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Abstract: Capillary water absorption plays a critical role in the ingress of corrosive elements during
the construction of concrete structures in corrosive environments. This study presented a novel
approach for analyzing capillary water flow within unsaturated concrete based on the principle
of stationary action. The flow of water within the concrete capillary pores can be regarded as a
variational problem, while the principle of stationary action provides a method for determining
the path solution. The evolution and distribution characteristics of water content and wetting front
were explicitly determined using the exponential and power hydraulic functions. A simplistic
yet effective approach for determining these hydraulic parameters was put forward based on the
relationship between the position of the wetting front and the diffusivity parameters. The proposed
approach exhibited enhanced theoretical robustness and entailed fewer hypotheses compared to
existing methodologies. Furthermore, the material hydraulic parameters in the proposed approach
can be determined explicitly. The governing equations for capillary water flow were derived in
accordance with the principle of stationary action. Numerical simulations were carried out to verify
the effectiveness of the proposed approach. The results demonstrated that the proposed approach can
accurately predict capillary water flow and diffusivity parameters within unsaturated concrete. The
findings of this study contribute to developing more effective strategies to mitigate moisture-related
damage in concrete structures.

Keywords: unsaturated concrete; capillary water absorption; stationary action principle; diffusivity;
moisture distribution profiles

1. Introduction

Concrete, celebrated for its robust performance and cost-effectiveness, has emerged as
a staple in the construction industry that underpins the fabric of modern infrastructure [1,2].
Its versatility and the economies of scale associated with its production have solidified its
position as a preferred material for a myriad of construction applications. Nonetheless, the
longevity of concrete structures presents several challenges, and the durability of these
structures remains a pivotal concern for engineers and researchers. The service life of
concrete is intrinsically linked to its interaction with the environment, particularly through
the mechanisms of water absorption and moisture transport.
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Water absorption in concrete is crucial to its durability, and several degradation
processes in cementitious materials are closely related to water transfer [3-5]. Moisture
transport can act as a carrier for chloride ions or other harmful substances [6-8], which can
severely damage the concrete and cause the reinforcing steel to corrode. Therefore, investi-
gating the capillary water absorption of concrete is essential for assessing the durability of
reinforced concrete structures.

Numerous studies have been conducted to investigate the moisture transport proper-
ties of concrete through different technological and analytical tools, recognizing the critical
role of moisture transport in the durability and performance of concrete. The exploration
of the complexity of moisture transport in concrete has inspired a great deal of research.
The weighing method is commonly utilized to determine the capillary water absorption
characteristics of concrete [9]. However, it fails to observe the water migration process.
Nondestructive testing techniques, such as nuclear magnetic resonance [10] and the X-ray
projection method [11], have been developed to determine how moisture moves through
concrete. Nevertheless, these techniques have limitations, including the need for sophisti-
cated testing equipment, small sample sizes, and simple processes, as well as the lack of
appropriate testing conditions in many laboratories. Obtaining complete test information,
such as the distribution pattern of the infiltration field of concrete samples, is also time-
consuming and challenging. Despite their utility, these methods are limited in terms of
accuracy and applicability in real situations. Therefore, new and innovative approaches are
required to more reliably and comprehensively predict capillary water flow in concrete.

For structures subjected to repeated wetting and drying regimes, concrete is rarely
fully saturated, and capillary-driven water movement controls the solute penetration
and accumulation [12]. The water uptake test is one of the well-established experiments
used to determine water flow characteristics, such as water uptake coefficient [13-15]
and water diffusivity [16-19]. This experiment requires a physical or theoretical model
of capillary flow that considers the capillary force arising from the pore structure at all
fractional saturations. This can be accurately achieved using the unsaturated flow theory,
which is based on the extended Darcy equation or the Richards equation [20]. Although
one-dimensional (1D) capillary absorption of water in an initially dry and homogeneous
sample represents the simplest case of capillary transport, the results reveal valuable
hydraulic properties of concrete materials [21-25]. In relevant contexts, the nonlinear
diffusion equation, or a variant of Richards’s equation that excludes the gravity term
can be employed to accurately depict 1D capillary moisture transfer. This approach is
particularly useful in scenarios where gravitational effects are negligible or when the focus
is on capillary-driven moisture movement within a porous medium. The equation provides
a robust framework for understanding and modeling the complex interactions between
moisture and the concrete matrix, thereby enhancing the precision of moisture transport
predictions in engineering and construction applications. The nonlinear diffusion equation

