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Abstract: The design of slopes in open pit mines requires an in-depth understanding of the ground
behavior to predict the potential failure mechanism and to better determine the stabilization measures.
This study compares the critical slip surface defined by the limit equilibrium method (LEM), the
limit analysis (LA), and the finite elements method (FEM) for the stability analysis to better approach
the stability on a multi-layered slope. The safety factor, the size, and the location of the critical
slip surface obtained from the applied methods are considered in the comparisons. This study
highlights some features that affect the slope stability and presents a procedure for addressing the
evaluation challenges in a multi-layered formation. Moreover, it presents some aspects of the upper-
bound computation on the safety factor of a layered slope subjected to the effects of pore water
pressures. Based on the obtained results, the critical slip surface defined by the limit equilibrium
method compares well with the slip mechanism suggested by the limit analysis and the finite element
approach. In view of the differences in the shape and location of the critical slip surface, as well as the
values obtained for the safety factor, it is recommended that an engineer should analyze critical slopes
using the finite element method in combination with the limit equilibrium or limit analysis method
as a cross reference. The authors propose that in defining the potential failure mass, consideration
must be given to the conducted field research and monitoring.

Keywords: limit analysis; limit equilibrium; multi-layered slope; finite element; safety factor; shear
strength reduction method

1. Introduction

Engineers and researchers employ different techniques to ensure a safe slope design.
The selection of the most suitable approach is contingent upon several criteria, including
the geotechnical parameters and the prevailing conditions (seismic activity and water
presence) in the study area.

Limit equilibrium methods (LEMs) for slope stability analysis are widely accepted due
to their simplicity and accuracy. An implicit assumption in LEMs is that the stress–strain
behavior of the soil is ductile. This limitation results from the fact that these methods
provide no information regarding the stress–strain characteristics of the soils involved nor
indicate how they may vary along the slip surface [1]. For the estimation of the safety
factor, limit equilibrium methods sum forces and moments related to an assumed slip
surface passed through the soil mass [2,3]. However, the number of equilibrium equations
available is smaller than the number of unknowns; hence, LEMs employ assumptions to
render the problem to be determinate [1]. It is worth noting that in the case of methods that
satisfy all conditions of equilibrium (e.g., Janbu’s, Morgenstern and Price’s, and Spencer’s
methods), these assumptions do not have a significant effect on the stability assessment
and the differences obtained between the safety factors are generally lower than 6% [1].
However, when using LEMs to analyze slope stability, several computational difficulties
and numerical inconsistencies may occur in locating the critical slip surface and estimating
the safety factor.
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In contrast to the limit equilibrium methods, the limit analysis (LA) procedure consid-
ers the soil’s stress–strain relationship in an idealized manner. This approach assumes that
the soil has an elastic and perfectly plastic behavior satisfying the Coulomb yield criterion
and its associated flow rule [4]. LA uses the lower and upper-bound theorems of plasticity
theory to solve the stability problem and to provide the geometry of the critical slip surface.
Lower bounds imply equilibrium, while upper bounds imply collapse. Hence, the lower-
and upper-bound solutions define the range wherein the true solution lies under given
conditions of soil formation and slope [5]. It should be mentioned that finite element-based
methods have been developed to calculate the upper-bound solution for multi-layered
slopes [5–7]. LA does not prevail over the limit equilibrium method in prescribing the
inter-slice force function, and it usually provides safety factors slightly greater than those
obtained from the LEMs [8]. Moreover, difficulties arise in defining the possible upper and
lower bounds, particularly when the effects of pore water pressure, the inhomogeneous soil
profile, and the irregular slope geometry are considered [5]. Therefore, the LA’s application
in complicated real problems is still limited.

Apart from LEMs and LA, slope stability can be investigated by employing the fi-
nite element method (FEM) [9–12]. FEM discretizes the slope in elements and calculates
displacements and strain for a given loading. Selecting an appropriate soil stress–strain
relationship is primarily associated with balancing simplicity and accuracy. The most suit-
able relationship (linear, multilinear, hyperbolic elastic, elastoplastic, or elastic–viscoplastic)
depends on the conditions being analyzed and the purpose of the analysis [1]. One of
the advantages of the finite element method over the limiting equilibrium analysis is that
no assumption is needed about the geometry (shape or location) of the critical failure
surface [5,13]. Moreover, the finite element method requires no assumption regarding the
inter-slice shear force distribution, and it is applicable to many complex conditions [8].
Primarily, two procedures are used in the attempt to convert the finite element analysis into
a safety factor estimation. One considers the effect of stress level on the possible failure
surface [14,15], and the other applies the strength reduction technique. The latter allows
finding the safety factor of the slope by initiating a systematic reduction sequence for the
available shear strength parameters (cohesion c′ and fiction angle ϕ′) to just cause the
slope to fail [16–24]. In addition, FEM can be easily used to calculate stress and strain
states within the soil mass, providing the necessary data for a safe slope design. FEM
has been used for slope stability analysis and the investigation of failure mechanisms in
many cases of complex conditions [8,19,20,24–26]. However, engineers have yet to widely
accept this process for slope stability analysis due to difficulties in setting up the computer
model (choosing the appropriate constitutive model, the geotechnical parameters, and the
boundary conditions) and performing the analysis.

