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Abstract: Increasing the lifetime and improving the performance of structures through redesign and
optimization are important, especially in marine structures. In general, there are two main groups of
marine structures: onshore and offshore structures. Most marine structures are offshore, and these
are divided into two categories: floating or sunken. One of the important parameters in the design of
sunken structures is the critical load resulting from the buckling of walls, which can cause damage to
the structure. In the present paper, three rectangular aluminum and steel compartments of different
conditions and sizes were modeled using design analysis methods. Then, different finite element
analyses were performed, and the compartments were optimized to reduce the weight of the structure.
Finally, the buckling results of three types of rectangular reinforced compartments were calculated
and were compared with each other. The results show that the stresses calculated using the analytical
method are in good agreement with the results of the finite element analyses. In addition, the weight
of the compartment is reduced by utilizing the reinforced conductors in accordance with the design
principles and considering the minimum thickness.

Keywords: optimization; buckling; sunken reinforced compartments; marine structure;
finite element simulation

1. Introduction

There are different types of pressure problems in various industries that lead to irreparable
damage, such as the bursting of pressure vessels, buckling of immersion compartments, breakdown of
compressed natural gas (CNG) vehicle fuel tanks [1], and so on. The use of reinforcing beams is one
of the ways to achieve higher resistance to external loads in immersion compartments. However,
these structures are also subjected to local buckling, which should be considered at the design stage.
Many studies have been done with regard to design, analysis, and optimization of immersion
compartments. Some of these are addressed in this paper. In 1744, Euler described the buckling of
columns for the first time. Next, Brian conducted the first tests for simple buckling [2]. The effect
of the slenderness ratio, the influence of rectangular cube tanks on local buckling, and design and
application of aluminum alloys in a wide range of slenderness ratios have all been studied [3,4].
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Bresler presented a new design criterion for reinforced columns under axial and biaxial bending
loads [5]. Horowitz designed columns subjected to biaxial bending [6]. The Genetic Algorithm (GA)
was used to investigate the behavior of reinforced concrete columns under buckling phenomenon [7].
Cedolin et al. studied an analytical solution for biaxial bending in concrete columns [8]. Yang et al.
compared the seismic behavior of frame structures considering specially shaped columns and
rectangular columns [9]. Zhi-hua et al. studied the axial compression stability of a crisscross
section column made of square steel tubes filled with concrete [10].

Rodriguez et al. evaluated the cyclic behavior of rectangular reinforced concrete columns under
biaxial loading by utilizing experimental data [11]. Avcar studied the elastic buckling of steel columns
loaded under axial compression condition [12]. Gumble et al. analyzed the elastic buckling of steel
columns under axial compression load [13]. Kervalishvili et al. presented a modified procedure for
buckling calculation of steel columns at elevated temperatures [14]. Dahiya et al. investigated the
design of columns with rectangular and L-shapes subjected to axial and biaxial bending loads [15].
Mohammad and Seyan optimized the design of reinforced concrete with rectangular column shapes
subjected to axial compression as well as biaxial bending moments [16]. The effects of different
column sections (square and rectangle) with different longitudinal reinforcement rates have also been
studied [17].

Jiang et al. investigated the impact of two types of flux-cored arc and submerged arc welding
and different kinds of heat treatment on the strength of High-Strength Steel (HSS) columns [18].
Kandpal presented a comparative analysis of rectangular and square columns under axial and biaxial
bending loads [19]. The results indicated that applying appropriate heat treatment leads to increased
strength of the structure in the range of 3–7%. Moreover, a methodology has been presented to test the
HSS columns [20]. Schuman and Back conducted a series of different experiments on rectangular flat
plates under edge compression to assess strength [21]. The strength of thin plates under compression
conditions has also been reported [22].

Patil et al. investigated the vibration behavior of ring-stiffened polymer composite thick shells
used for underwater structures [23]. The tests were done in the air and in water. Free-free boundary
conditions have also been considered for modal analysis, which showed that the natural frequency in
water was lower than that in air. Moreover, the moderate variation in natural frequency was indicated
by an increase in hydrostatic pressure (as the immersion depth increased). Chu et al. published a
review paper regarding the design of the cage and the containment tank for offshore fish farming [24].
They examined various challenging factors in the design step. These factors included water depth,
current speed, wave action, seabed condition, accidental storm incidence, conducive environment for
fish welfare, and infrastructure and economic sustainability. Dynamic structural stress analysis of a 2D
semi-flexible closed fish cage was also performed [25].

