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Abstract: This research aimed to generate data through a verified numerical model. The data were
subsequently used to introduce a simplified analytical expression for the prediction of the shear
strength of concrete deep beams reinforced with glass fiber-reinforced polymer (GFRP) reinforcing
bars. A three-dimensional (3D) numerical simulation model for a large-scale GFRP-reinforced
concrete deep beam (300 × 1200 × 5000 mm) was developed and validated against published
experimental data. A parametric study was then conducted to examine the effects of key variables on
the behavior and shear strength of GFRP-reinforced concrete deep beams. Eighteen 3D numerical
models were developed to study the interaction between the concrete compressive strength (f’c), the
shear span-to-depth ratio (a/h), the spacing between web reinforcement (s), and the shear strength.
The a/h value was either 1.0 or 1.5. The values of f’c were 28, 37, and 50 MPa. The spacings between
the web reinforcement, if present, were 100 and 200 mm. The results of the parametric study indicated
that the shear strength of deep beam models increased almost linearly with an increase in f’c and
a decrease in the stirrup spacing irrespective of the value of a/h. The strength reduction caused by
increasing a/h was more pronounced for the beam models with the lower f’c and greater stirrup
spacing. The simplified analytical expression introduced in the present study provided a reasonable
prediction for the shear strength of GFRP-reinforced concrete deep beams.

Keywords: analysis; deep beams; GFRP; numerical; shear

1. Introduction

Reinforced concrete (RC) deep beams (i.e., shear span-to-depth ratio (a/h) ≤ 2 [1])
are typically used as transfer girders in buildings and bridges. The analysis of deep
beams is considered a complex problem since these structural elements are influenced by
both statical and geometric discontinuities and are referred to as discontinuity regions
(D regions) [2–4]. The discontinuity in statical loading or geometry causes a complex
flow of internal stresses and nonlinear distribution of longitudinal strains within the cross
section. Nonmetallic fiber-reinforced polymer (FRP) reinforcing bars are considered a
viable alternative to conventional steel reinforcement because of their high strength, light
weight, and noncorrosive nature [5–9]. As such, the use of GFRP bars in RC deep beams
eliminates corrosion problems and magnetic interference [5–9]. The problem becomes even
more challenging when conventional steel reinforcing bars are replaced by nonmetallic
reinforcement such as glass fiber-reinforced polymer (GFRP) bars.

Numerous studies examined the shear behavior of FRP-reinforced concrete deep
beams without web reinforcement [10–19]. The shear capacity of deep beams reinforced
with FRP bars improved with an increase in the value of a/h, the modulus of elasticity and
reinforcement ratio of longitudinal FRP bars, and the concrete compressive strength [10–19].
Omeman et al. [10] reported that deep beams reinforced with carbon-FRP bars having a
higher value of a/h and an increased effective depth exhibited a more catastrophic failure
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mode than that of their counterparts with a lower a/h and a reduced effective depth. The
results of a study by Abed et al. [11] indicated that increasing the concrete strength of deep
beams reinforced with longitudinal GFRP bars from 43 to 51 MPa (19%) increased the shear
capacity by 44%. An additional increase in the concrete strength from 51 to 65% (27%)
did not result in a proportional increase in the shear capacity, where an additional shear
strength gain of 7% only was recorded [11]. Increasing the longitudinal FRP reinforcement
ratio by 50 and 100% increased the shear strength by 46% and 70%, respectively [10,11].
Farghaly and Benmokrane [12] reported that increasing the longitudinal FRP reinforcement
ratio controlled the widening of the shear crack, where an increase in the FRP reinforcement
ratio by 80% resulted in an average reduction in the crack width of 47%. Increasing the sec-
tion height reduced the normalized shear stress at the ultimate load of FRP-reinforced deep
beams with an a/h of 1.0 [13]. The effect of the section size was insignificant for the deep
beams having a beam height (h) ≤ 600 mm and an a/h of 1.2 and 1.7 [13]. Kim et al. [14]
indicated that the increase in the shear capacity of FRP-reinforced deep beams due to
decreasing a/h, increasing h, or the longitudinal reinforcement ratio can be ascribed to
an increase in the angle of inclination and/or width of the inclined concrete strut that
governed the beam failure. Liu et al. [15] reported that decreasing the a/h by 11 and 24%
increased the shear strength of FRP-reinforced deep beams by 32 and 43%, respectively. An
inverse linear correlation between the shear capacity and the cubic root of the shear span-
to-effective depth ratio (a/d) was reported for deep beams reinforced with FRP bars [16,17].
Abu-Obaida et al. [18] reported that a significant increase in the longitudinal FRP reinforce-
ment ratio together with the concrete strength was detrimental to the shear strength of
FRP-reinforced short beams without web reinforcement due to a change in the mode of
failure from strut crushing to diagonal splitting. Mohamed et al. [19] concluded that the
use of vertical FRP stirrups improved the shear capacity of FRP-reinforced large-scale deep
beams by 20%, whereas the use of horizontal web reinforcement solely was detrimental to
the shear strength because of the high tensile strains in the horizontal bars that induced
deterioration and softening of the concrete in the diagonal strut.

Despite their corrosion resistance, there are limitations that might hinder the widespread
use of GFRP bars in the construction industry. Due to the reduced modulus of elasticity
of GFRP, large-scale GFRP-reinforced concrete deep beams exhibit lower cracking load
and less post-cracking stiffness than those of similar beams reinforced with conventional
steel bars [20]. The GFRP reinforcing bars are vulnerable to degradation in properties
when exposed to harsh environmental conditions [21,22]. Furthermore, the creep rupture
phenomenon limits the efficient utilization of GFRP strength under service loads [5,21]. The
surface texture would influence the bond behavior of GFRP bars particularly at elevated
temperatures [23].

The performance prediction of GFRP-reinforced concrete deep beams is a challenging
task. Although the strut-and-tie method (STM) satisfies principles of equilibrium and
compatibility, existing codes adopting this method accentuate only its basic mechanics [24].
Furthermore, the uncertainties in defining the strength and dimensions of the idealized
truss model adversely affect the accuracy of the STM [25,26]. As such, there is a need
to develop a simplified analytical expression that can provide reasonable prediction for
the shear strength of GFRP-reinforced concrete deep beams with web reinforcement. The
development of such an analytical expression requires the analysis of reliable results of
GFRP-reinforced concrete deep beams with different properties. Experimental testing of
large-scale GFRP-reinforced concrete deep beams is considered an uneconomical solution
to such data. The use of computers and numerical simulation tools have made it feasible to
perform analyses of such complex structural members.

