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Abstract: This paper investigates an improved fixed-time stability theory together with a state
feedback controller for a class of nonlinear stochastic systems. First, a delicate transformation is
performed, and next, a Gamma function is utilized to directly derive the value of the integral function,
which ultimately yields a fixed-time stabilization theorem with a higher precision upper bound for
the settling time. Unlike the existing estimation process of amplifying twice, we only performed
one amplification, which weakens the effect of amplification. Then, a state feedback controller is
constructed for stochastic systems by the method of adding a power integrator. Utilizing the proposed
stochastic fixed-time stability theory, simulations show that the intended controller ensures that the
trivial solution of the suggested system is fixed-time stable in probability. The results of the simulation
demonstrate that the suggested control scheme is meaningful.

Keywords: fixed-time stability; gamma function; state feedback control; stochastic nonlinear system;
adding a power integrator

1. Introduction

The stabilization of stochastic nonlinear systems has always been a concern of control
theorists. For example, in one study, the asymptotic stability of stochastic nonlinear systems
was studied via the application of the backstepping technique [1]; in another study [2], the
output feedback stability matter of stochastic nonlinear systems was examined, and so on.
However, using this approach, in asymptotic stability, the equilibrium point converges
to zero as time approaches infinity. An infinite convergence time may not be conducive
to practical applications. To tackle this issue, the stochastic finite-time stability theorem
was proposed [3,4]. Subsequently, many finite-time stability control schemes have been
devised for a variety of stochastic systems [5-11]. For instance, two studies [7,10] dis-
cussed finite-time stabilization for strict-feedback nonlinear stochastic systems, while a
third [11] considered switching stochastic nonlinear systems. Following this, one group of
researchers [12] addressed the finite-time stability matter of p-norm stochastic constrained
systems. While another [13] investigated finite-time stabilization for nonlinear stochastic
systems with asymmetric output constraints.

It needs to be emphasized that the upper bound estimation of settling time functions
attained in the aforementioned studies are sensitive to the initial states of the system. In
other words, the convergence time is also uncertain if the initial value is not available, and
it may increase unboundedly with an increasing initial value. Additionally, significant
improvement in the convergence time requires placing the initial state at a suitable location
within the state space in advance, which is not viable. To alleviate this problem, a theorem
of fixed-time stability was proposed [14,15]. Furthermore, a finite settling time estimation
was gained from the obtained theorem, guaranteeing that the estimation is independent
of the initial conditions. Currently, the research on fixed-time control has made many
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achievements. For instance, a fixed-time HOSM (high-order sliding mode) controller under
asymmetric output constraints was proposed in one study [16]; in a second study [17],
through sliding mode theory and adaptive control technology, two controllers were de-
signed to improve system performance; while a third study [18] examined the adaptive
fixed-time tracking control of stochastic pure-feedback nonlinear systems.

Nevertheless, estimating the upper bound of the settling time is not a simple task.
To date, some interesting conclusions have been obtained on settling time estimation
for deterministic fixed-time stability systems. For example, a non-conservative upper
bound for special circumstance was provided in one [19]. While, in a second, by using
integral transformation technology, a smaller estimation of settling time was achieved [20].
However, for fixed-time stability of stochastic nonlinear systems, there have been only
a few studies on how to enhance the estimation accuracy of settling time. In one [21], a
relatively accurate estimation was obtained compared to that in one of the studies in which
the theorem was proposed [14], but the achieved upper bound for settling time remained
conservative. Hence, the primary goal of this paper is to investigate this issue and yield
a higher-precision estimation of the settling time for nonlinear stochastic systems. As a
secondary goal, we will also consider the design of the state feedback controller.

The major contributions of this essay can be summed up in two parts:

(1) A new estimation of the settling time is obtained through an ingenious variable
transformation and the application of the Gamma function that is more accurate than
existing settling time estimations;

(2) Applying adding a power integration approach, a continuous state feedback controller
is created for a stochastic system. Utilizing the theory of fixed-time stability, it is shown
that the suggested controller ensures that the investigated system is fixed-time stable
in probability.

