

  applsci-11-06004




applsci-11-06004







Appl. Sci. 2021, 11(13), 6004; doi:10.3390/app11136004




Review



Semiconductor Laser Linewidth Theory Revisited



Hans Wenzel 1,*, Markus Kantner 2, Mindaugas Radziunas 2 and Uwe Bandelow 2[image: Orcid]





1



Ferdinand-Braun-Institut gGmbH, Leibniz-Institut für Höchstfrequenztechnik, Gustav-Kirchhoff-Str. 4, 12489 Berlin, Germany






2



Weierstraß-Institut für Angewandte Analysis und Stochastik, Leibniz-Institut im Forschungsverbund Berlin e.V., Mohrenstr. 39, 10117 Berlin, Germany









*



Correspondence: hans.wenzel@fbh-berlin.de







Academic Editors: Wolfgang Elsaesser and Frédéric Grillot



Received: 26 April 2021 / Accepted: 3 June 2021 / Published: 28 June 2021



Abstract

:

More and more applications require semiconductor lasers distinguished not only by large modulation bandwidths or high output powers, but also by small spectral linewidths. The theoretical understanding of the root causes limiting the linewidth is therefore of great practical relevance. In this paper, we derive a general expression for the calculation of the spectral linewidth step by step in a self-contained manner. We build on the linewidth theory developed in the 1980s and 1990s but look from a modern perspective, in the sense that we choose as our starting points the time-dependent coupled-wave equations for the forward and backward propagating fields and an expansion of the fields in terms of the stationary longitudinal modes of the open cavity. As a result, we obtain rather general expressions for the longitudinal excess factor of spontaneous emission (K-factor) and the effective   α  -factor including the effects of nonlinear gain (gain compression) and refractive index (Kerr effect), gain dispersion, and longitudinal spatial hole burning in multi-section cavity structures. The effect of linewidth narrowing due to feedback from an external cavity often described by the so-called chirp reduction factor is also automatically included. We propose a new analytical formula for the dependence of the spontaneous emission on the carrier density avoiding the use of the population inversion factor. The presented theoretical framework is applied to a numerical study of a two-section distributed Bragg reflector laser.
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1. Introduction


Many applications of semiconductor lasers utilized in miniaturized contemporary photonic integrated devices for coherent optical communication, optical atomic clocks, atom interferometry, gravitational wave detection, space-based metrology, and optical quantum sensing impose strict requirements on the coherence of the light source, which can be expressed in terms of the spectral linewidth. The theoretical understanding of the governing factors limiting the linewidth is therefore of great practical relevance. After a first prediction by Schawlow and Townes [1], the corresponding theoretical framework was developed in the 1960s [2,3,4,5,6]). Later, in the 1980s and 1990s with the rapidly advancing technology of the fabrication of semiconductor lasers and their applications the theory of the spectral linewidth was further refined. The following five milestones can be distinguished:




	(i)

	
The first milestone is the discovery of the enhancement of the fraction of the spontaneous emission going into the lasing mode in gain-guided lasers and the derivation of a corresponding excess factor (K-factor) by Petermann [7]. Siegman recognized this effect as a general property of non-Hermitian laser cavities [8]. Later his discussion of the power-nonorthogonality of the transversal modes and its consequences was extended to the case of the power-nonorthogonality of the longitudinal modes of laser cavities [9]. In Ref. [10] it was discovered, that the longitudinal modes can become degenerate for certain parameter configurations resulting in an infinite K-factor. The occurrence of such exceptional points is not restricted to lasers but is inherent to non-Hermitian systems, see [11] for a recent review.




	(ii)

	
The second milestone is the discovery of a linewidth enhancement in semiconductor gain materials caused by refractive index fluctuations in response to fluctuations of the carrier density. Due to gain clamping, intensity fluctuations (which have negligible direct effect on the linewidth) can cause substantial refractive index changes, which in turn lead to fluctuations of the phase. The magnitude of this amplitude-phase coupling is quantified by the linewidth enhancement factor    α H    or   α  -factor introduced by Henry [12]. Later it was found that in DFB lasers the   α  -factor has to be replaced by an effective factor     α  H , eff      [13] and a general expression for     α  H , eff      valid for distributed feedback (DFB), distributed Bragg reflector (DBR) and external cavity lasers was derived in [14].