This research aimed to study the interrelationships between the concrete compressive
strength, the shear span ratio, the spacing between web GFRP reinforcements, and the
shear strength of GFRP-reinforced concrete deep beams through numerical analysis. A
three-dimensional (3D) simulation model capable of predicting the structural behavior
of GFRP-reinforced concrete beams was developed in this study using GID-ATENA®
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software v. 5.9 [27]. The results of the simulated model were validated against published
experimental data. A parametric study was conducted to investigate the influence of
key parameters affecting the structural behavior of GFRP-reinforced concrete deep beams.
Based on the results of the parametric study, a refined simplified analytical formula was
introduced for the shear strength prediction of GFRP-reinforced concrete deep beams.

2. Research Objectives

Numerical analysis is considered a valuable alternative to experimental testing, partic-
ularly for large-scale GFRP-reinforced concrete deep beams. The data generated through
verified numerical modeling can be utilized to develop a simplified analytical expression
that can be used by practitioners for the shear strength prediction of GFRP-reinforced
concrete deep beams. The specific objectives of this research were as follows:

• Develop a three-dimensional (3D) numerical simulation model for a large-scale deep
beam internally reinforced with GFRP bars.

• Verify the prediction of the numerical model through a comparative analysis with
published experimental data.

• Conduct a parametric study to examine the effects of key parameters on the shear
behavior of concrete deep beams internally reinforced with GFRP bars.

• Introduce a refined simplified analytical formula that can predict the shear capacity of
concrete deep beams reinforced with GFRP bars.

3. Model Development
3.1. Geometry and Properties of Materials

A deep beam model was developed for the purpose of verification against published
experimental data [20]. The deep beam model had a rectangular cross-section of 300 mm in
width and 1200 mm in depth. The length of the beam was 5000 mm with an effective span of
3000 mm. The shear span-to-depth ratio (a/h) was 1.04, resulting in a shear span of 1250 mm
and a constant moment region of 500 mm. Figure 1 shows the concrete dimensions, the
details of reinforcement, and the location of monitoring points on the GFRP reinforcing
bars of the modeled deep beam. The beam was reinforced with eight longitudinal GFRP
reinforcing bars with a diameter of 25 mm (No. 25) at the tension side and two GFRP
bars with a diameter of 16 mm (No. 16) at the compression side. The concrete cover to
the center of the tensile GFRP reinforcement was 100 mm, rendering an effective depth
of d = 1100 mm. The web reinforcement included vertical and horizontal GFRP bars with
diameters of 12 mm (No. 12) and 16 mm (No. 16), respectively, placed at a spacing of
200 mm in both directions. Steel plates (200 mm × 300 mm × 30 mm) were placed at
the load and support points to reduce the stress concentration at these locations. The
cylindrical compressive strength (f’c) of the concrete was 37 MPa. GFRP bars No. 12, 16,
and 25 had cross-sectional areas of 127, 198, and 507 mm2; guaranteed tensile strengths of
1019, 1184, and 1000 MPa; and elastic moduli of 50.0, 62.5, and 66.4 GPa, respectively [20].
It is noteworthy that the bent portions of the vertical stirrups had a guaranteed tensile
strength of 459 MPa [20].

3.2. Material Constitutive Laws

The constitutive model of the concrete (CC3DNonLinCementitious2) was adopted
in the numerical analysis. The uniaxial constitutive laws of concrete in compression and
tension are shown in Figure 2. As shown in Figure 2a, the non-linear compressive behavior
starts at a stress value of f’co = 2.1ft, where ft is the concrete tensile stress that is generated
automatically by the software based on the concrete compressive strength [27]. The strain
hardening phase ends at a peak stress of f’c and a corresponding plastic strain εcp generated
automatically by the software based on the concrete compressive strength [27]. The com-
pressive softening law is linearly descending as depicted in Figure 2b. The compressive
stress is inversely proportional to the compressive displacement (wc) through the length
scale (Lc). The value of wc can be calculated by (εp − εcp)/Lc at any plastic strain value εp.
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The compressive displacement (wd) is reached at the complete release of stress and has a
value of 0.5 mm [27]. The tensile softening law of concrete is shown in Figure 2c.
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Figure 1. Details of the deep beam model (dimensions are in mm).

The built-in fracture model of the concrete adopts the classical orthotropic smeared
crack approach and crack band concept. Within the smeared concept, the fixed crack model
was adopted in the present study. In such a case, the direction of the crack is determined by
the direction of the principal stress at the onset of crack initiation. The crack direction is
fixed upon its initiation representing the axis of the orthotropy of the concrete material [27].
The softening behavior of concrete in tension is characterized by an exponential function
linking the tensile stress (σt) to the crack opening displacement (wt) through the length
scale (Lt). The value of wt is calculated by the product of the fracturing strain (εcf) and Lt.
The complete release of tensile stress is reached at a specific crack opening (wtc) that is
generated by the software based on the values of ft and the specific fracture energy of the
material (Gf). The key input parameters of the concrete material used in the analysis along
with their corresponding built-in equations are provided in Table 1 [27]. It is noteworthy
that adopting the smeared approach to model cracking means that material properties
defined for a material point are valid within a certain material volume, which is in this case
associated with the entire finite element.
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Figure 2. Concrete constitutive laws: (a) compressive hardening, (b) compressive softening, and
(c) tensile softening.

The GFRP bars were modeled as linear elastic until failure (Figure 3a). The symbols
Ef, ff, εf, ffu, and εfu refer to the elastic modulus, stress, strain, ultimate strength, and
ultimate strain of the GFRP bars, respectively. The ultimate strength of the bent portions
at the corners of the GFRP stirrups (459 MPa) was lower than that of the straight portions
(1019 MPa). As such, it was necessary to divide the stirrups into segments so that a
lower strength could be assigned to the corner segments. The vertical GFRP stirrups
were divided into four components: two U-shaped segments in the upper and lower
parts and two straight segments for the remaining parts of the stirrups’ legs as shown in
Figure 3b. It is noteworthy that all segments of the stirrups were fully connected to each
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other, thus simulating stirrups with different properties at the corners. The steel plates
placed at the load and support points were modeled as linear elastic. A perfect bond was
assumed between the GFRP reinforcing bars and the concrete. A previous study indicated
the adequacy of this assumption to provide a reasonable prediction of the ultimate load
capacity of GFRP-reinforced concrete members [28]. The comparative analysis between the
prediction of the simulation model and the published experimental results, presented in
Section 4, verifies the validity of this assumption. It is imperative, however, to consider the
degradation in the mechanical properties and the bond characteristics of GFRP reinforcing
bars reported in the literature [21–23] when simulating the behavior of GFRP-reinforced
concrete structural members exposed to harsh environmental conditions.
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Figure 3. GFRP models: (a) tensile stress–strain response of straight GFRP bars and (b) segments of
the vertical stirrups (dimensions are in mm).

Table 1. Input data for concrete properties.

