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Abstract: The kinetic energy produced by a turbofan engine is inseparable from the unavoidable
generation of waste heat dissipated into the environment and the chemical exergy of exhaust
gases. However, exergoeconomic cost analyses of these propulsion systems have focused only
on the formation process of the functional product and not the cost of residue formation. In this
study, symbolic thermoeconomics was applied to evaluate the impact of residue formation on
the production costs of a turbofan engine and analyze the effect of component malfunctions on
the fuel impact formula for diagnosing anomalies. The GE90-115B high bypass turbofan engine
under takeoff conditions and a thrust requirement of 510 kN was considered as a case study.
The total exergoeconomic cost of the engine was 26,754.28 USD/h: 61.04% corresponded to external
resources; 0.14% and 33.07% corresponded to waste heat dissipated from the bypass and core engine,
respectively; 3.28% corresponded to the chemical exergy of the exhaust gases; 2.47% corresponded to
capital and operating costs. A malfunction analysis revealed that a 1% reduction in the isentropic
efficiency of the compressor reduced the total kinetic exergy by −0.77 MW, increased fuel consumption
by 0.49 MW, and generated irreversibility and residue of 0.80 and 0.45 MW, respectively.

Keywords: exergoeconomic cost analysis; cost formation of residues; malfunctions; turbofan

1. Introduction

The aviation sector contributes significantly to economic growth and an increasingly globalized
society [1], but at a cost of 2–3% of total fossil fuel consumption and 2% of total greenhouse gas
emissions worldwide [2]. In this sector, major priorities are not only to operate with the maximum cost
effectiveness, but also to reduce fuel consumption and emissions of greenhouse gases and pollutants.
Several studies have been conducted in which energy, exergy, and exergoeconomic analyses were
applied to aviation propulsion systems as important tools for understanding and optimizing their
operation to identify operational, economic, and environmental improvement opportunities [1,3–8].
In these studies, the most frequently used method was specific exergy costing, which is based on
algebraic cost balance equations obtained from conventional economic analyses and complemented
with auxiliary equations [9]. However, these studies have been conducted with a focus only on the
formation of the functional product of aircraft engines (i.e., kinetic exergy) without considering the

Appl. Sci. 2020, 10, 9060; doi:10.3390/app10249060 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0002-4418-7896
https://orcid.org/0000-0002-5774-1868
https://orcid.org/0000-0001-6487-3087
https://orcid.org/0000-0002-3196-0157
https://orcid.org/0000-0001-9384-0612
https://orcid.org/0000-0001-6578-0691
http://dx.doi.org/10.3390/app10249060
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/24/9060?type=check_update&version=2


Appl. Sci. 2020, 10, 9060 2 of 25

unavoidable formation of residues (i.e., waste heat dissipated from the engine and the chemical exergy
of combustion gases). For these energy systems, residues are considered an exergy loss because they
cannot be reused and they contribute to environmental pollution.

Thermoeconomics is a powerful analytical tool for cost accounting that is based on exergy cost
theory (ECT), which combines the second law of thermodynamics and economics [10]. It provides
a rationale for assessing the production cost of energy systems in terms of the consumption of
natural resources and their impact on the environment, money, and system irreversibilities [11].
Thermoeconomics can be used to help design, diagnose, and optimize complex energy systems.
More precisely, it can help to determine how energy and resources degrade, identify which systems
work better, improve the design to reduce consumption, and prevent residues from damaging the
environment [12]. Exergy cost theory offers a procedure for determining the production costs of
productive components of a system. This theory has been extended to dissipative components,
but does not present a general procedure for identifying residue formation costs and their effect
on the production costs [10]. The best residue distribution criteria among possible alternatives are
still an open question [13–16]. Valero et al. proposed an exergoeconomic methodology known as
symbolic thermoeconomics to determine the process cost of functional products and residues and
establish a mathematical basis for the production cost assessment. It develops a productive scheme
(i.e., productive structure) of the exergy flow distribution throughout the system and its interaction with
the environment, which are obtained from its physical structure [10,17]. This methodology formulates
two alternative representations for the productive structure of a system: fuel-product-residue (FPR)
and product-fuel-residue (PFR). These respectively use the external resources and plant product
of the system as known information. Both approaches lead to the same results in terms of costs.
The FPR representation is mainly adopted for cost accounting, whereas the PFR representation is
highly useful for thermoeconomic diagnosis [18]. Thermoeconomic diagnosis is focused on identifying
and interpreting anomalously functioning components and evaluating the effect of each component
on additional fuel consumption. Symbolic thermoeconomics also includes the identification of
malfunctions and dysfunctions to account for the impact of anomalies on fuel consumption [19,20].

The main motivation of this study is to address the lack of exergoeconomic analysis on the
contribution of residue formation to the production cost of turbofan engines. This paper is organized
into six different sections. In Section 2, a brief description of a turbofan is presented. Section 3 contains
the model, derived from the energy balances of the turbofan and its components, to predict the
thermodynamics states of the aircraft engine. Section 4 presents the turbofan productive structure,
the exergy balance equations of its components, and the fuel-product-residue table. Section 5 exposes
a summary of the mathematical basis for the cost assessment and the formation process of residues.
Section 6 presents a summary of thermoeconomic diagnosis theory based on the malfunction and
dysfunction analysis. Section 7 deals with the application of the aforementioned methodologies to a
GE90-115B aircraft engine at takeoff condition and a thrust requirement of 510 kN, and the malfunction
analysis is performed to quantify the effects of a decrease in compressor efficiency (malfunction) in the
other components of the¡ engine. Finally, the main contributions of the paper and the discussions on
the results are summarized in Section 8.

2. System Description

2.1. General Description of the Engine Operation

Turbofan engines with a high bypass ratio are used in considerably large commercial and military
transport aircraft. Particularly in modern aircraft, this part of the engine generates 75–80% of the
total thrust.

Figure 1 shows a schematic of a turbofan engine. From far upstream, where the air velocity relative
to the engine is given by the flight velocity (w), the air is brought to the diffuser (D), which decreases
its velocity in the flow direction. The air mass flow rate (ṁa) is carried to the fan (F); a fraction of the
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air is moved to the bypass nozzle (FN), and the remainder moves to the core engine (ṁa = ṁca + ṁha).
The relation between air flowing through the FN (ṁca) and gas turbine (ṁha) is called the bypass ratio:
β = ṁca/ṁha. The fraction of the air mass flow rate ṁca = βṁa/(1+ β) is accelerated in the FN and
exhausted to the environment, whereas the remaining fraction (ṁha = ṁa/(1+ β)) enters the compressor
(C) of the two-shaft gas turbine. In the combustion chamber (CC), the compressed air is heated (Q̇b) by
mixing and combustion with the atomized aviation fuel Jet-A1 (kerosene). The combustion reaction
between this fuel and air, which is assumed to have a molar composition of 79% N2 and 21% O2,
is given by:

CnHm +
⎛
⎝

n +
m
4
⎞
⎠
(1+ λ) (O2 + 3.76N2) → [n (1− k4) − k1]CO2

+
m
2
(1− k4)H2O+

⎡⎢⎢⎢⎢⎣
3.76

⎛
⎝

n +
m
4
⎞
⎠
(1+ λ) −

k2 + k3

2

⎤⎥⎥⎥⎥⎦
N2

+
⎡⎢⎢⎢⎢⎣

⎛
⎝

n +
m
4
⎞
⎠
(1+ λ) +

k1 − k2

2
− k3

⎤⎥⎥⎥⎥⎦
O2 + k1CO+ k2NO+ k3NO2 + k4CnHm

(1)

where n and m are the numbers of C and H atoms present in the fuel, λ is the excess of air, and k1 to k4

are the stoichiometric coefficients for CO, NO, NO2, and CnHm, respectively. This reaction determines
the chemical composition of the combustion gases. The mass flow rate ṁcg = ṁha + ṁ f and ṁ f is
the fuel mass flow rate. The combustion gases leave the CC at a substantially high pressure and
temperature and are expanded in the high pressure turbine (HPT) and low pressure turbine (LPT)
to generate useful work for driving the C and F, respectively. The exhaust gases exiting the LPT are
accelerated and expelled through the exhaust nozzle (N) at considerably high speeds.

FN

a t1t2 t38 t4 t5 7t6

ma

mc

mf

D F CC NC LPTHPT

Figure 1. Schematic diagram of a turbofan engine.

2.2. Assumptions

In this study, the following assumptions were made.