Duncan [1] presented a comprehensive review of both limit equilibrium and finite
element analysis of slopes; Zaki [27] claimed that finite element analysis offers real benefits
over limiting equilibrium methods, and Griffiths and Lane [24] pointed out that geotech-
nical engineers should seriously consider using the finite element method as a powerful
alternative to the traditional limit equilibrium methods. However, there is only one unique
failure surface for the finite element method, and another possible failure mechanism
cannot be easily determined [8]. Based on the aforementioned information, it is imperative
to address the stability of multi-layered slopes in a distinct manner. The aim of the study is
to apply and compare LEMs, LA, and FEM for stability analysis of a multi-layered slope
subjected to the effects of pore water pressures, in order to evaluate the most accurate
procedure for assessing stability.

In order to overcome the limitations of stability analysis, the aforementioned methods
were carried out for cross referencing. All methodologies were viewed as providing an
approximation of the probable failure mechanism and the factor of safety. The limitations
of each method were appreciated by evaluating the results of their analyses. In view of
the differences in the shape and location of the critical slip surface, as well as the obtained
values for the safety factor, recommendations for stability analysis were proposed.



Geosciences 2023, 13, 359 3 of 16

The results highlight the benefits of the methods applied to the multi-layered formation.

2. Site Location, Regional Geology, Hydrogeology, and Mine Conditions

This case study relates to the stability analysis of a slope in Achlada open pit mine
(Northern Greece) (Figure 1). The mining development site extends into the Florina Basin
that comprises Paleozoic schists (bedrock), Mesozoic carbonate rocks, Neogene formations,
and Alluvium sediments.
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Figure 1. (a) Location of Achlada mine, (b) lithological column of the Florina Basin (created with
base [28]), and (c,d) photos of the mine.

The Neogene formations that fill the Florina Basin overlay the basement (composed of
Paleozoic schists [28,29]) and include three lithostratigraphic units:

(i) The lowest consists of conglomerates with a maximum thickness of about 200 m. A
transitional passage into marls, sandy marls, sands, clays, and thin lignite horizons is
present upwards.

(ii) The middle unit comprises a clayey formation with thick lignite beds, marls, sandy marls,
and sands. Conglomerates and marly limestone lenses are also occasionally present [30].

(iii) The upper unit includes alternations in clays, marls, marly breccia, and
sandy conglomerates.

Quaternary sedimentation is represented by lacustrine and terrestrial sediments such
as sandy clays, clay marls, sandy marls, lignite, lateral fans, and alluvial deposits [28,31].

Different hydrogeologic parameters characterize the geological formations throughout
the study area. In particular, the alluvial deposits with various grain compositions and cross-
bedding patterns present different hydrogeological features from one place to another. Their
hydraulic conductivity value is estimated to fall within the range of 10−4 to 10−7 m/s.

In contrast, the Neogene deposits have a lower permeability (10−8 m/s) due to their
lithological composition. It is noted that low-yield aquifers are present in the Pleistocene
conglomerates and sandstone formations, as presented in Figure 2.
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Figure 2. Slope geometry. C1: upper silty/marly clay zone, MS1: upper sand/pebble sandstone
zone, MR1: intermediate silt/silt loam zone with the presence of xylite interbeds, MS2: lower
sand/marly sandstone zone, MR2: lower silt/silt loam zone with the systematic presence of xylite,
BDR: underlying marl formation, and ENB: counterweight. The upside-down triangle and the blue
dashed line indicate the water table.

In the mine area, the prevailing geological composition includes Neogene formations.
The presence of alternating layers of marl and marly sandstone characterizes them. The
composition of the marl layers ranges from clay silt to silt, with varying proportions of
sand. The thickness of layers ranges from 10 m to 30 m, with recorded intercalations of
lignite/xylite ranging from 10 cm to 2 m in thickness. The marly sandstone with low
cohesion comprises compacted silty sand particles.