Parameter Description Equation Value Unit

f’c
Compressive

strength N/A 37.00 MPa

Ec
Elastic

modulus 21, 500×
(

f ′c
10

)1/3 33,254 MPa

M Poisson’s
ratio Default value 0.2 N/A

ft
Tensile

strength
ft = 0.3 fck

2/3

fck = f ′c − 8
2.83 MPa

Gf
Specific fracture

energy G f = 0.000025 ft 70.75 N/m

εcp* Plastic concrete strain at
compressive strength f ′c/Ec 0.0011 N/A

f’co
Onset of non-linear

behavior in compression 2.1 ft 5.94 MPa

wd
Critical compressive

displacement N/A 0.50 mm

εcp*= εco − εre, where, εco = total strain at compressive strength (2 f ′c/Ec) [29] and εre = elastic recovered strain at
compressive strength ( f ′c/Ec).

3.3. Element Types and Boundary Conditions

The concrete and steel plates were modeled using solid 3D brick elements, whereas the
GFRP bars were modeled as one-dimensional discrete elements embedded into the concrete
brick elements. Modeling the reinforcement as discrete elements means that they remain in
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the uniaxial stress state. It is recommended by the software manual to have a minimum of
four to six elements in the shortest dimension of the member to ensure the convergence
of the solution, while minimizing the computational time [27]. The shortest dimension of
the beam in this study is 300 mm, which corresponds to a minimum recommended mesh
size in the range of 50 to 75 mm. A mesh sensitivity analysis was conducted using different
mesh sizes of 100, 75, 50, and 35 mm. The difference between the prediction of the model
with 50 mm mesh size and that of the models with 100 and 75 mm mesh sizes was within
17%. In contrast, the difference between the prediction of the model with 35 mm mesh size
and that with 50 mm mesh size was only 6%, indicating the stabilization of the numerical
results. As such, a mesh size of 50 mm was selected to optimize the processing time since
further reduction in the mesh size had a negligible effect on the numerical prediction. To
take advantage of the plane of symmetry in the geometry and loading condition and reduce
the overall computational time, only half of the beam was modeled. The used brick element
had a dimension of 50 × 50 × 50 mm, rendering a total of 7200 elements within the half
beam model. The movements in the vertical and transverse directions of the bottom steel
support plate were restricted by means of a line support placed at the middle of the bottom
surface of the plate. Surface supports were used to restrain the movement of the plane
of symmetry in the longitudinal direction. The modeled deep beam was loaded by an
imposed incremental displacement at the middle of the top steel plate at a rate of 0.1 mm
per step. The load and midspan deflection were monitored by means of monitoring points
placed at the corresponding locations. The top and bottom steel plates were connected to
the beam through fixed contacts. The standard Newton–Raphson iterative solution method
was adopted in the analysis. The iteration had to satisfy a tolerance limit of the convergence
criteria of 1%. Figure 4a shows the meshed concrete of the modeled deep beam. Figure 4b
shows the flexural and web reinforcements of the numerical model, noting that the meshed
concrete was not displayed in Figure 4b for clarity.
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4. Model Verification

This section presents a comparative analysis between the prediction of the modeled
deep beam and the experimental results published in the literature [20]. The results in
the comparative analysis included the load deflection response, ultimate load, deflection
capacity, crack propagation, failure mechanism, and stresses and strains in the GFRP
reinforcement. It is noteworthy that the total load (Ptotal) represents two times the plate
load (Pplate), noting that the plate load equals the support reaction (Vu). Figure 5 shows the
statical system of the deep beam investigated in the present study.
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4.1. Load–Deflection Response

Figure 6 shows a comparison between the predicted and experimental load–deflection
response. The response of the deep beam model started by a linear branch followed by
a drop at the onset of initiation of cracking at an approximate load of 500 kN. Then, the
deflection continued to increase but at a higher rate. There was a deviation between
the pre-cracking stiffness predicted numerically and that measured experimentally. This
behavior is expected, particularly, for such a large-scale deep beam. The actual deep beam
could have had shrinkage cracks prior to testing due to its large surface area, which might
have reduced its initial stiffness in the pre-cracking stage. It is noteworthy that the post-
cracking stiffness of the beam predicted numerically almost coincided with that measured
experimentally despite the probable minor settlement of the supports that could have
happened during testing. Due to a progressive development of cracks in the post-cracking
phrase, the deep beam model exhibited a quasilinear response that was in alignment with
the experimental results. The post-cracking stiffness of the beam predicted numerically
almost coincided with that measured experimentally. The experimental and numerical
ultimate loads of the modeled deep beam were 2904 kN and 2601 kN, respectively. The
difference between the numerical and experimental ultimate loads was within the 10% error
band. The experimental and numerical deflection at ultimate loads of the modeled deep
beam were 17.3 mm and 17.8 mm, respectively. The deviation between the deflection
capacity predicted numerically and that obtained from the tests did not exceed 3%. The
differences between the experimental and numerical results were within the typical margin
of error considering the variability in the shear test results.
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4.2. Crack Pattern and Failure Mode

The numerical crack pattern and the minimum principal strain in the concrete at the
ultimate load are provided in Figure 7a,b, respectively. The contours in Figure 7a show
the distribution of cracks. Only cracks with a width ≥ 0.1 mm are marked with black
lines since the minimum displayed crack width was set to be 0.1 mm. The numerical
prediction indicated initiation of flexural cracks prior to shear cracks. The published data
also indicated the initiation of flexural cracks early at 18% of the ultimate load before the
development of any shear cracks [20]. Diagonal cracks were then formed in the shear
span as the load progressed. Additional shear cracks were developed with an increase in
the applied load defining the direction of a concrete diagonal strut between the load and
support points. Eventually, DB-S failed by crushing of the diagonal concrete strut formed
in the shear span as manifested in Figure 7a,b. Crushing of the diagonal strut in the shear
span was verified experimentally in Reference [20].
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4.3. GFRP Strains

The strains predicted numerically are plotted against the load in Figure 8. The mea-
sured GFRP strain responses at the same locations are shown in Figure 9. The numerical
results indicated that the vertical and horizontal web reinforcing bars were not strained
until shear crack developed in the shear span at a load value of approximately 1200 to
1500 kN. Following the shear cracking, the strain increased almost linearly until the ultimate
load was reached. The rate of increase in the vertical GFRP stirrups in all monitoring points
was almost identical. The strain in the vertical GFRP stirrups predicted numerically at the
ultimate load was approximately 0.7%. The measured strains in the vertical GFRP stirrups
at the ultimate load were on average 0.8%. The maximum strain predicted numerically in
the horizontal GFRP bars at the ultimate load (approx. 0.4%) was lower than that recorded
in the vertical stirrups. The strains measured experimentally in the horizontal bars were
on average 0.5%. It is noteworthy that the strain predicted numerically in the horizontal
GFRP bars closer to the tension face tended to increase at a higher rate than that of the
horizontal bars closer to the compression face (Figure 8). Experimental measurements
shown in Figure 9 verified the lower strains in the horizontal GFRP bars closer to the
compression face (H4).