• The engine operates in a steady state with a steady flow.
• Air and combustion gases behave as mixtures of ideal gases and one-dimensional and adiabatic

steady flows.
• The chemical formula of JET-A1 is C12H23, and its lower heating value (LHV) is 42,800 kJ/kg [21].
• The changes in potential energy within the engine are negligible.
• The cooling air mass flow is not considered for analysis [22].
• The heat exchangers (air–fuel, fuel–oil) are not considered.
• The temperature and pressure in the dead state are 288.15 K and 101.33 kPa, respectively.

3. Energy Analysis

The energy balances of the turbofan components are presented in Table 1. Ḣt is the stagnation
enthalpy flow, which is the sum of the flow rates for the static enthalpy (Ḣ) and kinetic energy (ṁu2/2).
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Table 1. Energy balance and adiabatic efficiency of the turbofan components.

Component Energy Balance Adiabatic Efficiency

D Ḣt1 − Ḣa =
1
2

ṁau2
a ηD =

ht1s − ha

ht1 − ha

F ẆF = Ḣt2 − Ḣt1 ηF =
ht2s − ht1

ht2 − ht1

C ẆC = Ḣt3 − Ḣt2 ηC =
ht3s − ht2

ht3 − ht2

CC Q̇b = Ḣt4 − Ḣt3 ηb =
qb

LHV

HPT ẆHPT = Ḣt4 − Ḣt5 = ẆC ηHPT =
ht4 − ht5

ht4 − ht5s

LPT ẆLPT = Ḣt5 − Ḣt6 = ẆF ηLPT =
ht5 − ht6

ht5 − ht6s

FN
βḢt2 − (1+ β)Ḣ8

1+ β
=

βṁa

2(1+ β)u2
8 ηFN =

ht2 − h8

ht2 − ht8s

N Ḣt6 − Ḣ7 =
1
2

ṁcgu2
7 ηN =

ht6 − h7

ht6 − ht7s

Turbofan Ḣta + Q̇b = Ḣt7 + Ḣt8

The fuel-to-air ratio ( f ar) is obtained from the energy balance for the CC (Table 1) and is
expressed as:

f ar =
ṁ f

ṁa
=
⎛
⎝

1

β + 1
⎞
⎠

ht4 − ht3

ηbLHV − ht4
(2)

where ht4 and ht3 are the stagnation enthalpies of air and combustion gases in States 3 and 4,
respectively, and ηb is the adiabatic efficiency of the CC.

Table 2 lists the temperatures and pressures of each state, as derived from the energy balance.
Tt and Pt are the stagnation temperature and pressure, respectively.

If the nozzles are not choked, then the pressure at the exit of each nozzle is equal to the specified
back pressure (P7 = Pa = P8), as shown in Table 2. The resulting velocities are expressed as follows.

u7 =

¿
ÁÁÁÁÁÀ

2γcg

γcg − 1
RcgTt6ηN

⎡⎢⎢⎢⎢⎢⎢⎣

1−
⎛
⎝

Pa

Pt6

⎞
⎠

γcg
γcg−1

⎤⎥⎥⎥⎥⎥⎥⎦

and u8 =

¿
ÁÁÁÁÀ

2γa

γa − 1
RaTt2ηFN

⎡⎢⎢⎢⎢⎢⎣
1−

⎛
⎝

Pa

Pt2

⎞
⎠

γa
γa−1 ⎤⎥⎥⎥⎥⎥⎦

(3)

In this study, the thrust is the net force acting on the x-surface of the control volume in the
x-direction. If the density is constant at the entrance and exit surfaces, the exhaust plane pressure is
atmospheric and ua = M

√
γaRaTa. The thrust per unit airflow is then given as:

τ

ṁa
=

[1+ (1+ β) f ar]u7 − ua + β (u8 − ua)
1+ β

(4)

The energy balance of the turbofan presented in Table 1 can be expressed as:

Q̇b =
[1+ (1+ β) f ar]u2

7 − u2
a + β (u2

8 − u2
a)

1+ β
ṁa

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Propulsive kinetic energy (useful energy)

+
[1+ (1+ β) f ar] h7 − ha + β (h7 − ha)

1+ β
ṁa

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Thermal energy (unuseful energy)

(5)

The energy performance indicators are the thermal efficiency, propulsion efficiency, and overall
efficiency. According to Equation (5), the thermal efficiency ηth is the relation between the propulsive
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kinetic energy and total heat input Q̇b. The propulsion efficiency ηprop relates the thrust power τ̇ = τua

required by the turbofan to the propulsive kinetic energy. The overall efficiency ηoverall is the ratio of
the thrust power to the total heat input ηoverall = ηthηprop.

Table 2. Thermodynamic states of the turbofan engine.

State Mass Temperature PressureFlow Rate

a ṁa Ta Pa

0a ṁa
Tta

Ta
= 1+

γa − 1
2

M2 Pta

Pa
= (1+

γa − 1
2

M2)
γa

γa−1

01 ṁa Tt1 = Tta
Pt1

Pa
= (1+ ηD

γa − 1
2

M2)
γa

γa−1

02 ṁa
Tt2

Ta
= 1+

1
ηF

(π
γa−1

γa
F − 1)

Pt2

Pt1
= πF

03
ṁa

1+ β

Tt3

Tt2
= 1+

1
ηC

(π
γa−1

γa
C − 1)

Pt3

Pt2
= πC

04 ṁcg Tt4
Pt4

Pt3
= 1−∆Pb

05 ṁcg Tt5 = Tt4 −
Tt3 − Tt2

1+ (1+ β) f ar
Pt5

Pt4
= [1−

1
ηHPT

(1−
Tt5

Tt4
)]

γcg
γcg−1

06 ṁcg Tt6 = Tt4 −
(1+ β) (Tt2 − Tt1)

1+ (1+ β) f ar
Pt6

Pt5
= [1−

1
ηLPT

(1−
Tt6

Tt5
)]

γcg
γcg−1

7 ṁcg
T7

Tt6
= 1− ηN

⎡⎢⎢⎢⎢⎢⎣
1−(

Pa

Pt6
)

γcg
γcg−1

⎤⎥⎥⎥⎥⎥⎦
P7 = Pa

8
βṁa

1+ β

T8

Tt2
= 1− ηFN

⎡⎢⎢⎢⎢⎢⎣
1−(

Pa

Pt2
)

γa
γa−1

⎤⎥⎥⎥⎥⎥⎦
P8 = Pa

4. Exergy Analysis

4.1. Exergy Forms

Exergy is defined as the maximum useful work that can be produced by a system interacting with
a specified reference environment (known as the dead state and denoted by a zero subscript). In the
absence of influences such as nuclear effects, magnetism, electricity, and surface tension, the exergy
of a stream of a substance comprises its kinetic (ĖK), potential (ĖP), physical (ĖPH), and chemical
(ĖCH) exergies.

Ėt = ĖK + ĖP + ĖPH + ĖCH (6)

The kinetic exergy is equal to the kinetic energy when the velocity is considered relative to the
surface of the Earth, and the potential exergy is equal to the potential energy when considered
with respect to the average surface level of the Earth in the environment of the process under
consideration [23].

ĖK =
ṁu2

2
and ĖP = ṁgz (7)

where u and z are respectively the velocity and elevation relative to coordinates of the environment
and g is the gravity.
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The physical exergy is the maximum work obtainable by taking the substance through reversible
physical processes from its initial state to the state determined by T0 and P0 [23]. It is defined as
dEPH = dH − T0(dH/T −V/TdP) and for a mixture of ideal gases yields:

ĖPH = ṁ
⎡⎢⎢⎢⎢⎣

cPm
⎛
⎝

T − T0 − T0 ln
T
T0

⎞
⎠
+ RmT0 ln

P
P0

⎤⎥⎥⎥⎥⎦
(8)

where cPm is the heat capacity at a constant pressure and Rm is the specific gas constant of the mixture.
The chemical exergy is the work that can be obtained by taking a substance at T0 and P0 to chemical
equilibrium with the environment [23]. The molar chemical exergy of a mixture of ideal gases can be
determined from the knowledge of the standard molar chemical exergies (εCH

0,i ) and molar compositions
(xi) of the species in the mixture: [24].

εCH = ∑ xiε
CH
0,i + RuT0∑ xi ln xi (9)

For a unit mass, the specific chemical exergy of a liquid fuel is determined from the fuel exergy
grade function [3].