Stability analysis was carried out on a slope of Achlada mine (Figure 2) that is con-
sidered to be a representative of the ground profile of the site. The slope is composed of
alternating sandstone and marl formations. Their properties, summarized in Table 1, were
obtained from laboratory testing on samples attained from drilling [32], data present in the
technical report for mine design [33,34], and bibliographic references concerning the grain
size and structure of the geologic formations [34,35]. As mentioned by Ural and Yuksel [36],
detailed geotechnical data often represents a significant risk in slope design. It is worth
noting that determining the geotechnical parameters is associated with uncertainties due
to problems related to heterogeneity, sampling, and laboratory testing. As a result, the
adoption of the geotechnical parameters was treated with caution.

Table 1. Geotechnical parameters of sedimentary formations. Soil properties for Figure 2.

Soil Name
Unit

Weight
(kN/m3)

Saturated
Unit

Weight
(kN/m3)

Cohesion
(kPa)

Friction
Angle

(◦)

Elastic
Modulus

(MPa)

Poisson
Ratio

Permeability
Coefficient

(m/s)

C1 20 21 35 22 25 0.28 1× 10−7

MS1 22 23 10 39 60 0.30 1× 10−6

MR1 20 21 65 26 40 0.28 1× 10−7

MS2 22 23 12 41 70 0.30 1× 10−6

MR2 20 21 50 25 35 0.35 1× 10−7

BDR 18 19 100 35 100 0.30 1× 10−8

ENB 20 21 3 32 50 0.25 1× 10−6
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3. Evaluation of Slope Stability
3.1. Limit Equilibrium Methods

The Morgenstern–Price method (M-P) was applied for the slope stability analysis using
the GeoSlope software [37]. The M-P method is the most appropriate and comprehensive ap-
proach for evaluating the stability of a slope that comprises alternating geological formations.

The slope is divided into n vertical slices (red line), j = 1, 2, · · · n, with thickness bj
and height hj, where the forces and moments are analyzed in Figure 3. More specifically,
the moments are estimated based on the weight Wj, the horizontal distance, of slice’s
center of mass (orange dash line) dj from the center of rotation, the normal reaction force Pj
with the distance ej, and the shear reaction force Tj with the distance Rj. In Figure 3, the
inclination of the jth slice is depicted as αj, while the horizontal and vertical interface forces
are depicted as ∆Ej = ERj − ELj and ∆X j = XRj − XLj, respectively.
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For the correlation between the horizontal and vertical force, Equation (1) is used [39–41].

tanδj =
∆Xj

∆Ej
= λ· f (x), (1)

where λ = scale factor, and the assumed function f (x) is defined by Equation (2):

f (x) = sinµ

[
π·
(

x− a
b− a

)ν]
, (2)

where µ and ν are parameters that determine the shape of the function, and a, b are the left
and right x coordinates of intersection of the slip surface with the slope profile.

A factor of safety with respect to moment equilibrium (FSm) and a second one with
respect to horizontal force equilibrium (FS f ) are estimated by Equation (3) and Equation (4),
respectively, considering various shear to normal stress ratios, referred to as lambda (λ).

FSm(λ) =
∑n

j=1

(
c′ j ·bj
cosαj

+ Pj(λ)·tanϕ′ j

)
·Rj

∑n
j=1
(
Wj·dj − Pj(λ)·ej

) , (3)

FS f (λ) =
∑n

j=1

(
c′ j ·bj
cos2αj

+
Pj(λ)
cosαj
·tanϕ′ j

)
·Rj

∑n
j=1
(
Wj − ∆X j(λ)

)
·tanϕ′ j

, (4)
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where c′ j and ϕ′ j are cohesion and internal friction parameters, while normal interaction
forces in the slice base Pj(λ) and shear interaction forces with the j− 1th and j + 1th slices
∆X j(λ) are expressed as a function of the scale factor of Equation (1).

An iterative process continues until FSm and FS f are within a specified tolerance
limit [42]. Then, the solution is considered to have converged to the safety factor.

