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Abstract

:

As large-span structures, reticulated shells are widely used in large-scale public building and act as emergency shelters in the event of sudden disasters. However, spatial reticulated shells are dynamic-sensitive structures; the effect of the initial structural damage on dynamic stability should be considered. In this study, a new nonlinear dynamic model of cylindrical reticulated shells with initial damage is proposed to investigate the effect of initial damage accurately. Firstly, the damage constitutive relations of the building steels are built based on the irreversible thermodynamic theory; furthermore, its fundamental equations are obtained using simulated shell methods. Then, the nonlinear vibration differential equations with damage are obtained and studied with support. Meanwhile, the nonlinear natural vibration frequency with initial damage is derivatized. After that, a bifurcation problem with initial damage is studied by using Flouquet Index, and the dynamic stability state at the equilibrium point is analyzed in depth. It is found that the local dynamic stability of the system is determined via its initial condition, geometric parameters, and initial damage. Moreover, the initial damage dominates over other influence factors due to its strong randomness and uncertainty for the same structure. The damage accumulation results in the transition of the equilibrium point. In addition, the nonlinear natural vibration frequency decreases to zero with the accumulation of the damage reaching 0.618; the local stability of cylindrical reticulated shells fails and they even lose whole stability. This study provides a theoretical foundation for the future investigation of whole stability with initial damage.
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1. Introduction


Because of the graceful structure style and big space of reticulated shell structures, they meet the requirements of people’s lives and have earned more and more attention. With the wide application of reticulated shell structures in engineering, the mechanical properties of the structures attract more and more concern, and many researchers focus on their static stability. There has been ongoing research into static stability for decades [1,2,3,4]. Kangsheng Ye, Tiantian Lu, and Si Lu [5] proposed a direct Newton method for the computation of critical points based on the arc-length method of tracing a structural nonlinear solution. Thomas Bulenda and Jan Knippers [6] found that some parameters influence the failure load of domes and barrel vaults and gave suggestions for the imperfect shape, which has to be assumed using a commercial FE-program.



However, in recent years, many structural accidents have occurred in reticulated shells all over the world. Typical accidents include the collapse of the National Economic Exhibition Hall caused by a snowstorm in Bucharest, Romania, in 1963 and a gymnasium in Hartford, Connecticut, in 1978. Furthermore, Typhoon 9415 in China caused the destruction of the reticulated shell roof of Wenzhou Airport. The Gyeongju Resort Stadium in South Korea collapsed after several days of heavy snow in 2014. These examples make the safety issues of reticulated shells attract increasing attention. In the past decades, the problem of dynamic stability in long-span reticulated shell structures has been investigated by many researchers. Ceshi Sun, Xuekun Zhou, and Shuixing Zhou [7] investigated the nonlinear response frequency of reticulated shell structures. Jihong Ye and Mingfei Lu [8] studied the stability of doubly curved shallow shells under dynamic and dead loads and found interesting phenomena: a subharmonic response, doubling bifurcation, and chaotic behavior. Amabili M., Changjun Cheng, Qiang, and Han et al. [9,10,11,12,13,14] investigated the nonlinear stability and, in these studies, dynamics such as bifurcation, chaos motion, and the structures were assumed to be composed of perfect components. However, the structural components inevitably become defective in the process of manufacturing, transportation, site construction, and applications in an actual project. These defects are inevitable and should be controlled.



Spatial reticulated shells are dynamic-sensitive structures because of their large span and spatial multiformity [15,16,17], and the defects are mainly physical and geometric. These defects affect the mechanical performances of the spatial reticulated shells greatly. Qiang Zeng, Xiaonong Guo, and Xu Yang et al. [18] proposed a simple and efficient method of generating stochastic initial geometric imperfections (IGIs) for single-layer reticulated shells considering topology constraints. By applying nonlinear heuristically perturbed virtual interaction forces to the joints, the joint coordinates can be updated using the iterative forward Euler method, aiming to generate realistic stochastic IGIs. Guohua Nie and Zhiwei Li [19] investigated the nonlinear behavior of single-layer squarely reticulated shallow spherical shells with geometrical imperfections under a central concentrated load via the asymptotic iteration method. Sheng He, Zhengrong Jiang, and Jian Cai [20] developed the new simulation method of initial geometric imperfection distribution to study elastoplastic stability analysis for single-layer reticulated shells via ANSYS. Qiongyao Wu, Huajie Wang, and Hongliang Qian [21] studied the mechanical behavior of a bolt-ball joint with an insufficient screwing depth of bolt via the experiment and numerical simulation method and found it had an effect on the stability of a single-layer reticulated shell. Huijuan Liu, Fukun Li, and Hao Yuan [22] proposed the precise bearing capacity equation for a spiral single-layer reticulated shell structure with imperfection. Jingnan Liang, Yugang Li, He Huang, and Feng Fan [23] built a new seismic damage assessment method for single-layer spherical reticulated shells based on structural residual displacement under sequential earthquakes. According to previous studies, a structure with an initial defect has complex dynamic stability performance. The nonlinear dynamic mechanical behavior of cylindrical reticulated shells is highly sensitive to initial imperfections, which are geometric defects and physical defects. Additionally, the initial defects of cylindrical reticulated shells have strong randomness and uncertainty. It is of theoretical and practical significance to investigate the static and dynamic stability of the structure by coupling the geometric defects and physical defects and analyzing the effects of initial damage on these structures. Defects of the structure include initial deflection, residual stresses, and damage. However, most of these results were only concentrated on the effect of initial deflection and residual stresses on the stability of the structure. The previous studies and engineering applications ignored the effects of initial damage, treating the structures as if they had no damage. However, initial damage does exist, and it has strong randomness and uncertainty. Though several empirical models, such as Johnson–Cook [24], Bao–Wierzbicki [25,26], and Lematire [27,28], have been applied to analyze the damage constitutive relations, they are limited due to bad adaptability. To the best of the authors’ knowledge, no results have been reported about the effect of initial damage on cylindrical reticulated shells.