The strains predicted numerically in the flexural reinforcement are plotted against the
load in Figure 10. A bi-linear strain response was recorded for the modeled deep beam.
The strain response at all locations was insignificantly different, except at the region near
the support (L5) having lower strains, verifying the arch action effect. The strain profile at
four loading stages, 25, 50, 75, and 100% of the shear capacity, predicted numerically and
obtained from the experiment, verified the uniform distribution of strains in the flexural
GFRP reinforcement within the beam span except at the support location as shown in
Figure 11a,b, respectively.
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Figure 10. Numerical GFRP strains in flexural reinforcement.
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Figure 11. GFRP strains in flexural reinforcement: (a) predicted and (b) experimental [20].

4.4. GFRP Stresses

Figure 12a–c show the stresses in the vertical stirrups, horizontal web reinforcement,
and flexural reinforcement of the deep beam model at peak load, respectively. It can be
seen that parts of the web GFRP reinforcement crossing the diagonal strut exhibited the
highest stresses. As shown in Figure 12a, a concentration of stresses occurred in the top
horizontal portion of the vertical stirrup under the load point. The stress in this location
(450 MPa) was almost equal to that of the tensile strength of the bent portion of GFRP bars
(459 MPa), indicating localized rupture of GFRP at this location. These numerical findings
are consistent with the published experimental data, which indicated that the crushing
of the diagonal concrete strut in the deep beam was accompanied by a localized rupture
at the bent portion of the vertical stirrups [20]. The stresses in the horizontal and flexural
GFRP reinforcements shown in Figure 12b,c, respectively, were well below their guaranteed
rupture strengths. The maximum stress in the flexural reinforcement at peak load was
390 MPa (i.e., 39% of the tensile strength of straight GFRP bars). The maximum stress in the
horizontal web reinforcement at peak load was 304 MPa (i.e., 26% of the tensile strength of
horizontal web GFRP bars).
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Figure 12. Three-dimensional view of stresses in GFRP bars (MPa): (a) vertical stirrups, (b) horizontal
web reinforcement, and (c) flexural reinforcement.

5. Parametric Study

The numerical model developed and verified in the current study predicted the per-
formance of the GFRP-reinforced concrete deep beam with good accuracy. As such, it was
adopted to further investigate the effect of varying the shear span-to-depth ratio (a/h) and
concrete compressive strength on the behavior of GFRP-reinforced concrete deep beams
with and without web reinforcements. These models had the same geometry and reinforce-
ment as the model verified earlier. The results of the parametric study are presented in
this section. The results include the load–deflection response, crack propagation, failure
mechanism, and stresses in the GFRP reinforcement.
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5.1. Deep Beam Models without Web Reinforcement

The parameters of the deep beam models without web reinforcement are summarized
in Table 2. The variables were the value of a/h and the concrete compressive strength
(f’c). The a/h value was either 1.0 or 1.5. The values of f’c were 28, 37, and 50 MPa, repre-
senting low (L), moderate (M), and high (H) concrete compressive strengths, respectively.
Figure 13a,b show details of reinforcement of the numerical models of this group with a/h
values of 1.0 and 1.5, respectively.

Table 2. Parameters of solid deep beams without web reinforcements.

a/h f’c (MPa) Model Designation

1.0
(a = 1250 mm)

28 SDB-1.0-L
37 SDB-1.0-M
50 SDB-1.0-H

1.5
(a = 1800 mm)

28 SDB-1.5-L
37 SDB-1.5-M
50 SDB-1.5-H
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Figure 13. Details of solid deep beams without web reinforcement (dimensions are in mm):
(a) a/h =1.0 and (b) a/h = 1.5.

5.1.1. Load–Deflection Response

Figure 14a,b show the load–deflection responses of the deep beam models without web
reinforcement having a/h values of 1.0 and 1.5, respectively. The beam models exhibited
a bi-linear response, irrespective of the values of f’c and a/h. In the first stage, a linear
response was recorded until the initiation of flexural cracks, which caused a change in
the slope of the load–deflection response. Changing the concrete compressive strength
insignificantly reduced the post-cracking stiffness of the beam models. Nevertheless, the
beam models with a/h = 1.5 exhibited a reduced flexural cracking load and post-cracking
stiffness compared with those of their counterparts with a/h =1.0. The deflection continued
to increase with an increase in the applied load until the ultimate load was reached. The
beam models with the higher f’c of 50 MPa failed at a deflection capacity greater than
that of their counterparts with the low and moderate f’c of 28 and 37 MPa, respectively.
Furthermore, the beam models with a/h =1.5 had a higher deflection capacity than that of
their counterparts with a/h =1.0.

Table 3 presents the ultimate load and the deflection capacity for the deep beam models
without web reinforcement. The ultimate loads of the models increased with an increase in
the concrete compressive strength. The strengths of the deep beam models SDB-1.0-M and
SDB-1.0-H were 11 and 43% higher than that of the model SDB-1.0-L. Similarly, the ultimate
loads of the deep beam models SDB-1.5-M and SDB-1.5-H were 17 and 49% higher than that
of the model SDB-1.5-L. The ultimate loads of the deep models with a/h = 1.5 were lower
than those of their counterparts with a/h = 1.0. The beam models SDB-1.5-L, SDB-1.5-M, and
SDB-1.5-H with the low (L), moderate (M), and high (H) concrete compressive strengths
showed strength reductions of 41, 38, and 38%, respectively, due to increasing the value of
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a/h from 1.0 to 1.5. These results indicate that varying the concrete compressive strength
had almost no effect on the percent strength reduction caused by increasing the value of a/h
from 1.0 to 1.5. The deflection capacity of the beam models with the low and moderate f’c
were insignificantly different, irrespective of a/h. The beam models with the higher concrete
compressive strength failed at a higher deflection capacity than that of their counterparts
with low and moderate concrete compressive strength. Figure 15 shows the effects of f’c
and a/h on the strength of the deep beam models without web reinforcement. The ultimate
load increased almost linearly with an increase in f’c, irrespective of the value of a/h. The
beam models with a/h = 1.0 exhibited higher strengths than those of their counterparts with
a/h = 1.5. The strength gain caused by reducing the value of a/h from 1.5 to 1.0 was in the
range of 64% with a minimum of 61% and a maximum of 69%.
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Table 3. Numerical results of the deep beam models without web reinforcement.

