,  C n  ,  K n    denote the generalized mass matrix, generalized damping matrix, and generalized stiffness matrix for the nth order modal of the transmission line.




2.2. Displacement Response Spectrum


The displacement response spectrum is employed to analyze the vibration reduction effect of the TMDI for the transmission line. The closed-form solution of the displacement response spectrum of the transmission line with the ungrounded TMDI can be obtained in the Fourier domain as follows [35,38,41]:


  Y  ( ω )  = H  ( ω )  ×  F *   ( ω )   



(14)




where   H  ( ω )    is the transfer function, which can be calculated as


  H  ( ω )  =    (  −  ω 2  M + i ω C + K  )    − 1   .  



(15)







The generalized load spectrum matrix is obtained as


   F *   ( ω )  =    [       ϕ n   ( h )   F n *   ( ω )     0     ]   T  .  



(16)







The duration of the harmonic excitation is assumed as    t 1   , the generalized load can be calculated as [42]


   F n *   ( ω )  =  f ^   ( x )       ω ¯   n     ω 2  −    ω ¯   n 2     [     (  ω +    ω ¯   n   )    2    ω ¯   n     e  − i  (  ω −    ω ¯   n   )   t 1    −    (  ω −    ω ¯   n   )    2    ω ¯   n     e  − i  (  ω +    ω ¯   n   )   t 1    − 1  ]   



(17)




where   i =   − 1    . The displacement response spectrum of the system is developed as


  Y  ( ω )  =  {       U n   ( ω )         Y T   ( ω )       }  =  A  − 1    F *   ( ω )   



(18)






  A =  [       A 1       A 2         A 3       A 4       ]   



(19)






   A 1  = −  ω 2   [   M n  −  ϕ n   ( a )   ϕ n   ( d )  b +  ϕ n 2   ( d )  b  ]  + i ω  C n  +  K n   



(20a)






   A 2  = −  ω 2   [   ϕ n   ( a )   (   m T  + b  )  −  ϕ n   ( d )  b  ]   



(20b)






   A 3  =  ω 2   ϕ n   ( d )  b − i ω  ϕ n   ( a )   c T  −  ϕ n   ( a )   k T   



(20c)






   A 4  = −  ω 2   (   m T  + b  )  + i ω  c T  +  k T  .  



(20d)







Substituting Equation (19) into Equation (18),    U n   ( ω )    is expressed as


   U n   ( ω )  =    (  −  ω 2   (   m 2  + b  )  + i ω  c T  +  k T   )   F n *   ( ω )     A 1   A 4  −  A 2   A 3     



(21)




and the closed-form solution of the displacement response spectrum can be obtained as


   y n   ( ω )  =  ϕ n   ( x )   U n   ( ω )  .  



(22)







Define the following parameters:


   ω n  =    K n  /  M n    ;    ω T  =    k T  /  (   m T  + b  )     



(23a)






  μ =  m T  /  M n  ;   β = b /  m T  ;   γ =  ω T  /  ω n   



(23b)






   ξ T  =  c T  / 2  (   m T  + b  )   ω T  ;    ξ n  =  C n  / 2  (   M n  + b  )   ω n   



(23c)




in which,    ω n   ,     ω T    are the nth modal frequency of the transmission line and the natural frequency of the TMDI;  μ ,    β  ,    γ   are the mass ratio, apparent mass ratio, and frequency ratio, respectively.    ξ T   ,     ξ n    are the damping ratio of the TMDI and the nth modal damping ratio of the transmission line, respectively.