In summary, the literature review indicated that the results obtained through analytical
relationships are in good agreement with the experimental data under different loading. Among these
results are Graves Smith’s, which reported the final strength of the columns under the compressive
load [26]. Considering the wide application of rectangular containers, especially in the marine industry
(e.g., submarine battery compartments), there are various fields of work for the development of such
structures. Therefore, the authors have attempted to provide more complete research in the field of
sunken compartment optimization, in particular determining the best type of reinforcement beams
with the least weight. To this end, both FEM and analytical methods have been used to analyze three
rectangular compartments made of steel and aluminum in different dimensions. Initially, the buckling
critical modes for each compartment were obtained using an analytical solution. Then, finite element
studies of each compartment were performed. Eventually, to reduce the weight of the structure,
the optimization process was performed by utilizing ANSYS software capabilities.
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2. Model Description and Finite Element Analysis

In the present study, three compartments with different specifications were designed using
the analytical method, utilizing finite element software, and applying available equations and
theories. The specifications of the rectangular compartment and mechanical properties of T-shaped
reinforcements (Figure 1) for different materials are reported in Tables 1 and 2, respectively. In Table 1,
side of reinforcements refers to the number of reinforcement beams used in the X-, Y- and Z-direction
(refer to the guide in Figure 2).
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Figure 1. Specifications of the cross-section of the T-shaped beam. B: flange width, H: height of section,
t1: web width, t2: slab thickness.

Table 1. Specifications of T-shaped reinforcements for different materials of the compartment.

Material Number of T-Shaped Beams Cross-Section Dimensions (mm) Side of Reinforcements

Steel
4 50 × 50 × 5 × 5 1
4 50 × 50 × 5 × 5 2
7 50 × 50 × 5 × 5 3

Aluminum
(depth of 20 m)

3 80 × 80 × 9 × 9 1
3 80 × 80 × 9 × 9 2
4 80 × 80 × 9 × 9 3

Aluminum
(depth of 60 m)

3 80 × 80 × 9 × 9 1
3 80 × 80 × 9 × 9 2
6 80 × 80 × 9 × 9 3

Table 2. Geometrical and mechanical properties of the rectangular compartment [27].

External Dimensions (mm)
Length ×Width × Height

Internal Dimensions (mm)
Length ×Width × Height Poisson Ratio Young’s Modulus (GPa) σy (MPa) Safety Factor Depth (m) Body Material

828 × 898 × 1551 768 × 838 × 1493

0.266 210 400 2.7 60 St60

0.346 72.7 288 4 20 Al5083H321

0.346 72.7 288 4 60 Al5083H321
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Figure 2. Final structures of reinforced compartments with T-shaped beams: (a) steel compartment, 
(b) aluminum compartment (depth of 20 m), and (c) aluminum compartment (depth of 60 m). 
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Figure 2. Final structures of reinforced compartments with T-shaped beams: (a) steel compartment,
(b) aluminum compartment (depth of 20 m), and (c) aluminum compartment (depth of 60 m).

Final structures of reinforced compartments with T-shaped beams are presented in Figure 2.
It should be noted that the selection of these cases was based on an operational project implemented in
the marine industry.

Implementation Process of FE Simulation

The geometric models of the desired compartments with real dimensions were prepared by
CATIA software and assembly of reinforcements in different directions. Afterward, ABAQUS software
was used to simulate the structures using the finite element method, in which a mesh process
was performed automatically using quadrilateral elements (cube with square cross-section) [28–30].
To reduce the computational cost and solution time, the response sensitivity analysis to mesh size
was evaluated [31–33], and a mesh size of one millimeter was selected to continue the research. It is
considered that all edges of structures are fixed as in clamped boundary conditions. Next, stress analysis
was completed to examine the reliability coefficient of various enclosures using Navier’s analytical
solution in sheet and shell theory. Thus, the hydrostatic pressure imposed on each side and on the
whole body was represented as

P = ρgh (1)

where ρ is water density, g is acceleration of gravity, and h represents the immersion depth.

