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Abstract: Nonlinear solitary waves influence the Earth’s crust because wave pressure on the ocean
bottom contains non-hydrostatic components. Our physical-mathematical model allows us to cal-
culate the surplus super-hydrostatic pressure on the Earth’s crust. It depends on the amplitudes of
solitary waves and the depth of an ocean. The surplus wave pressure averages 50% from hydrostatic
pressure on the shallow ocean shelves. Thus, the solitary wave’s tsunami class can provoke novel
(repeated) earthquakes (or landslides) because surplus stresses affect the seismic focus. Theoretical
results and experimental physical modeling of soliton waves have shown good agreement. A calcu-
lated example of the mega-tsunami in Lituya Bay and a described example of Dickson Fjord (AK,
USA) indicate changes in the dynamic pressure after the onset of the tsunami. The presented studies
demonstrate a first attempt at creating a numerical model of this phenomenon.

Keywords: nonlinear dynamics; tsunamis; Korteweg–de Vries equation; aftershock; dynamic pressure;
coastal areas

1. Introduction

Geologists and physicists are interested in the forces that cause stress in the Earth’s
crust [1]. By determining geodynamics, they determine seismicity and mountain-building
processes, lead to crustal deformations and movement of substances, and affect the occur-
rence of geological bodies and tectonic structures [2–4]. A distinction is made between
endogenous force effects occurring under the influence of subcrustal processes and exoge-
nous forces, for example, caused by tidal effects from the Moon, Sun, or other celestial
bodies [5,6]. The movement of large air masses in the atmosphere also causes stress in the
crust. Theoretical estimates show that atmospheric pressure fluctuates within 50 mm Hg.
The accelerations of the column (66 mbar) cause accelerations of 56 × 10−8 cm2/s and
tilts of the lithosphere of the order of 0.012′, comparable to tidal effects. Fluctuations in
atmospheric pressure caused by cyclonic activity are 200 mbar, while the magnitude of the
stress difference before and after an earthquake is 10–100 bar. It is also known [7] that stress
drop due to earthquakes can be as little as one MPa (10 bar), much less than the strength
of rocks. For this reason, the force impact of the atmosphere on the earth’s crust can be
considered insignificant. However, there are indications that the movement of atmospheric
fronts changes the pressure at depths of earthquake focal zones. The density of seawater
is approximately three orders of magnitude higher than air. In addition, the water layer
is located closer to the earth’s surface. Dangerous geodynamic events at a depth below
oceans and seas often trigger tsunamis. In turn, a tsunami (rapid movement of vast masses
of water) can have a secondary geodynamic effect on the upper part of the Earth’s crust,
especially in the case of rugged ocean bottom bathymetry. This paper first attempts to
develop a physical-mathematical model for calculating the ocean’s water masses’ influence
on the Earth’s crust and geological layers.
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2. The Ocean’s Impact: A Brief Description

The ocean’s effect on the crust is much more significant since water is about 1000 times
heavier than air. The impact force of the ocean surf can reach 50,000 kg per 1 m2 of the
coastal cliff [8]. In coastal areas of the ocean, gravity waves on the water are considered
a seismic-forming factor generating microseisms. In the open ocean, at depths of about
4000 m, the influence of surface wind waves on the crust is insignificant since the associated
movements decay exponentially with distance from the surface and penetrate only to
depths of about 100–200 m. Long waves such as tides, storm surges, and planetary waves
reach the ocean floor and can exert excess pressure on it [9]. However, the amplitudes
of these waves are small, and the pressure is slight. An exception is tsunami waves with
amplitudes sometimes reaching hundreds of meters [10]. This paper will find the pressure
value on the ocean (sea) bottom from a tsunami of nonlinear solitary waves on water.
The discovery and study of these waves are usually associated with the names of Russell,
Korteweg–de Vries, Rayleigh, and Boussinesq [11–15]. This investigation extends the
authors’ research presented in [16,17].

Usually, scientists and engineers consider the problem of tsunami generation to be a
result of solid earthquakes [9,18]. However, catastrophic tsunamis can trigger secondary
earthquakes (or landslides) that may be dangerous for human lives and engineering (in-
dustrial) structures. How can we estimate the secondary effect of the disastrous tsunamis?
These issues are sparingly covered in scientific publications [19–23]. Our communication is
suggested to calculate numerically this phenomenon.