ξ =
eCH

f

LHV
= 1.0401+ 0.01728

H

C
+ 0.0432

O

C
+ 0.2196

S

C
⎛
⎝

1+ 2.0628
H

C
⎞
⎠

(10)

where H, C, O, and S are the mass fractions of their respective elements. Sulfur is neglected for kerosene
fuel [25]; thus, the exergy flow rate of jet fuel is given as:

Ė f = ṁ f eCH
f = ṁ f ξLHV (11)

The exergy of a system can be increased or decreased by the transfer of exergy corresponding to
either work or heat. The exergy of mechanical work (ĖẆ) is identical to that of mechanical work (Ẇ):

ĖẆ = Ẇ (12)

The exergy associated with combustion heat transfer (Q̇b = ṁ f ηbLHV = ηbĖ f /ξ) at temperature
Tt4 is:

ĖQ̇b
= Q̇b

⎛
⎝

1−
T0

Tt4

⎞
⎠

(13)

The exergies associated with the heat transfer from the exhausted combustion gases (ĖQ̇h
) and

air (ĖQ̇c
) into the environment at T7 and T8, respectively, can be approximated by neglecting the

irreversibility within the fluid and assuming the specific heat capacity to be constant [26].

ĖQ̇h
= Q̇h

⎛
⎝

1−
T0

T7 − T0
ln

T7

T0

⎞
⎠

and ĖQ̇c
= Q̇c

⎛
⎝

1−
T0

T8 − T0
ln

T8

T0

⎞
⎠

(14)

where Q̇h = Ḣ7 and Q̇c = Ḣ8 are the transferred heat from the exhaust gases and air into
the environment.

4.2. Productive Structure

A productive structure is a graphical representation of the costs for the formations of the product
and residues. It explains the distribution of resources and internal products throughout an energy
system by using a physical model as a reference [13]. The products of each component fuel other
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components to form the main product, byproducts, or residues [27]. As shown in Figure 2, the external
resources of the turbofan engine are the total exergy of air and aviation fuel. The products are the
kinetic exergy of air and combustion gases in States 7 and 8, which provide the thrust to sustain flight.
The residual exergy streams are the chemical exergy of the exhaust gases and the physical exergy
of the air and combustion gases leaving their respective nozzles.The products and residues of an
energy system are formed within their productive components, and the residues are released to the
environment through dissipative components. The productive components provide resources to
other components to form the final products and residual streams of an energy system. The set of the
productive components of a turbofan engine is P = {D, F, FN, C, CC, HPT, LPT, N}.
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Figure 2. Productive structure of a turbofan engine. hS, hot stack.

The state at the entrance of the D (state a) corresponds to the dead state. Therefore, the total air
exergy flow is equal to its kinetic exergy (Ėa = ĖK

a ). In the D, the air kinetic energy is converted into
pressure energy, and the air reaches the stagnation state 01. The productive objective of the F and C
is to increase the physical exergy of the air (ṁa and ṁh) by increasing the air pressure using the fan
and compression power, respectively, as resources. In the CC, the exothermic reaction between air and
fuel is used to convert the chemical exergy of JET-A1 into the exergy associated with the combustion
heat (ĖQ̇b

). Simultaneously, the chemical exergy of the combustion gases is formed. Subsequently,
ĖQ̇b

produces a physical exergy change between States 04 and 03. The products of the high and
low expansion turbines are the power generated to mechanically drive the C and F. They use the
differences between the physical exergies of their corresponding exiting and entering combustion
gases as resources. Finally, the productive purposes of the FN and N are to accelerate and exhaust
cold air and combustion gases, respectively. Their products are the kinetic exergies in States 7 and 8.
The resource of each nozzle is the difference between the stagnant physical exergy at the entrance and
the static physical exergy at the exit of each of the productive components.

Figure 2 shows the productive structure. The set of dissipative components conforms to cold,
hot, and chemical stacks: D = {cS, hS, chS}. These components do not generate any product;
their purpose is to expel the residual exergy flows created during the production process to the
environment [13,28,29]. The physical exergies of the exhausted air and combustion gases are the
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resources of cS and hS, respectively. The exergy associated with the heat transferred from the air and
exhaust gases to the environment (ĖQ̇c

and ĖQ̇h
) are the residues of these dissipative components.

The chemical exergy of the exhausted combustion gases is the fuel and residue of the chemical stack.
The exergy of these three residues is destroyed in the environment, which closes the open cycle,
but causes harm to the environment. For aircraft engines, the exergy of residues cannot be reused;
therefore, the residues can be considered as exergy losses.

The productive structure indicates the productive components participating in the formation of
the turbofan product ĖK

8 and residual exergy flow ĖPH
8 : PcS = {D, F}. The formation of the product ĖK

7
and residual exergy ĖPH

7 is given by PhS = {D, F, C, CC}. Finally, the chemical exergy of the exhausted
combustion gases (ĖCH

7 ) forms only in the CC: PchS = {CC}.

4.3. Exergy Balance Equations

Table 3 presents the exergy balances of the turbofan components that belong to the bypass (cold-air
side) and two-shaft Brayton cycle (hot-air side) sections.

Table 3. Resources, products, residues, and irreversibilities of the turbofan components.

Component Ḟ Ṗ Ṙ İ

Cold-air side (Bypass section)

D
βĖK

a

1+ β

βĖPH
t1

1+ β
0 T0

β(Ṡ1 − Ṡa)
1+ β

F
βẆF

1+ β

β(ĖPH
t2 − ĖPH

t1 )
1+ β

0 T0
β(Ṡ2 − Ṡ1)

1+ β

FN
βĖPH

t2 − (1+ β)ĖPH
8

1+ β
ĖK

8 0 T0
(1+ β)Ṡ8 − βṠ2

1+ β

cS ĖPH
8 ĖQ̇c

T0 (
Q̇c

0

⟨T⟩cSt
− Ṡ8)

Hot-gas side (Core engine)

D
ĖK

a

1+ β

ĖPH
t1

1+ β
0 T0

Ṡ1 − Ṡa

1+ β

F
ẆF

1+ β

ĖPH
t2 − ĖPH

t1
1+ β

0 T0
Ṡ2 − Ṡ1

1+ β

C ẆC
ĖPH

t3 − ĖPH
t2

1+ β
0 T0

(1+ β)Ṡ3 − Ṡ2

1+ β
CC Ė f Ėt4 − Ėt3 0 T0(Ṡ4 − Ṡ3)

HPT ĖPH
t4 − ĖPH

t5 ẆHPT 0 T0(Ṡ5 − Ṡ4)
LPT ĖPH

t5 − ĖPH
t6 ẆLPT 0 T0(Ṡ6 − Ṡ5)

N Ėt6 − Ė7 ĖK
7 0 T0(Ṡ7 − Ṡ6)

hS ĖPH
7 ĖQ̇h

T0
⎛
⎝

Q̇h
0

⟨T⟩hS
− Ṡ7

⎞
⎠

chS ĖCH
7 ĖCH

7 T0
⎛
⎝

Q̇h
0

⟨T⟩hSt
− Ṡ7

⎞
⎠

The exergy balances for the productive components are based on the resource–product definition:
Ḟi = Ṗi + İi, where Ḟi and Ṗi are the resource and product exergy flows, respectively, and İi is the
irreversibility exergy flow. The exergy efficiency of the ith productive component quantifies its
useful exergy and is defined as ηex,i = Ṗi/Ḟi. The reciprocal of the exergy efficiency is the unit exergy
consumption κi = 1/ηex,i and is the resource required to generate one unit exergy of the product.

4.4. Fuel–Product–Residue Table

Table 4 corresponds to the FPR table of the turbofan, which is a mathematical representation of
the thermoeconomic model and represents the distribution of resources and products throughout the
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engine according to its productive structure. It gives the values of flows in the productive structure
shown in Figure 2 as a combination of the flows of the physical structure depicted in Figure 1 [30].

Table 4. FPR table and recirculation coefficients for the turbofan.

Resources of Productive Components
Resources of

Dissipative Components
RcS RhS RchS

Ḟ0 ḞD ḞF ḞFN ḞC ḞCC ḞHPT ḞLPT ḞN ḞcS ḞhS ḞchS

Ṗ0 ḞD ḞCC
ṖD rcD ḞFN rhD ḞHPT rhD ḞLPT rhD ḞN rcD ḞcS rhD ḞhS
ṖF rcF ḞFN rhF ḞHPT rhF ḞLPT rhF ḞN rcF ḞcS rhF ḞhS

ṖFN ṖFN
ṖC rC ḞHPT rC ḞLPT rC ḞN rC ḞhS

ṖCC rPH
CC ḞHPT rPH

CC ḞLPT rPH
CC ḞN rPH

CC ḞhS ḞchS
ṖHPT ḞC
ṖLPT ḞF
ṖN ṖN

Fe = {Ė0i}: Exergy of the external resources used by the ith component. ḞT = ∑
j∈P

Ė0j

Ps = {Ėi0}: Exergy of the final product obtained from the ith component. ṖT = ∑
i∈P

Ėi0

Ėij: Product of the ith component used as resource in the jth component.
Rr = {Ėik}: Product of the ith component and dissipated in

the rth dissipative component. Ḟk = ∑
i∈P

Rk
i = ∑

i∈P
Ėik.