The results obtained from the LEM stability analysis and the GeoSlope software
(2019 version) [37] are presented in Figure 4 (number of slices: 50). Most of the critical
failure surfaces are circular, passing through the slope toe (Figure 4), and they exhibit
similar safety factors. Given the near proximity of safety factors concerning the critical
failure surfaces, it is highly likely that many surfaces may experience failure, and they
should be considered while designing slope. The global minimum factor of safety (FS) is
1.510, but a local minimum FS of 1.389 is also found in the upper part of the slope (Figure 4).
The presence of a local minima makes it difficult to locate the critical slip surface.
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Figure 4. Global and local minima failure surfaces determined using LEM. The upside-down triangle
and the blue dashed line indicate the water table.

Field research and engineering judgment are valuable tools to set the potential failure
surface and obtain the desired results. The water table is represented by dashed blue line.
The inverted triangle indicates the depth at which the water table is met.

3.2. Limit Analysis and Upper-Bound Theorem

The limit analysis (LA) method, based on the upper bound theorem of plasticity, was
applied for the slope stability assessment. Although less known, LA has been used success-
fully in the recent decades for slope stability analysis [42–45]. By defining the kinematic
mechanism of the slope and calculating the produced work during sliding, the consumed
energy is estimated on the basis of the ideal plasticity theory and the Mohr–Coulomb (M-C)
criterion. The upper-bound solution (that implies collapse) is obtained from the energy
balance [46]. The work associated with plastic deformation is estimated by multiplying the
slip surface with cohesion and the displacement (or the velocity) of the mass in the direction
of sliding. The rotational mechanism solution is derived using the logarithmic spiral, a
natural function with the most typical case being the Nautilus shell and the formation of
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typhoons [47]. In slope failure (Figure 5), this mechanism is related to the internal friction
angle of soil formation according to Equation (5):

r = r0·e(θ−θ0)·tanϕ, (5)

where r0 is the radius of angle θ0, and r is the radius of angle θ (Figure 5).
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The pore water pressure u estimated from phreatic aquifer surface (blue line) applied
to the slip surface (red line), is separated into radial ur and tangential uθ components; only
the latter produces work (Figure 5).

The estimation of the work generated by the rotating moment of the slope involves
the separation of the mass into distinct components (Figure 5). These components include
the region ( F1) located above the logarithmic spiral arc OAC, as well as the portions (F2)
and (F3) referring to the triangles OAB and OBC, respectively. The respective dimension-
less works f1, f2, and f3 are estimated using Equation (6), Equation (7), and Equation (8),
respectively [46].

f1 =
F1

γ·r3
0·ω

=
∫ θh

θ0

(
2
3
· r
r0
·cosθ

)
·
(

1
2
· r

2

r2
0

)
dθ =

(3·tanϕ·cosθh + sinθh)·r3
h − (3·tanϕ·cosθ0 + sinθ0)·r3

0

3·r3
0·
(
1 + 9·tan2 ϕ

) , (6)

f2 =
F2

γ·r3
0·ω

=
1
3
·
(

2·cosθ0 −
L
r0
·cosα

)
·
(

1
2
· L
r0
·sin(θ0 + α)

)
, (7)

f3 =
F3

γ·r3
0·ω

=
1
3
·
(

cosθ0 −
L
r0
·cosα +

rh
r0
·cosθh

)
·
(

1
2
· rh
r0
· h
r0
· sin(θh + β)

sinβ

)
, (8)

where ω is the angular velocity. The terms r0 and rh denote the log-spiral radii and α and β
the angles, shown in Figure 5.

The produced work during sliding C, consumed on the AC surface (Figure 5), is
calculated using Equation (9) [46]:

C =
∫ θh

θ0
c·(V·cosϕ)· r

cosϕ
dθ =

c·
(
r2

h − r2
0
)
·ω

2·tanϕ
, (9)

where c is the cohesion, and ϕ is the friction angle of the soil formation, and V is the radial
speed of the mass.
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The log-spiral trajectory is defined on the basis of angles θ0 and θh (Figure 5) and
Equations (10) and (11).

h
r0

=
sinβ

sin(β− α)
· rh·sin(θh + a)− r0·sin(θ0 + a)

r0
, (10)

L
r0

=
sin(θh − θ0)

sin(θh + α)
− sin(θh + β)

sin(β− α)
·
(

rh
r0
− sin(θ0 + α)

sin(θh + α)

)
, (11)

The terms θ0, and θh denote the log-spiral angles from the horizontal axis in a clockwise
direction as depicted in Figure 5.

The critical slope height (hcr) is calculated with Equation (13). It is derived using the
energy balance equation, i.e., Equation (12), substituting the ratio of h/r0 with the value
defined by Equation (11).