is expressed as
a9 9 00
% or <D(9)8x) ey

where 6 is the water content, D is the unsaturated hydraulic diffusivity, ¢ is the time,
and x is the distance. The nonlinear diffusion equation in a semi-infinite region can be
successfully transformed into an ordinary differential equation by utilizing the Boltzmann
transformation method [21]. However, solving this ordinary differential equation still poses
some difficulties. Although the solvability formulation of the diffusivity can be obtained by
means of an ordinary differential equation, a high-precision integral must be calculated
for solving it [26]. This drawback arises from the introduction of a similar variable that
combines two independent variables.

Although the aforementioned studies have promoted the understanding of moisture
transport in concrete, they simultaneously underscore the complexity of the issue and
the necessity for more sophisticated analytical tools. The capillary absorption process is
not only influenced by the intrinsic properties of the material but also by external factors
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such as environmental conditions and the presence of contaminants. These variables add
additional layers of complexity that must be taken into account in any comprehensive model
of moisture transport in concrete. To tackle these challenges, researchers have commenced
exploring computational models that simulate the dynamic behavior of moisture in concrete
under various conditions. These models, which are frequently based on numerical methods,
can incorporate a wide range of variables and offer insights into the moisture dynamics
that are difficult to be observed solely through experimental methods. However, the
development of such models requires a profound understanding of the involved physical
processes and access to robust computational resources.

The principle of stationary action is a fundamental tool for characterizing the motion
of macroscopic objects. The core idea of this principle is that the action reaches an extreme
value during the transition of an object from one state to another. It is a variational principle
that necessitates finding the trajectory that minimizes the action among all possible trajec-
tories. Although Li et al. [27-29] developed a new understanding method to characterize
water infiltration in soils based on this principle, the applicability of this method to the
water absorption of concrete materials requires further investigation. This study aimed to
solve the moisture transfer problem that characterizes water absorption in capillary-active
concrete materials by applying Li et al.’s method to solve the above problem.

To the best of our knowledge, this is currently the only known case where the principle
of stationary action is utilized to describe water absorption in capillary-active concrete
materials. In the process of solving, water absorption was treated as a free boundary
problem, where the porous body was divided into nearly dry and saturated regions. The
boundary between these two regions was determined as the location where diffusivity
changes within the sample during the absorption process. The proposed model was verified
by comparing the solution with numerical calculation results. The paper is structured as
follows. Section 2 details the theory and methods, including the diffusion process and
analytical expressions for water content distribution in concrete using the exponential
and power-function diffusion coefficients, as well as the progression of wetting fronts. In
Section 3, these solutions are applied to simulate water infiltration in different types of
concrete, and the results are compared with numerical solutions. Section 4 engages in
a discussion on the proposed methods and computational results. Section 5 provides a
summary of the work.

2. Theory and Methods
2.1. Water Diffusivity Process Based on the Principle of Stationary Action

According to the findings of Li et al. [27-29], the behavior of water diffusivity within
a porous medium, such as soil, adheres to the fundamental concept of the principle of
stationary action. This principle suggests that the path taken by the diffusivity process
minimizes the overall action. By establishing suitable initial and boundary conditions, the
diffusivity process can be accurately and efficiently resolved using this principle. Moreover,
this principle applies not only to soil but also to the diffusivity process of water in capillary-
active concrete materials, which are characterized by their porous nature. The underlying
mechanism can be mathematically expressed as follows:

5T[0] = 5/Sdt - (s/s v lds = 0 ?)

where 0 represents a small change in water diffusivity path, T is the cumulative time of
water diffusivity, and s is the water diffusivity path. Based on Equation (1), the water

diffusivity rate can be expressed as
0 L
V=5, (D8x> 3
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According to variational theory, the kernel function v~ satisfies the special case of the
Euler-Lagrange equation:

