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Featured Application: THz bandpass filter design.

Abstract: Cascading similar frequency selective surfaces (FSSs) improves the roll-off rate and
frequency selectivity of THz bandpass filters. However, resonant coupling between FSS layers causes
anomalous transmission peaks. In this work, we have employed an equivalent circuit model to
analyze a double-layer FSS structure with periodic cross apertures at different interlayer spacing.
We found that the anomalous peaks can be attributed to the resonant coupling between the upper
and lower layer FSSs, and their periodic appearance with changing interlayer spacing is related
to the half-wavelength repeatability of the circuit. We have fabricated a double-layer FSS sample
using femtosecond laser micromachining and measured it using time-domain THz spectroscopy.
The results using the equivalent circuit model agree with the Finite-Difference Time-Domain (FDTD)
and experimental results.
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1. Introduction

Terahertz (THz) waves generally refer to electromagnetic radiation in the 0.1–10 THz frequency
range. THz waves have potential applications in bio-sensing, satellite communication, military radar,
object imaging, environmental monitoring, and medical diagnosis [1]. Studies on THz functional
devices such as waveguides, polarizers, modulators, antennas, switches, and bandpass filters are
particularly important for applications of THz technology [2–13]. THz bandpass filters are one of the
key components to effectively control and manipulate THz waves. THz filters can be grouped into the
following types: photonic crystal filters [7,8], filters based on metamaterials [10–13], and frequency
selective surfaces (FSSs) [14–16].

FSS-based filters are composed of periodically arranged apertures on a metal foil. They are
easy to fabricate and have a controllable central frequency and a low insertion loss. Most of
the commercially available THz bandpass filters are FSS-based. Compared with single-layer FSSs,
double-layer FSSs have the characteristics of better frequency selectivity, a higher roll-off rate, and a lower
angle sensitivity, suitable for narrowband and multiband operations [17–19]. However, periodically
appearing anomalous transmission peaks will appear in double-layer stacking when the interlayer
spacing and wavelength are of the same order of magnitude [19,20]. What causes these anomalous
transmission peaks and their periodic appearance with spacing is important not only in filter design
but also for fundamental understanding. Usually, the analysis of this kind of structure relies on
the use of commercial full-wave electromagnetic solvers such as the Finite-Difference Time-Domain
(FDTD) method. However, it is difficult to understand the physical mechanisms behind the computed
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transmission spectra of stacked FSS structures. Equivalent circuit models (ECMs) have been utilized
to analyze anomalous transmission peaks and show a good agreement with commercial full-wave
electromagnetic solvers in the microwave region [21–25].

In this work, we presented a method based on an ECM to examine the THz anomalous transmission
phenomena of a double-layer cross FSS structure, and analyzed the evolution and origin of these
transmission peaks at different interlayer spacing. We fabricated a double-layer FSS sample using
femtosecond laser micromachining and measured it using time-domain THz spectroscopy. The results
obtained by the ECM agree with the FDTD and experimental results.

2. Theory and Experiments

The double-layer FSS structure consists of periodically arranged cross apertures perforated on
10 µm Al foils as shown in Figure 1a. Two FSS layers are stacked parallel with no dielectric substrate
in between and without lateral shift. Structural parameters of the cross unit include arm length l,
arm width w, thickness t, period p, and double-layer spacing d.
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Figure 1. (a) Schematics of the double-layer cross frequency selective surface (FSS) unit structure. l, w,
t, p, and d represent the arm length, arm width, thickness, period, and spacing of the double-layer FSS
structure, respectively; (b) equivalent circuit model of the double FSS structure.

The equivalent inductance L and capacitance C are different for FSSs with different shapes and
structural parameters. For some commonly used FSS elements, such as rectangles, holes, squares,
crosses, etc., the values of L and C can be calculated using theoretical formulas [26–28]. However,
the accuracy of L and C values obtained using formulas is low, and the error is magnified further after
multi-layer stacking. Therefore, we used an inversion method, which employs FDTD (FDTD Solutions,
Lumerical Inc., Vancouver, BC, Canada) to calculate the equivalent L and C of the single-layer FSS,
in order to concentrate on the coupling effects of the multi-layer stacking. In the FDTD simulation,
we used periodic boundary conditions for X and Y directions, and perfect matching layers along the Z
direction. The material is Al with a plasma frequency of 2.24 × 1016 rad/s, and a damping coefficient of
1.12 × 1014 rad/s. The polarization of the terahertz waves is along the X direction.

Firstly, the transmission coefficient and reflection coefficient of the single-layer FSS were calculated
by FDTD. Because the single-layer FSS is a reciprocal symmetric network, we have S12 = S21 (transmission
coefficient), S11 = S22 (reflection coefficient). In this way, all the elements in the S matrix of the single-layer
FSS can be obtained. Then, the impedance matrix of single-layer FSS was calculated by Equation (1)
according to the conversion relationship of the parameters for a two-port network [29,30]:

ZFSS = Z0
(1 + S11)(1− S22) + S12S21

(1− S11)(1− S22) − S12S21
(1)
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where Z0 is the characteristic impedance of free space. For a slot structure, it is equivalent to the
inductance L and capacitance C connected in parallel. The admittance can be expressed as

YFSS =
1

ZFSS
= j2π f C +

1
j2π f L

(2)

Assuming that the values of inductance L and capacitance C are stable within the frequency range,
by selecting two frequency points fa and fb in the sub-wavelength region (λ > p) and using Equation (2),
the equivalent parameters L and C of the circuit can be calculated as follows:

L =
( fb/ fa − fa/ fb)

j2π[ fbYFSS( fa) − faYFSS( fb)]
(3)

C =
(YFSS( fa)/ fb −YFSS( fb)/ fa)

j2π( fa/ fb − fb/ fa)
(4)

By cascading the LC oscillation circuits corresponding to the upper and lower layers, we obtained
the ECM of the double-layer FSS as shown in Figure 1b. One can see that at Zinp1 port, the electromagnetic
wave passes through only one FSS layer and the interlay air. At ZL2 port, the electromagnetic wave
has passed through two FSS layers, and ZL2 contains the coupling effect between the two FSS layers.
ZL1, Zinp1, and ZL2 in the ECM can be expressed as

ZL1 =
Z0 ×ZFSS
Z0 + ZFSS

(5)

Zinp1 = Z0
ZL1 + jZ0tan(β0 × d)
Z0 + jZL1tan(β0 × d)

(6)

ZL2 =
Zinp1 ×ZFSS

Zinp1 + ZFSS
(7)

where β0 = ω/c, ω is the angular frequency and c is the speed of light in a vacuum. ZL2 obtained from
Equation (7) is the load impedance of ECM. The reflection coefficient Γ and the transmittance T of the
ECM can be calculated as follows:

Γ =
ZL2 −Z0

ZL2 + Z0
(8)

T = 1 − Γ2 (9)

Single-layer FSSs with geometrical parameters l = 280 µm, w = 65 µm, t = 10 µm, and
p = 350 µm were fabricated on 10 µm Al foils using a femtosecond laser micromachining system [13,31].
The femtosecond laser has a wavelength of 800 nm, a pulse width of 45 fs, and a repetition rate of
1 KHz. The Al foil was placed on a computer-controlled two-dimensional translation platform with a
moving speed of 500 µm/s and an acceleration of 500 µm/s2, and the laser power used was 10 mW.
The calculated focal spot size is 1.44 µm in diameter, and the power density (or irradiance) is about
0.48 MW/cm2.

We stacked two single-layer FSSs to form a double-layer structure. To precisely assemble the
two FSS layers, we first put one layer clinging to the other layer (spacing d = 0). We aligned the cross
aperture arrays using visible light projection. Then, we moved one filter mounted on a one-dimensional
translation stage with respect to the other fixed filter to control the spacing between the two layers.
The sample was measured using a home-made time-domain THz spectroscopy system, which employs
a Ti: Sapphire femtosecond amplifier and ZnTe crystals for both THz generation and detection.
The system has a usable spectral range from 0.2–2.5 THz and a power spectrum dynamic range >50 dB.
Time-domain signals were acquired over a time window of about 25 ps, corresponding to a frequency
resolution of 40 GHz (∆f = 1/Twindow).
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3. Results and Discussion

Figure 2a,b shows the FDTD (blue), ECM (green), and experimental (red) results when the
interlayer spacing d equals 555 and 585 µm, respectively. The ECM results are credible only when the
calculated wavelength is larger than the period p = 350 µm [24]. The transition point at λ ≈ p = 350 µm
(f = c/λ ≈ 0.857 THz) was traditionally referred to as Wood’s anomaly [32]. Thus, the simulation
THz range is set from 0.1 to 0.85 THz. In the simulated range, the results obtained by ECM agree
with those obtained by FDTD and experiments. We see three peaks in each experimental spectrum,
which are labeled as f 1, f 2, f 3 for d = 555 µm and f 4, f 5, f 6 for d = 585 µm. The ECM spectrum shows
narrower peaks, because both experiments and FDTD simulations have a limited time window. In the
time-domain THz spectroscopy measurements, the time window is confined by the internal reflection
pulse of a 1 mm ZnTe detection crystal, appearing at about 21.6 ps after the main THz pulse.
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Figure 2. Comparison between the experimental, equivalent circuit model (ECM), and Finite-Difference
Time-Domain (FDTD) results for spacing d = 555 µm (a) and 585 µm (b).

We scanned the interlayer spacing d from 50 to 1050 micron to explore the evolution of the
transmission peaks at different interlayer spacing using ECM. We obtained the transmittance contour
map for a range from 0.1 to 0.85 THz, as shown in Figure 3a, which coincides with the results of FDTD
simulation (Figure 3b). The transmission peak, which does not vary with the spacing d, is highlighted
with a white line B, and two transmission lines, periodically appearing like wings on both sides of line
B with varying d, are highlighted as line Ai and Ci (i denotes the series of wings).
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Figure 3. (a) The transmittance contour map in a THz range from 0.1 to 0.85 THz for spacing d changing
from 50 to 1050 µm, calculated by ECM. Line B highlights the central transmission peak, and line
Ai and line Ci highlight the left and right wings, respectively. i denotes the series of wings. (b) The
transmittance contour map calculated by FDTD.
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It can be seen from Figures 2 and 3 that the positions of f 2 and f 5 coincide with that of line B,
at about 0.557 THz. Obviously, the peak highlighted by line B is the intrinsic transmission of the
single-layer FSS. In order to analyze the effect of double-layer coupling, we need to look into ZL2.
Equation (6) shows that ZL2 is composed of Zinp1 and ZFSS connected in parallel. The air interlayer
is represented by Z0 and β0. Zinp1 represents the impedance of the first layer FSS plus interlayer air,
and ZFSS represents the equivalent impedance of the second FSS layer.

The single-layer slot-type FSS is equivalent to the parallel connection of inductance and capacitance.
When resonance occurs, the inductance reactance and capacitance reactance of the parallel circuit are equal,
that is, the inductance current and the capacitance current are equal. Because the inductance current lags
behind the voltage by 90◦ in phase and the capacitance current leads the voltage by 90◦ in phase, the phase
difference between the inductance current and the capacitance current is exactly 180◦. At this time, there is
no current passing through the circuit (no loss) and the transmittance of the FSS is the maximum.

Similarly, for the double-layer FSS, the total input impedance ZL2 is equivalent to the parallel
connection of Zinp1 and ZFSS. As we know, the real part of the impedance represents resistance,
while the imaginary part represents reactance. A positive imaginary part represents inductance, while a
negative imaginary part represents capacitance. When the transmittance is the maximum, the circuit
resonates, and the imaginary parts of the paralleled impedance Zinp1 and ZFSS should be equal in
amplitude but with opposite signs. Therefore, we add up the imaginary parts of Zinp1 and ZFSS and
plot the sum in Figure 4a for d = 555 µm and d = 585 µm, and Figure 4b is the enlarged view at the
sum equal to zero. As it can be seen from the figure, for d = 555 µm, at about 0.487 and 0.621 THz, the
sum lines pass zero. At these two zero points, the upper and lower FSSs resonate and the anomalous
transmission peaks f 1 and f 3 appear. For d = 585 µm, at 0.473 and 0.607 THz, the sum lines pass
zero, corresponding to the anomalous transmission peaks of f 4 and f 6. Therefore, according to ECM
theory, the anomalous transmission peaks (f 1, f 3, f 4, and f 6) can be attributed to the resonant coupling
between double FSS layers. At 0.564 THz, that is, the transmission peaks f 2 and f 5 (also the position
of line B), the sum is not equal to zero, because the peak corresponds to the intrinsic transmission of
the single-layer FSS and is irrelevant to the double-layer coupling. In addition, the ECM also predicts
peaks at about 0.25 and 0.8 THz, which were not observed in our experimental data. For the peak at
0.25 THz, the real part of ZL2 is only about a few ohms, mismatching with the impedance of the free
space (377 ohms), indicating a weak resonance/peak. The peak at 0.8 THz is too sharp to be observed
in our experiments because we have a limited frequency resolution.
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Furthermore, for the periodic appearance of the anomalous transmission peaks/wings, we found
that Zinp1 has a certain periodicity. Increasing d by integer multiple of half wavelength ( mλ

2 ) and using
Equation (6) to calculate Zinp1 (d+ mλ

2 ), we have

Zinp1

(
d +

mλ
2

)
= Z0

ZL1 + jZ0tan(β0 × d + mπ)
Z0 + jZL1tan(β0 × d + mπ)

= Z0
ZL1 + jZ0tan(β0 × d)
Z0 + jZL1tan(β0 × d)

= Zinp (10)
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This indicates that the impedances of two points with mλ
2 spacing on the transmission line

are equal.
We can convert the repetitive phase ∆ϕ = mπ (m is a positive integer) into distance. The repetition

period of d is calculated as follows:

∆d =
mc
2 f

(11)

By using Equation (11) and substituting different m values, we can plot lines Ai and Ci, which
coincide with the center of the periodic wings shown in Figure 3. Therefore, by calculating the sum of the
imaginary parts of Zinp1 and ZFSS, we can predict these periodically appearing anomalous transmission
peaks/wings that are caused by the resonant coupling between the two FSS layers. Our interpretation is
consistent with the explanation in terms of a strongly coupled Fabry–Pérot resonator [21].

In addition, if we draw a horizontal line at a larger spacing d in Figure 3, we obtain more anomalous
peaks. They can also be perfectly predicted and explained using our model. At THz frequencies,
the thicknesses of commercially available substrates are comparable to the free-space wavelength.
Substrates cause unwanted substrate resonances or Fabry–Pérot resonances, which otherwise degrade
the transmission characteristics of the cascaded FSS structure, smearing out the anomalous transmission
features observed in this work.

4. Conclusions

In this work, we have shown that anomalous THz transmission of a double-layer FSS structure
can be explained by ECM. The transmission peak not affected by the layer spacing is attributed to the
intrinsic transmission of the single-layer FSS, while the side anomalous transmission peaks are due to
the resonant coupling between the equivalent capacitive and inductive reactance of the upper and lower
layer FSSs. Their periodic appearance with changing spacing d is associated with the half-wavelength
repeatability of the circuit. The ECM results agree with the FDTD and experimental results.
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