C = F1 − F2 − F3, (12)

hcr =
c
γ
· sinβ

2·sin(β− α)·tanϕ
· e

2·(θh−θ0)·tanϕ − 1
f1 − f2 − f3

·
{

e(θh−θ0)·tanϕ·sin(θh + a)− sin(θ0 + a)
}

, (13)

It is important to note that the procedure described above is suitable for slopes that
consist of a single geomaterial layer [46]. In order to implement the aforementioned method-
ology for multi-layered slopes, it is recommended to utilize the equivalent properties ϕ, c,
and γ of the soil formations. In detail, the equivalent internal friction angle ϕ is calculated
using a weighted average with a log-spiral arc length determined according to Equation (14):

tanϕ =
∑n

i=1 tanϕi·
∫ θi

θi−1 e(θ−θ0)·tanϕdθ∫ θh
θ0 e(θ−θ0)·tanϕdθ

=
∑n

i=1 tanϕi·
(

e(θi−θ0)·tanϕ − e(θi−1−θ0)·tanϕ
)

e(θh−θ0)·tanϕ − 1
, (14)

The ultimate value is determined using an iterative procedure, commencing from the
friction angle value of the thicker layer. Similarly, the equivalent cohesion c and equivalent
unit weight γ are calculated using Equation (15) and Equation (16), respectively, to obtain
the respective consumed and produced works.

c = ∑n
i=1 ci ·

∫ θi
θi−1 e2·(θ−θ0)·tanϕdθ∫ θh

θ0 e2·(θ−θ0)·tanϕdθ
=

∑n
i=1 ci ·

(
e2·(θi−θ0)·tanϕ−e2·(θi−1−θ0)·tanϕ

)
e2·(θh−θ0)·tanϕ−1

, (15)

γ = ∑n
i=1 γi ·( f1i−1− f2i−1− f3i−1− f1i+ f2i+ f3i)

f1− f2− f3
, (16)

where θ0 is the log-spiral angle of top surface,
θi is the log-spiral angle of intersection between i and i + 1 soil layers,
θn = θh is the log-spiral angle of slope toe, and
f1i, f2i, and f3i are defined from Equations (6)–(8) and Equations (10) and (11) by

substituting θ0 = θi and r0 = ri.
The strength reduction approach [44] is employed to reduce the shear strength param-

eters cd = c/F and tanϕd = tanϕ/F by a factor of F until failure. This reduction leads the
slope closer to the critical limit equilibrium condition; the critical height (h cr) is equivalent
to the actual height (hcr = h), while the F parameter represents an estimate of the safety
factor (FS = F).

In the case of presence of groundwater, the generated work is estimated by considering
its velocity component as depicted in Figures 5 and 6. The water column’s height can be
estimated as a polynomial function of the angle (θ) and the maximum height of water
(h wmax) as depicted in Figure 5, according to Equation (17):
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U =
∫ θ2

θ1 γw·hw (θ)·sinϕ·V· r
cosϕ dθ =

∫ θ2
θ1 γw· 4·(θ−θ1)·(θ2−θ)

(θ2−θ1)
2 ·hwmax·tanϕ·V·rdθ

= γw

(θ2−θ1)
2 · hwmax

r0
·r0

·
{

r2
1·
(

θ2
1 +

(
θ1 +

1
tanϕ

)2
)
− r2

2·
(

θ2
2 +

(
θ1 +

1
tanϕ

)2
)
+ 2·θ1·θ2·

(
r2

1 − r2
2
)
− (θ1 + θ2)

·
(

r2
1·
(

2·θ1 − 1
tanϕ

)
− r2

2·
(

2·θ2 − 1
tanϕ

))}
,

(17)

The critical height (hcr) is then found using Equation (18), considering the height of
water along the sliding surface (Figure 5):

hcr =
C·r0

F1 − F2 − F3 + U
·H
r0

, (18)

In the most possible scenario, the slip surface goes beneath the slope’s toe, as shown in
Figure 6. Its mechanism is equivalent to that shown in Figure 5, with the virtual slope of β′

angle defined by the line passing through the slope’s crest (point A) and the toe (point C’).
The calculations are derived from Equations (11)–(13), considering the angle β′ instead of β.