-1 arf.-1) _
v —e(v )9/_c @)
(01
where (v’l)e, = %, o' = g—g, and C is a constant.
If the initial conditions are set to satisfy

0(0,x) =6;,0<x< xf(t), (5)
then the boundary conditions satisfy
6(t,0) = 6p,t > 0. (6)

where 6; is the initial water content, ) is the water content at the boundary, and x; is the
position of the wetting front.
In alignment with the methodology introduced by Li et al. [27-29], the distribution
profile of water content within a given medium can be mathematically articulated as follows:
D(6) = D(6y) — (D(60) — D(&))%. @)
Equation (7) encapsulates two vital insights. Firstly, it elucidates that diffusivity de-
pends on the boundary diffusivity, the initial diffusivity, and the depth of water absorption,
which is essentially the position of the wetting front during the water diffusion process.
Secondly, the equation ingeniously incorporates the profile of water content distribution
into the diffusivity. With the determination of the form of diffusivity and the position of the
wetting front, the profile of water content distribution can be clearly depicted. Typically,
if an inverse function of D exists concerning changes in water content, their functional
dependence can be assumed to follow the pattern

0= f(n) (8)

where 77 = %

2.2. Explicit Solutions Using Exponential and Power Hydraulic Functions

Equation (7) serves as a critical tool for the precise determination of how water content
varies both spatially and temporally within a medium, based on a specified hydraulic
function. It is well established that the diffusivity of water within soil is not constant but
varies nonlinearly as the water content changes. Despite the complexity of this relationship,
empirical models have been developed to capture its essence. Among these models, the
exponential functions proposed by Gummerson et al. [14] and the power function intro-
duced by Lockington et al. [30] are particularly prominent and most commonly employed
in the field. For the purpose of this research, these two empirical models were integrated
into the previously described solution framework. Subsequently, the results obtained from
this integration were meticulously compared with numerical calculations to evaluate the
accuracy and effectiveness of the approach. This comparative analysis was crucial for
validating the performance of these empirical models within the context of the developed
solution, thereby enhancing the reliability of water content predictions in soil and related
porous media.

The exponential function is

D(6) = Dge"®. 9)

The power function is
D(0) = Dy©". (10)
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where Dy is a limiting magnitude term, n is a shape parameter, and © is the reduced
moisture content scaled between saturated (6;) and residual (6,) moisture contents and is

defined as
0—0,

95 Gr ’

Substituting Equations (9) and (10) into Equation (7) yields Equations (12) and (13). B
using the exponential function, the water content distribution is expressed as

0 = (60— 0;) (711 In [e’@o - <e”®0 - e”®i)xif

Similarly, when employing the power function, the water content distribution is given by

0= (11)

> +6;. (12)

6 = (6o —6;) (@S —(®y — @?);f) +6; (13)

where Q) = 9 gr ,and ©; = 657(2)7

Equatlons (12) and (13) elucidate that the precise calculation of the water distribution
profile within a porous medium is feasible, provided that the initial water content, the
water content at the boundaries, and the position of the wetting front are known. These
parameters are crucial for the accurate determination of the water distribution. However, in
certain scenarios, identifying the exact position of the wetting front can be a challenging task
due to the dynamic and often complex nature of water movement in such media. In cases
where direct measurement of the wetting front is difficult or impractical, an alternative
approach can be employed to estimate its position. This approximation method is detailed
in the subsequent paragraph, which offers a viable solution for researchers and practitioners
faced with the challenge of wetting front determination in their studies.

2.3. Advancement of the Wetting Front

Li et al. [28] developed an expression that quantitatively relates the position of the
wetting front to the time. This relationship is mathematically formulated as follows:

0y (1) = | (14)

where A1 = fD(GO)% ly=0, A2 = fol f(n)dy —6;.