3. Analytical Solution

In this part of the research, an analytical solution based on the Navier’s method was presented.
To ensure the accuracy of the calculation, the analytical results were compared with the finite
element results extracted from the FE software [34,35]. Then, the analytical solutions were used to
design the compartments and calculate different parameters including deflection, maximum tension,
and thicknesses:

p(x.y) =
∑
∞

m−1

∑
∞

n−1
pmnsin

mπx
a

sin
nπy

b
= p0 (2)

W(x.y) =
∑
∞

m−1

∑
∞

n−1
amnsin

mπx
a

sin
nπy

b
(3)

where x and y are 2D rectangular coordinates. P(x, y) and P0 are the pressure function and constant
pressure, respectively. a and b are the length and width, respectively, of a 2D rectangular shell plate on
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any side of the compartment. Symptoms of m and n are counters. In Equation (3), W(x, y) represents
the deflection function in terms of location, and the amn coefficient is defined as follows:

amn =
1
π4D

Pmn[(
m
a

)2
+

(
n
b

)2
]2 (4)

The parameter D expresses flexural rigidity of a plate or shell, and the 2D stress components can
be calculated as follows:

σx = −
Ez

1− ν2

(
∂2W
∂x2 + ν

∂2W
∂y2

)
(5)

σy = −
Ez

1− ν2

(
∂2W
∂y2 + ν

∂2W
∂x2

)
(6)

τxy = −
Ez

1 + v

(
∂2W
∂x∂y

)
(7)

where σx, σy are normal components of stress parallel to x and y axes, respectively. τxy is the shearing
stress component in the rectangular coordinate. Moreover, the Elastic modulus and Poisson’s ratio are
indicated by E and v, respectively. In stress equations, z represents a distance from the middle surface.
For the constant load of P0:

Pmn = 4
ab

∫ b
0

∫ a
0 P0sin mπx

a sin nπy
b dxdy

= 4
mnπ2

([
(−1)n

− 1
][
(−1)m

− 1
]) (8)

Equation (8) can be simplified as follows:

pmn =

 16p0
mnπ2 m.n is not odd

0 other
(9)

By replacing the pmn in Equation (4):

amn =
16p0

mnπ2 ∗
1

mn
[(

m
a

)2
+

(
n
b

)2
]2 (10)

Thereupon, the parameter of amn is placed in the deflection equation:

W(x.y) =
∑∑ 16P0

π6D
1

mn
[(

m
a

)2
+

(
n
b

)2
]2 sin

mπx
a

sin
nπy

b
(11)

Since m and n are odd, τxy is always equal to zero.
In the next step, the characteristics of the reinforced plates in the form of T-shaped reinforcements

were obtained to minimize the total weight of the structure. In this regard, the required number of
reinforcements was obtained as follows:

1
12

bh3 + bh(k−
h
2
)

2
+ n

[
IXX + S(eXX + h− k)2

]
=

1
12

bt3 (12)

and

k =
bh h

2 + ns(eXX + h)
bh + ns

(13)

where b, h, and t represent the width, height, and thickness of sheet, respectively. The variable of n
is number of reinforcements, ex means the moment of inertia. s is the reinforcement cross-section,
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and eXX = h − eX. The number of reinforcements was obtained based on the calculations done for
the T-shaped reinforcements. Properties of T-shaped reinforcements for different materials of the
compartment are presented in Table 3. In this table, parameters of a and b are sheet length and width,
respectively. t represents the theoretical thickness of the sheet. All longitudinal parameters and stresses
are reported in mm and MPa, respectively.

Table 3. Characteristics of compartments made of different materials.

Materials

Geometric Parameters
of the Sheet Stress Components

Von Misses Stress W(x, y)
a b t σx σy τxy

Steel
798 1522 36 170.52 76.16 0 148.15 2.3
868 1522 37.8 171.47 83.98 0 148.37 3
798 868 27.7 156.39 139.45 0 148.57 1.1

Aluminum (depth of 20 m)
798 1522 30 82.89 42.78 0 71.78 3.5
868 1522 31.7 82.99 46.07 0 72.05 4.6
798 868 23.7 74.95 68.36 0 71.93 1.7

Aluminum (depth of 60 m)
798 1522 51.9 83.16 42.69 0 72.02 2
868 1522 54.9 82.95 46.12 0 72.00 2.7
798 868 41 74.96 68.41 0 71.98 1