In this paper, the nonlinear stability of cylindrical reticulated shells with both geometric defects and physical defects is studied. The damage constitutive relations of the building steels are built and large deflection equations are given for a cylindrical reticulated shell with initial damage. Then, the exact solution of the free vibration equation is obtained and the nonlinear natural vibration frequency with initial damage is derivatized. The dynamic stability state at the equilibrium point is analyzed in depth based on the results of the bifurcation problem of cylindrical reticulated shells with initial damage found by using Flouquet Index. In addition, theoretical support is provided for the nonlinear stable theory of cylindrical reticulated shells with damage.




2. Constitutive Relations of the Structural Steels with Damage


The derivation process of constitutive relations of the structural steels with damage is shown in Figure 1. The detailed process will be discussed below.



By introducing the stress–strain elasticity intrinsic law of the damaged material [29,30], one can have


   σ  i j   =   ∂ ψ   ∂  ε  i j      



(1)







The damage dissipation power during the process of damage is


  Y  ω .  ≥ 0  



(2)







Y is the strain energy release rate of damage:


  Y = −   ∂ ψ   ∂ ω    



(3)







   ω .  =   ∂  ψ *    ∂ ω    ,    ψ *    is thermodynamic potential.



Assuming the initial conditions of the material are    σ  ij   =  ε  ij   = 0  ,   Y  = 0  ,   ω  = 0   , the Helmoltz specific energy   ψ    ε  ij   ,   ω     per unit volume can be expanded with a Taylor series.    ε  ij     is a small strain and can be treated as infinitely small. The degree of damage  ω  has finite value, so the truncation of series expansion of   ψ    ε  ij   ,   ω     at the second-order term of    ε  ij     and the Nth-order term is


  ψ    ε  i j   , ω   =  ψ 0  +   ∑  i = 1  N    C   n       ω n  +   ∑  i = 0  N    B  ij       n     ε  ij      ω n  +  1 2    ∑  i = 0  N    A  ijkl       n     ε  ij      ε  kl    ω n   



(4)







   ψ 0    is the free energy of the matrixial at the initial condition and can be treated as zero.     C     n     ,     B   ij   n   ,   a n d     A   ijkl   n     are the tensor value coefficients at the second and fourth orders.



The damage strain energy density, damage stress–strain relationship, and release rate of damage strain energy were obtained through a series of calculations [31]:


  ψ    ε  ij   , ω   = μ  ω   ε  ij    ε  ij   +  1 2  λ  ω       ε  kk      2   



(5)






   σ  ij   = 2 μ  ω   ε  ij   + λ  ω   ε  kk    δ  ij    



(6)






  Y = −  1 2    ∑  n = 1  N    α n    λ ·  ω       ε  kk      2  −   ∑  n = 1  N    β n  μ ·  ω     ε  ij    ε  ij    



(7)




where λ is the Lame coefficient.



For metal materials (construction steels), the effect of Poisson’s ratio can be ignored. Based on the Lematire equivalent strain principle and irreversible thermodynamics theory [27,28], the element damage indicator ω is defined as   ω = 1 −    ε d   ε   , where εd is the strain of the structural member with damage and ε is the strain of the structural member without damage. When ω = 1, the structural member is completely damaged; when ω = 0, no damage is observed for the structural member.



Then, the damage constitutive relations of the building structural steels are established mathematically, as shown in Equations (8)–(10):


  μ ( ω ) = μ   1 −   ∑  n = 1  N    β n   ω n      =  E 2    1 −   ∑  n = 1  N    β n   ω n       



(8)






  ψ    ε  ij   , ω   = μ  ω   ε  ij    ε  ij    



(9)






   σ  ij   = 2 μ  ω   ε  ij    



(10)






  Y = −   ∑  n = 1  N    β n  μ ·  ω     ε  ij    ε  ij    



(11)




where     β   n     is the dimensionless non-negative coefficient and εij is the strain.




3. Fundamental Equations of Cylindrical Reticulated Shells with Damage


By using simulated shell method, the element effective stiffness of cylindrical reticulated shells with initial damage is built from the damage constitutive Equations (9)–(11) of the building structural steels established above. The element effective stiffness is shown through Equations (12) and (13) [32]:


   T  x x   =  T  y y   =   3  3    4  a 1      1 − ω −  ω 2    E A ,    T  x y   =  T  y x   =    3    4  a 1      1 − ω −  ω 2    E A  



(12)






   B  x x   =  B  y y   =   3  3    4  a 1      1 − ω −  ω 2    E I ;    B  x y   =  B  y x   =    3    4  a 1      1 − ω −  ω 2    E I  



(13)




where A is the cross-sectional area of the member,   E   is the elastic modulus of steel, I is the inertia moment, and     a   1   =    3  l  /  2    , where l is the length of the member.