Geosciences 2023, 13, x FOR PEER REVIEW 9 of 16 
 

 

�̅� =
∑ 𝛾𝑖 ∙𝑛

𝑖=1 (𝑓1𝑖−1 − 𝑓2𝑖−1 − 𝑓3𝑖−1 − 𝑓1𝑖 + 𝑓2𝑖 + 𝑓3𝑖)

𝑓1 − 𝑓2 − 𝑓3

, (16) 

where 𝜃0 is the log-spiral angle of top surface, 

𝜃𝑖 is the log-spiral angle of intersection between 𝑖 and 𝑖 + 1 soil layers, 

𝜃𝑛 = 𝜃ℎ is the log-spiral angle of slope toe, and 

𝑓1𝑖, 𝑓2𝑖 , and 𝑓3𝑖 are defined from Equations (6)–(8) and Equations (10) and (11) by 

substituting 𝜃0 = 𝜃𝑖 and 𝑟0 = 𝑟𝑖 . 

The strength reduction approach [44] is employed to reduce the shear strength pa-

rameters 𝑐𝑑 = 𝑐̅/𝐹  and tan𝜑𝑑 = tan�̅�/𝐹  by a factor of 𝐹  until failure. This reduction 

leads the slope closer to the critical limit equilibrium condition; the critical height (ℎ𝑐𝑟) is 

equivalent to the actual height (ℎ𝑐𝑟 = ℎ), while the 𝐹 parameter represents an estimate of 

the safety factor (𝐹𝑆 = 𝐹). 

In the case of presence of groundwater, the generated work is estimated by consid-

ering its velocity component as depicted in Figures 5 and 6. The water column’s height 

can be estimated as a polynomial function of the angle (𝜃) and the maximum height of 

water (ℎ𝑤𝑚𝑎𝑥) as depicted in Figure 5, according to Equation (17): 

𝑈 = ∫ 𝛾𝑤 ∙ ℎ𝑤(𝜃) ∙ sin�̅� ∙ 𝑉 ∙
𝑟

cos�̅�
𝑑𝜃

𝜃2

𝜃1

= ∫ 𝛾𝑤 ∙
4 ∙ (𝜃 − 𝜃1) ∙ (𝜃2 − 𝜃)

(𝜃2 − 𝜃1)2
∙ ℎ𝑤𝑚𝑎𝑥 ∙ tan�̅� ∙ 𝑉 ∙ 𝑟𝑑𝜃

𝜃2

𝜃1

=
𝛾𝑤

(𝜃2 − 𝜃1)2
∙

ℎ𝑤𝑚𝑎𝑥

𝑟0

∙ 𝑟0

∙ {𝑟1
2 ∙ (𝜃1

2 + (𝜃1 +
1

tan�̅�
)

2

) − 𝑟2
2 ∙ (𝜃2

2 + (𝜃1 +
1

tan�̅�
)

2

) + 2 ∙ 𝜃1 ∙ 𝜃2 ∙ (𝑟1
2 − 𝑟2

2) − (𝜃1 + 𝜃2)

∙ (𝑟1
2 ∙ (2 ∙ 𝜃1 −

1

tan�̅�
) − 𝑟2

2 ∙ (2 ∙ 𝜃2 −
1

tan�̅�
))}, 

(17) 

The critical height (ℎ𝑐𝑟) is then found using Equation (18), considering the height of 

water along the sliding surface (Figure 5): 

ℎ𝑐𝑟 =
𝐶 ∙ 𝑟0

𝐹1 − 𝐹2 − 𝐹3 + 𝑈
∙

𝐻

𝑟0
, (18) 

In the most possible scenario, the slip surface goes beneath the slope’s toe, as shown 

in Figure 6. Its mechanism is equivalent to that shown in Figure 5, with the virtual slope 

of 𝛽’ angle defined by the line passing through the slope’s crest (point A) and the toe 

(point C’). The calculations are derived from Equations (11)–(13), considering the angle 𝛽’ 

instead of 𝛽. 

 

Figure 6. Slide mechanism below the slope toe (modified based on [46]). Signs along the toe and 

crest denote the land surface. 

Figure 6. Slide mechanism below the slope toe (modified based on [46]). Signs along the toe and crest
denote the land surface.

Considering the geomorphic characteristics of the study area, the produced work
related to the excavation and the formation of the slope is associated with section ACC’
(Figure 6), and it is estimated using Equation (19) [46]:

F4 = γ·r3
0·ω·

(
H
r0

)2
· sin(β′ − β)

2·sinβ·sinβ′ ·
(

cosθ0 −
L
r0
·cosα− 1

3
·H
r0
·
(
cotβ′ + cotβ

))
, (19)

In addition, the presence of the embankment (D) (Figure 6), results in the consumption of
the work due to the introduction of torque that opposes the motion of the slope. The resulting
energy can be determined through the utilization of Equation (20):

F5 = γe·Ae·re·sinη·ω, (20)

where γe is the unit weight of the embankment, Ae is the embankment’s cross-section area, re
is the distance between the center of rotation and the center of mass gravity (C.O.M.), and η
the angle formed between the vertical axis and the line passing through the center of rotation
and the center of mass.