Model
Designation a/h f’c

(MPa)
Ultimate Load

(kN)
Deflection at Ultimate

(mm)

SDB-1.0-L 1.0 28 1865 11.3
SDB-1.0-M 1.0 37 2064 12.1
SDB-1.0-H 1.0 50 2661 13.5

SDB-1.5-L 1.5 28 1101 18.8
SDB-1.5-M 1.5 37 1284 18.3
SDB-1.5-H 1.5 50 1644 21.9
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5.1.2. Crack Pattern and Failure Mechanism

Figure 16 shows the crack development and propagation for a sample deep beam
model without web reinforcement (SDB-1.0-M). The crack patterns at different stages of
loading (25%, 50%, 75%, and 100% of the ultimate load) are displayed to understand
the progress of cracking during loading. In each subfigure, there are contours indicating
the distribution of cracks and a legend for the crack width values. Since the minimum
displayed crack width was set to be 0.1 mm, only cracks with a width≥ 0.1 mm are marked
with black lines. The beam model exhibited flexural cracks in the midspan and in the shear
span region closer to the load point prior to the initiation of any shear cracks. When the load
was increased, shear cracks very close to each other simulating almost one unified major
shear crack were developed in the shear span with an angle of inclination of approximately
60◦ from the horizontal direction. This shear crack was connected to another splitting
crack developed horizontally at the level of the flexure reinforcement due to the absence of
vertical stirrups. Eventually, the beam model failed in a shear–tension mode of failure.
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Figure 16. Crack pattern for a typical deep beam model without web reinforcement having a/h = 1.0
(SDB-1.0-M): (a) at 25% of peak load, (b) at 50% of peak load, (c) at 75% of peak load, and (d) at 100%
of peak load.

5.1.3. GFRP Stresses

Figures 17 and 18 show general 3D views of the stresses in the GFRP reinforcement
predicted numerically for the beam models with a/h = 1.0 and a/h = 1.5, respectively. It
is evident that the flexural GFRP reinforcement at the tension side acted as a tie because
they featured a uniform stress distribution along the shear span. The beam models with
the higher concrete compressive strength sustained a higher ultimate load and, hence,
featured higher GFRP stresses at peak load than those of the beam models with lower
concrete compressive strengths. The flexural GFRP reinforcing bars did not reach their
tensile strengths in any of the beam models. For the beam models with a/h = 1 (Figure 17),
the GFRP stress in the flexural reinforcement at tension side at peak load was on average
342 MPa (i.e., 34% of the tensile strength of straight GFRP bars), with a minimum of 292
(i.e., 29% of the tensile strength of straight GFRP bars) and a maximum of 410 MPa (i.e., 41%
of the tensile strength of straight GFRP bars). The maximum GFRP stresses at peak load for
the beam models with a/h = 1.5 were slightly lower than those of their counterparts with
a/h = 1.0. For the beam models with a/h = 1.5 (Figure 18), the GFRP stress in the flexural
reinforcement at tension side at peak load was on average 308 MPa (i.e., 31% of the tensile
strength of straight GFRP bars), with a minimum of 256 (i.e., 26% of the tensile strength of
straight GFRP bars) and a maximum of 376 MPa (i.e., 38% of the tensile strength of straight
GFRP bars).
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5.2. Deep Beam Models with Web Reinforcement

Parameters of the deep beam models with web reinforcement are summarized in
Table 4. The variables were the value of a/h, the concrete compressive strength (f’c), and the
spacing between the web reinforcement (s). The beam models had a/h value of either 1.0 or
1.5. The values of f’c were 28, 37, and 50 MPa, representing low (L), moderate (M), and high
(H) concrete strengths, respectively. The spacing between the web reinforcement was either
100 or 200 mm, which corresponded to 0.08h and 0.17h, respectively. Figures 19 and 20
show details of the reinforcement of the numerical models of this group with a/h values of
1.0 and 1.5, respectively.

Table 4. Parameters of deep beams with web reinforcements.

a/h f’c
(MPa)

Spacing between Web
GFRP Bars (s) (mm)

Model
Designation

1.0
(a = 1250 mm)

28
100 SDB-1.0-L100
200 SDB-1.0-L200

37
100 SDB-1.0-M100
200 SDB-1.0-M200

50
100 SDB-1.0-H100
200 SDB-1.0-H200

1.5
(a = 1800 mm)

28
100 SDB-1.5-L100
200 SDB-1.5-L200

37
100 SDB-1.5-M100
200 SDB-1.5-M200

50
100 SDB-1.5-H100
200 SDB-1.5-H200
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Figure 19. Details of solid deep beam models with web reinforcement and a/h = 1.0 (dimensions are
in mm): (a) s = 100 mm and (b) s = 200 mm.
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Figure 20. Details of solid deep beam models with web reinforcement and a/h = 1.5 (dimensions are
in mm): (a) s = 100 mm and (b) s = 200 mm.

5.2.1. Load–Deflection Response

Figures 21 and 22 show the load–deflection responses of the deep beam models with
web reinforcement having a/h values of 1.0 and 1.5, respectively. At the early stage of
loading, the deflection increased linearly with an increase in the applied load until flexural
cracking occurred. Following flexural cracking, the deflection continued to increase in a
quasilinear fashion at a higher rate until the ultimate load was reached. The development
and/or initiation of major shear cracks at load values close to the ultimate load caused
a load decay and/or another minor change in the slope of the load–deflection response
prior to reaching the ultimate load. Figures 21 and 22 show that the flexural cracking load
slightly increased with an increase in the compressive strength of the concrete. Chang-
ing the spacing between the web reinforcement did not affect the pre-cracking stiffness.
Nevertheless, the post-cracking stiffness of the beam models with the larger spacing of
200 mm was slightly lower than that of their counterparts with the smaller spacing of
100 mm. The deflection capacity was not significantly affected by the spacing between the
web reinforcement, except for the beam models with the low concrete grade of 28 MPa,
where a reduced deflection capacity was recorded for the deep beam models with the larger
spacing between web reinforcement. When the responses of the beam models with an a/h of
1.0 (Figure 21) are compared with those of their counterparts, with an a/h of 1.5 (Figure 22),
it can be seen that an increase in a/h reduced the cracking load, post-cracking stiffness,
and ultimate load. The deep beam models with an a/h of 1.0 failed, however, at deflection
values lower than those of their counterparts with an a/h of 1.5.
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Table 5 presents the ultimate load and the deflection capacity for the deep beam
models of this group. The ultimate loads of the deep models with a/h = 1.5 were lower
than those of their counterparts with a/h = 1.0. The beam models SDB-1.5-L100, SDB-1.5-
M100, and SDB-1.5-H100 with s = 100 mm exhibited strength reductions of 25, 22, and 21%,
respectively, due to increasing the value of a/h from 1.0 to 1.5. Their counterpart beam
models SDB-1.5-L200, SDB-1.5-M200, and SDB-1.5-H200 with s = 200 mm exhibited greater
strength reductions of 33, 31, and 26%, respectively, due to increasing the value of a/h from
1.0 to 1.5. These results indicate that the strength reduction caused by increasing the value of
a/h tended to decrease with an increase in the concrete compressive strength. Furthermore,
the strength reduction caused by increasing the value of a/h was more pronounced for the
beam models with a lower amount of web reinforcement (i.e., greater spacing between web
reinforcement). Generally, the beam models with a/h = 1.5 failed at a greater deflection
capacity than that of their counterparts with a/h = 1.0. Such an increase in the deflection
capacity due to increasing the value of a/h was more significant for the beam models with
higher concrete strength. Average increases of 44, 53, and 71% in the deflection capacity
were recorded for the beam models with low (L), moderate (M), and high (H) concrete
compressive strengths, respectively.