Let us consider gravitational waves on the surface of an ideal (frictionless) incompress-
ible fluid [24,25], where

∆u = 0, (1)

∂u
∂t

+ (u∇)u = −1
ρ

∆p + F. (2)

The waves are considered irrotational (rot u = 0), and the velocity potential Φ can be in-
troduced using the equality u = ∇Φ [24,25]. Then, from the incompressibility condition (1),
we find the Laplace equation for the potential

∇2Φ = ∆Φ = 0. (3)

Here, u is the flow velocity vector, ρ is the constant water density, and p is the pressure
and force. F = -grad U, where U = gz [25], is the potential of gravity force (we consider the
cases around the Earth’s surface only), grad is the gradient, the z-axis is directed upwards
from the bottom, and g is the gravity acceleration.

Equation (2) can be written as

grad
(

∂Φ
∂t

+
u2

2
+ U +

ρ

p

)
= 0.

The expression in parentheses does not depend on coordinates and can only be a
function of time f (t)

∂Φ
∂t

+
u2

2
+ U +

ρ

p
= f (t). (4)

If we introduce another potential φ using equality,

∂ϕ

∂t
=

∂Φ
∂t

− f (t),

then the Cauchy integral (4) can be written as an equation for pressure

p = −ρ
∂ϕ

∂t
− ρ

2

[(
∂ϕ

∂x

)2
+

(
∂ϕ

∂z

)2
]
− ρgz, (5)
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and

ϕ = Φ −
[(

pa

ρ

)
= gH

]
t, (6)

where H is the depth of the liquid occurrence.
Thus, knowing the potential Φ, using Equations (5) and (6), we can find the pressure

in the wave p. Laplace’s Equation (3) for the potential Φ should be solved with boundary
conditions at the bottom z = 0 and at the surface of the water z = H (the positive z-axis is
directed downwards), which is disturbed by the wave η.

3. Analysis of Nonlinear Boundary Conditions

Analysis of nonlinear boundary conditions [13,26] leads to the Korteweg–de Vries
equation for the water surface level η

dη

dt
+ c0

(
1 +

3η

2H

)
dη

dx
+

(
c0H2

6

)
∂3η

∂x3 = 0, (7)

where c0 = (gH)1/2 is the Lagrangian velocity of the linear long waves.
We seek the solution of Equation (7) in the form of a traveling wave

η = Hθ(ψ), (8)

ψ = x − ct, (9)

and c is the velocity of the running progressive wave.
From Equations (8) and (9) we have

∂η
∂t = H dθ

dψ
∂ψ
dt = −cH dθ

dψ = −cHθψ, ∂η
∂x = H dθ

dψ
∂ψ
∂x = Hθψ,

∂3η
∂x3 = H d3θ

dψ3 = Hθψψψ

, (10)

where the index ψ denotes the derivative concerning the variable ψ.
Substituting formulas from Equation (10) into Equation (7), we obtain

H2

6
θψψψ +

3
2

θθψ +

(
1 − c

c0

)
θψ = 0. (11)

Equation (11) can be integrated. We obtain

H2

6
θψψ +

3
4

θ2 +

(
1 − c

c0

)
θ + K = 0, (12)

where K is the integration constant.
Multiplying Equation (12) by θψ, we obtain

H2

6
θψθψψ +

3
4

θψθ2 +

(
1 − c

c0

)
θθψ + Kθψ = 0. (13)

Integrating Equation (13), we find

H2

3

(
θ2

ψ

)
+ θ3 − 2

(
c
c0

− 1
)

θ2 + 4Kθ + 4χ = 0, (14)

where χ is another constant of integration. The constants K and χ in Equation (14) can
be equal to zero (K = 0, χ = 0) since we accept the conditions for the wave to disappear
at infinity.

In deriving Equation (14), we used the identity
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∫
θψθψψdψ ≡ 1

2
(
θψ

)2
.

The constants K and χ in Equation (14) can be set equal to zero if we accept the
condition θ → 0, θψ → 0, θψψψ → 0, . . . , by ψ → ∞ .

Then, Equation (14) can be written as

H2

3

(
dθ

dψ

)2
= θ2(α − θ), (15)

where the designation is introduced

α = 2
(

c
c0

− 1
)

. (16)

In Equation (15), after extracting the root√
H2

3

(
dθ

dψ

)
= θ

√
(α − θ) (17)

variables can be separated ∫ dθ

θ
√

α − θ
=

(√
3

H

)
ψ. (18)

The integral in Equation (18) is taken

∫ dθ

θ
√

α − θ
= − 2√

α
arth

(√
α − θ√

α

)
. (19)

Substituting Formula (19) into Equation (18), we obtain

θ = α

[
1 − th2

(
ψ

√
3α

4H2

)]
.