	(iii)

	
The third milestone is the discovery of the possibility of linewidth reduction due to optical feedback from an external cavity by Patzak et al. [15]. Later a relation to the reduction of the frequency chirp was established [16,17].




	(iv)

	
The forth milestone is related to the deterioration of the linewidth due to charge carriers injected into a phase tuning section within the cavity. Amann and Schimpe figured out that carrier noise is the origin resulting in an additional contribution to the linewidth, if the   α  -factors are different in the gain and phase tuning sections [18].




	(v)

	
The last milestone is the discovery of the enhancement of the linewidth due to fluctuations of the shape of the profile of the optical power in the cavity by Tromborg and co-workers [14], which is particularly important in the vicinity of instabilities [19,20]. The most sophisticated linewidth theory including fluctuations of the shape of the power profile was published in [21,22].









In this paper, we will derive a semi-analytical expression of the spectral linewidth from a modern perspective step by step in a self-contained manner collecting all necessary ingredients that are otherwise found only scattered in the literature. The underlying theoretical approach is the classical Langevin formalism [23] where the deterministic equations for the optical field and the carrier density are supplemented by noise sources (Langevin forces). By means of these stochastic terms, quantum field theoretical phenomena (in particular spontaneous emission), which are essential for the laser linewidth, can be adequately treated within the framework of the semi-classical theory. The correlation functions of the Langevin noise sources are determined by the fluctuation-dissipation theorem, for which we refer to Refs. [24,25,26].



While the starting point of most authors is the Helmholtz equation and an expansion of its Green’s function [14,27], it is more transparent to start from the time-dependent coupled-wave equations and to expand the forward and backward propagating fields in terms of the stationary longitudinal modes of the open cavity [10] yielding simpler expressions. The linewidth expression derived in such a manner includes automatically the findings described as milestones (i)–(iii), i.e., longitudinal K-factor, effective   α  -factor, and chirp reduction factor. Additionally, we propose a new analytical formula for the dependence of the spontaneous emission on the carrier density, which is independent of the commonly employed population inversion factor, i.e., the ratio between the spontaneous rate of downward band-to-band transitions and the stimulated rate of downward and upward transitions [28]. The new formula avoids problems with the singularity of the population inversion factor near the transparency density and is in good agreement with microscopic calculations, see Section 9. The theory can be easily extended to include carrier noise (iv), too, as sketched in the Outlook in Section 11.




2. Prerequisites and Basic Assumptions


We consider edge-emitting semiconductor lasers as sketched in Figure 1 consisting of an arbitrary number of sections of different functionality. The transverse cross section is uniform within each section, but may vary from section to section. The preferred propagation direction of the optical field under lasing conditions is along the cavity axis parallel to the longitudinal coordinate z. Thus laser can be well described by the traveling-wave ansatz for the main component of the electric field strength


   E  ( x , y , z , t )  =   e ( x , y )    2  ε 0  c n      Ψ +   ( z , t )   e  − i  β 0  z   +  Ψ −   ( z , t )   e  i  β 0  z     e  i  ω 0  t   +  c . c .  ,   



(1)




employing a scalar approximation and neglecting the dynamics in the transverse    ( x , y )   -plane. This means that we assume index-guiding in the transverse (lateral–vertical) plane and lasing in a single transverse mode and exclude gain-guiding, as appropriate for narrow-linewidth lasers. The real-valued field distribution    e ( x , y )    is obtained as a solution of a real-valued waveguide equation normalized to     ∫ ∫   e 2   ( x , y )   d x d y = 1    [29]. Moreover,    ε 0    is the vacuum permittivity, c the vacuum speed of light, n the reference modal index,     β 0  = 2 π n /  λ 0     the reference propagation constant,    λ 0    the reference wavelength and     ω 0  = 2 π c /  λ 0     the reference frequency. The prefactor is chosen such that      ∥ Ψ ∥  2   ≡ |   Ψ +    |  2  +   |  Ψ −  |  2     is the optical power P with unit W. The left and right propagating fields    Ψ ±    vary slowly both in the longitudinal coordinate z and time t and fulfill the stochastic time-dependent coupled-wave equations [30,31]


      n g   ( z )   c   ∂  ∂ t   Ψ  ( z , t )  +   σ z   ∂  ∂ z   +   i M ( z , N , ∥ Ψ ∥  2   ) + i   D ^   ( z , t )   Ψ  ( z , t )  =  F sp   ( z , t , N )    