The rest of the paper is structured as follows. The relevant theories are given in
Section 2, the main theorem of the paper and the design of a state feedback controller
are given in Section 3, and a numerical simulation is given in Section 4 to illustrate the
effectiveness of the proposed methodology. Section 5 concludes the paper.

2. Problem and Preliminaries

Consider the following stochastic system:
dx = f(x)dt + g(x)dw,Vx(0) = xo € R". (1)

where x € R" is the state vector, w is an ¥ dimensional standard Wiener process defined on
probability space (), F, P) with () being a simple space, F is the domain of the o-field, and
P is measurable in probability, f(x) : R” — R, and g(x) : R" — R" are Borel measurable
continuous functions, and f(0) = 0,g(x) = 0.

Definition 1 ([7]). VV(x) € C? relating to system (1), the differential operator of V(x) is
described by

2
ev = 35w+ 5r{sT st | @

where %tr{ g7 (x) 827‘2/ g(x)} is called the Hessian term.

Definition 2 ([7,11]). The origin of system (1) is framed as finite-time stable in probability, if the

solution exists for an arbitrary initial vector, labeled as x(t; xy), and the subsequent definitions establish

(1)  Finite-time attractiveness in probability: for each initial data xo € R™ \ {0}, the stochastic settling
time ty, = inf{t > 0;x(t, xo) = 0} is finite almost everywhere, i.e., P{ty, < +oo} =1;

(2)  Stability in probability: for each pair of &1 € (0,1) and r1 > 0, there exists a §1(e1,r1) > 0
makes P{|x(t,xo)|, ¥Vt > 0} > 1 —¢q1,|x0| < 1.



Actuators 2024, 13,3 3of16
Definition 3 ([14]). The origin of system (1) is termed as fixed-time stable, if
(1)  The equilibrium solution is finite-time stable in probability;
(2)  E(ty,) < Tiax, Vx9 € R" \ {0}, where Tyuax > 0 and independent of the initial data.
Definition 4 ([22]). Let « > 0, then the Gamma function is defined as follows:
—+o0
I'(a) = / z’i‘*lele dzy. (3)
0

Definition 5 ([23]). Let « > 0,0 > 0, and the Beta function be labeled as B(w, 0), which is defined
as follows:
I'(@)T'(e)

1
B(a,0) = /0 21 —2)07dzy = Tato)

(4)

Lemma 1 ([8]). Suppose that there exists a non-negative function V(x) € C?, which is radially
unbounded, that is, limy_, yo V(x) = +oco. If LV < 0, then system (1) has a solution for an
arbitrary initial date.

Lemma 2 ([21]). For system (1), if 3V (x) : R" — R*, which is positive definite, C> and radially
unbounded, and a continuous differentiable function v, (-) > 0, for arbitrary 0 < & < 400,
f; ,y%(s)ds < M where My > 0 and +|(s) > 0 for arbitrary s > 0, such that

LV(x) < =1 (V(x)) )

therefore, system (1) possesses a fixed-time stable origin; in addition, its corresponding settling time
meets E(ty,) < My, Vxg € R\ {0}.

Lemma 3 ([24]). For every real number q1 > 0, and arbitrary variables z; € R,i = 1,...,n,
we have

(|z1] + |z2] 4 oo+ |20 )T < max{1, n" 1} (|z1]7 + |22]T + ... 4 |24 |T). (6)
Lemma 4 ([24]). Let g2,93 € (0, +00),q2 > 1,Vz1,25 € R, then the following inequalities hold

_ -1 -1
(D)|2P — 22| < 22772 +2) (|21 — 22]) (1277 —277)),
LB 1- L 1
(2)|z* —zP| <2 qz(|z‘113 _233‘)42, (7)
1 1 1 _1 1
(3)(|z1] + |22) 2 < |z1]™ + |z 2 < 2" 7 (Jzq] + |z2]) 2.

Lemma 5 ([25]). Let z1,zp € R, Vqs > 0,95 > 0, and any real valued functions C(-) > 0 and
Q(+) >0, then it holds that

94195
~ CON'
C() 2194|2595 <M > fi4+%+q5(7 ) 75 |z, 9445 (8)
(-)]z1]|% 22| _q4+q5!1| Tt (Q()) |z
3. Main Results

In this section, we will use the above ingenious variable transformation and Gamma
function to acquire a more precise upper-bound estimation of the settling time function,
and design a fixed-time stabilizing controller for a stochastic strict-feedback system.