The closed-form solution of the displacement response spectrum of the transmission line-TMDI system is obtained as follows:


    y n   ω  =      ϕ n   x    −  ω 2  + 2 i ω  ω n   ξ T  γ +      ω n  γ    2       ϕ n   h   f ^   x       ω ¯   n     ω 2  −    ω ¯   n 2          ω +    ω ¯   n      2    ω ¯   n     e  − i   ω −    ω ¯   n     t 1    −     ω −    ω ¯   n      2    ω ¯   n     e  − i   ω +    ω ¯   n     t 1    − 1        A 1    −  ω 2  + 2 i ω  ω n   ξ T  γ +      ω n  γ    2    +    ω 2   ϕ n   d  b − 2 i ω  ω n   ξ T  γ  ϕ n   a  −  ϕ n   a       ω n  γ    2       M n  μ   1 + β    ϕ n   a  −  ϕ n   d  b    ω 2      



(24)









3. Vibration Control Performance Evaluation


To study the effect of the connection location of the inerter on the vibration control performance of the system, the suspension location factor is defined in this section. Then, based on the fixed-point theory, the optimized closed-form solutions for the damping ratio and frequency ratio of the TMDI are derived, respectively.



3.1. Parameter Optimization of TMDI


In terms of Equation (24), the displacement response spectrum of the transmission line is affected by the damping ratio and frequency ratio of the TMDI. To mitigate the maximum amplitude of the displacement response, the optimal design for the TMDI is conducted in this section by the fixed-point theory [37].



Define the parameter  v  as the suspension location factor, which is


  v =    ϕ n   ( d )  −  ϕ n   ( a )   2   



(25)




where    ϕ n   ( d )   ,    ϕ n   ( a )    are the nth modal coordinates at the suspension locations of the inerter and mass of the TMDI. When the nth resonance of the system occurs, the Equation (12) can be re-expressed as follows by substituting Equation (25) into Equation (12),


       [   M n  −  ϕ n   ( a )   (   ϕ n   ( a )   + 2  v  )  b +    (   ϕ n   ( a )   + 2  v  )   2  b  ]     u ¨   n  +  [   ϕ n   ( a )   (   m T  + b  )  −  (   ϕ n   ( a )   + 2  v  )  b  ]     y ¨   T  +  C n    u ˙  n  +  K n   u n  =  ϕ n   ( h )  F  (  x , t  )       



(26a)






  − b  (   ϕ n   ( a )   + 2  v  )     u ¨   n  +  (   m T  + b  )     y ¨   T  −  ϕ n   ( a )   c T    u ˙  n  +  c T    y ˙  T  −  ϕ n   ( a )   k T   u n  +  k T   y T  = 0  



(26b)




where the overdot indicates differentiation with respect to time. Because the external excitation is a harmonic load, the responses also have the characteristics of harmonics, and   F  (  x , t  )   ,    u n   ( t )    are expressed as


  F  (  x , t  )  =  f ^   ( x )   e  i ω t    



(27a)






   u n   ( t )  =   u ^  n   e  i ω t   ;   u ˙  n   ( t )  = i ω   u ^  n   e  i ω t   ;    u ¨   n   ( t )  = −  ω 2    u ^  n   e  i ω t    



(27b)






   y T   ( t )  =   y ^  T   e  i ω t   ;   y ˙  T   ( t )  = i ω   y ^  T   e  i ω t   ;    y ¨   T   ( t )  = −  ω 2    y ^  T   e  i ω t    



(27c)




in which,     u ^  n    and     y ^  T    are the complex amplitude. By substituting Equation (29) into Equation (28), the response amplitude is obtained as


    u ^  n  =    ϕ n   ( h )   f ^   ( x )   (   k T  − b  ω 2  −  m T   ω 2  +  c T  ω i  )     σ 1  +  σ 2     



(28a)




where


   σ 1  =  ω 2   [   (  b +  m T   )   ϕ n   ( a )  − b  (  2 v +  ϕ n   ( a )   )   ]   [  −  k 2   ϕ n   ( a )  −  c T  i ω  ϕ n   ( a )   + b  ω 2   (  2 v +  ϕ n   ( a )   )   ]   



(28b)






   σ 2  =  [   k T  +  c T  i ω −  (  b +  m T   )   ω 2   ]   [   K n  +  C n  i ω −  ω 2   (   M n  − b  ϕ n   ( a )    (  2 v +  ϕ n   ( a )   )  + b    (  2 v +  ϕ n   ( a )   )   2   )   ]  .  