(2)




with


   Ψ  ( z , t )  =       Ψ +   ( z , t )         Ψ −   ( z , t )       ,   σ z  =     1   0     0    − 1      ,   








and


    M ( z , N , ∥ Ψ  ∥ 2  )   =      Δ β ( z , N , ∥ Ψ  ∥ 2  )      κ +   ( z )         κ −   ( z )      Δ β ( z , N , ∥ Ψ  ∥ 2  )      ,    



(3a)






    Δ β ( z , N , ∥ Ψ  ∥ 2  )   =   β ( z , N , ∥ Ψ ∥  2   ) −   β 0  =   2 π   λ 0   Δ n  ( z )  +  β N    ( z , N , ∥ Ψ ∥  2   ) ,     



(3b)






     β N    ( z , N , ∥ Ψ ∥  2   )    =   2 π   λ 0   Δ  n N    ( z , N , ∥ Ψ ∥  2   ) +   i 2     g ( z , N , ∥ Ψ ∥  2    ) − α ( z , N , ∥ Ψ ∥  2   )   .    



(3c)







The Langevin forces


    F sp   ( z , t , N )  =       F sp +   ( z , t , N )         F sp −   ( z , t , N )       ,   








model the spontaneous emission into the forward and backward traveling waves and are assumed to have zero mean


   〈  F sp  〉 = 0 .   








Here,    n g    is the real-valued group index,   β   is the propagation factor and    Δ n    is the static index detuning with respect to the reference modal index.    β N    describes the dependence of the propagation factor on the excess carrier density N, consisting of a real part proportional to    Δ  n N     and an imaginary part with g being the modal gain and   α   the optical losses.    κ ±    are complex coupling coefficients describing a Bragg grating (coupling forward and backward traveling waves) and     D ^   ( z , t )     is the dispersion operator. The ensemble or temporal average is denoted by    〈 · 〉   . The dependence of    Δ  n N    , g and   α   on the optical power     ∥ Ψ ∥  2    is due to nonlinear effects like the Kerr effect, gain compression, and two-photon absorption, which affect the stationary states only slightly but can have a significant impact on the dynamic properties.



All quantities entering (2) are obtained by weighting the original quantities entering Maxwell’s equations with the intensity distribution     e 2   ( x , y )     of the transverse mode. If we choose the origin of z such that the grating given by a complex dielectric function    ε ( x , y , z )    has the property    ε ( x , y , z ) = ε ( x , y , − z )   , then     κ +  =  κ −  = κ    holds. Equation (2) has to be solved subject to the usual boundary conditions


    Ψ +   ( 0 , t )  =  r 0   Ψ −   ( 0 , t )   and   Ψ −   ( L , t )  =  r L   e  − 2 i  β 0  L    Ψ +   ( L , t )  ,   



(4)




with L being the total cavity length and    r 0    and    r L    the complex-valued reflection coefficients at the facets at    z = 0    and    z = L   , respectively. Scattering matrices establish transition conditions on   Ψ   at the interfaces between different sections [22,30].



The coupled-wave Equation (2) must be supplemented with an equation for the (excess) carrier density N. Although the theoretical treatment is quite general, we will specifically treat diode lasers in this paper, where the carrier dynamics is governed actually by both electrons and holes. We assume charge neutrality and consider only the excess carriers in the active region with density    N = n −  n 0  = p −  p 0     (where n and p are the electron and hole densities and    n 0   ,    p 0    are the corresponding equilibrium densities), neglecting any transport and capture effects. Thus, the excess carrier density is assumed to obey the rate equation


     ∂ N   ∂ t   −   j ( z , N )   q d   + R  ( z , N )  +  R st    ( z , N , ∥ Ψ ∥  2   ) =   F N   ( z , t , N )    



(5)




with the rate of spontaneous and non-radiative recombination R and the rate of stimulated recombination