3.1. A Fixed-Time Stability Theorem

Theorem 1. Suppose system (1) has a positive definite C> and a radially unbounded Lyapunov
function V(x) withy € RY, p € RT,0 < s < 1,r > 1, makes LV < —uV(x)* — pV(x)",
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Vx € R"\ {0}. Therefore, system (1) possesses a fixed-time stable equilibrium solution; moreover,
the relevant settling time meets

—_

E(tXU) S Tmax == (‘u/p)r

Tl "
e Vxo € R"\ {0} )

Proof. Let v (V(x )) = uV(x)° 4+ pV(x)" > 0. Then, from the definition of V(x), we can
) =

attain ] (V(x) uV(x)* 1 +rpV(x)~1 > 0. Next, let Z = m, thereby one is

1
able to attain that V = ((o/pu)(1/Z — 1))S r,dV = /W™ (/2 )77 dZ. Furthermore,

Z2(r—s)
for any 0 < & < +o00, one can infer that
€ 1 € 1
————=dV = av
/o 1 (V(x) /0 pV(x)° +pV(x)"
</+°° ! qv
T o uV(x) eV (x)
+0c0 71V r
_/ y/p YVs— r+1
= 1 1
_ [ 2Oz gy (10
0 Z2(r —s)p
s—1

1-s s=1
_ (/) (A=-2) iz
o u(r—s) gt
1-s
(n/p)r= [t 2 s
=P = (1—Z) rsdZ.
u(r—s) /o ( )

By the definitions of the Beta function and Gamma function, one has

1-—s r—1

)T (

r—s=s r—=s

/OlZ*%(l—Z)*%dZ:I’( ) (11)

(1) =TT (=D
(r=s)
Lemma 2, it can be inferred that system (1) has a fixed-time stable equilibrium point

with a holding inequality (9). O

Clearly, Tyax = is a positive constant. Then, in accordance with

Remark 1. Although other authors [14,21] have also studied fixed-time stability, the fixed-time
stability theorems in these two studies provided conservative upper bounds, something that requires
improvement. Specifically, the settling time satisfies E(ty,) < Tyax = ﬁ + ﬁ in the first
1-r
study [14], while in the second [21], it satisfies E(tx,) < Tinax = (};‘/(f)rs)b + (%ﬁy{)s . Comparing
the above proof with these two studies, we can see that the upper bound estimations of the settling
time functions in the previous studies were obtained by amplifying the integral function and the
integration region, while we only amplify the integration region to gain the upper bound. Hence, it
is easily known that Ty, is less than Tmax, Tmax. Thus, this paper proposes a improved method to

obtain a more accurate settling time estimation.

3.2. State-Feedback Controller Design

Consider a class of nonlinear stochastic systems as follows:
dx; = (xip1 + fi(%i))dt + &i(%;)dw
1<i<n-1 (12)
an = (u + fn (yn))dt + gn (Yn)dw



Actuators 2024, 13,3

50f 16

where u € R is denoted as the input state and x = (xq,..., xn)T € R" is denoted as
the state variable; X; = (xq,x2, ..., xi)T; the definition of w is consistent with system (1);
in addition, f;(¥;) : R® — R and g;(¥;) : R® — R’ are known smooth functions, and
satisfy f;(0,---,0) = 0,4;(0,---,0) = 0, and referred to as system drift and the diffusion
term, respectively.

Assumption 1. Fori = 1,...,n, there exist known non-negative smooth functions {;(x;), n;(%;)
such that

fi(xi)] < Z|x]|

27,40

lgi(x;)] < 2\x]| ZT

(13)

where 6 € (—%,0), n=1,15=1+(G0-106,i=2,.,n+1

Remark 2. Assumption 1 is borrowed from references [26,27], which considered the finite-time
stability of deterministic nonlinear systems. In this paper, we take stochastic factors into account
and the growth condition is similarly given for the diffusion term. For convenience, we can choose
6 = — 3L, with dq, dy of even and odd numbers, respectively, which implies that T, = 1+ (i — 1)0
is always odd

Firstly, the following coordinate transformation are given

[—=

1 1
*z

Go=x1,x=0¢=x" —x,i=23,.,n+1 (14)

1

where x5, x3, ..., x; | are virtual controllers and will be constructed subsequently.