Table 5. Numerical results of the deep beam models with web reinforcement.

Model
Designation a/h f’c

(MPa)

Spacing between
Web GFRP Bars

(s) (mm)

Ultimate Load
(kN)

Deflection at
Ultimate

(mm)

SDB-1.0-L100 1.0
28

100 2510 17.9
SDB-1.0-L200 1.0 200 2100 12.5

SDB-1.0-M100 1.0
37

100 2821 17.3
SDB-1.0-M200 1.0 200 2601 17.8

SDB-1.0-H100 1.0
50

100 3094 16.8
SDB-1.0-H200 1.0 200 2909 18.7

SDB-1.5-L100 1.5
28

100 1885 25.2
SDB-1.5-L200 1.5 200 1411 18.5

SDB-1.5-M100 1.5
37

100 2199 28.5
SDB-1.5-M200 1.5 200 1797 24.9

SDB-1.5-H100 1.5
50

100 2464 30.0
SDB-1.5-H200 1.5 200 2149 30.5

Figure 23a,b show the effect of the concrete compressive strength and spacing between
web reinforcement on the strength of the deep beam models with a/h values of 1.0 and
1.5, respectively. It is evident that the ultimate load increased almost linearly with an
increase in the concrete compressive strength, irrespective of the value of a/h and the
spacing between the web reinforcement. It is evident that increasing the amount of web
reinforcement through the use of a reduced spacing of 100 mm instead of 200 mm increased
the strength of the beam models. The strength gain caused by increasing the amount of
the web reinforcement was, however, dependent on the concrete strength and the value
of a/h. Figure 24 shows the effect of f’c and a/h on the strength gain caused by increasing
the amount of the web reinforcement in the deep beam models (i.e., decreasing the stirrup
spacing from 200 to 100 mm). The ultimate loads of the models with a stirrup spacing
of 100 mm were compared with those of their counterparts with a stirrup spacing of
200 mm to obtain the corresponding strength gain caused by increasing the amount of
web reinforcement. For the beam models with a/h = 1.0, strength gains of 20, 8, and 6%
were recorded for the beam models with low (L), moderate (M), and high (H) concrete
compressive strengths, respectively, due to decreasing the stirrup spacing from 200 to
100 mm. For the beam models with a/h = 1.5, decreasing the stirrup spacing from 200 to
100 mm resulted in strength gains of 34, 22, and 15% for the beam models with low (L),
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moderate (M), and high (H) concrete compressive strengths, respectively. These results
imply that the impact of increasing the amount of web reinforcement diminished with an
increase in the concrete compressive strength. Furthermore, the strength gain caused by
increasing the amount of web reinforcement was more pronounced for the beam models
with the greater a/h of 1.5.
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Figure 24. Effect of the concrete compressive strength and shear span-to-depth ratio on the strength
gain caused by increasing the web reinforcement in deep beam models.

5.2.2. Crack Pattern and Failure Mechanism

Figures 25 and 26 show the crack development and propagation for two sample deep
beam models with a/h = 1.0 and web reinforcement spacing of 100 and 200 mm, respectively,
at different loading stages. As highlighted earlier, the minimum displayed crack width
has been set to be 0.1 mm, and hence, only cracks with a width ≥ 0.1 mm are marked
with black lines. The contours show the crack distribution, and the legend provides the
corresponding crack width values. Flexural cracks initiated first in both deep beam models
of this group. As the load increased, multiple shear cracks were then developed along the
natural load path connecting the load and support plates, noting that the beam models
with the larger spacing of s = 200 mm exhibited fewer shear cracks within the shear span
than those of the models with the smaller spacing of s = 100 mm. Further increase in the
applied load resulted in the development of additional shear cracks until the ultimate load
was reached along the strut connecting the support and load plates. It is noteworthy that
the beam models with s = 100 mm exhibited a bottle-shaped strut at the ultimate load.
Figures 27 and 28 show the crack development and propagation for two sample deep beam
models with a/h = 1.5 and web reinforcement spacing of 100 and 200 mm, respectively,
at different loading stages. Flexural cracks were initiated at the early stage of loading in
the midspan and in the region of the shear span closer to the load points. Several shear
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cracks were then developed in the shear span. The beam models with the smaller spacing
of s = 100 mm exhibited a higher number of well-distributed shear cracks within the shear
span than those of the models with the larger spacing of s = 200 mm. Further increase in
the applied load resulted in development of additional shear cracks until the ultimate load
was reached along the diagonal struts formed in the shear span. A fan-shaped distribution
of diagonal cracks was formed at the ultimate load.
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and (d) at 100% of peak load.
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Figure 26. Crack pattern for a typical deep beam model with a/h = 1.0 and web reinforcement at
s = 200 mm (SDB-1.0-L200): (a) at 25% of peak load, (b) at 50% of peak load, (c) at 75% of peak load,
and (d) at 100% of peak load.
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Figure 28. Crack pa�ern for a typical deep beam model with a/h = 1.5 and web reinforcement at s = 
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predicted numerically for the beam models with a/h = 1.0 and a/h = 1.5, respectively. From 

Figure 29, it can be seen that the top horizontal part along with the top bent portions of 

the vertical GFRP stirrup under the load plate in most of the beam models with a/h = 1.0 

almost reached the tensile strength of the bent portion of the GFRP bars. The beam model 

SDB-1.0-L200 was an exception where a maximum stress of 329 MPa (i.e., 72% of the ten-

sile strength of the bent portion of GFRP bars) was recorded in the vertical GFRP stirrups. 

From Figure 30, it can be seen that none of the vertical GFRP stirrups for the beam models 
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plate in the model almost reached the tensile strength of the bent portion of GFRP (459 

Figure 27. Crack pattern for a typical deep beam model with a/h = 1.5 and web reinforcement at
s = 100 mm (SDB-1.5-H100): (a) at 25% of peak load, (b) at 50% of peak load, (c) at 75% of peak load,
and (d) at 100% of peak load.
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Figure 28. Crack pattern for a typical deep beam model with a/h = 1.5 and web reinforcement at
s = 200 mm (SDB-1.5-H200): (a) at 25% of peak load, (b) at 50% of peak load, (c) at 75% of peak load,
and (d) at 100% of peak load.

5.2.3. GFRP Stresses

Figures 29 and 30 show general 3D views of the stresses in the vertical GFRP stirrups
predicted numerically for the beam models with a/h = 1.0 and a/h = 1.5, respectively. From
Figure 29, it can be seen that the top horizontal part along with the top bent portions of
the vertical GFRP stirrup under the load plate in most of the beam models with a/h = 1.0
almost reached the tensile strength of the bent portion of the GFRP bars. The beam model
SDB-1.0-L200 was an exception where a maximum stress of 329 MPa (i.e., 72% of the tensile
strength of the bent portion of GFRP bars) was recorded in the vertical GFRP stirrups. From
Figure 30, it can be seen that none of the vertical GFRP stirrups for the beam models with
a/h = 1.5 reached their tensile strengths, except in model SDB-1.5-H200. The top horizontal
part along with the top bent portions of the vertical GFRP stirrup under the load plate
in the model almost reached the tensile strength of the bent portion of GFRP (459 MPa).
Figure 30 also shows that the stresses in the vertical GFRP stirrups at peak load tended to
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increase with an increase in the concrete compressive strength. It seems that increasing
the concrete compressive strength delayed the failure of the beam and allowed the GFRP
stirrups to exhibit higher stresses prior to failure.
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Figure 29. Three-dimensional view of stresses in vertical GFRP stirrups for models with a/h = 1.0
(MPa): (a) SDB-1.0-L100, (b) SDB-1.0-L200, (c) SDB-1.0-M100, (d) SDB-1.0-M200, (e) SDB-1.0-H100,
and (f) SDB-1.0-H200.



Buildings 2023, 13, 2767 22 of 29
Buildings 2023, 13, x FOR PEER REVIEW 23 of 30 
 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 30. Three-dimensional view of stresses in vertical GFRP stirrups for models with a/h = 1.5 

(MPa): (a) SDB-1.5-L100, (b) SDB-1.5-L200, (c) SDB-1.5-M100, (d) SDB-1.5-M200, (e) SDB-1.5-H100, 

and (f) SDB-1.5-H200. 

Figures 31 and 32 show stresses in the horizontal web reinforcement predicted nu-

merically for the beam models with a/h = 1.0 and a/h = 1.5, respectively. None of the hori-

zontal web reinforcing bars reached their tensile strength. The maximum stress in the hor-

izontal GFRP bars was on average 304 MPa (26% of the tensile strength of straight GFRP 

bars) for the beam models with a/h = 1.0 and 334 MPa for the beam models with a/h = 1.5 

(28% of the tensile strength of straight GFRP bars). The stresses in the horizontal web re-

inforcement at peak load tended to increase with an increase in the concrete compressive 

strength and the amount of web reinforcement. Increasing the concrete compressive 

strength and/or amount of web reinforcement allowed the beam models to sustain higher 

loads prior to the ultimate load, thus allowing the horizontal GFRP reinforcement to con-

tribute further to the shear capacity through sustaining additional stresses prior to ulti-

mate load. Figures 33 and 34 show stresses in the tensile flexural reinforcement predicted 

Figure 30. Three-dimensional view of stresses in vertical GFRP stirrups for models with
a/h = 1.5 (MPa): (a) SDB-1.5-L100, (b) SDB-1.5-L200, (c) SDB-1.5-M100, (d) SDB-1.5-M200,
(e) SDB-1.5-H100, and (f) SDB-1.5-H200.

Figures 31 and 32 show stresses in the horizontal web reinforcement predicted numer-
ically for the beam models with a/h = 1.0 and a/h = 1.5, respectively. None of the horizontal
web reinforcing bars reached their tensile strength. The maximum stress in the horizontal
GFRP bars was on average 304 MPa (26% of the tensile strength of straight GFRP bars) for
the beam models with a/h = 1.0 and 334 MPa for the beam models with a/h = 1.5 (28% of the
tensile strength of straight GFRP bars). The stresses in the horizontal web reinforcement at
peak load tended to increase with an increase in the concrete compressive strength and the
amount of web reinforcement. Increasing the concrete compressive strength and/or amount
of web reinforcement allowed the beam models to sustain higher loads prior to the ultimate
load, thus allowing the horizontal GFRP reinforcement to contribute further to the shear
capacity through sustaining additional stresses prior to ultimate load. Figures 33 and 34
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show stresses in the tensile flexural reinforcement predicted numerically for the beam
models with a/h = 1.0 and a/h = 1.5, respectively. The tensile flexural reinforcing bars did
not reach the tensile strength of straight GFRP bars in any of the models. The stress in the
flexural reinforcement was almost uniform within the shear span, except in the region very
close to the upper plate and beyond which showed reduced GFRP stresses. The uniform
stress distribution of the GFRP in the shear span is ascribed to the arch action effect, in
which the flexural reinforcing bars act as a tie. The maximum stress in the flexural GFRP
bars was on average 378 MPa (38% of the tensile strength of straight GFRP bars) for the
beam models with a/h = 1.0 and 388 MPa for the beam models with a/h = 1.5 (39% of
the tensile strength of straight GFRP bars). The beam models with the higher concrete
compressive strength exhibited higher GFRP stresses at peak load. The delayed failure
of the beam models with the higher concrete compressive strength allowed the beam to
sustain additional loads and induce extra stresses in the flexural GFRP bars prior to the
ultimate load.
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Figure 31. Stresses in the horizontal GFRP web reinforcement for models with a/h = 1.0 (MPa):
(a) SDB-1.0-L100, (b) SDB-1.0-L200, (c) SDB-1.0-M100, (d) SDB-1.0-M200, (e) SDB-1.0-H100, and
(f) SDB-1.0-H200.
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Figure 32. Stresses in horizontal GFRP web reinforcement for models with a/h = 1.5 (MPa): (a) SDB-1.5-
L100, (b) SDB-1.5-L200, (c) SDB-1.5-M100, (d) SDB-1.5-M200, (e) SDB-1.5-H100, and (f) SDB-1.5-H200.
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Figure 33. Cont.



Buildings 2023, 13, 2767 25 of 29Buildings 2023, 13, x FOR PEER REVIEW 26 of 30 
 

  
(c) (d) 

  
(e) (f) 

Figure 33. Stresses in GFRP flexural reinforcement for models with a/h = 1.0 (MPa): (a) SDB-1.0-L100, 
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Figure 34. Stresses in GFRP flexural reinforcement for models with a/h = 1.5 (MPa): (a) SDB-1.5-L100, 
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Figure 33. Stresses in GFRP flexural reinforcement for models with a/h = 1.0 (MPa): (a) SDB-1.0-L100,
(b) SDB-1.0-L200, (c) SDB-1.0-M100, (d) SDB-1.0-M200, (e) SDB-1.0-H100, and (f) SDB-1.0-H200.

Buildings 2023, 13, x FOR PEER REVIEW 26 of 30 
 

  
(c) (d) 

  
(e) (f) 

Figure 33. Stresses in GFRP flexural reinforcement for models with a/h = 1.0 (MPa): (a) SDB-1.0-L100, 

(b) SDB-1.0-L200, (c) SDB-1.0-M100, (d) SDB-1.0-M200, (e) SDB-1.0-H100, and (f) SDB-1.0-H200. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 34. Stresses in GFRP flexural reinforcement for models with a/h = 1.5 (MPa): (a) SDB-1.5-L100, 

(b) SDB-1.5-L200, (c) SDB-1.5-M100, (d) SDB-1.5-M200, (e) SDB-1.5-H100, and (f) SDB-1.5-H200. 
Figure 34. Stresses in GFRP flexural reinforcement for models with a/h = 1.5 (MPa): (a) SDB-1.5-L100,
(b) SDB-1.5-L200, (c) SDB-1.5-M100, (d) SDB-1.5-M200, (e) SDB-1.5-H100, and (f) SDB-1.5-H200.