From here, using the identity

1 − th2r ≡ sech2r,

(where sech is the hyperbolic secant function) and definition (8), we obtain

η = Hαsech2

(
ψ

√
3α

4H2

)
. (20)

4. Discussion and Conclusions

According to Equation (16), the value of
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depends on the velocity of the traveling
wave c. To determine it, we note that from Equation (17), it follows that at α = 0, the
extremum condition dθ

dψ = 0 is satisfied, which determines the wave peak, where the
dimensionless wave amplitude is maximum and equal to the value α = A/H. The
dimensional value of the maximum level is A = αH = 2H

(
c
c0
− 1
)

.

Therefore, A
H = 2

(
c
c0
− 1
)

, and from this follows the expression determining the
wave velocity:

c = c0

(
1 +

A
2H

)
. (21)

Thus, the solution of Equation (7) takes the final form
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η = Asech2
(

x − ct
λ

)
, (22)

where the wavelength λ is

λ = 2H

√
H

3A
. (23)

To test the solution (22), we conducted a special laboratory experiment at the Physics
Department of Lomonosov’s Moscow State University. The solitons were excited using a
reciprocating wave generator in a 10 m channel filled with water to a H = 0.06 m depth.
The piston mounted on a spring was pulled up to the end of the channel and then fixed
together with the compressed spring using a thread. After preparing the experiment, the
thread fixing the compressed spring was burned out, and the spring, released from tension,
moved the piston forward at a speed of V. At the same time, the piston pushed a mass
of water in front of it, forming a single wave running along the channel. The soliton was
photographed and videotaped, and then its shape and height were measured. In Figure 1,
the red dots show the measurement results associated with the approximating curve 1.
Curve 2 in Figure 1 results from Formula (22) calculations. As we can see, curves 1 and 2 are
close. A slight discrepancy is associated with the piston speed V, which does not coincide
with the soliton speed c (Equation (21)). For Figure 1, the measured soliton amplitude
A = 0.0225 m, V = 1.261 m/s, c = 0.85 m/s, and c0 = 0.701 m/s. If the velocities c and V
coincide, then the curves 1 and 2 match completely. Similar experiments were conducted at
Grenoble University (France) [27].
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Let us consider the results of the mega-tsunami in Lituya Bay (AK, USA) (Figure 2).
The maximum amplitude of the wave was equal to A = 60 m, and the middle depth was
H = 122 m [23,28].

The dimensionless amplitude E = η/A was calculated for the time t = 20 s after the
onset of the tsunami. We can see in Figure 2 (curve B) that the wave has the form of a hill
running at a velocity of c. Note that this velocity is greater than the speed of linear wave
c0 and depends on the maximal amplitude A. Parameters D and E can be used to classify
geodynamic events after tsunamis.
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Analysis of the nonlinear boundary conditions [13,26] and Equation (3) shows that the
potential Φ is related to depth-average velocity V by the formula

Φ =

x∫
0

Vdx +
H2

6
dV
dx

− z2

2
dV
dx

, (24)

where

V =
Ac0

H

[
1 +

A
2H

(
1 − 2sech2γ

)]
sech2γ, (25)

and the phase of the wave

γ =

√
3

A
4H

(
x − cT

H

)
. (26)

Substituting (25) into (24) and considering (9), we obtainΦ =

(√
4H
3A

)
Ac0thγ

[
1 + A

2H − A
H

(
1 − th3γ

3

)]
− Ac0

2

√
3A
H

(
1
3 − z2

H2

)
·
[
1 + A

2H

(
1 − 4sech2γ

)]
sech2γ th2γ.

 (27)

Moreover, the pressure p(x = 0) is assumed to be absent at the origin of the coordinates.
Formulas (6) and (27) allow us to obtain the potential φ and its derivatives. Substituting

the results into Formula (5), we find the pressure

p = pα + pg(H − z) + pAcc0
H sech2γ

[
1 − A

2H + A
3H (1 + 2thγ)th2γ

]
− 3A2 pcc0

4H2

(
1
3 − z2

H2

)
sech2γ

{(
3sech2γ − 2

)[
1 + A

2H

(
1 − 4sech2γ

)]
+ 4A

H th2γsech2γ
}

− ρ
2


Ac0
H sech2γ

[
1 − A

2H

(
1 + 4

3 th3γ
)]

− 3A2c0
4H2

(
1
3 − z2

H2

)
sech2γ{[

1 + A
2H

(
1 − 4sech2γ

)](
3sech2γ − 2

)
+ 4A

H sech2γ th2γ
} 

2

− 3pA3c2
0z2

2H5

[
1 + A

2H

(
1 − 4sech2γ

)]2
sech4γ th2γ.