The buckling phenomenon is one of the important issues which must be attended to in the shell and
plate theories. In other words, the buckling analysis should be done for all compartments considering
different conditions. Equation (14) presents the general formula of the plate under force loading:

D∆2∆2W(x, y) = q(x, y) + NX
∂2W
∂X2 + NY

∂2W
∂Y2 + 2NXY

∂2W
∂X∂Y

(14)

The boundary conditions are considered as

NX = NY = −N
NXY = 0
q(x, y) = 0

(15)

Since our plates have four hinge sides, and using the above data, Navier’s solution follows:

∞∑
m=1

∞∑
n=1

Dπ4(
m2

a2 +
n2

b2 )
2

−Nπ2(
m2

a2 +
n2

b2 )

Wmn sin
mπx

a
sin

nπy
b

= 0 (16)

As a result, the critical load of buckling can be calculated using Equation (17):

Ncr =
Dπ4(m2

a2 + n2

b2 )
2

π2(m2

a2 + n2

b2 )
(17)

4. Results and Discussion

The results obtained in the present research consist of two parts: analytical results and finite
element results. First, the analytical results are reviewed, and then the finite element results are given.

4.1. Analytical Results

In the design stage, the von Misses stress was used as the criterion to determine the design points.
The stress values for different cases are presented in Table 3, and the maximum thickness was selected
for further analysis in this study. The results of buckling calculations for different compartments are
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reported in Table 4. The geometric parameters including length (a), width (b), and thickness (t) and the
force are obtained in mm and Newton, respectively.

Table 4. Buckling results obtained using the analytical solution.

Material Critical Value of N n m a b t No. Sheet

Steel

3.01 × 107 1 1 798 868 38 1

7.16 × 107 2 1 798 868 38 2

1.8 × 107 1 1 868 1522 38 3

3.2 × 107 2 1 868 1522 38 4

2 × 107 1 1 798 1522 38 5

3.4 × 107 2 1 798 1522 38 6

Aluminum (depth of 20 m)

6.5 × 106 1 1 798 868 32 1

1.5 × 107 2 1 798 868 32 2

3.9 × 106 1 1 868 1522 32 3

6.8 × 106 2 1 868 1522 32 4

4.5 × 106 1 1 798 1522 32 5

7.3 × 106 2 1 798 1522 32 6

Aluminum (depth of 60 m)

3.2 × 107 1 1 798 868 55 1

7.7 × 107 2 1 798 868 55 2

1.9 × 107 1 1 868 1522 55 3

3.4 × 107 2 1 868 1522 55 4

3.2 × 107 1 1 798 1522 55 5

3.7 × 107 2 1 798 1522 55 6

The results show that the maximum critical buckling value (MCB) for steel compartments occurred
in sheet No. 2. Moreover, the MCB was obtained in sheets No. 6 and 2 for aluminum housing at a
depth of 20 and 60 m, respectively. We conclude that the state with the maximum critical buckling
value has a higher strength.

4.2. FE Results

The equivalent von Misses stress contour for various cases extracted from the FE simulation
is shown in Figure 3. The results indicated that among the studied materials for compartments,
the highest von Misses stress was created in the steel compartment. The highest intensity of tension
was observed at the edges of the walls. This means that these areas are more sensitive and should be
given more attention in the design stage.

The deflection of different structures is demonstrated in Figure 4. From this figure, it is clear that
the maximum deflection was generated in the compartment made of aluminum and at a depth of 20 m.
The strength of the structure decreased as deformation increased. Therefore, it can be said that the
parts that have more deformation are more exposed to damage.

The results obtained from FE analysis, including critical stress and value of deformation,
are summarized in Table 5.

The first three shape modes of the buckling phenomenon of different materials are shown in
Figure 5. The results reveal that the shape mode is independent of material. Therefore, the type of
buckling can be specified using the buckling mode shapes in the structure.
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Table 5. Critical stress and deformation extracted from FE software.

Compartment Type Maximum Deformation (mm) Critical Stress (Mpa) Safety Factor

St 60 0.586 241 3

Al + depth 20 8.69 117 2.4

Al + depth 60 4.73 188 2
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Figure 5. The first three mode shapes of buckling of compartment.

The buckling factor (BF) is the factor of safety against buckling or the ratio of the buckling loads
to the applied loads. Table 6 illustrates the interpretation of possible BF values for different cases.
From this Table, it is clear that the steel structure had a higher buckling strength than the aluminum
structure. Moreover, for aluminum, the value of BF increased by increasing the immersion depth.

Table 6. Buckling factor for different cases of compartments.

Mode No.
BF

Steel Al + Depth 20 Al + Depth 60

1 179.99 12.259 23.474

5. Optimization Process of the Structure Weight

Optimization is a mathematical discipline that concerns the finding of minima and maxima of functions
subjected to different constraints. Various optimization techniques, including “linear programming” and
so on, are used to solve problems in different industries. Today, optimization comprises a wide
variety of techniques from Operations Research (OR), Artificial Intelligence (AI), and Computer
Science (CS). In the present optimization problem, the weight of the compartment is considered as
an objective function that should be minimized. The geometric dimensions of the compartment,
including length (a) and width (b), are considered as constraints in the optimization problem.
In other words, in the optimization process, the external dimensions of the compartments are constant.
Moreover, optimization variables for all cases (steel, Al + Depth 20, and Al + Depth 60) include sheet
thickness, number of reinforcements in each side, and type of reinforcements. One of the constraints
in solving this problem is that only one type of T-shaped beam can be used at a time. In order to
determine the type of T-shaped beam to be used, the standard sizes of the beams according to Figure 1
have been entered into the software to obtain a response and the correspondence of the sizes with
the compartment dimensions. In addition, at each stage of the optimization, the values of von Misses
stress and deflection of the compartment must be less than the allowable value at the design stage.
In summary, this problem consists of five variables, two dimensional constraints, three conditional
constraints, and an objective function, as shown in Figure 6.

This process was performed using FE software. The maximum and minimum values of the sheet
thickness were 12 and 1 mm, respectively, with an interval of 1 mm. A range of 1–10 was also assumed
for the number of reinforcement beams. The trial and error method for obtaining the minimum weight
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of the structure was used. All possible states in different combinations of variables were analyzed,
and by comparing the responses, the most optimal state was found. Table 7 presents the optimal design
parameters for each compartment. The results indicated that the steel compartment had the highest
reliability, while the aluminum one had the lowest weight at a depth of 20 m. However, the aluminum
compartment at a depth of 60 m had the lowest thickness.Appl. Sci. 2020, 10, x FOR PEER REVIEW 10 of 14 
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Table 7. Details of optimum design for different cases of compartments.

Compartment Type Type of Reinforced Beam Number of Beams Sheet Thickness (mm) Safety Factor Weight (kg)

Steel 50 T 4, 4, 7 10 3 1199
Al + Depth 20 40 × 80 × 7 T 3, 3, 4 12 2.83 305
Al + Depth 60 80 × 80 × 9 T 3, 3, 6 8 3.51 446

Next, Figure 7 shows the stress contours of the optimal compartments. As seen in this figure,
the maximum stress was created in the steel compartment, the aluminum compartment with a depth
of 60 m, and the aluminum compartment with a depth of 20 m, respectively.
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6. Conclusions

In the present study, a rectangular compartment made of different materials and sizes was analyzed
using FEM and analytical methods. To validate the FE simulation, the FE results are compared to the
results of the analytical solution. Then, to reduce the weight of the structure, design optimization was
performed considering different variables such as thickness, etc. Our conclusion is that the analytical
and simulation results for the design of the desired compartments are in good agreement, with a
difference of less than 10%. In addition, the final optimized design of the compartment was reported
based on the least possible weight. The important achievements of this research are as follows:

1. Within the prevailing conditions, the best compartments were designed. The weight of the
compartment was reduced by utilizing reinforced conductors while respecting the design
principles and considering the minimum thickness.

2. The stress results calculated using the analytical method are in good agreement with the results
of finite element analysis.

3. The final thicknesses computed against the load and local buckling had good and adequate
strength. It seems that they can be used at arbitrary depths.

4. The buckling shape mode is independent of material and can be used to classify the type of the
buckling phenomenon.

5. The finite element results reveal that the maximum stress occurs at the edge of the walls, so the
most critical area in such structures is the edge of the outer wall or the corners.
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