1 ..
Step 1. Select the Lyapunov function V; = |, x? (v —x; )04,

By Definition 1, Lemma 4, and Assumption 1, we can gain the following inequality:

. 4—7 4 9r
LV =8 " (i) + 5 i () P
<§4 (x2 —x3) +§4 “x3
Fu(m)lE e+ 2 5 S ) |G
L5

<C4 n 2—x2)+§4 Ty + Ny (xq)[& 40

(15)

where Ni(x1) = Nii(x1) + Nia(x1), Ni1(x1) > Ci(x1), and Nip(xq) > 42;] n%(x1) are
smooth functions.
So, we construct the first virtual controller as

x5 = —P1(x1)E3, (16)
Bi(x1) = c1 + (n—1) + Ni(x1) + c2]&1]%,

where ¢ > —0, and ¢; > 0, ¢, > 0 are design parameters.
Hence, substituting (16) into (15), we can obtain

LV < —c|& M = (n = 1)[& 410

(17)
— oo @ M — ETT (2 — x5).
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Step i(2 < i < n—1). Assuming that at step i — 1 there is a Lyapunov function
1
*

. Y 1

Vi1 = ;;i Wj, with W; = fxx*/ (v — X; "4~Tidy, and a string of virtual controllers
]

x5 (x1) = —Bo(%2)83, ..., x} (%i_1) = —Bi_1(%i_1)¢;" |, such that

i1 i1
LV < =Y alg* —n—i+1) )|
j=1 j=1

(18)
i-1
4-7;
= Y el g (2
j=1
where B1(x1), B2(X2), ..., Bi—1(X;_1) are non-negative continuous functions.
Then, we can construct the ith Lyapunov function
X 1 +
Vi= Vi + W, W, = / (v — x 7 )Ty, (19)
xj
According to the definition of W;, x}, we can obtain
aV\/vi 4—T;
— &, 20
ax; 20)
1
aw, oxt™ o 1 b
- (41 / T xt )Ty, 21
S = [ @y
W, 4-T 13 g
! S 22
a2~ NG (22)
i_
aZWi 3_T; ox* '
= — 4 — T . i1 ; 23
axjaxi ( Tl)gl ax] ( )
-
2W; L C S I I
— _—(4— 71/ Tz—*l3_T’d
anaxl ( Tl) 8x]-8xl xl%‘ (V xl ) v
N N (24)
ox; " ox; " w1 4
4 i i / Tk 2T
+(4-150B-1) ax; ax Je vi—xi )" Nidy
-
aZWZ' a (x* l) Xi 1
e = - [ i)

L\ (25)
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Therefore, from Definition 1 and Equations (18) and (19), one attains
i—1 10 ) i—1 10
=Y alglt = (n—i+1) Y |G
j=1 j=1
i—1
oW; .
-l = i1 (=) (26)
= X
L W, 1 _OPW
+ 50 “fi(xi) + Z a (i + fi(%) +§t7{GiT(xi) aleci(xi)}
! i
where GI (%;) = (g1 (v1), 83 (%2),- -+, 8] (%)),
1 O*W; = 92w, 1'2 ?w;
~tr{GI (%; LGi(x)} = Ng (%) + = Lol(x)gi(%
> {G; (%) a’?iz i(%)} S5 Bx]axlg]( 1)81( 1) 2]':1 ax]Z 8]( 1)8]< ])

i—1

PWi o 1PW
L ) SR+ 550 8l (E)si®).
j=1 ! i

To facilitate the subsequent calculations, we render the following propositions and
will provide specific proofs in Appendix A.