(28c)







The equivalent static displacement amplitude of the host structure is defined as


   X  s t   =    F n     K n    .  



(29)







The dynamic amplification factor (DAF) of host structure can be expressed as follows


   |     X 1     X  s t      |  =    K n     α 1 2  +  α 2 2         α 3 2  +  α 4 2       



(30)






   α 1  =  k T  − b  ω 2  −  m T   ω 2   



(31a)






   α 2  =  c T  ω  



(31b)






      α 3  =  K n   k T    −  (  b  K n  +  k T   M n  +  K n   m T  +  ϕ n 2   ( a )   k T   m T   + 4   v 2  b  k T   )   ω 2       + ( b  M n  +  M n   m T  + 4  v 2  b  m T  + 4 b v  m T   ϕ n   ( a )       + b  m T   ϕ n 2   ( a )  )  ω 4      



(31c)






   α 4  =  (   c T   K n   )  ω −  (   c T   M n  + 4  v 2  b  c T  +  ϕ n 2   ( a )   c T   m T   )   ω 3  .  



(31d)







In terms of the fixed-point theory, the curve of the DAF always passes through two fixed points (P and Q) in the frequency domain. Considering the transmission line structure is a small damping structure, the host structure damping is assumed to be zero, which has been proved to be appropriate in the previous studies [43]. Hence, Equation (32) can be re-expressed as follows:


      |     X 1     X  s t      |      =        (  1 −    λ 2     γ 2     )   2  +    (   2 γ   )   2     (   ξ T  λ  )   2       (   (    1 + β + μ β    (  2 v +  ϕ n   ( a )   )   2     (  1 + β  )   γ 2     )   λ 4  −  (  1 +  1   γ 2    +  ϕ n 2   ( a )  μ + 4  ν 2  μ β  )   λ 2  + 1  )   2  +    (    2 − 2  (  1 + 4  v 2  μ β +  ϕ n 2   ( a )  μ  )   λ 2   γ   )   2     (   ξ T  λ  )   2          



(32)




in which,   λ = ω /  ω n   . The optimal frequency ratio (   γ  o p t    ) and damping ratio (   ξ  T o p t    ) are expressed as [43]


   γ  o p t   =     1 +  (  1 +  ϕ n 2   ( a )  μ + 4  ϕ n   ( a )  v μ + 4  v 2  μ  )       (  1 +  ϕ n 2   ( a )  μ + 4  v 2  μ β  )     (  1 + β  )       



(33)






   ξ  T o p t   =      ξ 2   (   λ P   )  +  ξ 2   (   λ Q   )   2     



(34)




in which,    ξ 2   ( λ )    is calculated as follows


   ξ 2   ( λ )  =    κ 1  +    κ 1 2  − 4  κ 2   κ 3      2  κ 2     



(35)




where    κ 1   ,    κ 2    and    κ 3    are defined as


       κ 1  =  (  3  Δ 1    2   F 2  +  Δ 4    2   Δ 3    2   )   λ 8  −  (  4  Δ 4   Δ 3    2  + 4  Δ 1   Δ 2   Δ 6    2   )   λ 6  +        (   Δ 2    2   Δ 6    2  + 4  Δ 4   Δ 3   Δ 5  + 3  Δ 3    2  + 2  Δ 1   Δ 6    2  −  Δ 4    2   Δ 5    2   )   λ 4  −  (  4  Δ 3   Δ 5   )   λ 2  +  (   Δ 5    2  −  Δ 6    2   )       



(36a)






   κ 2  = − 2  Δ 3    2   Δ 6    2   λ 6  + 2  Δ 3   Δ 5   Δ 6    2   λ 4   



(36b)