By incorporating Equations (9), (10), (12), and (13) into Equations (8) and (14), an
expression that defines the position of wetting front in terms of its dependence on time was
obtained. This integration of equations yields a functional relationship that allows us to
determine the position of wetting front as it evolves over time, as follows:

The exponential function is

en®0 n@i

xf(t) = —¢ 5 VDol (15)

V(1@ — 1)e"® — (n@; — 1)

The power function is

(n+1)0(6 — O})

n /@61-1-1 o @?-l-l

In scenarios where the initial moisture content of the medium is assumed to be
nearly equivalent to the residual moisture content and the moisture content at the bound-
ary is considered to be nearly saturated, i.e., approaching the saturation moisture con-

/2Dyt (16)

xp(t) =
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tent, the conditions effectively simplify the problem. Under these specific circumstances,
Equations (15) and (16) can be further refined to provide a more streamlined approxima-
tion. The revised forms of these equations, accounting for the close proximity of the initial
and boundary moisture contents to their respective limits, are as follows:

The exponential function is

xf(t) = w—_1\/2D0t (17)

(n—1)e"+1
The power function is
v/ 1
x5 (t) = #meot (18)

In summary, for water absorption in unsaturated concrete, when the diffusivity is
exponential, the water content distribution profile is explicitly expressed as

1
o= @0 2mlero— (e o) 2

> +6;, (19)

with

e"—1
x¢(t) = ———==+/2D0t. 20
M= e V2D @)
When the diffusivity is in power form, the water content distribution profile is charac-
terized by

0= (6 —6;) (@)g — (e - @)?);) +6;, (21)

with

x5 (F) = 7“””“)\/2501&. (22)

The Equations (19) and (21) offer clear and practical analytical expressions for the
water content distribution during the absorption process. Furthermore, once the water
content is at specific positions, the boundary water content, the initial water content, and
the position of the wetting front are experimentally ascertained, and the critical parameters
Dy and n that define the diffusion coefficient can be accurately determined using advanced
methods such as least squares analysis or alternative parameter estimation techniques.

3. Calculation and Results

In this section, the previously outlined solutions were employed to conduct simu-
lations of water infiltration processes in various types of concrete. The objective was to
compare these simulation outcomes with the numerical solutions derived from Equation (1),
which serves as the foundational equation for this study. The initial conditions for the
simulations and the boundary conditions related to water infiltration were defined by
Equations (5) and (6), respectively. These equations provided the necessary framework to
establish the starting point and the constraints for the infiltration process.

The numerical solutions were computed using the MATLAB (2020b) routine PDEPE,
a sophisticated tool designed for automatically solving 1D spatial parabolic and elliptic
partial differential equations that vary with respect to time. At the infiltration boundary
position of moisture, the water content of concrete takes the saturated water content. At
the other end of the boundary, the initial water content is taken. The theoretical solution
presented in this paper is obtained by solving Equation (7). It is instrumental in explicitly
delineating the distribution profiles of water content within the concrete and offers a clear
visualization of how water is distributed over space. Furthermore, Equations (12) and (13)
were demonstrated to be effective in estimating the capillary water flow behavior within
concrete, provided that the diffusivity function was characterized by either an exponen-
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tial or a power function. These empirical models are commonly used to describe the
nonlinear relationship between diffusivity and water content in concrete. In addition,
Equations (15) and (16) were employed to approximate the temporal evolution of the po-
sition of the wetting front. These equations provided a means to estimate the movement
of the wetting front over time, which is a critical aspect of understanding the infiltration
dynamics in concrete. By incorporating these equations into the simulation, the research
is able to offer a more comprehensive analysis of water infiltration behavior in different
concrete materials.

Table 1 lists the values of physical parameters for three types of concrete, which were
extracted from the report by Leech et al. [31]. The length of test specimen is 100 mm in this
study. As required, the sizes of the spatial grid and the discrete temporal grid were set to
0.001 and less than 1 s, respectively.

Table 1. Water absorption parameters of concrete (from Leech et al. [31]).