Proposition 1. A positive constant called Ny exists that makes
47 y 1
5 (= )| < 160+ Na |G+ (27)

Proposition 2. A positive smooth function called Nip(X;) exists, which thereby makes

W,
S

<1, Zl@l‘”@ + Nio (%) |17 (28)
j=

Proposition 3. There exists a positive smooth function Nj3(X;) that makes

13W (RS 1t0
Z ax, (1 TS = g LG+ Na ()67 (29)

j=1

Proposition 4. There exists a positive smooth function Ny (X;) that makes

i—1
5 {GT< )G >}|s12|cj4+9+w,-4<fi>|¢,-|4+9. &)

=1

Substituting Propositions 1-4 into (26) results in

i1 i1 i1
LV, < —(n—i+1) Y |10 = Y cr|gj|*T0 — Y cal|* Tt
=1 =1 =1
i-1 (31)
4 41
+ Z|’§j|4+9 + éri K (xi+1 - x;‘:-l) + C,‘ Tx?+1
&
+ (Ni1 + Nip (%) + Nig (%) + Nua (%)) |&i] 2.
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Therefore, a virtual controller can be designed

Xip = _,Bi(fi)‘:;iﬂl
(32)
Bi(%:) = c1+ (n — i) + Ni(%:) + 2| il
where N;(%;) = Nj; + Np(%;) + Niz(%;) + Nig(%;). Then, substituting (32) into (31), we
will acquire
i i
LV < —(n—1) Y |5[*0 = 3 er|g
=1 =1
(33)

4_ A
|G|+ & (X1 — X )

i
j=1

Step n. Based on the previous induction step, a series of virtual controllers can be
obtained, so the Lyapunov function V;, can be selected as

Xn 1
Vi = Vg + Wy, W, = / (Ve — x2 ™) gdy, (34)
Xn
and the actual controller can be constructed as
u=2xp.q = —Pu(%n)G™", (35)

where B, (%,) = ¢1 + Nu (%) + ¢2/€n|” is non-negative. Then, when i = #, substituting (35)
into Equation (33) will gives the following

n n
EVn < - ch|é'j‘4+9 . ZC2|C]'|4+0+9' (36)
j=1 j=1

Remark 3. It should be noted that both this paper and previous authors [7] have considered
stochastic strict feedback nonlinear systems, but that earlier study mainly considered the finite-time
stability issue, while the fixed-time stability is investigated in this paper. As we know, finite-time
settling time estimation depends on the initial conditions, while fixed-time settling time estimation is
independent of the initial states. The method of adding a power integrator was applied to design the
actual controller in this paper as well as in the earlier paper, but the gain functions of the controllers
designed in the two papers are very different. Compared to finite-time controllers, the gain function
Bn (%) of the controller designed in this paper has one additional term c|&,|”, which renders a
quicker convergence rate.

3.3. Stability Analysis

The next criterion will indicate the stability perorations for system (12).

Theorem 2. If system (12) matches Assumption 1, hence, under the suggested controller (35), the
origin of the system (12) is anticipated to be fixed-time stable; meanwhile, the stochastic settling
time meets

E(txo) S

FT(=0)T(Lte
4(p/p) w T(F)T (% ),on € R"\ {0} (37)

122%

_440 -
wherey =2""4cj,p=n 427 & ¢y
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Proof. By Lemma 4, we can prove that

(38)

= 21| |7,

Furthermore, combining Equation (38), it can be verified that
"Xp o 1 +
W= [ gy
X

<& - x|
<21HETHg )
<2'7Tgy

<2zt

In light of the definition of V;, it holds that

Vi <2+ &+ .+ 8. (40)

From (36), (40), and Lemma 3, we can gain

n n
LVn <o Z|Cj‘4+9 — o Z‘§j|4+9+¢7
= =

n 110 n 44040
=) (§) T —e) (&)
=1 =1

L 416 o 44040 (41)
<—a(} )T —an (Y8
= =
440 o+oc , Vy

< *01(%)7 —cn 4 ()

4460 44+6+0

=—uV,* —poV, * .

446 0+0 . 4+o+

where y = 274 ¢c;,p = n~ 4 27 4 cp are positive parameters. Because o +6 > 0,
CRS (—%,0), we can obtain 0 < # <1, A‘iﬂ > 1. Thus, using Theorem 1, one is able to
conclude that the origin of the stochastic nonlinear system is fixed-time stable in probability.
Meanwhile, inequality (37) holds. O

4. Simulation Example

This section provides the outcomes of simulations of the following systems to further
verify the conclusion of Theorem 1

dx1 = xodt,
4 4 (42)
dxy = udt + $x3dt + Lx[1xJ dw.
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We choose 6 = —ﬁ € (—%, );then, 7y = 1,15 = 191,T3 = 11 Obviously, Assumption 1

holds with . .