Similarly, the nonlinear dynamic differential equation of cylindrical reticulated shells considering damage is built by using the simulated shell method. The physical equations concerning the in-plane stability of cylindrical reticulated shells with damage are shown in Equations (14)–(16) [32]:


   N x  =  T  x x    ε x  +  T  x y    ε y  =   3  3    4  a 1      1 − ω −  ω 2    E A (  ε x  +  1 3   ε y  )  



(14)






   N y  =  T  y y    ε y  +  T  y x    ε x  =   3  3    1 − ω −  ω 2    E A   4  a 1    (  ε y  +  1 3   ε x  )  



(15)






   N  x y   =  N  y x   =  T  x y    ε  x y   =    3    1 − ω −  ω 2    E A   4  a 1     ε  x y    



(16)




Additionally, the moment in-plane stability of cylindrical reticulated shells with damage can be obtained from Equations (14)–(16), as shown in Equations (17)–(19):


   M x  =  B  x x    χ x  +  B  x y    χ y  =   3  3    1 − ω −  ω 2    E I   4  a 1    (  χ x  +  1 3   χ y  )  



(17)






   M y  =  B  x y    χ x  +  B  y y    χ y  =   3  3    1 − ω −  ω 2    E I   4  a 1    (  χ y  +  1 3   χ x  )  



(18)






   M  x y   =  B  x y    χ  x y   =    3    1 − ω −  ω 2    E I   4  a 1     χ  x y    



(19)




where    χ x  = −    ∂ 2  ω   ∂  x 2    ,  χ y  = −    ∂ 2  ω   ∂  y 2    ,  χ  x y   = − 2    ∂ 2  ω   ∂ x ∂ y    .



The geometric equation of cylindrical reticulated shells with damage is obtained from Equations (14)–(16), as shown in Equation (20):


     ε x  =     ∂ u   ∂ x   +  1 2    (   ∂ w   ∂ x   )  2       ε y  =     ∂ v   ∂ y   −  1 R  w +  1 2    (   ∂ w   ∂ y   )  2       ε  x y   =     ∂ u   ∂ y   +   ∂ v   ∂ x   +   ∂ w ∂ w   ∂ y ∂ x      



(20)




where u, v, and w correspond to the moving velocity in the x, y, and z direction, respectively. R is the radius of the curvature of the cylindrical reticulated shells in the y direction (Figure 2).




4. The Governing Equations and Boundary Condition of Cylindrical Reticulated Shells


To obtain the nonlinear dynamic differential equations with damage, the relation of displacement and strain with damage, boundary condition, and initial condition should be introduced. In the following sections, these factors are discussed as shown in Figure 3.



In this section, based on geometric equations and physical equations, the bending equations and boundary of the cylindrical reticulated shells are deduced. Under transverse loads, the equilibrium equations are shown as follows in Equations (21)–(25) [33]:


    ∂  N x    ∂ x   +   ∂  N  x y     ∂ y   = 0  



(21)






    ∂  N y    ∂ y   +   ∂  N  x y     ∂ x   = 0  



(22)






    ∂  M x    ∂ x   +   ∂  M  x y     ∂ y   −  Q x  = 0  



(23)






    ∂  M y    ∂ y   +   ∂  M  x y     ∂ x   −  Q y  = 0  



(24)






    ∂  Q x    ∂ x   +   ∂  Q y    ∂ y   +  N x     κ x  +    ∂ 2    W    ∂  x 2      +  N y     κ y  +    ∂ 2    W    ∂  y 2      + 2  N  x y      ∂ 2    W    ∂ x y   + q − c   ∂ w   ∂ t   − γ    ∂ 2    W    ∂  t 2    = 0  



(25)




where kx = 0 and ky = 1/R are the curvature in the x and y direction, respectively. q is the uniformly distributed load, c is the damping coefficient, and γ is the mass unit area of the cylindrical reticulated shells.



Then, the stress function is defined as follows:


   N x  =    ∂ 2  ϕ   ∂  y 2      ,  N y  =    ∂ 2  ϕ   ∂  x 2    , N x y = − 2    ∂ 2  ϕ   ∂ x y    



(26)







Based on the physical Equations (17)–(19) and equilibrium Equations (21)–(25), the governing equations of cylindrical reticulated shells can be derived, as shown in Equation (27):


    −   3  3  E I    4 a      1 − ω −  ω 2    (    ∂  4   w   ∂  x  4     + 2    ∂  4   w   ∂  x  2   ∂  y  2     +    ∂  4   w   ∂  y  4     ) +    ∂  2   ϕ   ∂  y  2        κ x  +    ∂  2   w   ∂  x  2       +    ∂  2   ϕ   ∂  x  2        κ y  +    ∂  2   w   ∂  y  2       −     2    ∂  2   ϕ   ∂ x y      ∂  2   w   ∂  x  2   ∂  y  2     + q − c   ∂ w   ∂ t   − γ    ∂  2   w   ∂  t  2     = 0    



(27)







By defining   L =     ∂   4     ∂   x   4     + 2     ∂   4     ∂   x   2   ∂   y   2     +     ∂   4     ∂   y   4       and     L   2     w , ϕ   =     ∂   2   w   ∂   x   2           ∂   2     ϕ     ∂   y   2     − 2     ∂   2   w   ∂ x ∂ y         ∂   2     ϕ     ∂ x ∂ y   +     ∂   2   w   ∂   y   2           ∂   2     ϕ     ∂   x   2      , Equation (27) is simplified as follows:


    −   3  3  E I    4 a      1 − ω −  ω 2    (    ∂  4   w   ∂  x  4     + 2    ∂  4   w   ∂  x  2   ∂  y  2     +    ∂  4   w   ∂  y  4     ) +    ∂  2   ϕ   ∂  y  2        κ x  +    ∂  2   w   ∂  x  2       +    ∂  2   ϕ   ∂  x  2        κ y  +    ∂  2   w   ∂  y  2       −     2    ∂  2   ϕ   ∂ x y      ∂  2   w   ∂  x  2   ∂  y  2     + q − c   ∂ w   ∂ t   − γ    ∂  2   w   ∂  t  2     = 0    



(28)







The element effective stiffness Formulas (12) and (13) are deduced as follows [32]:


   F  y y   =    T  y y      T  y y    T  x x   −  T  x y  2    =    3  a   2 E A    



(29)






   F  x x   =    T  x x      T  y y    T  x x   −  T  x y  2    =    3  a   2 E A    



(30)






   F  x y   =  F  y x   =    T  y y      T  y y    T  x x   −  T  x y  2    = −  a  2  3  E A    



(31)







The coordinate deformation equation of cylindrical reticulated shells can be deduced by substituting Equations (29)–(31) into Equations (14)–(16):


   ε x  =  F  y y    N x  +  F  x y    N y  ,    ε y  =  F  x x    N y  +  F  x y    N x  ,    ε  x y   =  F  y y    N  x y    



(32)







From Equations (31) and (32), the different strain can be obtained as follows:


   ε x  =    3  a   2 E A      N x  −  1 3   N y    ,    ε y  =    3  a   2 E A      N y  −  1 3   N x    ,    ε  x y   = −  a  2  3  E A    N  x y    



(33)







So, the basic equation and coordinate deformation equation of cylindrical reticulated shells is deduced using Equation (33) and compatibility equations as follows:


     n 1    1 − ω −  ω 2     L 1  ( w ) =  1 2   L 2    w , ϕ   + q − c   ∂ w   ∂ x   −  1 R     ∂ 2    w    ∂  x 2         n 2    1 − ω −  ω 2     L 1  ( ϕ ) =  1 2   L 2    w , w   −  1 R     ∂ 2  w   ∂  x 2       



(34)




where    n 1  =    3  E I    4 a      and    n 2  =    3  a   2 E A    .



The governing equations of cylindrical reticulated shells were used to deduce further equations. Finally, the governing equations and the coordinate deformation equation of cylindrical reticulated shells with initial damage were obtained. In addition, the fixed boundary conditions of the four edges clamped were applied to cylindrical reticulated shells with initial damage in this paper:


   At    x = 0   or   m ,    e x   ¯  = 0 ,  P x  = 0  



(35)






   At    y = 0   or   n ,    e y   ¯  = 0 ,  P y  = 0  



(36)




where       e   x    ¯    a n d       e   y    ¯    are the mean displacement of the four edges of cylindrical reticulated shells in the x and y direction, respectively, and Px and Py are thrust along the perimetrical side [5].




5. Natural Vibration Frequency of Cylindrical Reticulated Shells with Initial Damage


For a cylindrical reticulated shell with a size of m (length) × n (width), its curvature along the x and y direction is     κ   x     =   0   a n d     κ   y   =   1   R    , and the numerical value is constant. The shell is subjected to general dynamic loads of load intensity q.



Following the governing equations, the coordinate deformation equation, and the boundary conditions of cylindrical reticulated shells with initial damage, the displacement equation of cylindrical reticulated shells with damage can be given from the dynamical Equations (28) and (34). The displacement of cylindrical reticulated shells with initial damage is introduced as


  w = f ( t ) sin    α 0  x   sin (  β 0  x )  



(37)




where     α   0   =   π   m     a n d     β   0   =   π   n    .



By combining the Equation (37) and the coordinate deformation Equation (34),


     n 2    1 − ω −  ω 2     L 1  ( ϕ ) = −  1 R  f ( t )  α 0    2  sin    α 0  x   sin    β 0  x   +     f ( t )  α 0 2   β 0    2      cos  2     α 0  x     cos  2     β 0  x   +   sin  2     α 0  x     sin  2     β 0  x        



(38)







Additionally, Equation (38) is simplified as


     n 2    1 − ω −  ω 2    ϕ =    f 2  ( t )   32          m n     2  cos   2  α 0  x   +      n m     2  cos   2  β 0  y         +   f ( t )  R      cos  2     β 0  x   −   sin  2     α 0  x     sin  2     β 0  x     +  1 R  f ( t )  α 0    2  sin    α 0  x   sin    β 0  x      



(39)







Furthermore, Equation (39) is simplified as


     n 2    1 − ω −  ω 2    ϕ =    f 2  ( t )   32          m n     2  cos   2  α 0  x   +      n m     2  cos   2  β 0  y     +       f ( t )   R  m 2   π 2     1       1   m 2    +  1   n 2       2      sin    α 0  x   sin    β 0  x     +  n 2       p x   y 2   2  +    p y   x 2   2       



(40)







By using the Galerkin method, Equation (40) is rewritten as


     ∫ 1 2      ∫ 0 n      ∫ 0 m        n 1    1 − ω −  ω 2         ∂ 4  w   ∂  x 4    + 2    ∂ 4  w   ∂  x 2  ∂  y 2    +    ∂ 4  w   ∂  y 4          −  L 2    w , ϕ   + q + c   ∂ w   ∂ t   + γ    ∂ 2    W    ∂  t 2        δ w d x d y d t = 0           



(41)







Considering   δ f ( t ) ≠ 0   from Equations (37) and (41),


      1 − ω −  ω 2     n 1     π 6    16   f  t      1   m 2    +  1   n 2      2  +  1   n 2      1 − ω −  ω 2       π 6    256    f 3   t     1   m 4    +  1   n 4      +  κ y   p y      −  1   n 2      1 − ω −  ω 2      2  π 2   3   f 2   t     κ y     m 2     1   m 2   m 2     1       1   m 2    +  1   n 2       2    −  1   n 2      1 − ω −  ω 2       π 2    24    f 2   t     κ y     n 2        +  1   n 2      1 − ω −  ω 2       π 2    16   f  t        κ y     m 2      2   1       1   m 2    +  1   n 2       2    −  p x  f  t     π 4    16  m 2    −  p y  f  t     π 4    16  n 2    − q +        π 2    16   c   ∂ f  t    ∂ t   +    π 2    16   γ    ∂ 2  f  t    ∂  t 2    = 0    



(42)







The dimensionless variable is defined as follows:


  ξ ( t ) =   f ( t )  β  ,   λ =  a b  ,    k '    y  =    a 2    R β   ,    P '    x  =    n 2   p x   b 2     β 2    ,    P '    y  =    n 2   p y   a 2     β 2     



(43)






  Q =   q  n 2   a 2   b 2     β 3    ,    n 3  =   q  β 2    8 A   ,    c 1  =   c  π 2   a 2   b 2   n 2    16  β 2    ,    γ 1  =    n 2   π 2   a 2   b 2  γ   16  β 2     



(44)




where I = β4.



Natural vibration frequency is defined as     ϖ   *   = τ /  t and general dynamic loads are     q   *   =   q   0   c o s Ω   τ  ¯   , where Ω is exciting frequency.



From Equations (43) and (44), Equation (42) can be nondimensionalized as follows:


    γ    ∂ 2  ξ   ∂   τ ¯  2    + c   ∂ ξ   ∂  τ ¯    +    π 6    256      1 λ  +  λ 2     ξ 3  −   2  π 2   3   κ y   1       1 λ  + λ    2     ξ 2  −    π 2    24    κ y   ξ 2      + η  κ y 2     π 2    16    1      λ +  1 λ     2    ξ −    π 4    16      p x *  +  p y ∗    ξ + η    π 6    16    1      λ +  1 λ     2    ξ =  q 0  cos Ω  τ ¯     



(45)







Based on the boundary conditions in (35) and (36), the relative displacement of the edge of cylindrical reticulated shells with damage, i.e., x = 0 and x = m, ex can be calculated as


   e x  = −  1 m     ∫ 0 m     ∂ u   ∂ x   d x     



(46)







Equation (20) is substituted for Equation (46):


   e x  =  n 2     p x  − μ  p y    +    π 2   8       f m     2  +  1  R  m 2    f    1   n 2    −  μ   m 2       1       1   m 2    +  1   n 2       2     2 π  sin    β 0  y    



(47)







Variable     e   x     is related to y. The mean displacement of edge       e   x    ¯    can be obtained from


     e x   ¯  =  1 n     ∫ 0 m     ∂ u   ∂ x      d x  



(48)







Combining Equations (47) and (48),


     e x   ¯  =  n 2     p x  − μ  p y    +    π 2   8       f m     2  +  1  R  m 2    f    1   n 2    −  μ   m 2       1       1   m 2    +  1   n 2       2     4   π 2     



(49)







By using a similar method, the mean displacement of edge       e   y    ¯    is


     e y   ¯  =  n 2     p y  − μ  p x    +    π 2   8       f m     2  −  1 R  f  4   π 2    +  1  R  m 2    f    1   n 2    −  μ   m 2       1       1   m 2    +  1   n 2       2     4   π 2     



(50)







According to the boundary conditions in (35) and (36), Equations (49) and (50) are


   n 2     p x  − μ  p y    = −    π 2   8       f m     2  −  1  R  m 2    f    1   n 2    −  μ   m 2       1       1   m 2    +  1   n 2       2     4   π 2     



(51)






   n 2     p y  − μ  p x    = −    π 2   8       f m     2  −  1 R  f  4   π 2    −  1  R  m 2    f    1   n 2    −  μ   m 2       1       1   m 2    +  1   n 2       2     4   π 2     



(52)







Similarly, Equations (51) and (52) are solved:


   p '    x  = −    π 2   8     1   λ 2    + μ    1  1 −  μ 2     ξ 2   t  + μ  k '    y   4   π 2    1 −  μ 2      ξ  t  −  k '    y    4  λ 2     π 2      1 +  λ 2     2    ξ  t   



(53)






   p '    y  = −    π 2   8       λ 2  + μ     1 −  μ 2     ξ 2   t  +  λ 2   k '    y   4   π 2    1 −  μ 2      ξ  t  −  k '    y    4  λ 2     π 2      1 +  λ 2     2    ξ  t   



(54)







Introducing the following equation:


  Q =  Q 0  cos Ω t  



(55)







Equations (54) and (55) are substituted into Equation (45):


    γ    ∂ 2  ξ   ∂   τ ¯  2    + c   ∂ ξ   ∂  τ ¯    +   1 − ω −  ω 2      η    π 2    16        1 λ  + λ    2  +    π 4  − 64   16  π 2     κ y 2   1      λ +  1 λ     2    +  κ y 2   λ 2   4   π 2     1  1 −  μ 2          −   1 − ω −  ω 2        3  π 2   8   κ y 2     λ 2  + μ    1  1 −  μ 2    +   5  π 2    12    κ y   1       1 λ  + λ    2    +    π 2    24    κ y   λ 2     ξ 2      +   1 − ω −  ω 2         π 6    256      1 λ  +  λ 2    +    π 6    128   1 −  μ 2        2 μ +    1   λ 2    +  λ 2         ξ 3  −  q 0  cos Ω  τ ¯  = 0    



(56)







Based on the dimensionless variable Formula (43) and (44), Equation (56) can be simplified as


       ∂ 2  ξ  t    ∂  t 2    +  ϖ 2    1 − ω −  ω 2    ξ  t  +  c 2    ∂ ξ  t    ∂ t   −  α 1    1 − ω −  ω 2     ξ 2   t      +  α 2    1 − ω −  ω 2     ξ 3   t  =  F 1  cos Ω t    



(57)




where


      ϖ 2  =    1   γ 1       n 3     π 2    16        1 λ  + λ    2  +  λ 2     π 4  − 64   16  π 2       λ 2  + 1    2     k '      y   2  +  k ′      y   2   λ 2   4   π 2    1 −  μ 2             α 1  =    1   γ 1        3  π 2   k '    y     λ 2  + μ     8   1 −  μ 2      +   5  π 2   k '    y   λ 2    12     1 +  λ 2     2    +    π 2   k '    y   λ 2    24          α 2  =    1   γ 1         π 2    1 +  λ 4      256  λ 2    +    π 6     λ 4  + 2  λ 2  μ + 1     128   1 −  μ 2     λ 2          








where     c   1   =     c   1       γ   1      ,    F 1  =    Q 0     γ 1     , μ is Poisson’s ratio, and       ϖ   2     is the natural vibration frequency of cylindrical reticulated shells.



Defining   τ = ϖ t , η  t  =  ϖ     α 2      ξ  t   , Equation (57) can be simplified:


       d 2  η  τ    d  τ 2    +   1 − ω −  ω 2    η  τ  −  β 2    1 − ω −  ω 2     η 2   τ      +   1 − ω −  ω 2     η 3   τ  = F cos  Ω ϖ  τ −  β 0    d η  τ    d τ      



(58)




where     β   0   =     c   2     ϖ   ,       β   2   =     α   1     ϖ    α   2       , and   F =     F   1       ϖ   3      .



Selecting   w =   y   0   s i n (   π x   m   ) s i n (   π y   n   )  ,    ϕ =   ϕ   1   c o s τ +   ϕ   2     c o s   2   τ  , and   τ = ϖ  t, based on energy variation principle, the basic Equation (34) is


     ∫ 0 m      ∫ 0 n      ∫ 0  2 π         n 1    1 − ω −  ω 2     L 1  ( w ) −  1 2   L 2    w , ϕ   −  1 R     ∂ 2  ϕ   ∂  x 2    − γ  ϖ 2     ∂ 2  w   ∂  τ 2          δ  y 0  sin (   π x  m   ) sin  (   π y  n  ) cos τ d x d y d τ            = 0  



(59)







Based on the boundary condition and coordinate deformation of Equation (35), introducing     Ω   2   = γ   ϖ   2     and     p   x   =   p   y   = 0  , the nonlinear natural vibration frequency of cylindrical reticulated shells with initial damage is


     Ω 2  =           64  π 4   n 1   n 8   n 2   R 2  + 256  π 4   n 1   m 2   n 6   n 2   R 2  + 384  π 4   n 1   m 4   n 4   n 2   R 2  + 256  π 4   n 1   m 6   n 2   n 2   R 2    64  m 4   n 4   n 2  R (  n 4  + 2  m 2   n 2  +  m 4  )       +   ( 64  π 4   n 1   m 8   n 2   R 2  − 3  π 4   n 8   R 2  − 6  π 4   m 2   n 6   R 2  − 6  π 4   m 4   n 4   R 2  − 6  π 4   m 6   n 2   R 2  )  y 0 2    64  m 4   n 4   n 2  R (  n 4  + 2  m 2   n 2  +  m 4  )       −   ( 3  π 4   m 8   R 2  + 64  m 4   n 8  )  y 0    64  m 4   n 4   n 2  R (  n 4  + 2  m 2   n 2  +  m 4  )       ( 1 −  ω 2  − ω )    



(60)







By using the computer simulation, the relation between maximum amplitude Y0 and nonlinear natural vibration frequency Ω2 is shown in Figure 4 and Figure 5. The different ratio of the size of m (length) to n (width) effects on nonlinear natural vibration frequency of cylindrical reticulated shells without initial damage is presented in Figure 4. The damage cumulative value effects on relations between maximum amplitude Y0 and nonlinear natural vibration frequency Ω2 are visible (in Figure 5). Increasing the ratio of the size of m (length) to n (width) results in a corresponding rise in the nonlinear natural vibration frequency. On the other hand, increasing maximum amplitude Y0 results in a corresponding rise in nonlinear natural vibration frequency Ω2. The increasing damage cumulative value (from 0 to 0.618) results in reducing nonlinear natural vibration frequency Ω2 and maximum amplitude Y0. Specifically, the nonlinear natural vibration frequency decreases with the accumulation of the damage, and Ω2 drops to zero when ω = 0.618, meaning the cylindrical reticulated shells collapse.




6. Equilibrium Bifurcation of Cylindrical Reticulated Shells with Initial Damage


Based on the results above, the equilibrium bifurcation of cylindrical reticulated shells with initial damage is discussed in this section, and the numerical and theoretical results are compared. The technical roadmap of this section is shown in Figure 6.



Solving the free vibration equation of cylindrical reticulated shells with initial damage and without external excitation, Equation (58) can be rewritten as


       η 1 '   τ  =  η 2   τ       η '    2   τ  = −   1 − ω −  ω 2     η 1   τ  +  β '    1 − ω −  ω 2     η 1    2   τ           −   1 − ω −  ω 2     η 1    3   τ  −  α '    d η  τ    d τ        



(61)







The Jacobi matrix of Equation (61) is given as follows:


           ∂  f 1    ∂  η 1          ∂  f 1    ∂  η 2            ∂  f 2    ∂  η 1          ∂  f 2    ∂  η 2          =        0   1      −   1 − ω −  ω 2    + 2  β '    1 − ω −  ω 2     η 1  −   1 − ω −  ω 2     η 1 2      −  α '          



(62)







By solving        f 1     η 1  ,  η 2    = 0      f 2     η 1  ,  η 2    = 0      , the system has three equilibrium points (0, 0), and        β '  ±        β '     2  − 4    2  , 0     when    β '  ≥ 2  .



Then, the stability state of cylindrical reticulated shells with damage at the equilibrium point is discussed.



The Jacobi matrix at the equilibrium point (0, 0) is


       0   1      −   1 − ω −  ω 2        −  α '         



(63)







Additionally, the characteristic of Equation (63) is


        0 − λ    1      −   1 − ω −  ω 2        −  α '  − λ       = 0  



(64)







The roots of the characteristic equation can be obtained by solving Equation (64):


   λ  12   =   −  α '  ±        α '     2  − 4   1 − ω −  ω 2       2   



(65)







Specifically, when   0 <  α '  < 2  , the characteristic roots of Equation (65) are


   λ  1  , 2    =   −  α '  ± i        α '     2  − 4   1 − ω −  ω 2       2   



(66)







The characteristic roots λ are two unequal complex numbers. At this equilibrium point, the stable bifurcation of the complex plane of cylindrical reticulated shells with damage arises, as shown in Figure 7 and Figure 8. When     α   ′   = 1.5   a n d     β   ′   = 2.5  , and   ω = 0  , the phase plane of cylindrical reticulated shells without damage is as presented in Figure 7. At the same time,     α   ′     and     β   ′     have the same values as in Figure 7; their phase plane is shown in Figure 8. The damage value   ω   of the system is zero when cylindrical reticulated shells have no damage condition. While the damage value   ω   of the system is 0.1, cylindrical reticulated shells are damaged. Obviously, the bifurcation of the system in Figure 8 is more remarkable than that in Figure 7.



When    α '  = 2   and   ω = 0  , cylindrical reticulated shells are not damaged, the characteristic roots  λ  are two equal negative numbers, and the equilibrium point is the critical node. At   0 < ω < 0.618  , the characteristic roots  λ  are two unequal negative numbers and the equilibrium point is the stable node. At   ω = 0.618  , the system is at the critical state of instability. At   ω > 0.618  , the system has no physical meaning to collapse; it is as shown in Figure 9 and Figure 10 and will be discussed in a future study.



When    α '  ≻ 2  , the characteristic roots λ of Equation (65) are


   λ  1  , 2    =   −  α '  ±        α '     2  − 4   1 − ω −  ω 2       2   



(67)







While the characteristic roots λ of cylindrical reticulated shells with initial damage are two unequal complex numbers at equilibrium point, the stable bifurcation of cylindrical reticulated shells with damage arises in the complex plane, and it is as shown in Figure 11 and Figure 12. When     α   ′   = 2.5   a n d     β   ′   = 2.5  , and the damage value of the system is   ω = 0  ; the phase plane of cylindrical reticulated shells with initial damage is presented in Figure 11. At the same time,     α   ′     and     β   ′     are the same value as in Figure 11; their phase plane is shown in Figure 12.



When    α '  = 0  , the characteristic roots λ of Equation (65) are


   λ  1  , 2    = ± i     1 − ω −  ω 2       



(68)







When the characteristic roots λ of cylindrical reticulated shells with initial damage are the purely imaginary number at this equilibrium point, the Hopf bifurcation of cylindrical reticulated shells with initial damage arises in the complex plane, as shown in Figure 13 and Figure 14. When     α   ′   = 0   a n d     β   ′   = 2.5  , and the damage value of the system is   ω = 0  , the phase plane of cylindrical reticulated shells with damage is presented in Figure 13. At the same time,     α   ′     and     β   ′     are the same value as in Figure 13; their phase plane is shown in Figure 14.



The phase plane (Figure 7, Figure 8, Figure 9, Figure 10, Figure 11, Figure 12, Figure 13 and Figure 14) of the system with damage or without damage are drawn through numerical solution. The influence of damage and damper on bifurcation of the system at equilibrium point are seen in Figure 7, Figure 8, Figure 9, Figure 10, Figure 11, Figure 12, Figure 13 and Figure 14.



Then, the damage accumulation effects on the stability of the equilibrium point is studied in this study via numerical solution, and its simulation results are shown in Figure 15 and Figure 16. The relative position of the equilibrium point        β '  +        β '     2  − 4    2  , 0     is shown in Figure 15, and the relative position of the equilibrium point        β '  −        β '     2  − 4    2  , 0     is shown in Figure 16. From Figure 15 and Figure 16, when the damage values gradually increase, the equilibrium point of the system is far away from the original equilibrium position. It is found that damage accumulation results in the transition of the equilibrium point.




7. Conclusions


In this paper, the dynamic stability theory of cylindrical reticulated shells with initial damage is proposed. The damage constitutive relations of the building steels are built. Based on the damage constitutive equation, the nonlinear vibration differential equations of cylindrical reticulated shells with initial damage are established. Then, the nonlinear natural vibration frequency of cylindrical reticulated shells with initial damage is obtained via the energy variation principle. Further, the bifurcation problem of cylindrical reticulated shells with initial damage at the equilibrium point is discussed by using the Flouquet Index, and the stability state of cylindrical reticulated shells with initial damage at the equilibrium point is analyzed numerically in depth.



It is found that the local dynamic stability of the system is determined by its initial condition, geometric parameters, and initial damage via the example of cylindrical reticulated shells. Moreover, the initial damage dominates over other influence factors due to its strong randomness and uncertainty for the same structure. A smaller nonlinear natural vibration frequency Ω2 of cylindrical reticulated shells is obtained under larger damage accumulation. The damage accumulation results in the transition of its equilibrium point, changing the dynamic stability condition at the equilibrium point. In addition, the nonlinear natural vibration frequency decreases to zero with accumulation of the damage reaching 0.618; the local stability of cylindrical reticulated shells fails and they even lose whole stability. The present study’s results provide some theoretical basis for practical engineering.



For the recommendation of future study, the nonlinear dynamic stability of the whole system can be studied systemically via experimental and numerical simulation based on the findings of this paper. The nonlinear vibration differential equations of cylindrical reticulated shells with initial damage can be solved and the dynamic mechanical mechanism of the system should be revealed, as well as the dynamical instability failure assessment of cylindrical reticulated shells with initial damage.
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Nomenclature




	R
	radius of cylindrical reticulated shells



	F
	rise of arch of cylindrical reticulated shells



	Q
	uniformly distributed load



	  a  
	chord length of cylindrical reticulated shells



	A
	chord sectional area of cylindrical reticulated shells



	  γ  
	mass unit area of cylindrical reticulated shells



	Kx,ky
	the curvature at x, y direction



	  c  
	damping coefficient of cylindrical reticulated shells



	    ϖ 2    
	natural vibration frequency of cylindrical reticulated shells



	σij, εij
	Cauchy stress, strain tensor



	Ψ
	Helmholtz free energy



	Ω
	damage value of materials



	Y
	strain energy release rate of damage



	    ψ *    
	thermodynamic potential



	    ψ 0    
	Helmholtz free energy at original state



	    C  ijkl     
	elastic tensor of a material



	   λ ,   μ   
	Lamé coefficient, Poisson’s ratio



	    α n  ,    β n    
	dimensionless nonnegative coefficient



	μ(ω), λ(ω)
	Lamé coefficient with damage



	E
	elastic modulus of steel



	u, v, w
	corresponds to the displacement in the x, y, z direction



	     ε  d    
	strain with damage



	    ε '    
	strain without damage



	Y0
	maximum amplitude of cylindrical reticulated shells



	Ω2
	nonlinear natural vibration frequency of cylindrical reticulated shells



	  λ  
	characteristic roots



	I, l
	inertia moment of chord, length of chord



	    e ¯  x        e ¯  y   
	mean displacement of four edges of cylindrical reticulated shells in x and y direction



	px, py
	mean tension of two side edge of cylindrical reticulated shells



	  α  
	damping coefficient of dimensionless
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Figure 1. Flowchart to establish the constitutive relations. 






Figure 1. Flowchart to establish the constitutive relations.
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Figure 2. Single-layer cylindrical reticulated shells. 
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Figure 3. Flowchart of the derivation nonlinear dynamic differential equations with damage. 






Figure 3. Flowchart of the derivation nonlinear dynamic differential equations with damage.
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Figure 4. Y0~Ω2 relation curves without damage. 






Figure 4. Y0~Ω2 relation curves without damage.
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Figure 5. Y0~Ω2 relation curves with damage. 






Figure 5. Y0~Ω2 relation curves with damage.
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Figure 6. Flowchart of analysis of equilibrium bifurcation of cylindrical reticulated shells with initial damage. 
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Figure 7. Phase plane   ω = 0 ,    α ′  = 1.5 ,    β ′  = 2.5  . 






Figure 7. Phase plane   ω = 0 ,    α ′  = 1.5 ,    β ′  = 2.5  .



[image: Buildings 13 02852 g007]







[image: Buildings 13 02852 g008] 





Figure 8. Phase plane   ω = 0.1 ,    α ′  = 1.5 ,    β ′  = 2.5  . 






Figure 8. Phase plane   ω = 0.1 ,    α ′  = 1.5 ,    β ′  = 2.5  .
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Figure 9. Phase plane   ω = 0 ,    α ′  = 2 ,  β ′  = 2.5  . 






Figure 9. Phase plane   ω = 0 ,    α ′  = 2 ,  β ′  = 2.5  .
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Figure 10. Phase plane   ω = 0.1 ,    α ′  = 2 ,    β ′  = 2.5  . 






Figure 10. Phase plane   ω = 0.1 ,    α ′  = 2 ,    β ′  = 2.5  .
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Figure 11. Phase plane   ω   =   0 ,    α ′     =   2   . 5 ,     β ′    =   2.5  . 






Figure 11. Phase plane   ω   =   0 ,    α ′     =   2   . 5 ,     β ′    =   2.5  .
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Figure 12. Phase plane   ω   =   0.1 ,    α ′    =   2.5 ,    β ′    =   2.5  . 






Figure 12. Phase plane   ω   =   0.1 ,    α ′    =   2.5 ,    β ′    =   2.5  .
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Figure 13. Phase plane   ω   =   0 ,    α ′    =   0 ,    β ′    =   2.5  . 






Figure 13. Phase plane   ω   =   0 ,    α ′    =   0 ,    β ′    =   2.5  .



[image: Buildings 13 02852 g013]







[image: Buildings 13 02852 g014] 





Figure 14. Phase plane   ω   =   0.1 ,    α ′    =   0 ,    β ′    =   2.5  . 






Figure 14. Phase plane   ω   =   0.1 ,    α ′    =   0 ,    β ′    =   2.5  .
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Figure 15. Relative position of equilibrium point        β '  +        β '     2  − 4    2  , 0    . 
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Figure 16. Relative position of equilibrium point       β  − '         β '     2  − 4    2  , 0    . 






Figure 16. Relative position of equilibrium point       β  − '         β '     2  − 4    2  , 0    .
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