Buildings 2023, 13, 2767 26 of 29

6. Simplified Analytical Formulas

Kong et al. [30] proposed Equation 1 to estimate the shear strength (Vu) of solid
concrete deep beams reinforced with steel bars, noting that the total ultimate load (Ptotal) of
the deep beam of the present study equals 2Vu (see Figure 5). In these equations, X is the
clear shear span, ft is the tensile strength of the concrete, b is the width of the beam, h is the
total depth of the beam, A is the area of an individual web bar or a main reinforcing bar, y1
is the depth at which a typical bar intersects a potential critical shear crack, α1 is the angle
of inclination between a typical bar and the critical shear crack, C1 is 1.4 for normal weight
concrete, and C2 is 300 N/mm2 for deformed steel bars.

Table 6 compares predictions of Kong et al.’s [30] equation for the deep beams included
in the parametric study with the strengths predicted by the numerical analysis. It is evident
that Kong et al.’s [30] model significantly overestimated the ultimate loads of the deep
beam models by up to 82%. This unconservative prediction could be attributed to two
reasons. First, this can be due to a reduction in the contribution of the concrete to the shear
capacity caused by the increased transverse strain due to stressing of the GFRP bars and the
increased crack width of the inclined shear cracks developed along the strut developed in
the shear span. The second reason could be the reduced dowel action caused by the change
in the properties of the reinforcing bars from steel to GFRP. The replacement of the steel
reinforcement by GFRP bars necessitates a modification in the contribution of the concrete
to the shear resistance to account for the increased crack width on the strut capacity and in
the C2 value for the main longitudinal bars to account for an anticipated reduction in the
dowel action in GFRP-reinforced concrete deep beams. As such, Equation (2), proposed
in the present study, represents a modified formula to estimate Vu of solid concrete deep
beams reinforced with GFRP bars, where Af is the individual area of a main reinforcing
bar, Aw is the individual area of a web reinforcing bar, Ef is the elastic modulus of the main
GFRP reinforcing bars (66.4 GPa), and Es is the elastic modulus of steel bars (200 GPa). As
shown in Table 6, predictions of the modified analytical formula are in good agreement with
the numerical results. The total ultimate loads predicted by the modified analytical formula
were within an 11% error band. The minor deviation between predictions of the analytical
formula and the numerical results verifies its capacity to provide reasonable predictions
for the ultimate load of solid GFRP-reinforced concrete deep beams. Predictions of the
modified formulas are plotted against predictions of the deep beam models included in the
parametric study in Figure 35. It can be seen that the modified analytical formula proposed
in this study can provide reasonable predictions for the ultimate load of GFRP-reinforced
concrete deep beams.

Vu = C1

[
1 − 0.35

X
h

]
ftbh + ∑ C2 A

y1

h
sin2 α1 (1)

Vu = C1

[
1− 0.50

X
h

]
ftbh + ∑ C2

E f

Es
A f

y1

h
sin2 α1 + ∑ C2 Aw

y1

h
sin2 α1 (2)

Table 6. Comparison between predictions of analytical formulas and numerical results.

Model

Total Ultimate Load (kN)

Numerical
Kong et al. [30]
(Equation (1))

Modified Formula
(Equation (2))

Prediction Error (%) * Prediction Error (%) *

SDB-1.0-L 1865 2819 +51 1678 −10

SDB-1.0-M 2064 3253 +58 2030 −2

SDB-1.0-H 2661 3805 +43 2478 −7
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Table 6. Cont.

Model

Total Ultimate Load (kN)

Numerical
Kong et al. [30]
(Equation (1))

Modified Formula
(Equation (2))

Prediction Error (%) * Prediction Error (%) *

SDB-1.5-L 1101 1998 +81 1013 −8

SDB-1.5-M 1284 2332 +82 1221 −5

SDB-1.5-H 1644 2756 +68 1487 −10

SDB-1.0-L100 2510 3700 +47 2559 2

SDB-1.0-L200 2100 3214 +53 2072 −1

SDB-1.0-M100 2821 4134 +47 2911 3

SDB-1.0-M200 2601 3647 +40 2424 −7

SDB-1.0-H100 3094 4686 +51 3358 +9

SDB-1.0-H200 2909 4200 +44 2872 −1

SDB-1.5-L100 1885 3082 +63 2097 +11

SDB-1.5-L200 1411 2546 +80 1560 +11

SDB-1.5-M100 2199 3416 +55 2306 5

SDB-1.5-M200 1797 2879 +60 1769 −2

SDB-1.5-H100 2464 3840 +56 2571 4

SDB-1.5-H200 2149 3304 +54 2034 −5

* Error (%) = Formula−Numerical
Numerical ×100.
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7. Conclusions

Three-dimensional (3D) simulation models capable of predicting the structural behav-
ior of GFRP-reinforced concrete beams were developed and validated against published
experimental data. A parametric study was carried out to investigate the influence of
key parameters affecting the structural behavior of GFRP-reinforced concrete deep beams.
The results of the parametric study were used to introduce a refined simplified analytical
expression for the prediction of the shear strength of GFRP-reinforced concrete deep beams.
Based on the results of the numerical analysis, the following conclusions are drawn:

• The shear strength of the deep beam models increased almost linearly with an increase
in f’c and a decrease in the spacing between the web reinforcement, irrespective of the
value of a/h.
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• In the absence of web GFRP reinforcement, varying the concrete compressive strength
had almost no effect on the percent strength reduction caused by increasing the value
of a/h from 1.0 to 1.5.

• For the deep beam models with web GFRP reinforcement, the strength reduction
caused by increasing the value of a/h tended to decrease with an increase in the
concrete compressive strength and the spacing between the web GFRP reinforcement.

• The strength gain caused by decreasing the spacing between the web GFRP rein-
forcements was more pronounced for the beam models with lower f’c and greater a/h
of 1.5.

• The refined analytical expression introduced in the present study provided reasonable
predictions for the shear strength of GFRP-reinforced concrete deep beams.

This research furnished valuable data on the nonlinear behavior of GFRP-reinforced
concrete deep beams. The data were subsequently used to develop an analytical expression
for the prediction of the shear strength of GFRP-reinforced concrete deep beams. Future
research shall examine the behavior of GFRP-reinforced concrete deep beams at the ser-
viceability limit state. The effects of elevated temperature and harsh environments on
the behavior of GFRP-reinforced concrete deep beams shall be considered in numerical
analyses and experiments of future studies.
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