1 7 7

23| < 5lx| ¥ (Ja|T + |x2]9) (43)

3 2

Vo 8l o1 4 8 1

2tad] < Gl adl < J0mIt = el ()

Hence, {(%2) = %|x2| 5 ,2(X) = % The controller can be created as follows

1 1
G1=x;",0 =x2 —x,
x5 = —(c1 + 14 Ny(x1) + 2|&1]7) ¢ (45)
u=—(c1+ Nao(%2) + 2/82|7) &3>

1
©

where Ny (x1) =0,
Aummg:%z% >1+am%+
%(%) 5(3 |x2| ( + (c1 +1+c2|61]” ) )) +

() B (B (14 (e + 1+ E@]7) ) B +
263 (e + 1+ 0|6 |7) ¥ + U1+ 01 + 2l&| )31 1) +
(WD)t 2B (1 +e1 +eld]) (A + ¢ + 2l&[7)5[E1|)).

We can choose ¢; = }1, ) = %, o = 2. According to Theorem 1, it can be calculated that

Tmax = 172.8405, which is less than the Ty.x = 186.3245 of a previous paper [21].

Next, we select various initial data xg = (=2, —1)T and xg = (4,10). Figures 1-4
show the numerical results of two different initial vectors. Figures 1 and 3 show the
trajectories of x1 (f) and x;(t) under different initial conditions and which reach a stable state
within the same time. In addition, the trajectory of controller u is shown in Figures 2 and 4
and which reaches a stable state within the same time. When xg = (-2, —1)T, it can be
seen from Figures 1 and 2 that the convergence time of the system states and controller
is almost 3.5 s, satisfying E(ty,) < 172.8405. When xo = (4, 10)T, from Figures 3 and 4,
we can see that the convergence time of the system states and controller is almost 3.5 s.
These results indicate that the origin of system (42) with different initial values is always
fixed-time stable in probability and different the initial states do not affect the convergence
time of the system.

8 T T T T T T T T T

x1
x2

.
=
]

X 3.45804
Y 7.78383e-05

System states
ha

=)
T
|

(¥
T
1

time(s)

Figure 1. System state response with x = (=2, —1)T.
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35 DD T T T T T T T T T

3000

2500

Control input
— — %]
(==} o =]
o (== o
(=] (=] =]
1
1

500 X 3.70704 i
Y -0.000599543

_500 1 1 1 1 1 1 1 1 1
time(s)

Figure 2. Input control response with x = (-2, —1)T.

20 T T T T T T T T T

1or X 3.57654
Y -0.000113077

or __.._ P |

x2 | |

System states
S
I
1

time(s)

Figure 3. System state response with x = (4,10)7.

60 DD T T T T T T T T T T T

4000

2000

0 I . . - -

Control input

-2000

-4000

'6000 1 1 1 1 1 1 1 1 1 1 1
time(s)

Figure 4. Input control response with x = (4,10)7.
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5. Conclusions

In this paper, a fixed-time theorem with a more accurate estimate of the settling time
has been proposed and demonstrated to work. By the proposed ingenious transformation
and using a Gamma function to directly calculate the value of the integral function, a more
accurate settling time estimation of stochastic nonlinear systems has been obtained than
in existing approaches. In addition, a fixed-time stabilizing controller for the investigated
system was designed via the method of adding a power integrator, which allowed us to
demonstrate that the investigated system is fixed-time stable. In future work, we will con-
sider the fixed-time stabilization of stochastic nonlinear systems with unmeasurable states.
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Appendix A
Proof of Proposition 1. Through Lemma 4, it follows that

[—

1
T;

g = x| = 1) = ()] < 2 (A1)
According to the definition of T;, it holds that

4T -7 T i
& (= xg ) < 20T E g |
1 416 416 (A2)
< Zl|§i71| + Nig ||

4460

410
T (pl—T\ 2l 40\ a2l .
(27T T (4(4*Tf)) % isaconstant. [J

where Nj; = 7

1 1
* G
i

Proof of Proposition 2. According to &; = x;” —x/ ' and the definition of x} we have