(28)

The first term in relation (28) represents atmospheric pressure, which equals
101,325 Pa ≈ 1.01 bar. The second term on the right side of Equation (28) is the hydrostatic
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pressure, which increases linearly with depth and becomes zero at the water surface z = H.
The third term on the right side of (28) depends on the phase of the wave γ and describes
the pressure disturbance associated with the solitary wave. The remaining terms in (28)
depend not only on the phase of the wave γ but also on the vertical coordinate z. They
describe the changes in pressure with depth in a solitary wave. The maximum pressure is
achieved at the bottom of the marine (oceanic) basin; the corresponding calculation formula
can be easily obtained by assuming z = 0 in Formula (28).

As a specific example, Figure 2 presents the results of calculations using Formulas (22),
(28), and (29) for changes in the dynamic pressure

D = p − p2 − ρg(H − z) (29)

at the bottom in, according to the model of the mega-tsunami in Lituya Bay [23,28]. The
area of Lituya Bay (AK, USA) is known for sharp tsunamis [28]. For example, on 9 July
1958, an earthquake with a magnitude of M = 7.8 caused a mega-tsunami with a height
of 521 m. The water rose to this height from the tsunami splashing onto the bay’s shores
after a huge rock and ice fell into it. Tsunami waves with a height of about 60 m were
observed in this bay in 1854, 1899, and 1936. We calculated a particular model tsunami
with an amplitude of a = 60 m. The average depth of the bay was chosen to be 122 m, with
a maximum depth of 220 m.

For calculations, we choose seawater density 1027.675 kg/m3, corresponding to a
salinity of 35 ppm and a water temperature of 5 ◦C (at depths less than 200 m, the de-
pendence of water density on pressure can be neglected). As we can see, the dynamic
pressure at the bottom is a three-humped soliton (“Trident of Neptune”) with a maximum
of approximately equal to 5 bar at the leading front of the wave. In this example, the static
pressure at the bottom

S = pα + ρgH ≈ 13 bar , (30)

that is, the ratio D/S = 0.385 ≈ 40%. The absolute value of pressure fluctuation from
a tsunami on the ocean floor is approximately 10 bars, sufficient to initiate aftershock
earthquakes in overstressed areas of the Earth’s crust.

Scientists at NASA’s Jet Propulsion Laboratory used the SWOT satellite to track the
source of the rumbling seismic signals recorded in September 2023 [29]. These were not
tremors but tsunami waves splashing in Greenland’s narrow fjord. While analyzing the
data it collected, the scientists noticed something unusual in the narrow Dickson Fjord,
part of a network of channels in eastern Greenland. It has a maximum depth of 540 m, is
2700 m wide, and has more than 1800 m high walls. SWOT found that the water levels on
the northern and southern shores of the fjord differed by more than a meter, which should
not happen under normal conditions.

Further work with the data showed that a giant rockfall occurred in this fjord, causing
about 25 million m3 of rock and ice to collapse into the water. A powerful tsunami wave
was created since the fjord is relatively narrow and enclosed. A figure similar to Figure 2
may also be calculated for this case.

The tsunami energy had nowhere to spread beyond the fjord, so the wave walked from
the northern coast to the southern and back every 90 s for nine days. Moreover, its impacts
were so substantial that seismic signals were recorded by stations far from Greenland.
Thus, a complex mechanism for the propagation of tsunami waves caused by landslides
and rockfalls was revealed here. This again demonstrates the need to develop modern
physical-mathematical apparatus for assessing such dangerous natural phenomena.

Note that the above calculations relate to mega-tsunamis with large amplitudes. Such
tsunamis are rare in nature. Usually, the amplitudes of tsunamis do not exceed 2 m [30].
Nevertheless, the proposed method is universal and suitable for estimating the geodynamic
effects of tsunamis of any amplitude.

Thus, procedures for estimating the secondary aftershock parameters are presented
here. The formulas mentioned above can assess the danger of secondary seismological
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events caused by the ocean’s water influence on the underlying Earth’s surface. Completing
a variety of similar calculations will allow the application of a machine learning method-
ology [31]. We propose that the approach first described here for estimating geodynamic
post-tsunami effects will obtain further elaboration.

At the same time, it should be noted that the strength and magnitude of aftershocks
are, as a rule, less than the main impact of the generating tsunami. However, many known
cases exist where buildings damaged by the main shock collapsed precisely during the
aftershock, with less strong tremors. The aftershocks pose a significant threat during
rescue operations.
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