CC 0 0. n Do (mmZ/s)
No. wlc ke/m3 3 3 33 : .
(kg/m”) (mm*/mm’)  (mm®/mm>) Exponential Power Exponential Power
35Q1 0.62 300 0.136 1074 7 5 1.58 x 104 0.127
45QI 0.55 340 0.128 104 8 6 436 x 107° 0.194
65Q1 0.4 490 0.126 1074 9 7 3.56 x 107° 0.1108

Note: CC represents the concrete content, 6; represents the dynamic saturated moisture content, 6; represents the
initial moisture content and Dy is the limiting magnitude term of diffusivity.

Figure 1 compares the spatial variations in the water content profiles calculated using
the proposed approach (Equation (19)) and the PDEPE. The two methods yielded similar
results, but with differences near the wetting front. Figure 2 shows the temporal variation

in the difference in wetting front distance Ax; = x;‘c — x for three types of concrete. The

wetting front x; was calculated using Equation (20), and xf* was calculated with PDEPE.
The relationship between their differences and the square root of time was regressed using
the least-squares method. Figure 2 illustrated that the difference increased linearly with the
square root of time. The R? values were greater than 99%. The best fitting was observed for
the 35QI concrete, with an R? statistic of 99.94%. This comprehensive analysis underscores
the reliability and accuracy of the proposed approach in predicting moisture dynamics in
concrete structures.

Figure 3 provides a visual comparison between the calculated data for concrete and the
outcomes derived from the power diffusivity model. The figure illustrated a high degree
of concordance between the two sets of water content profiles. Notably, the discrepancy
between the calculated data and the results from the power diffusivity model was most
pronounced in the vicinity of the wetting front. Despite this, the numerical estimation of
the position of the wetting front was found to be slightly less than that obtained through
Equation (22).

Furthermore, when plotting the discrepancy between the numerical and calculated
positions of the wetting front against the square root of time, a linear pattern was observed,
as demonstrated in Figure 4. The correlation coefficients, represented by R? values, were
remarkably high, exceeding 98% for all tested concrete types. The strongest correlation was
observed for the 45QI concrete, which achieved an extraordinarily high R? value of 99.87%,
indicating an almost perfect linear relationship between the discrepancy and the square
root of time for this particular concrete type. This strong agreement and observed linear
trend offer valuable insights into the accuracy and reliability of the power diffusivity model
in predicting water content profiles and the behavior of the wetting front in concrete.
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Figure 1. Comparison of intrusion profiles with an exponential diffusivity: the dashed line represents
the distribution of water content calculated numerically at different moments for different types of

concrete; the solid line represents the results of the proposed method (Equation (19)); different colors
represent different times.
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4. Discussion
4.1. Determination of Hydraulic Parameters

In addition to laboratory and field tests, mathematical-physical simulation modeling
has proved to be a more effective method for studying water transport issues in concrete.
Given the nonlinearity of hydraulic function in concrete materials and the complexity of
initial boundary conditions, solving the governing equations often necessitates the use of
complex numerical methods. This limitation somewhat restricts the applicability of the
method. This study explicitly obtained volumetric water content distribution profiles in
unsaturated concrete for exponential and power function hydraulic diffusion functions
by considering suitable initial boundary conditions. It also tracked the progression of
the wetting front over time. Equations (12)—-(18) demonstrated that the water content
distribution profile in concrete could be easily derived by identifying initial water content
in concrete and boundary water content, as well as saturated and residual water contents.
Furthermore, based on the least squares method as well as the recorded wetting front
distance and corresponding absorption time, important parameters Dy and shape parameter
n of the exponential and power function diffusion functions could be obtained effortlessly,
as suggested by Equations (15) and (16).

Figure 5 presents a comparative analysis between the predicted diffusivity function
derived from the current study and the diffusion function reported by Leech et al. [31].
The predicted diffusivity function was obtained by utilizing the parameters Dy and ,
which were calculated through the Equations (15) and (16). The position of the wetting
front that serves as a critical aspect of the diffusion process was ascertained by conducting
a numerical simulation of the Richards Equation (RE) via the Matlab PDEPE routine, a
specialized tool for solving partial differential equations. The diffusivity functions reported
by Leech et al. [31] were established using Lockington’s method, and their accuracy was
substantiated through a series of experimental data. The parameters associated with these
functions are meticulously detailed in Table 2 to provide a clear reference for comparison.
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Figure 5. Prediction and comparison of different diffusivity functions [31].
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Table 2. Prediction of diffusivity parameters.
Items Parameters Value Predicted Value Reported Value Relative Error
Boundary reduced water content Qg (—) 1 - — —
Initial reduced water content Q; (-) 0.05 — - —
. . i Do (mm?/s) — 6.4004 6.4 0.0062%

Exponential function diffusivity 7 (=) _ 237 x 10-4 22 % 10-4 7.73%

e Dy (mm?/s) - 0.1048 0.1 4.73%

Power function diffusivity 7 (=) _ 49031 47 4329

As depicted in Figure 5 and further corroborated by the data presented in Table 2,
the predicted diffusivity results aligned closely with the findings of Leech et al. [31]. This
consistency between the predicted and reported results serves to validate the methodolog-
ical approach proposed in this study, thus enhancing the reliability and applicability of
techniques and equations employed for predicting diffusivity functions in concrete mate-
rials. The alignment of these results not only confirms the validity of the current study’s
methodology but also contributes to the knowledge about water diffusion in concrete,
enhancing the understanding of this complex phenomenon in the field.

4.2. Future Outlook

This study employed the principle of stationary action to transform water infiltration
problem of concrete into a functional extremum problem with analytical solutions and
physical meaning. However, some problems still need to be addressed.

The results of this study offer insights into the dynamics of moisture movement, which
is of great significance for engineers and researchers engaged in the design and maintenance
of concrete structures. Moreover, this study serves as a foundation for further research in
this field, including the exploration of the impacts of other environmental factors such as
temperature and humidity on the behavior of capillary water flow in concrete. Additionally,
the research in this paper is premised on the assumption that concrete is homogeneous.
For nonhomogeneous concrete, the theoretical model still requires further verification and
study through laboratory tests and numerical simulations.

The question of whether the functional extremum is the best solution among all
possible paths is not entirely clear. The subsequent task involves identifying the most
plausible action variable for infiltration under various boundary conditions. The solution
necessitates establishing the relationship between the diffusivity coefficient and the position
of the wetting front, which can be solved using the time-as-action variable in the diffusivity
equation. Nevertheless, the diffusivity coefficient assumed in this study may not be accurate
and may require laboratory determination. Therefore, the follow-up research will aim
to discuss the relationship between the different types of diffusivity coefficients and the
optimal path.

In summary, this study lays the groundwork for future research in this field and
deepens the understanding of the complex behavior of moisture movement in concrete.
The findings of this study allow for the development of more accurate and reliable models of
moisture transport in concrete structures, which have significant implications for design and
maintenance of such structures, ultimately improving their durability and sustainability.

5. Conclusions

In porous and capillary-active concrete materials, the water diffusivity conforms to
the principle of stationary action, a principle similar to that observed in soil. This study
delved into the behavior of capillary water flow in concrete. It emphasized the significance
of incorporating the diffusivity function when modeling the position of the wetting front
over time, thereby providing valuable insights.
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(1) Water content profiles and wetting front can be explicitly determined by using expo-
nential and power hydraulic functions. A simple approach based on the position of
the wetting front has been developed for determining hydraulic parameters.

(2)  For the highly nonlinear moisture migration process in unsaturated concrete, the explicit
solution of the moisture distribution profile is consistent with the numerical solution of
PDEPE. The numerical difference between the two shows a linear variation relationship.

(8) Utilizing the explicit solution of the moisture distribution profile enables the accu-
rate back-calculation of the key parameters in the exponential and power function
diffusion coefficients. When compared with the existing parameter prediction results,
the maximum relative error is 7.73%, thus making the language expression of the
sentence more fluent and natural after refinement.

The findings of this study are of great value to engineers and researchers involved in
the design and maintenance of concrete structures. They offer a more comprehensive un-
derstanding of the dynamics of moisture movement and the risks associated with moisture
intrusions. Furthermore, this study lays a solid foundation for future investigations into
the influence of other environmental factors, such as temperature and humidity, on the
behavior of capillary water flow in concrete.
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