    R st  =   Re   Ψ *  ·  [ g − 2 i  D ^  ]  Ψ    d W ℏ  ω 0      



(6)




which can be derived by multiplying (2) from the left with    [  Ψ  + *   ,  Ψ  − *   ]   , the complex conjugate of (2) with    [  Ψ +  ,  Ψ −  ]    and adding both equations to obtain a balance equation for the electromagnetic energy in differential form (Poynting’s theorem) [30]. Here the dot product means     Ψ 1  ·  Ψ 2  =  Ψ 1 +   Ψ 2 +  +  Ψ 1 −   Ψ 2 −     and q is the elementary charge, ℏ the reduced Planck’s constant and d and W are the thickness and width, respectively, of the active region. The current density can be related to the (sectional) applied voltage by means of the Joyce model [32,33]


   j  ( z , N )  =    U s  −  U F   ( N )    W  L s   R s      



(7)




with sectional applied voltage    U s   , resistance    R s   , injection current    I s   , length    L s   , and the Fermi voltage    U F   . The carrier-density dependent injection current density given by (7) counteracts longitudinal spatial hole burning, which substantially lowers the degradation of the side mode suppression in strongly coupled DFB lasers compared to a model assuming a constant current density [34]. The frequency modulation response, albeit not topic of the present paper, is also affected as shown in [35].



Dispersion, i.e., the frequency dependence of the dielectric function, enters (2) first via the group index    n g    in front of the time derivative resulting from a linearization of the real part of the dielectric function with respect to the frequency   ω  . Second, the dispersion of the optical gain (and associated refractive index) is described in the time domain by the operator     D ^   ( z , t )    , which can be obtained, e.g., by approximating the gain spectrum by a Lorentzian (or a series of Lorentzians) and a back-transformation into the time domain. This results in auxiliary differential equations for polarization functions [36,37], see Appendix A. Due to the fact, that the spectral width of the gain in semiconductor lasers is much larger than the width of the cavity resonances,     D ^   ( z , t )     can be expanded again linearly in the frequency domain. In contrast to [36], we neglect here the dependence of the dispersion operator on the carrier density N.



Besides   Ψ  , we consider N as the only further stochastic variable and spontaneous emission as the only source of noise, neglecting all other noise sources. The theory can be easily extended to include carrier noise as sketched in the Outlook in Section 11. We assume that   κ   does not depend on N, i.e., we exclude gain-coupled lasers, and neglect fluctuations of the shape of the power profile. We neglect the impact of non-lasing side modes on the linewidth of the lasing mode and employ a single-mode approximation. Thus the linewidth rebroadening caused by mode partitioning and poor side-mode suppression, cf.  [38,39], can not be not accounted for.



Regarding the properties of the noise [40], we employ the usual assumptions of ergodicity (ensemble or statistical average equals temporal average) and stationarity (i.e.,    〈 ξ  ( t )  ξ  (  t ′  )  〉    depends only on the time difference    t −  t ′    ) of any stochastic variable   ξ  . The fluctuations are assumed to have Gaussian probability distributions and delta-correlated covariance functions in time (Markov approximation) and space, i.e.,     〈 ξ  ( z , t )  ζ  (  z ′  ,  t ′  )  〉  = 2  D  ξ ζ    ( z )  δ  ( t −  t ′  )  δ  ( z −  z ′  )     with    D  ξ ζ     being called diffusion coefficient. In order to obtain a Lorentzian shape of the optical spectrum around the lasing frequency, some approximations have to be employed which are described in Section 4. The full width at half maximum (FWHM) of the Lorentzian is commonly called intrinsic linewidth. As we consider only spontaneous emission noise, we calculate the quantum limit of the intrinsic linewidth. If non-Markovinan noise is considered, which is beyond of the scope of the paper, the lineshape tends towards a Gaussian in the vicinity of the lasing frequency with a correspondingly larger FWHM [41,42].




3. Equation of the Field Amplitude


Throughout this work, we restrict ourselves to the analysis of the noise at continuous wave (CW) emission, i.e., at steady-state lasing. Therefore, we expand    Ψ ( z , t )    in terms of the stationary eigenmodes     Φ m   ( z )     (longitudinal modes),


   Ψ  ( z , t )  =  ∑ m   f m   ( t )   Φ m   ( z )  ,   



(8)




satisfying the equation


     σ z   ∂  ∂ z   + i M  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯   + i  β D   ( z ,  Ω m  )  + i    n g   ( z )   c   Ω m    Φ m   ( z )  = 0   



(9)




with


      M  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯       =      Δ β  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯       κ ( z )       κ ( z )     Δ β  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯        ≡  M ¯  ,      



(10)






      Δ β  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯       = β  z ,  N ¯  ,    ∥ Ψ ∥  2  ¯   −  β 0  ≡  β ