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Abstract: The horizontal translational oscillator with a rotational actuator (TORA) is a typical under-
actuated mechanical system, whose control problem is still open and theoretically challenging. At
present, the existing control methods are structurally complicated and require an exact knowledge of
the system parameters. Moreover, few works have considered the output feedback stabilization of
the TORA system subject to practical constraints of input saturation and angular velocity unmea-
surement. To address these problems, this paper proposes a novel model-free amplitude-limited
control approach to stabilize the TORA system at the origin using only angle feedback. Firstly, the
passivity of the horizontal TORA system is analyzed, based on which a novel Lyapunov function
augmented with an auxiliary signal is constructed by taking the input saturation into account. Then,
an amplitude-limited control law is derived in a straightforward manner. In order to make the
control law independent of velocity feedback, the auxiliary signal is designed in terms of the ball
rotational angle and an output of a dynamic system. The asymptotic stability of the entire control
system is rigorously guaranteed by utilizing Lyapunov theory and LaSalle’s invariance principle.
Finally, simulation results with comparisons to existing methods demonstrate the effectiveness and
superiority of the proposed control approach.

Keywords: TORA; underactuated system; output feedback control; input saturation; passivity-based
control

1. Introduction

The translational oscillator with a rotational actuator (TORA) was originally developed
for studying the resonance capture phenomenon and the despin maneuver for dual-spin
spacecrafts [1–3]. It thus has great research significance in aerospace. Currently, the TORA
system is used as an active mass damper (AMD) for the active vibration suppression of large
practical engineering systems such as super-high-rise buildings, long-span bridges, and
offshore floating wind turbines [4–6]. In addition, after extension, it can also be used to the
study the self-synchronized phenomenon of many mechanical systems [7], e.g., vibration
sifters, handheld vibration tools, vibration conveyors, etc. As shown in Figure 1, the TORA
system is composed of an unactuated translational cart and an actuated rotational eccentric
ball. Under the drive of a motor, the eccentric ball can rotate around a pivot fixed on the cart
while the translational cart oscillates horizontally. Since there are two degrees of freedom
(DOFs) needing to be controlled with only one control input, the TORA system becomes a
typical underactuated mechanical system (UMS), the merits of which include light weight,
simple structure, low manufacturing costs, low energy consumption, and so on [8–14].
Therefore, the study of the TORA system is practically interesting and meaningful.

However, the inherent underactuation feature also brings strong nonlinear state cou-
pling relationship between the translational position and rotational angle, which makes the
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control design much more difficult. Since traditional control strategies are not effective for
this system any more, various advanced nonlinear control techniques should be explored
and developed. From the viewpoint of theoretical control, the TORA system is considered
as an ideal benchmark for verifying the effectiveness and feasibility of advanced control
algorithms [15–19]. At present, the control problem of underactuated systems including the
TORA system is still open and theoretically challenging, which deserves further research.
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Figure 1. Structure diagram of underactuated horizontal TORA system.

During the past few decades, significant efforts have been made to the research of under-
actuated systems, and many effective control approaches have been proposed [10–14,20–22].
Specifically, for the the stabilization control of the TORA system, which is to stabilize both
the cart position and the eccentric ball angle at the equilibrium point, the proposed control
approaches could be roughly classified into two categories: cascade-based methods and
passivity-based methods. The cascade-based methods mainly rely on a cascade model of
the TORA system obtained by a series of coordinate transformations, and then advanced
control techniques, such as backstepping [23,24], dynamic surface control [25], sliding
mode control [17,26,27], positive-definite Lyapunov funtion [28], etc., are incorporated
into the controller design. However, the control algorithms developed in these results are
stucturely complicated since they require complex coordinate transformations. In addition,
the performances of the controllers are sensitive to system parameters, which means the
robustness of the control system would be degraded if the knowledge of system parameters
is not obtained exactly.

The passivity-based methods are in light of the passive property of the TORA system,
which does not need any state transformations. In [29], the total energy of the TORA is
employed to show the passivity property, based on which a proper Lyapunov function
including energy item is designed, and a state-feedback controller is proposed. In [30],
an adaptive controller along with an online estimation mechanism is proposed by using
a passivity-based Lyapunov storage function. The control algorithms developed in these
results are quite simple, but they require full state feedback, that is, all the system states
are assumed to be measurable. In practical applications, however, the velocity feedback
is always unavailable due to space, weight, cost constraints and other factors. In order to
avoid using velocity feedback, a high-pass filtering approach is proposed for the TORA
system in [31]. By employing the techniques of energy shaping and damping injection,
an output feedback global stabilization control approach is presented in [32] on the basis of
the passivity of the TORA system. For a two-dimensional (2D) TORA system, a number of
different types of output feedback controllers are proposed in [33–36] in view of the passive
property by assuming that the angular velocity is unavailable.

Besides the abovementioned control methods, some other strategies, including fuzzy
control [37,38], hybrid control [39], equivalent input disturbance (EID) control [40], observer-
based control [41], have also been proposed for the stabilization of the TORA system.
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Although the existing control methods have considered the output feedback (i.e., with no
velocity signals) problem, few results take the input saturation into account. In practical
applications, input saturation is ubiquitous since control torques provided by actuators
are restricted physically [42]. When the input saturation is ignored, it may cause control
performance degradation, lag, over-shoot, undershoot as well as instability [43] in the
closed-loop control system.

Motivated by the above analysis and observations, this paper aims to directly tackle
the output feedback stabilization control problem of the underactuated TORA system
subject to input saturation. To this end, a novel model-free energy-based control method
is proposed. Specifically, the dynamic model of the TORA system is first given, and the
passivity property is analyzed. Then, taking the input saturation into account, an energy-
based Lyapunov function augmented with an auxiliary signal is constructed, and an
amplitude-limited control law is derived. In order to make the control law independent of
velocity feedback, the auxiliary signal is designed in terms of the ball rotational angle and
an output of a dynamic system.The stability of the resulting closed-loop control system
is guaranteed by the use of Lyapunov theory and LaSalle’s invariance principle, which
proves rigorously that the TORA system is globally asymptotically stable at the equilibrium
point. Finally, numerical simulations with comparisons to existing control methods are
carried out to show the control performance of the proposed controller. The results show
that a satisfactory and superior control performance is obtained.

Different from the existing control methods, the main merits of this paper lies in the
following three aspects:

(1) The proposed control method does not need any coordinate transformations,
which results in a very simple structure of the controller. This makes the control algorithm
convenient for engineering implementations.

(2) The TORA system is stabilized globally at the the equilibrium point using only
output feedback while simultaneously physical control input saturation is taken into
account. In other words, no velocity feedback is involved in the proposed controller, and
the required control torque never exceeds the amplitude-limited constraint that the actuator
can provide.

(3) The proposed controller is model-free, i.e., no system parameters are involved,
which makes it insensitive to parameter uncertainties. This improves the robustness of the
controller to some extent.

The rest of this paper is organized as follows. In Section 2, the dynamic model of the
TORA system is first given, and then the corresponding control problem is formulated. The
controller design and the stability analysis of the closed-loop control system are detailed in
Section 3. In Section 4, simulation comparisons demonstrate the effectiveness and superiority
of the proposed control method. Section 5 summarizes the main work of this paper.

2. Dynamics and Control Problem of the TORA System

The TORA was first proposed in [1,44] as a benchmark system for nonlinear control
design. In this paper, we focus on addressing the stabilization issue of the TORA system
operated in the horizontal plane with only output (i.e., no velocity) feedback in the presence
of amplitude-limited control torque.

As shown in Figure 1, the horizontal TORA system consists of an unactuated cart and
an actuated eccentric ball. The cart, which is connected to a fixed wall through a linear
spring, moves in a translational orbit, and the ball directly controlled by the actuator rotates
in a circle orbit. Using Euler–Lagrange modeling method, the dynamic equations of the
horizontal TORA system are obtained as follows [16,32,44]:

(M + m)ẍ + mrθ̈ cos θ −mrθ̇2 sin θ + kx = 0, (1)

mrẍ cos θ + (mr2 + J)θ̈ = τ. (2)
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where M and m are the masses of the translational cart and the rotational eccentric ball,
respectively, x represents the displacement of the cart from the position of the equilibrium
point, r is the rotational radius, which takes the counterclockwise rotation direction as the
positive direction, θ is the rotation angle of the eccentric ball with respect to the vertical
position, J is the moment of inertia of the rotational ball, k denotes the stiffness coefficient
of the spring, τ is the control torque of the system. Notice that the TORA system has one
control input τ and two configuration variables (x, θ), which makes the system a benchmark
example of underactuated mechanical systems.

The total mechanical energy of the horizontal TORA system is expressed as

E =
1
2
(M + m)ẋ2 + mrẋθ̇ cos θ +

1
2
(mr2 + J)θ̇2 +

1
2

kx2 ≥ 0. (3)

Taking the time derivative of (3) along Equations (1) and (2) yields

Ė = θ̇τ, (4)

which indicates that the TORA system is passive dissipative, and passivity-based controllers
can be designed according to this property. However, for practical applications, there are
two issues that must be considered. On the one hand, the velocity feedback is always
unavailable due to space, weight and cost constraints, plus other factors. On the other
hand, the actuator applied to the ball can only provide limited control torque, which means

|τ(t)| ≤ τmax, (5)

where τmax > 0 represents the maximum torque.
Therefore, the control problem of this paper is formulated as following. Consider the

underactuated horizontal TORA system described by (1) and (2) with the control input restricted by
(5). Design a suitable output feedback controller such that all state variables of the TORA system
are stabilized at the origin (equilibrium point), which is given by

lim
t→∞

[x, ẋ, θ, θ̇]T = [0, 0, 2nπ, 0]T. (6)

In other words, the translational oscillations of the cart are eliminated while the rotation angle of the
ball returns to zero.

3. Model-Free Output Feedback Controller Design

To achieve the aforementioned control objective, this section presents a novel design
method of an output feedback controller in the presence of input saturation, and then
provides rigorous theoretical stability analysis of the corresponding closed-loop system by
Lyapunov theory and LaSalle’s invariance principle.

Firstly, based on the passive dissipation characteristics of (4), the following novel
energy-based Lyapunov function is constructed

V = E + 4k1 sin2 (0.25θ) + log[cosh(φ)], (7)

where k1 > 0 is a control design parameter, φ is an auxiliary signal which is introduced to
avoid the velocity feedback issue, and it will be designed latter. Taking the time derivative
of (7) and using (4) yields

V̇ = θ̇τ + 2k1θ̇ sin(0.25θ) cos(0.25θ) + tanh(φ)φ̇

= θ̇ · [τ + k1 sin(0.5θ)] + tanh(φ)φ̇. (8)

By choosing a suitable output feedback control law for τ as

τ = −k1 sin(0.5θ)− k2 tanh(φ), (9)



Actuators 2022, 11, 97 5 of 12

where k2 > 0 is the control gain, we obtain

V̇ = −k2 tanh(φ)θ̇ + tanh(φ)φ̇, (10)

Taking the input saturation (5) into consideration, the positive design parameters k1 and k2
in (9) must be selected as

k1 + k2 ≤ τmax. (11)

Then, in order to guarantee V̇ in (10) is nonpositive, the auxiliary signal φ in (7) is
designed as

φ = v + k2θ, (12)

v̇ = −k2(v + k2θ), (13)

where v is the output of the dynamic system (13). Substituting (12) and (13) into (10), it is
straightforward to yield

V̇ = −k2 tanh(φ)θ̇ + tanh(φ)(v̇ + k2θ̇)

= tanh(φ)v̇ = −k2φ tanh(φ) (14)

According to the property of hyperbolic tangent function, it is known that V̇ in (14) satisfies

V̇ ≤ 0, (15)

which indicates that

V(t) ≤ V(0) ∈ L∞, ∀ t ≥ 0. (16)

Therefore, the closed-loop control system under the proposed controller (9) is stable in the
sense of Lyapunov, and all the state variables are bounded. However, there is no guarantee
that the state variables converge to zeros, since V̇ is negative semidefinite.

In order to further prove the asymptotic convergence of the state variables, define

Ω =
{
(x, ẋ, θ, θ̇) | V(t) ≤ V(0)

}
. (17)

Substituting (9) into (1) and (2), the closed-loop system is simplified as

Ẋ = F(X), (18)

where X = [x, ẋ, θ, θ̇]T. Then, any solution of (18) starting in Ω remains in Ω for all t ≥ 0.
Let Ψ be the invariant set in Ω:

Ψ =
{
(x, ẋ, θ, θ̇) | V̇(t) = 0

}
. (19)

When V̇(t) = 0, it follows from (14) and (19) that

φ = 0⇒ φ̇ = 0, φ̈ = 0. (20)

Takingthe time derivative of (12) with (13) yields

φ̇ = −k2φ + k2θ̇. (21)

Thus, it follows from (20) and (21) that

θ̇ = 0, θ̈ = 0⇒ θ = c, (22)
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where c is a constant, which is to be determined later. Substituting (22) into (9) yields

τ = −k1 sin(0.5c), (23)

Combining the dynamics (1) and (2) with (22) and(23) yields

ẍ = − k
M + m

x, (24)

mrẍ cos c = −k1 sin(0.5c). (25)

Substituting (24) into (25) and making some arrangements yields

kxmr cos c = k1(M + m) sin(0.5c). (26)

Assume that cos c = 0, i.e., c = 2n+1
2 π, then (26) becomes

k1 sin(0.5c) = 0. (27)

Since k1 > 0, it follows from (27) that c = 2nπ, which contradicts the assumption of
cos c = 0. Hence, cos c 6= 0.

Dividing both sides of (26) with mr cos c yields

kx =
k1(M + m) sin(0.5c)

mr cos c
. (28)

Notice that the right side of (28) is a constant, thus x is also a constant, which means that

ẋ = 0, ẍ = 0. (29)

Substituting (29) into (24) yields
x = 0. (30)

Furthermore, combining (28) with (30) yields

sin(0.5c) = 0⇒ θ = 2nπ. (31)

Therefore, the largest invariant set of (18) is expressed as

M =
{
(x, ẋ, θ, θ̇) | x = 0, ẋ = 0, θ = 2nπ, θ̇ = 0

}
. (32)

According to LaSalle’s invariance theorem [45], every solution of (18) starting in Ω ap-
proaches toM with t→ ∞, that is, the control objective is realized.

In addition, since |tanh(∗)| ≤ 1, from (9) and (11), it is clear that |τ| ≤ τmax, i.e.,
the physical control input constraint (5) is satisfied. Furthermore, no velocity feedback
information is needed in (9), which indicates that the designed controller only involves
output feedback.

Summarizing the above results leads to the following stability theorem.

Theorem 1. Consider the underactuated horizontal TORA systems (1) and (2). LetM be the
largest invariant set of (18). Ω is a compact closed and bounded set that contains all the initial states
of (18), and Ψ is a set of states in Ω where V̇(t) = 0. If the control law (9) is employed, then all
the state variables of the TORA system are bounded and converge to the largest invariant setM
defined in (32) as t→ ∞, i.e.,

lim
t→∞

[x, ẋ, θ, θ̇]T = [0, 0, 2nπ, 0]T. (33)

In addition, the proposed controller only requires the output θ for feedback, and the control input is
constrained as (5).
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Remark 1. There are only two control gains k1, k2 needed to tune in the proposed controller, which
makes the control algorithm very easy to implement in engineering. To meet the input constraint,
these two parameters must be selected satisfying (11) and tuned properly by trial and error. Generally
speaking, a large k1 value results in a short convergence time, but undesired oscillations appear in x
and θ. In contrast, a large k2 value produces a long convergence time, and less oscillations arise in x
and θ. In accordance with the these rules, these two control values can be finally determined.

4. Simulation Results

This section uses Matlab/Simulink to perform simulation tests to verify the effective-
ness and superiority of the proposed control method.

The physical parameters of the horizontal TORA system are as follows:

M = 5.4 kg, m = 0.96 kg, k = 190 N/m, r = 0.6 m, J = 0.0022 kg ·m2. (34)

Thecontrol gains in (9) is selected by trial and error as

k1 = 2.7, k2 = 3.3. (35)

The maximum control input that the actuator can provide is

τmax = 6 N ·m. (36)

Obviously, the selected control gains (35) satisfy the saturation constraint (5). The initial
state of the system is set as

[x(0), ẋ(0), θ(0), θ̇(0)]T = [0.5, 0, 0, 0]T. (37)

4.1. Comparison Study

In order to highlight the superiority of the designed controller, the simulation results
of the proposed controller are compared with those of controllers in [28,34].

The cascade-based controller proposed in [28] is
u =

−α2z3 + α1εW(z1, z2, z3)z1 cos z3 − γz4

α3

τ =
(M + m)(mr2 + J)−m2r2 cos2 θ

M + m
u +

(mrθ̇2 sin θ − kx)mr cos θ

M + m

(38)

where αi(i = 1, 2, 3), γ, ε are positive control parameters, zi(i = 1, · · · , 4) are new state
variables transformed from (x, ẋ, θ, θ̇), and W(z1, z2, z3) is a nonlinear function. For brevity,
the detailed expressions of transformation coordinates and W(z1, z2, z3) are omitted here,
interested readers are referred to [28] for details. The control parameters are chosen as the
same as [28], i.e., α1 = 5000, α2 = 100, α3 = 1, γ = 5, ε = 5.9306.

The passivity-based controller proposed in [34] is{
τ = −k1 tanh θ − k2 tanh(ψ + bθ)
ψ̇ = −ak2 tanh(ψ + bθ)

(39)

where k1, k2, a, b are positive control parameters, ψ is an auxiliary function. After carrying
out a lot of simulations, they are determined as k1 = 4, k2 = 2, a = 10, b = 10.

The simulation results of the TORA under the three control methods are depicted in
Figures 2–4, which record the curves of cart position, ball angle and control torque, respectively.
More details of quantified comparison indexes of the three control methods are presented in
Table 1, where ts, θp and τcmax represents the settling time, the maximum overshoot of the
ball angle and the maximum control torque required by the controller, respectively.
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Figure 2. Time response curves of the cart position x. (a) Proposed method; (b) Method in [34];
(c) Method in [28].

Table 1. Quantified indexes of comparison results.

Control Methods ts (s) θp (rad) τcmax(N · m)

Proposed controler (9) 13 1.55 5.05
Controller (39) in [34] 17 1.74 5.75
Controller (38) in [28] 29 9.27 1.04× 105
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Figure 3. Time response curves of the ball rotational angle θ. (a) Proposed method; (b) Method in [34];
(c) Method in [28].
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Figure 4. Time response curves of the control torque τ. (a) Proposed method; (b) Method in [34];
(c) Method in [28].

From these simulation results, it is observed that the translational position and rota-
tional angle of the TORA system under the three control methods can be stabilized at the
equilibrium point. However, from the quantified comparison index results in Table 1, we
find that the control performance of the proposed control method is superior to the other
two methods. Firstly, the settling time ts of the proposed method is shortest among the
three methods, which means the system is stabilized at the origin faster than the other two
methods. Secondly, the maximum overshoot of the ball angle θ is smaller than that of the
comparative methods. Lastly and most importantly, the control torque of the proposed
control method is always within the constrained range, i.e., |τ| ≤ 6 N ·m. In contrast, the re-
quired control torque in [28] is up to 1.04× 105 N ·m, which is not reasonable in practise. In
addition, the proposed control method achieves a smoother transient control performance.

4.2. Robustness Test

In order to test the robustness of the proposed method, two different external disturbances
and several parameter perturbations are imposed on the system. The first disturbance is a time-
varying sinusoid disturbance, d(t) = sin(4πt), which is added from 25 s to 26 s. The other one
is a white noise with a mean value of 0 and a variance of 1, which is added from 35 s to 40 s. The
parameter perturbations are: 4M = +10%M,4m = +10%m,4J = −10%J, 4k = −10%k.
The initial state is also chosen as [x(0) ẋ(0) θ(0) θ̇(0)]T = [0.5 0 0 0]T.

The simulation results are given in Figure 5. From Figure 5, it is observed that the
translational cart position and the rotational ball angle are stabilized at the origin almost at
the same time as the nominal circumstance, even though there exist parameter uncertainties.
After 25 s, the TORA system is driven to deviate away from the equilibrium position slightly
by the disturbances, but the proposed controller can attenuate them quickly and bring
the cart and ball back to the equilibrium point. In addition, the required control torque is
always restricted in the constrained range. This simulation demonstrates that the proposed
control method has good robustness to external disturbances and parameter uncertainties.
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Figure 5. Simulation results of the TORA system with external disturbances and parameter uncertainties.

5. Conclusions

This paper proposed a novel amplitude-limited output feedback control approach
to stabilize both the cart position and the eccentric ball angle of the underactuated TORA
system at the equilibrium point. The proposed controller has a simple structure with
no system parameters involved, which not only makes the control algorithm easy to
implement in engineering, but also improves the robustness to parameter uncertainties.
More importantly, the stabilization objective is realized with no velocity feedback and the
required control torque never exceeds the amplitude-limited constraint that the actuator
can provide. Rigorous theoretical analysis is presented to guarantee the asymptotic stability
of the entire control system. The simulation and comparison results show that the proposed
control approach archives a better control performance, including settling time, transient
performance and robust to external disturbances.

It is worth mentioning that although the practical issues of velocity unavailability,
input saturation and accurate model-knowledge requirements are tackled in the proposed
control approach, some other practical factors such as full-state constraints [20,21], plant
uncertainties and actuator dead zones [22] are not considered. In order to extend the
application of the proposed control method, we will devote to investigating these practical
factors in our future work. Moreover, we plan to build a physical TORA experimental
platform to verify the control performance of the proposed approach.
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