       κ 3  =  (  − 2  Δ 1    2   Δ 4    2   )   λ  10   +  (  2  Δ 1   Δ 2   Δ 4    2  + 6  Δ 1    2   Δ 4   )   λ 8  −  (  4  Δ 1    2  + 8  Δ 1   Δ 2   Δ 4   )   λ 6        +  (  6  Δ 1   Δ 2  + 4  Δ 1   Δ 4  + 2  Δ 2    2   Δ 4  − 2  Δ 2   Δ 4    2   )   λ 4  −  (  4  Δ 1  + 2  Δ 2    2  − 2  Δ 4    2   )   λ 2  −  (  2  Δ 2  − 2  Δ 4   )       



(36c)




in which,    Δ 1  ~  Δ 6    are defined as


   Δ 1  =   1 + β + μ β    (  2 v +  ϕ n   ( a )   )   2     (  1 + β  )   γ 2     



(37a)






   Δ 2  = 1 +  1   γ 2    +  ϕ n 2   ( a )  μ + 4  ν 2  μ β  



(37b)






   Δ 3  =   2  (  1 + 4  v 2  μ β +  ϕ n 2   ( a )  μ  )   γ   



(37c)






   Δ 4  =  1   γ 2    ,  Δ 5  =  2 γ  ,  Δ 6  =  2 γ  .  



(37d)








3.2. Vibration Control Performance Evaluation of TMDI


It can be observed that the connection location of the inerter has a significant effect on the vibration performance of the system. Therefore, it is necessary to discuss the optimal suspension location of the inerter for the system.



As can be seen from Figure 5a–f, when the mass ratio (  μ =  m T  /  M n   ) is equal to 0.01, the variation of the suspension location factor ( v ) almost does not affect the optimal frequency ratio (   γ  o p t    ), the value of which is approximately equal to 0.96–0.98. When the mass ratio and the apparent mass ratio (  β = b /  m T   ) are relatively large, i.e.,   μ = 0.06   and   β = 0.6  ,    γ  o p t     decreases by 13% with the increase of  υ  from 0 to 1 and shows a slight nonlinearity. It is worth noting that when  υ  is approximately equal to 0.2,    γ  o p t     is not affected by  μ  and  β . The inertial mass failure phenomenon has occurred.



The optimal damping ratio (   ξ  o p t    ) increases linearly with the increase of  v , as shown in Figure 6. When   μ = 0.01   and   β = 0.1  , the optimal frequency ratio increased by nearly 3% with the increase of  v  from 0 to 1. However,    ξ  o p t     increases by 90% as  v  changes from 0 to 1 when  μ  and  β  increase to 0.06 and 0.6, respectively. And there is still a failure phenomenon of the inerter for    ξ  o p t     when  v  is approximately equal to 0.23. In addition, the effect of  β  on the optimal damping ratio and the optimal frequency ratio is more significant than the effect of  μ  on them.



For the peak value of the displacement response spectrum(  y    ( ω )    m a x    ), under the conditions that the mass ratio and the apparent mass ratio are relatively small, as shown in Figure 7a, the   y    ( ω )    m a x     shows a slight linear decreasing trend with the increase of  υ . However,   y    ( ω )    m a x     decreases by about 30% with the range   0 < υ < 1  , as  μ  and  β  increase up to 0.06 and 0.6, respectively. This indicates that the vibration suppression performance of the structure is significantly affected by the suspension location of the inerter.



As shown in Figure 7c–f, in the range of  υ  < 0.2, the TMDI plays a negative role in vibration suppression. That means the distance between the connection location of the inerter and the mass of the TMDI should not be too small; otherwise, it will be detrimental to the vibration suppression of the ungrounded TMDI. When  υ  > 0.2, the TMDI has a positive effect on the vibration suppression performance of the system. It is known that the ungrounded TMDI has the best effect on system vibration suppression when   υ = 1.0  . With  υ  approximately equal to 0.25, the failure phenomenon of the inerter is also observed for the peak displacement response spectrum, which should be avoided as much as possible in the design process of the vibration mitigation for transmission lines.




3.3. Discussion


In this section, a detailed discussion about the effectiveness of vibration control performance of TMDI used in transmission lines is carried out. By the fixed point theory, the parameter optimization process of TMDI equipped with the transmission lines was developed. Through defining the suspension location factor, the effect of the location of the inerter on the optimal tuning frequency ratio (   γ  o p t    ) and the optimal tuning damping ratio (   ξ  o p t    ) was investigated. Figure 5 shows that    γ  o p t     and    ξ  o p t     decreases with the increase of  ν . However, for the optimal damping ratio, this trend is reversed, as shown in Figure 6. As the mass ratio ( μ ) and apparent mass ratio ( β ) increase,    γ  o p t     and    ξ  o p t     show a relatively strong nonlinear variation trend by the location of the inerter. The nonlinear influence of the apparent mass ratio on the optimized parameters is particularly significant. As shown in Figure 7, the vibration control performance of the transmission lines with an ungrounded TMDI is significantly influenced by the location of the inerter, which indicated that the suppression performance is significantly improved as the suspension location factor increases, especially at relatively high apparent mass ratios and mass ratios. However, it is important to note that there is a specific location (  ν = 0.25 – 0.3  ) to which the inertial mass should try to avoid being connected. Because the arrangement of the inertial mass in this area has minimal effect on the vibration suppression performance of the structure, which is incapable of demonstrating the vibration suppression benefits of the inerter-based vibration absorber.





4. Conclusions


In this paper, a novel ungrounded TMDI is proposed for the vibration control of a transmission line under harmonic excitation. The dynamic equations of the transmission line equipped with an ungrounded TMDI are derived. The closed-form solution of the displacement response spectrum is obtained in the Fourier domain. By the fixed-point theory, the optimal damping ratio, and the frequency ratio of the TMDI are derived, respectively. Finally, a detailed analysis of the vibration control performance of the inerter-based damper based on the suspension location of the inerter is carried out, and the main conclusions are obtained as follows.



(1) When the mass ratio is relatively small (  μ = 0.01  ),  μ  and  β  have a very limited effect on    γ  o p t    . With the increase of the mass ratio ( μ ) and apparent mass ratio ( β ),    γ  o p t     decreases with the increasing  υ , and exhibits a nonlinear trend. When   μ = 0.06   and   β = 0.6  ,    γ  o p t     decreases by nearly 13% as  v  increases from 0 to 1. The optimal damping ratio (   ξ   o p t     ) increases linearly with increasing  v . When   μ = 0.06  ,   β = 0.6  ,    ξ   o p t      increases sharply by about 90% in the range of   0 < υ < 1  .



(2) The suspension location factor ( υ ) has a significant impact on the vibration reduction of the structure. In particular, when the mass ratio and apparent mass ratio are equal to 0.06 and 0.6, the peak of the displacement response spectrum decreases by about 30% as  υ  increases from 0 to 1. When   μ > 0.3 ,   υ < 0.25  , the inerter plays a negative role in the vibration control performance, which is due to the negative stiffness term in the dynamic equation.



(3) With the change of the suspension location of the inerter, the failure phenomenon of the inerter occurs, which is caused by a similar phase of the vibration response. The peak of the displacement response spectrum decreases linearly as  υ  increases from 0 to 1. The transmission line equipped with the ungrounded TMDI has the best vibration suppression performance as  υ  is equal to 1.
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Figure 1. Schematic drawing of a Stockbridge damper. 
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Figure 2. Schematic drawing of TMDI. 






Figure 2. Schematic drawing of TMDI.
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Figure 3. A schematic diagram of a transmission line with TMDI. 
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Figure 4. The transmission line element diagram. 
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Figure 5. Optimal frequency ratio versus suspension location factor with different mass ratios and apparent mass ratios. 
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Figure 6. Optimal damping ratio versus suspension location factor with different mass ratios and apparent mass ratios. 
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Figure 7. The peak value of displacement response versus suspension location factor with different mass ratios and apparent mass ratios. 
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