Recirculation coefficients

rCD =
ṖcD

ṖcD + ṖcF
, rcF =

ṖcF

ṖcD + ṖcF
, rcD + rcF = 1

rhD =
ṖhD

ṖhD + ṖhF + ṖC + ṖPH
CC

, rhF =
ṖhF

ṖhD + ṖhF + ṖC + ṖPH
CC

,

rC =
ṖC

ṖhD + ṖhF + ṖC + ṖPH
CC

, rPH
CC =

ṖPH
CC

ṖhD + ṖhF + ṖC + ṖPH
CC

;

rhD + rhF + rC + rPH
CC = 1; rCH

CC =
ḞchS

ḞchS
= 1

The first column of Table 4 represents the product exergy flow obtained from each productive
component, and the first row represents the external resources entering the system [27]. Each column
associated with the productive components represents how the resource of a given component comes
from other components or from the environment [30]. The ith element of each column of dissipative
components corresponds to the portion of the resource (i.e., residue) responsible for treating and
eliminating it, which originates from and is allocated to the ith component. The rows represent the
destinations of the products of each component as resources of other components, the primary product
of the system, or residual exergy flows of the system corresponding to the resources of dissipative
components [27]. Each row illustrates two chains in the production process: the formation of the final
product and, in the opposite direction, the formation and allocation of residues generated during the
production process.

5. Exergoeconomic Cost Analysis

5.1. Residue Formation Cost

The formation costs of residues must be rationally allocated to the functional system products.
This analysis is based on the premise that residues are formed within the productive components and
released to the environment from the dissipative components, where they are treated with additional
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resources, and whose abatement costs are charged to the productive components. The exergoeconomic
cost of a residue (Π̇Ṙr

) has three contributions: the residue formation cost that corresponds to the
exergy in a residual exergy flow, which is the resource of a dissipative component (Π̇Ḟr

); the cost
of additional exergetic resources employed for its elimination (Π̇Ḟar

); the non-exergetic abatement
costs required for its elimination (Żr). The cost balance for the rth dissipative component takes the
form [13]:

Π̇Ṙr
= Π̇Ḟr

+ Π̇Ḟar
+ Żr, r ∈ D (15)

The residues of the turbofan engine are exergy losses because they leave the stacks without any
further use, so their exergy and exergoeconomic costs are zero. For all the flight phases, Π̇Ṙr

= 0 = Ṙ∗r
for all r ∈ D . Because the stacks are imaginary dissipative components, there are no abatement costs
for these losses (i.e., Żr = 0 for all r ∈ D). The aircraft losses come from the residual physical exergies
of the air and exhaust gases (ḞcS = ĖPH

8 and ḞhS = ĖPH
7 ) formed in the productive components of PcS

and PhS, whereas the chemical exergy of the exhaust gases forms only in the CC (ḞchS = ĖCH
7 = ĖCH

4 ).
According to Equation (15), the cost balance for the cold, hot, and chemical stacks is:

Π̇Ḟr
= −Π̇Ḟar

> 0, r ∈ D = {cS, hS, chS} (16)

In this case study, the dissipative components were not part of the energy system. If it is desired
that these components are charged with the elimination costs, Equation (16) indicates that a negative
value must be allocated to the cost of Ḟr as an output stream of the system [31]. This is only a
case of internalizing the costs taking place downstream of the main process. These costs must be
allocated to the productive components involved in the formation cost of each residue. In this
manner, the formation cost of a residue (Π̇Ḟr

) is decomposed into several costs corresponding to the
originating components.

Π̇Ḟr
= ∑

i∈Pr

Π̇Ḟri
, r ∈ D (17)

where Pr is the set of productive components that generate the residue dissipated in the rth dissipative
component (PcS, PhS, and PchS) and Π̇Ḟri

is the formation cost of the residue dissipated in the rth
component that has been generated by the ith productive component. The formation cost of the
residues charged to the ith productive component is given by:

Π̇ḞRi
= Π̇ḞcS,i

+ Π̇ḞhS,i
+ Π̇ḞchS,i

(18)

To determine the values of Π̇Ḟri
, thermoeconomics defines the residue cost allocation ratios. For a

given residue dissipated in the rth dissipative component, the residue cost allocation ratio associated
with the ith productive component (µr

i ) is the fraction of the residue cost allocated to this component.

Π̇Ḟri
= µr

i Π̇Ḟr
, with ∑

i∈Pr

µr
i = 1, r ∈ D (19)

These ratios determine how the cost of a residue should be decomposed into several costs.
However, there is no definitive method to determine them. A frequently used criterion is to allocate
the cost of residues proportionally to entropy changes during the process [32,33]. The criterion used in
this work was proposed by Valero et al. [13] to make the residue cost allocation ratios proportional to
the exergy flow produced in the ith component that is processed and dissipated in the rth component
according to the productive structure of the plant. According to the thermoeconomic theory, these ratios
are known as recirculation coefficients. They can be obtained directly from the information provided
by the productive structure and FPR table [34,35]. For the turbofan engine, they are defined in Table 4.
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5.2. Production Costs

In this study, the symbolic thermoeconomic methodology [17] was used to calculate the production
costs. The FPR table (Table 4) was used as the starting point to numerically calculate the costs of the
system flows. This methodology is derived from the application of the extended cost propositions of
the ECT, one of which is that the cost of residues is generated by the productive components from
which they originate [10,13].

• The costs of the external resources are known: Π̇Ė f
= c f Ė f and Π̇Ėa

= caĖa.
• The production cost of the ith productive component (Π̇Ṗi

) is the sum of the cost of resources
required to obtain it (Π̇Ḟi

), the formation cost of residues allocated to this component (Π̇ḞRi
)

(Equation (18)), and the purchase cost of the component (Żi). Π̇Ṗi
= Π̇Ḟi

+ Π̇ḞRi
+ Żi, i ∈ P .

• If a component has a product comprising several flows, the same unit exergoeconomic cost is
assigned to them. In fact, even if two or more products can be identified in the same component,
their formation processes are inseparable at the considered level of aggregation.

Symbolic thermoeconomics has two ways to determine the production costs of a system,
including the effects of residues: the PFR and FPR models (see Table A4). In the PFR model,
the thermoeconomic variables are functions of the recirculation coefficients, system products, and unit
consumption of the components. This is commonly applied when the total production is fixed and
the resource consumption varies. The FPR model is the most suitable for numerically calculating the
production costs because it relates any exergoeconomic production cost with the external resources
through a linear function of the distribution coefficients:

ΠP = ⟨P∗∣(Πe +Z), where ⟨P∗∣ = (UD − ⟨FP⟩ − ⟨RP⟩)−1 (20a)

ΠF = Πe + ⟨FP⟩ΠP (20b)

ΠFR = ⟨RP⟩ΠP (20c)

where ⟨FP⟩ and ⟨RP⟩ are square matrices of n × n. Their elements are distribution coefficients defined
respectively by yij = Ėji/Ṗj and ψrj = Ṙjr/Ṗj and satisfy ∑

i∈P
(yij +ψij) = 1. This model can decompose

the exergoeconomic cost of products into three contributions: energy resources (Πe
P), component costs

(ΠZ
P ), and residue costs (Πr

P) (Equation (21)).

ΠP = ⟨P∗∗∣(Πe +Z+ΠR) =Πe
P +ΠZ

P +Πr
P (21)

Here, ⟨P∗∗∣ = (UD − ⟨FP⟩)−1 indicates the proportion at which the cost increases owing to the
internal and external irreversibilities of each component. The most important application of calculating
the costs of internal streams is to assess the impact of the additional fuel to compensate component
malfunctions (inefficiences).

6. Operational Diagnosis of the Fuel Impact

6.1. Fuel Impact in Terms of Malfunctions and Dysfunctions

A thermoeconomic diagnosis is based on a comparison of two operating conditions of a process:
the actual and reference conditions denoted by the states x and x0, respectively. The reference
condition is commonly the design condition, the state of the plant after an overhaul, or the state
after an acceptance test [36]. However, the reference condition can also be associated with a change
in the environmental conditions, a change in fuel quality, operation at partial load, or intervention
from the control system. The objective of the diagnosis is to identify and quantify the additional
resource consumption (∆ḞT = Ḟ(x) − Ḟ(x0)) caused by the increases in component irreversibilities
(∆ İT) [19,37]. The fuel impact is the sum of the variations in the exergy destroyed by each component
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(internal irreversibility ∆I), exergy delivered to the environment (external irreversibility ∆R), and total
production (∆Ps).

∆FT = ut (∆I+∆R+∆Ps) (22)

The variation in internal and external irreversibilities (∆I+∆R) on the right side of Equation (22)
is known as the exergy technical savings and represents the irreversibility attributed to improper
operation of the components that can be avoided.

The fuel impact defined by Equation (22) can be expressed in terms of malfunctions
and dysfunctions.

∆ḞT = ut (MFt
e +MFt +MRt +DFK +DF∆Ps) (23)

Malfunctions are the endogenous irreversibility variations and can be divided into internal and
external malfunctions. The internal malfunction of a component is an irreversibility variation in
such a component due to the variation of the exergy unit consumption of resources coming from
the environment (MFt

e = (∆KD −∆⟨KP⟩)P(x0)) or from other productive components of the energy
system (MFt = ∆⟨KP⟩P(x0)) [38]. External malfunction is due to the yielding variations of residues in
each component (MRt = ∆⟨KR⟩P(x0)).

Dysfunctions are exogenous irreversibility variations in a component. They are induced by the
malfunctions of other components, which force the component to consume more or less resources in
order to satisfy its local production (DFK = [∣I⟩(x) + ∣R⟩(x)] (MFt +MRt)) and the total production of
the energy system (DF∆Ps = [UD + ∣I⟩(x) + ∣R⟩(x)]∆Ps). The dysfunction of a component depends on
its position in the system and can be reduced only if the malfunction is reduced.

The fuel impact can also be conceived of as the sum of the cost of the total malfunctions;
see Equation (24). The malfunction cost of a component is the sum of the malfunction and the
dysfunctions that it induces: MF∗t

e = MFt
e, MF∗t = MFt + ∣I⟩(x) (MFt +MRt), MR∗t = MRt +

∣R⟩(x) (MFt +MRt).

∆ḞT = ut (MF∗t
e +MF∗t +MR∗t +DF∆Ps) (24)

The fuel impact can also be conceived of as the sum of the cost of the total malfunctions. The cost
of each malfunction represents the additional fuel plant consumption due to the existence of an intrinsic
malfunction, such as the inefficiency of the corresponding component that forces the rest of the plant
components to adapt their operating conditions and provoking induced malfunctions [39].

For a turbofan engine, the combination of the vehicle model and mission profile provides a
thrust requirement that depends on the total exergy production given in Equation (4). Because all the
equations presented in this section include the variation in the total production, they indicate that,
in the presence of a malfunction, the production of an aircraft engine should also be adjusted to satisfy
the thrust requirement.

6.2. Fuel Impact Expressed as an Exergoeconomic Cost

The fuel impact can be expressed as an economic cost related to a change in operating
conditions and corresponds to a variation in the exergoeconomic cost of external resources
(∆Πe = Πe(x) −Πe(x0)) [18]. Table A4 indicates that Πe = PDceP, and therefore, the economic cost of
the fuel impact can be divided into exergoeconomic costs due to variations between the actual and
reference conditions in the cost of external resources, malfunctions, and final product:
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∆Πt
eu = ∆ct

PeP(x0)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Exergoeconomic cost due to
variations in the products and/or

exergoeconomic cost
of external resources

+ ct
Pe(x)∣P⟩(x) (MFt +MRt)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Exergoeconomic cost
due to malfunctions

+ ct
Pe(x)∣P⟩(x)∆Ps

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Exergoeconomic cost

produced by variations
in the final product

(25)

The difference in economic costs between the actual and reference operating conditions associated
with the changes in exergy consumption by the engine (∆ḞT) and capital and maintenance costs is
given by:

(∆Πe +∆Z)tu = (∆ct
Pe +∆ct

Pz)P(x0) + [ct
Pe(x) + ct

Pz(x)] ∣P⟩(x) (MFt +MRt)
+ [ct

Pe(x) + ct
Pz(x)] ∣P⟩(x)∆Ps (26)

where cPz is the vector of the capital and maintenance costs per unit product.

7. Results and Discussion

In this work, the residue formation cost was determined for a GE90-115B high bypass turbofan
engine with a thrust requirement of 510 kN in the takeoff condition, and a malfunction analysis was
also performed. The technical design data of the engine are presented in Table 5.

Table 5. Technical design data of the GE90-115B [40]: component efficiencies, pressure ratios, ambient
conditions, and fuel properties [21].

Thrust, Bypass Ratio, Component Efficiencies and Pressure Ratios

τ β ηb ηd η f ηc ηHPT ηLPT ηn η f n πc π f πT ∆P
(kN) (-) (-) (-) (-) (-) (-) (-) (-) (-) (-) (-) (-) (%)
510 8.4 0.99 0.98 0.89 0.88 0.9 0.9 0.95 0.95 25.3 1.58 40 5

Ambient Conditions Fuel Properties

M Ta Pa PCI
(-) (ºC) (bar) (kJ/kg)
0.2 15 1.013 C12H23 42,800

In the sea level static condition and maximum power setting (takeoff condition),
the thermodynamic states of the engine are presented in Table A1. From this thermodynamic data,
it was found that the GE90-115B high bypass turbofan engine produced a kinetic exergy rate of
89.29 MW while consuming 5.86 kg/s of Jet-A fuel. The thermal and propulsive efficiencies of the
engine were estimated to be 37.48% and 37.25%, respectively.

7.1. Exergy Analysis

Table 6 presents the FPR table for the analyzed aircraft engine as defined in Table 4. Each row
indicates how the product of each component was distributed among the other components and the
environment, either as a useful product or residue. Each column represents how the resource of a
given component came from another component or from the environment [30]. In Table 6, the CC
column shows how the resource of the CC was equal to 266.34 MW coming from the environment.
The CC row shows that the CC product was equal to 186.59 MW, which went to the HPT (78.97 MW),
LPT (59.07 MW), N (8.79 MW), and hot and chemical stacks (31.93 and 7.84 MW, respectively). A similar
analysis can be made for the other components.
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Table 6. FPR table for the turbofan engine in MW.

Productive Components
Dissipative

Components Total
RcS RhS RchS

Ḟ0 ḞD ḞF ḞFN ḞC ḞCC ḞHPT ḞLPT ḞN ḞcS ḞhS ḞchS

Ṗ0 5.17 266.34 271.51
ṖD 4.52 0.24 0.18 0.03 0.01 0.10 5.07
ṖF 82.53 4.35 3.25 0.48 0.14 1.76 92.51

ṖFN 82.78 82.78
ṖC 58.68 43.89 6.53 23.72 132.82

ṖCC 78.97 59.07 8.79 31.93 7.84 186.59
ṖHPT 138.26 138.26
ṖLPT 102.23 102.23
ṖN 15.51 15.51

Total 98.29 5.17 102.23 87.05 138.26 266.34 142.23 106.39 15.82 0.15 57.51 7.84

A Grassmann diagram is a graphic representation of the exergy accounting in energy systems and
highlights the exergy flows and where the potential improvements exist. The Grassmann diagram of the
GE90-115B high bypass turbofan engine, which is fueled with an exergy flow of 271.51 MW in takeoff
conditions, is shown in Figure 3 and is plotted in agreement with Table A2. This diagram indicates
that only 36.20% of the resources were used to produce the useful kinetic exergy in the bypass (30.49%,
Ė8) and the core engine (5.71%, Ė7); the exergy destroyed in the productive components (internal
irreversibilities) was 39.68%; and the remaining 24.12% was waste exergy (external irreversibilities)
corresponding to the chemical exergy of the combustion gases (2.88%, ṘchS) and the physical exergy of
the exhaust combustion gases and air (21.18% and 0.06%, respectively, ṘhS, ṘcS). Approximately 30% of
the fuel exergy was destroyed during the combustion process and represents the biggest irreversibility.
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Figure 3. Grassmann diagram of the GE90-11B turbofan engine in the takeoff condition.

7.2. Exergoeconomic Analysis

The total cost of the kinetic exergy produced by the GE90-115B turbofan engine in the takeoff
condition was 26,745.28 USD/h, 86.0% attributable to the exergy produced in the bypass section (Π̇FN

P =
22,982.24 USD/h) and the remaining part to that generated in the core engine (Π̇N

P = 3772.04 USD/h);
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see the first column of Table A3. Figure 4 presents the production costs of each productive component
as the sum of the external resources cost, residues cost, and components cost. This figure indicates
that the cost of jet fuel, residues, and components contributed to the production cost of the turbofan
engine as 61.06%, 36.50%, and 2.47%, respectively (see FN and N bars of Figure 4 and FN and F rows
of Table A3).

Despite the difficulty in accurately estimating component costs, Figure 4 shows that the fuel
cost had the largest contribution to the production cost of the different components (51.22–78.34% for
all the productive components except for the diffuser). This figure also illustrates that the residue
cost was greater than the component cost except for the D. Among the residues, the waste heat
dissipated from the core engine had the largest impact (1.9% for the D, 17.11% for the CC 44.24% for
the C, and 31.87–33.36% for the other productive components), followed by the chemical exergy of
the exhaust gases (0.00% for the D, 4.20% for the CC, 2.75% for the C, and 3.27–3.37% for the other
productive components) and the waste heat dissipated from the FN (0.00% for the CC, 0.16% for the F
and FN, and 0.008–0.01% for the other productive components).
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Figure 4. Production exergoeconomic cost decomposition, ΠP = Πe
P +Πr

P +ΠZ
P .

7.3. Malfunction Analysis

A malfunction analysis was performed on the turbofan engine by decreasing the compressor
isentropic efficiency by 1% at a constant thrust requirement of τ = 501 kN. The decrease in compressor
efficiency had a fuel impact of ∆ḞT = 0.49 MW, a kinetic exergy production impact of ∆ṖT = −0.77 MW,
an irreversibility impact of ∆ İT = 0.80 MW, and a residue formation impact of ∆Ṙ = 0.45 MW.

Table 7 presents the contributions to the fuel impact caused by the compressor degradation
according to the decompositions given by Equations (22)–(24). The last column of this table shows
the contribution of each component to the fuel impact and reveals that the highest additional fuel
engine consumption was assessed for compressor (0.87 MW), which was the component where the
inefficiency occurred. The first three columns of Table 7 correspond to the decomposition of the fuel
impact in terms of the component variations of irreversibility, residues, and products. This part of the
mentioned table shows that the anomaly in the compressor made it the component that contributed
the most to the fuel impact of irreversibility and residues (0.50 MW and 0.38 MW, respectively).
This means that the compressor malfunction increased its irreversibility by 62.1% and the residues
allocated to this component by 83.1%. The compressor inefficiency modified the engine operation
such that the FN produced more kinetic exergy (∆ṖFN = 0.81 MW) and N reduced its kinetic energy
production (∆ṖFN = −1.58 MW). The compressor degradation propagated the anomalies by increasing
the irreversibility in all components except for the D and N of the core engine and by increasing the
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exergy of the residues allocated to the CC (∆ṘCC = 0.06 MW). The compressor anomaly not only caused
an increase of the resource consumption, but it also caused an increase of the residue generation.

Table 7. Fuel impact decomposition.

Equation (22) Equation (23) Equation (24)

∆I ∆R ∆Ps MFt
e MFt MRt DFk DF∆Ps

MF∗t
e DF∆Ps Sum+MFR∗t

(MW) (MW) (MW) (MW)

D 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F 0.10 0.02 0.00 −0.01 0.01 0.00 0.02 0.10 0.01 0.10 0.11

FN 0.04 0.00 0.81 0.00 0.00 0.00 0.00 0.85 0.00 0.85 0.85
C 0.50 0.38 0.00 −0.55 0.94 −0.03 0.68 −0.18 1.05 −0.18 0.87

CC 0.02 0.06 0.00 0.75 −0.90 −0.03 0.97 −0.70 0.79 −0.70 0.08
HPT 0.10 0.00 0.00 −0.38 0.40 0.00 0.10 −0.02 0.12 −0.02 0.10
LPT 0.07 0.00 0.00 0.03 0.00 0.00 0.01 0.04 0.04 0.04 0.07
N −0.03 0.00 −1.58 0.00 0.00 0.00 0.00 −1.61 0.00 −1.61 −1.61

Sum 0.80 0.45 −0.77 −0.15 0.45 −0.06 1.77 −1.52 2.01 −1.52 ∆ḞT = 0.49

According to Equation (23), Table 7 exhibits the diagnosis based on the fuel impact decomposition
in terms of malfunctions and dysfunctions. Columns 5 to 7 present the malfunctions due to external
resource consumption variation (MFt

e), component exergy consumption variation (MFt), and the
variation of component residue generation (MRt). Since the compressor is only fueled by the power
provided by the HPT and its internal malfunction was MFC = 0.94 MW, the compressor required
then more power to compensate its degradation and satisfy the thrust requirement. Furthermore,
the combustion chamber presented a negative malfunction, MFe,CC +MFCC +MRCC = 0.75−0.9−0.03 =
−0.18 MW, indicating that this component did not contribute globally to increase the irreversibility
of the component itself. However, it presented a dysfunction of DFk,CC +DF∆Ps ,CC = 0.97 − 0.07 =
0.9 MW. In the context of the loss of compressor performance, the combustion chamber increases the
propagation of the irreversibility.

All the dysfunctions related to the variation in the local production of components (DFk;
see Column 9 of Table 7) were positive or null. A positive dysfunction indicates an increment in
the component irreversibility of each component due to the variation of its local production caused
by the malfunction of other components. All the components, except those of the bypass section,
had negative dysfunctions related to final production variation dysfunctions (see Column 10 of Table 7).
These kind of irreversibilities variations do not have a negative impact by themselves, as they are
associated with a variation of the overall production.

Columns 10 and 11 of Table 7 correspond to the terms of the fuel impact formula given by
Equation (24). Column 10 is the malfunction cost (MF∗t

e +MFR∗t), which has two distinct components:
the malfunction (MFt

e +MFRt) and a structural malfunction or dysfunction (DFK). The dysfunction
of a component depends on its position in the system and can be reduced only if the malfunction is
reduced. The compressor inefficiency produced the most significant malfunction cost in the component
itself (1.05 MW), since it covered the malfunctions and dysfunctions associated with its degradation.
All the components had positive malfunction costs because the dysfunctions DFk induced by those
components to the other components were positive.

The exergoeconomic cost of the fuel impact related to the compressor deterioration is
∆Πt

eu = 42.51 USD/h, see Equation (25). This value captures the exergoeconomic cost of external
resources (∆ct

PeP(x0)), the exergoeconomic cost regarding malfunction (ct
Pe(x)∣P⟩(x)MFRt), and the

exergoeconomic cost owing to final product variation between actual and reference conditions
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(ct
Pe(x)∣P⟩(x)∆Ps), which are presented in Table 8. The compressor was the component containing the

anomaly, and it was also the one with the largest exergoeconomic malfunction cost (86.33 USD/h).

Table 8. Exergoeconomic cost decomposition of fuel impact.

∆ct
PeP(x0) ct

Pe(x)∣P⟩(x)MFRt ct
Pe(x)∣P⟩(x)∆Ps

(USD/h)

D 0 0 0
F 0 −0.54 0

FN 0 0 219.80
C 0 86.33 0

CC −14.72 −5.04 0
HPT 0 67.72 0
LPT 0 54.39 0
N 0 7.03 −372.45

GE90 −14.72 209.89 −152.65

8. Conclusions

This paper presents a general application of thermoeconomic cost accounting to a turbofan
aircraft engine, in which the formation and abatement costs of residues are included. The production
structure of the turbofan helped to identify where the waste would have been formed and to allocate
its costs. For a turbofan engine, the waste heat dissipated in the bypass section was formed by the
diffuser and fan; while the waste heat dissipated from the core engine nozzle was formed by the
diffuser, fan, compressor, and combustion chamber. Finally, the chemical exergy of exhaust gases was
produced only by the combustion chamber. This work intended to show that residue allocation has a
considerable effect on the computation of the production cost, and it becomes important when these
costs are used in the thermoeconomic diagnosis to assess and quantify a malfunction effect in terms
of additional fuel impact. This study also showed that a malfunction not only causes an increase of
resource consumption, but it also causes an increase of residue generation.

The GE90-115B turbofan engine under takeoff conditions and a thrust requirement of 510 kN
was taken as a case study. The exergy efficiency of the GE90-115B aircraft engine was 0.36% with
a fuel consumption of 5.86 kgf/s and airflow of 2235.82 kga/s. The total production exergy cost of
the aircraft engine was 271.51 MW. According to this methodology, the irreversibility and formation
costs of the waste heat dissipated from the bypass section and core engine corresponded to 39.78%
and 0.06%, respectively, of the total production exergy cost. The irreversibility and formation costs
of the chemical exergy of exhaust gases corresponded to 21.19% and 2.89%, respectively. Regarding
the exergoeconomic cost, Π̇PT = 26,754.28 USD/h, of the kinetic exergy produced by the turbofan
engine, the methodology was used to determine the contributions of the external resources (61.04%),
residues (0.14% and 33.07% for waste heat dissipated from the cS and hS and 3.28% for the chemical
exergy of the exhaust gases), and capital and operating costs (2.47%). The malfunction analysis
revealed that the performance deterioration of the compressor due to a 10% reduction in its isentropic
efficiency under the same flight conditions and thrust requirement reduced the total kinetic exergy
production by −0.77 MW, increased the fuel consumption by 0.49 MW, and generated irreversibilities
and residues of 0.80 and 0.45 MW, respectively.
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Abbreviations

The following abbreviations are used in this manuscript:

AC air compressor,
ACC annual capital cost,
CRF capital recovery factor,
chS chemical-gas stack,
cS cold-gas stack,
CC combustion chamber,
C compressor,
D diffuser,
ECT exergetic cost theory,
F fan,
FN fan nozzle,
GT gas turbine,
HPT high pressure turbine,
LPT low pressure turbine,
N nozzle,
OMC overhaul and maintenance cost,
PW present worth,
PVF present value factor,
PFR product-resource-residue,
FPR resource-product-residue,
SV salvage ratio,
TOT total,
TCI total capital investment.
Nomenclature
x actual conditions,
x0 reference conditions,
Ż capital cost rate of a component (USD h−1),
D dissipative components,
z elevation (m),
H enthalpy (kJ),
Ḣ enthalpy flow rate (MW),
Ṡ entropy generation (MW),
c exergoeconomic cost per unit of exergy (USD GJ−1),
P∗ exergetic cost of the product (MW),
F∗ exergetic cost of the resource (MW),
R∗ exergetic cost of the waste (MW),
f exergoeconomic factor (%),
Ė exergy flow rate (MW),
w flight velocity (m s−1),
f ar fuel/air ratio (kg f (kgair)−1),
R gas constant (kJ (kgK)−1),
g gravitational acceleration 9.81 m s−2,



Appl. Sci. 2020, 10, 9060 19 of 25

Q̇ heat flow rate (MW),
İ irreversibility flow rate (MW),
LHV lower heat value (kJ (kg f )−1),
M Mach number (-),
MF malfunction (MW),
ṁ mass flow rate (kg s−1),
x molar fraction (-),
Ṗ product exergy flow (MW),
P pressure (bar),
Ẇ power (MW),
P productive component,
r recirculation coefficient (-),
Ṙ residue exergy flow (MW),
Ḟ resource exergy flow (MW),
q specific heat (kJ kg−1),
s specific entropy (kJ (kgK)−1),
h specific enthalpy (kJ kg−1),
cP specific heat capacity at constant pressure (kJ (kgK)−1),
T temperature (○C, K),
k unit exergoeconomic cost (USD kJ−1),
k∗ unit exergy cost (-),
u velocity (m s−1),
V volume (m3).
Greek symbols
β bypass ratio (-),
µ cost ratio for the exhausted gases dissipated in the stack (-),
D dissipative component,
∆ drop or increment (%),
η efficiency (%),
λ excess of air (%),
Π exergoeconomic cost (USD h−1),
ξ exergy grade function (-),
ε exergy per unit mass (kJ mol−1),
π pressure ratio (-),
P productive components,
γ ratio of specific heats (-),
κ stoichiometric coefficients (-),
τ thrust (kN).
Subscripts
a air,
b burner,
c cold,
cg combustion gases,
i, j component,
D diagonal,
k dissipative component,
0, e environment,
ex exergetic,
e external,
f fuel,
h hot,
s isentropic,
m mixture,
OMC overhaul and maintenance,
P product,
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prop propulsion,
r, R residue,
th thermal,
1− 8 thermodynamic states,
TOT total,
TCI total capital investment,
t stagnation.
Superscripts
∗ exergy cost,
K kinetic,
P potential,
PH physical,
CH chemical,
t transposed
Matrices and vectors
Z capital cost vector (n × 1),
⟨P∗∣ cost operator matrix (n × n),
Π cost vector (n × 1),
KD diagonal matrix (n × n) that contains the unit exergy consumption of each component,
DF dysfunction matrix (n × n),
MFR endogenous irreversibility matrix (n × n),
Ps final product vector (n × 1),
F, P, I, R fuel, product, irreversibility and residue vector (n × 1),
⟨KP⟩ matrix (n × n) of unit exergy consumption,
⟨FP⟩, ⟨RP⟩ matrix (n × n) containing the distribution ratios,
MF malfunction matrix (n × n),
∣P⟩, ∣I⟩, ∣R⟩ product, irreversibility, and residue matrix operators (n × n),
⟨KR⟩ residue allocation matrix (n × n),
u, UD unitary vector (n × 1) and identity matrix (n × n),
κ vector (n × 1) of unit costs.

Appendix A. Thermodynamic Properties of the Material and Energy Turbofan Streams

Table A1 lists the thermodynamic cycle data of the engine under the operating conditions given
in Table 5 in the sea level static condition and maximum power setting (i.e., takeoff condition).

Table A1. Thermodynamic states of the turbofan engine under the design operating conditions.

State ṁ T P u h s ĖPH ĖCH ĖK Ė
(kg s−1) (K) (bar) (m s −1) (kJ kg −1) (kJ kg −1 K−1) (MW) (MW) (MW) (MW)

f 5.86 42,800.00 45.44 0 0 266.34
a 2235.82 288.15 1.01 68.02 0 0.30 0 13.21 5.17 18.38
ta 2235.82 290.46 1.04 0 2.31 0.30 0 13.21 0 18.38
t1 2235.82 290.46 1.04 0 2.31 0.30 0 13.21 0 18.28
t2 2235.82 336.02 1.64 0 48.04 0.31 0.04 13.21 0 110.79
t3 237.85 915.29 41.62 0 629.30 0.39 0.60 1.41 0 144.61
t4 243.71 1592.00 39.53 0 1633.31 1.52 1.32 9.25 0 331.20
t5 243.71 1139.14 7.60 0 1066.02 1.58 0.74 9.25 0 188.97
t6 243.71 804.30 1.37 0 646.57 1.64 0.30 9.25 0 82.58
7 243.71 753.49 1.01 356.78 582.92 1.64 0.24 9.25 15.51 82.27
8 1997.96 294.73 1.01 287.85 6.61 0.32 0 11.81 82.78 94.73

Ẇ f 2235.82 0.05 0 0 102.23
ẆcF 1997.96 0.05 0 0 91.35
ẆhF 237.85 0.05 0 0 10.88
ẆC 237.85 0.58 0 0 138.26

ẆHPT 243.71 248,378.58 0.57 0 0 138.26
ẆLPT 243.71 248,378.58 0.42 0 0 102.23
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Appendix B. Exergy Balance

Table A2 presents the resource, product, irreversibility, residue exergy flows, and exergy efficiency
of each component, which were calculated by applying the equations of Table 3.

Table A2. Resources, products, residues, and irreversibilities of the turbofan components (Ḟ = Ṗ+ Ṙ+ İ).

Component Ḟ Ṗ Ṙ İ ηex ∆Ḣ T0∆Ṡ
(MW) (MW) (MW) (MW) (-) (MW) (MW)

Cold-air side (Bypass section)

D 4.62 4.53 0 0.09 0.98 4.62 0.09
F 91.35 82.67 0 8.68 0.90 91.35 8.68

FN 87.05 82.78 0 4.28 0.95 −82.78 4.28
cSt 0.15 0.00 0.15 0.00 −13.20 −13.05

Hot-gas side (Core engine)

D 0.55 0.54 0 0.01 0.98 0.55 0.01
F 10.88 9.84 0 1.03 0.90 10.88 1.03
C 138.26 132.82 0 5.43 0.96 138.26 5.43

CC 266.34 186.59 0 79.75 0.70 248.38 124.71
HPT 142.23 138.26 0 3.97 0.97 −138.26 3.97
LPT 106.39 102.23 0 4.17 0.96 −102.23 4.17
N 15.82 15.51 0 0.31 0.98 −15.51 0.31

hSt 57.51 0.00 43.87 13.64 −142.07 −84.56
chSt 7.84 0.00 7.84 0.00

Turbofan Engine

GE90 271.51 98.29 51.86 121.37 0.36 0.00 55.08

Appendix C. Exergoeconomic Analysis

The economic data of the engine were taken from Balli [1]: a total capital investment cost for
the engine of TCI = 16,000,000.00 USD, engine overhaul and maintenance cost of OMC = 800,000.00
USD, engine operation hours in a year of τ = 3000 h, interest rate of i = 10%, engine lifetime of
N = 30 years, and engine salvage ratio of SV = 15%. Based on these data, the following economic
parameters were estimated: the present value factor PVF = (1+ i)−n = 0.05731, present worth PW =
TCI − SV ⋅ PVF = 15,862,459.0 USD, capital recovery factor CRF = i(1+ i)n/[(1+ i)n − 1] = 0.1061,
annual capital cost ACC = PW ⋅CRF = 682,678.0 USD/year, hourly levelized total capital investment
cost rate ŻTCI = ACC/τ = 560.893 USD, hourly levelized operating and maintenance cost rate of the
system ŻOMC = OMC/τ = 266.667 USD/h, and total hourly levelized total cost rate of the engine
ŻTOT = ŻTCI + ŻOMC = 827.559 USD/h.