The critical height in this particular scenario is determined using Equation (21):

hcr

r0
=

C
F1 − F2 − F3 − F4 − F5 + U

·H
r0

, (21)
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To ensure the attainment of a precise solution, the toe of the slide is considered to
extend beyond the embankment. Also, it is considered that the lower portion of the log-
spiral (θ = π/2 + ϕ) comes into contact with or rests against the bedrock formation that is
characterized by a high shear strength. Additionally, the slip curve exhibits a consistent
increase along the horizontal axis.

For the stability evaluation and definition of the geometry (location and shape) of
the critical failure surface, a modified logarithmic spiral method using the upper-bound
theorem was applied. Considering the above restrictions and assuming that the hydrostatic
stress in the mass equilibrates the pore water pressure, the stability of the multi-layered
slope was calculated using the excel worksheet provided in Supplementary Materials
(Geoscience_Upper_Bound_Multilayer_Slope.xlsx). The safety factor was estimated equal
to FS = 1.472, and the crucial slip surface depicted in Figure 7 compares well with the slip
surface defined from the limit equilibrium method.
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3.3. Finite Element Method

The slope stability analysis was conducted based on the numerical simulation using
the Plaxis 8.2 software [48]. The use of finite element methods is a widespread technique
in recent years for calculating displacement instabilities in open pit mines [33,34,49–52].
The numerical analysis was carried out on the cross-section presented in Figure 2. For
the numerical simulation, the soil layers were modelled using the relatively simple elastic
and perfectly plastic Mohr–Coulomb (M-C) model, which employs the strength param-
eters (c′, ϕ′), the dilatancy angle (i), and the elastic parameters (E, ν). The geotechnical
parameters for each soil formation modelled in the simulation are presented in Table 1.

The model was designed to extend below the toe and away from the crest of the slope
to minimize the effect of the boundary conditions [33,34,49]. A plane strain model with
15-node triangular elements was adopted for the current study. Following the input of the
soil parameters, a finite element mesh was created using the Plaxis software; the generated
mesh is considered capable of providing a reliable analysis. The vertical boundaries were
fixed in the horizontal direction, and the bottom boundary was fixed in both directions,
considering that the base of the slope was stiff enough. Pore pressures were generated
on the basis of phreatic line defined through measurements in the field. Using the input
of the phreatic surface, the water pressure increases linearly with depth according to
the specified water weight (hydrostatic). Given the values of permeability coefficients
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determined through Maag tests (Table 1), and considering the excavation phases and slope
formation rate, the analysis was carried out in drained conditions.

Numerical simulation offered the possibility to calculate the displacements, to localize
the deformations strains in the mass (Figure 8), and to determine the safety factor according
to displacement (Figure 9).
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The incremental strains (Figure 8) highlight the limit between the zone where no
displacement (zero value) occurs and the zone where displacements (non-null values)
occur. The shape of deformation localization in the slope is nearly circular and confirms
the shape of the critical failure surface, defined using the LEM method. The critical failure
surface intersects the slope and passes through the toe of the slope and along the base of
MS2 formation.

The safety factor was found using the c-phi reduction approach according to the
Mohr–Coulomb criterion. The method is based on the reduction in the cohesion (c) and the
tangent of the internal friction angle (tanϕ) of the soil until the failure of the slope occurs. It
is noted that the analyses were performed using constant Poisson’s ratios (v) and Young’s
modulus (E) of the formations, presented in Table 1, and the value of the safety factor, and
it was found to be equal to 1.491 (Figure 9).

As Duncan states in [1], one of the problems with using a constant value of Poisson’s
ratio (v) is that it is difficult to select a value of (ν) logically because its value depends on
the stress conditions to which the soil is subjected [1,53]. In order to investigate the effect of
Poisson’s ratio and the overall deformation model on the slope stability, different Poisson’s
values for the soil formations were considered. The analyses indicate that the results are
sensitive to the considered Poisson’s ratios of the soil formations (Figure 10). When the
Poisson’s ratio of the soil formations changes, the location of the critical slip surface alters,
depending on the situation being analyzed (Figure 10).
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Figure 10. Slip surface comparison with changes in Poisson’s ratio (v ) for the soil layers using FEM.
The upside-down triangle and the blue dashed line indicate the water table.

In detail, the critical slip surface passes through the toe, and the upper end of the slip
surface moves closer to the slope’s crest as the Poisson’s ratio of the soil formations increases.
However, this variation does not change significantly due to the small differentiation of the
precarious mass and the fixed value of friction angle and cohesion for the soil layers. The
solution result was compared with field measurements, and the geometry of the critical surface
was verified using the data gathered through monitoring and evaluation studies (Figure 11).
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Figure 11. (a) Comparison of critical slip surface based on LEM, LA, and FEM, respectively. The water
table is represented by dashed blue line. The upside-down triangle and the blue dashed line indicate
the water table. VI/3: inclinometer location. (b) Monitoring data registered by the inclinometer are
shown on the right side of the figure.

4. Discussion

Limit equilibrium method (LEM) reveals that although most critical slip surfaces have
identical values of the safety factor, the geometry of the sliding mass might vary (Figure 4).

This makes it difficult to locate the critical surface using classical optimization methods.
Therefore, field observations and engineering judgments considering indicated signs of
failure should be evaluated for proper results.

When the location and shape of the critical failure surface are challenging to examine
in detail in a multi-layered slope, the usage of the LA (upper-bound analysis) performed
using an Excel worksheet may be especially intriguing. This worksheet makes it simple to
use the analysis, minimizing the need for familiarization with commercial tools. However,
it is noted that the complexity of the geology and the existing aquifer make the solution
obtained with the LEM more flexible.

Regarding the FEM method, it represents a powerful tool for slope stability analysis in
multi-layered formation, as it allows a consideration of a variety of factors that influence the
mobility and highlights sensitive zones that require careful examination. Specifically, the
results demonstrate that the proper value of Poisson’s ratio (v) is prerequisite for reliable
results as it affects the size and location (geometry) of the critical slip surfaces. In detail, the
upper end of the failure surface moves closer to the slope’s crest as the Poisson’s ratio of
the soil formation increases. Therefore, quality data concerning the initial conditions and
the geotechnical parameters are essential for accurate results.

The comparison between critical slip surfaces obtained using LEM, LA, and FEM shows
that all methods provide an almost identical shape and location of the critical slip surface that
intersects the slope and passes through the toe. The formation of local minima failure surfaces
in the LEM, constitutes a major difference between LEM and FEM. However, the factor of
safety for the global slip surface based on the limit analysis and limit equilibrium methods
appears to be very close to the value estimated using the finite element method. The safety
factor obtained with FEM was underestimated by about 1% compared to that obtained with
LEM and overestimated by 1% compared to that obtained with LA.

Furthermore, since the size and shape of the critical slip surface controls the stability,
the values of safety factor obtained by each method compare well. Although there are
some minor differences, the results are similar, suggesting that the use of either the LEM,
LA, or FEM method is generally satisfactory. In view of the differences in the shape and
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location of the critical slip surface, as well as in those in the obtained values of the safety
factor, it is recommended that an engineer should analyze critical slopes using the finite
element method (FEM) in combination with the limit equilibrium method (LEM). In any
case, project monitoring and engineering judgment are necessary in order to manage the
outcomes effectively.

5. Conclusions

The paper performed the stability analysis of a multi-layered slope. The following
conclusions were derived from the results. The analysis performed using the LEM (limit
equilibrium method) reveals that while the values of safety factors in most critical slip
surfaces are similar, the geometry of the precarious mass may differ. This makes it difficult
to locate the critical surface.

1. The solution proposed for the LA (limit analysis) in multi-layered slopes constitutes
an innovative and easy assessment of the safety factor.

2. FEM (finite element method) represents a powerful tool for slope stability analysis in
multi-layered formations, provided that quality data concerning the initial conditions
and the geotechnical parameters are available. The results indicate that a proper value
of Poisson’s ratio (v) is a prerequisite for obtaining reliable results as it affects the size
and location (geometry) of the critical slip surfaces.

3. The formation of local minima failure surfaces in the LEM is referred to as a major
difference between the LEM and the FEM, and the study demonstrates that the
implementation of FEM combined with LEM or LA provides the most appropriate
tool to analyze the slope stability in a multi-layered formation.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
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limit analysis is presented in the excel worksheet Geoscience_Upper_Bound_Multilayer_Slope.xlsx.
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