1

|xl|_|‘:l+X*]‘Tz<|€l+ﬁz 1( )|€z l|| (A3)
< 8l + Bica (xim1) i [
secondly, based on Assumption 1 and Equation (A3), one obtains

T+6

£ < 6(®) Ll

=1

(%) <|§j|Ti+9 + ﬁj:jl (fjl)|§jl|ri+9> (A4)
=

T+0

ZI@ |40+ gi(x ZI Bi (%)) 7+ 1.
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Therefore, from Lemma 4 and Equations (20) and (A4), one obtains

0

T+
4
GiI" (= Z [xjl

oW,
ax; fi(xi)| <

—1
<@ <m z|¢]\”9+a >|§i|ff+9>

" (A5)
+ et g(x) Z|ﬁ] )| ||

z| &M+ Nz &+

where Nj(%;) is a non-negative smooth function. [J
1

Proof of Proposition 3. In accordance with the construction of x} and let By (%) = ﬁ,:kﬁ (%),
k=1,---,i—1; for the convenience of writing, we record By (%) as B, and, thereby, one obtains

1

oxt )
a;j < ﬁl Czl+ﬁ11§/
] = 0 5 9
< §; 1 ‘Blalﬁl gl 2+,31 1,31 (:l )
] X ] (A6)
i-1307 ) 1 11
I(Bi-1- - p1) 5 T
S X 1 + /3,_1 ﬁ x ]
= :
i—1 -1
< /\1](3?171> Z{§]| !
j=1
where A;;(%;_1) is a non-negative smooth function.
Hence, it is easily obtained from Equations (21) and (A6) and Lemma 5 that
i—1 aWZ B
Z W(xj—ﬁ-l + £i(%)))
j=1 ]
1
i—1 a -
<) (-7 1Gil7 " (xi — x7) (x40 + £j(%7))
j=1
i—1 NS (A7)
<Y Hi(mi— )8 X1E1TT | (Ejaal T + Bi(x)) 18|
j=1 j=1

T+9

+ (%) 2|¢h|”"+z;, Dﬁhxh )| (|7

»l>\>—‘

—1
Z 151 + Nig (%:) 5+

where H;(%;_1) = 2! (4— 7;)Aij(%;_1) and Nj3(¥;) are non-negative smooth functions. [
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1
Proof of Propos1t10n 4. Through the definition of x}, Lemma 5 and let ﬁk(xk) 2 (%),

k =1,---,i—1, for the convenience of writing, we record B (%) as B, one can thereby
surmise that

1 .
Pl g P | BB
oxjox; |~ T oxjox ax]ax,

i

ax*’laﬁll ax*’laﬁll

dx;  dx dx;  0x;
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E)xaxl % +ﬁ17 ax-axll‘f’ 2+ Pi- 18x8x “i
aABI 18151 aﬁz 1 ,Bz ] a,BifZ a(fifz
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where €;; = max{j,1}; h;;; (¥;_1) is a non-negative smooth function.
Similarly, one can obtain
1
' = A il B. ....B)) 1-—
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axj =1 ax] T] ax] ]
11 510 (A9)
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where h;;(%;_1) is a smooth function. Additionally, from Assumption 1 and Equation (A3),
one obtains
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Thus, combining Equations (25), (A9) and (A10) can be proved that
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where A;;(%;) = 2177 (4 — 1)y (Xi_1)n? (%), Aj(x) = 217 (4 — 1) (3

= T)AL(%im1)f (%:)
and Njy (¥%;) are non-negative smooth functions. Thus, by utilizing Equations (22)—(24) and
Equations (A8)-(A10), one can further obtain in a similar way that
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where Nj1 (X;), Nigo (%;), Niaz(X;), Nisa (%;) are non-negative smooth functions. Let N4 (%;) =
Nig1(%;) + Niga(%;) + Nigz(X;) + Nijga(%;), then, combining Equations (Al1l)—(A14)
ultimately yields
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