In this study, the purchase cost of each productive component was determined from Żi = ωZ
i ZTOT

with ωZ
D = 5%, ωZ

F = 17%, ωZ
FN = 4%, ωZ

C = 22%, ωZ
CC = 14%, ωZ

HPT = 18%, ωZ
LPT = 12%, and ωZ

N = 8%.
The price of the fuel Jet-A1 was considered as 27.04 USD/GJ [35], and the price for air was taken
as zero.

Table A3 presents the cost balance of each component of the GE90-115B turbofan engine.
Columns fr and fZ of Table A3 correspond to the residue and component factors, respectively.

They represent the contributions of the residue and component costs, respectively, to the production
cost of each component [17]. These indicators are defined as fr,i = Πr

P,i/ΠP,i and fZ,i = ΠZ
P,i/ΠP,i,

respectively. The exergoeconomic factor fP,i = Żi/(Żi + cF,i İi) indicates the exergoeconomic costs of
a component [17], which is the sum of the component cost (Żi) and the cost of the irreversibilities
generated in this component (cF,i İi). If the economic cost of the external resources of the ith component
is zero, then fP,i = 1, as is the case for the D. A low exergoeconomic factor for a component ( fP,i →
0) suggests that the cost of the irreversibilities dominates and that the overall cost of the entire
system may be reduced by improving the component efficiency (i.e., reducing the exergy destruction),
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even if the capital, operating, and maintenance costs for this component increase [41]. For the
turbofan engine, the CC had a low exergoeconomic factor ( fP,CC = 0.0147 or 1.47%); therefore, the
component performance could be improved, although this would be limited by the combustion
process. An exergoeconomic factor close to unity indicates a low irreversibility cost compared with
the component cost; therefore, it is not advisable to attempt to improve the efficiency of the process.
In other words, this factor suggests decreasing the investment cost in that component at the expense
of its exergetic efficiency [41]. The exergoeconomic indicators of fr, fZ, and fp constitute a useful
and simple tool for determining possible improvements in an energy system. However, they do not
consider the effects induced by changes in the irreversibility of a component on other components.

Table A3. Product exergoeconomic cost decomposition: ΠP = Πe
P +Πr

P +ΠZ
P .

Π̇P Π̇e
P Π̇r=hS

P Π̇r=cS
P Π̇r=chS

P Π̇Z
P fr=hS fr=cS fr=chS fZ fP

(USD/h) (%)

D 42.24 0 0.80 0.06 0 41.38 1.90 0.15 0 97.95 100
F 25,682.73 15,691 8569.71 41.71 842 538.15 33.50 0.16 3.31 1.20 5.59

FN 22,982.24 13,998 7645.71 37.27 751 550.10 33.44 0.16 3.31 1.38 2.85
C 40,954.65 20,977 18,119.13 3.52 1126 729.62 44.36 0.01 2.78 1.02 12.17

CC 33,096.83 25,927 5663.10 0 1391 115.86 17.11 0.00 4.20 0.20 1.47
HPT 33,457.49 20,977 10,804.03 3.52 1126 547.56 32.36 0.01 3.39 0.94 13.80
LPT 25,014.96 15,691 8081.70 2.63 842 397.47 32.36 0.01 3.39 0.91 9.24
N 3772.04 2334 1202.03 0.39 125 110.55 32.11 0.01 3.36 1.69 47.48

GE90 26,754.28 16,331.89 8847.75 37.66 876.32 660.65 33.07 0.14 3.28 2.47 30.69

Appendix D. Equations of FPR and PFR Symbolic Representations

Table A4. FPR and PFR symbolic representations (adapted from [13,17,42]).

FPR representation PFR representation
In terms of external resources In terms of final products

Coefficients
Distribution coefficients Recirculation coefficients

⟨FP⟩ = {yij = Ėji/Ṗj}n×n = PD⟨KP⟩tP−1
D ⟨PF⟩ = {rij = Ėij/Ḟj}n×n ,

n
∑
i=0

rij = 1

⟨RP⟩ = {ψij = Ṙji/Ṗj}n×n = PD⟨KR⟩tP−1
D ⟨PR⟩ = {ρij = Ṙij/Ḟr}n×n ,

n
∑
i=1

ρij = 1
n
∑
i=0

(yij +ψij) = 1 Unit exergy consumption coefficients

Diagonal matrices ⟨KP⟩ = {κij = Ėij/Ṗj}n×n = ⟨PF⟩KD

KD = Diag(κ) and PD = Diag(P) ⟨KR⟩ = {θij = Ṙij/Ṗj}n×n = ⟨PR⟩P−1
D Ḟr

Exergy flows
F = P+ I P = Ps + ⟨PF⟩F+ ⟨PR⟩Ḟr (rows of the FPR table)

F = Fe + ⟨FP⟩P P = Ps + ⟨KP⟩P+ ⟨KR⟩P
R = ⟨RP⟩P R = PD⟨KR⟩tu
I = F−P I = PD(KD −UD)u

P = ⟨P∣Fe, ⟨P∣ = (KD − ⟨FP⟩)−1 P = ∣P⟩Ps, ∣P⟩ = (UD − ⟨KP⟩ − ⟨KR⟩)−1

F = ⟨F∣Fe, ⟨F∣ = KD⟨P∣ F = ∣F⟩Ps, ∣F⟩ = KD ∣P⟩
R = ⟨R∣Fe, ⟨R∣ = ⟨RP⟩⟨P∣ R = ∣R⟩Ps, ∣R⟩ = ⟨KR⟩∣P⟩

I = ⟨I∣Fe, ⟨I∣ = (KD −UD) ⟨P∣ I = ∣I⟩Ps, ∣I⟩ = (KD −UD) ∣P⟩
ḞT = utFe ḞT = rt

0F = κt
eP

ṖT = yt
0⟨P∣Fe, yt

0 = {y0j = Ėj0/Ṗj}1×n ṖT = utPs



Appl. Sci. 2020, 10, 9060 23 of 25

Table A4. Cont.

FPR representation PFR representation
In terms of external resources In terms of final products

Exergy costs
P∗ = F∗ +R∗

P∗ = ⟨P∗∣Fe, ⟨P∗∣ = (UD − ⟨FP⟩ − ⟨RP⟩)−1 k∗P = ∣P⟩tκe κt
e = {κ0i = Ė0i/Ṗj}1×n = Ft

eP−1
D

F∗ = F∗e + ⟨FP⟩P∗ k∗F = r0 + ⟨PF⟩tk∗P rt
0 = {r0j = Ė0j/Ḟj}1×n

R∗ = ⟨RP⟩P∗ R∗ = PD⟨KR⟩tk∗P
Contributions of irreversibilities and residues to the exergy costs

P∗ = P+ ⟨P∗∣(I+R) k∗P = (UD + ∣I⟩ + ∣R⟩)tu
Exergoeconomic costs

ΠP = ΠF +ΠR +Z cP = cPF + cPR + cPZ
Πe = ceFe cPr = P−1

D ΠR, cPe = P−1
D Πe, cPF = P−1

D ΠF, cPz = P−1
D Z

ΠP = ⟨P∗∣(Πe +Z) cP = P−1
D ΠP = ∣P⟩t(cPe + cPz)

ΠF = Πe + ⟨FP⟩ΠP cF = ce + ⟨PF⟩tcP cPF = cPe + ⟨KP⟩tcP
ΠR = ⟨RP⟩ΠP ΠR = PD⟨KR⟩tcP cPR = ⟨KR⟩tcP

ΠPT = ut(Πe +Z) ΠPT = ct
PPs = ct

eF+ utZ
Contributions of energy resources, residues, and component costs to the product cost

ΠP = Πe
P +Πr

P +Πz
P cP = ce

P + cr
P + cz

P
ce

P = P−1
D Πe

P, cr
P = P−1

D Πr
P and cPz = P−1

D Πz
P

Πe
P = ⟨P∗Π∣Πe, ⟨P∗Π∣ = (UD − ⟨FP⟩)−1 ce

P = ∣P∗Π⟩tcPe, ∣P∗Π⟩ = (UD − ⟨KP⟩)−1

Πr
P = ⟨P∗Π∣ΠR cr

P = ∣P∗Π⟩tcPR
Πz

P = ⟨P∗Π∣Z cz
P = ∣P∗Π⟩tcPz
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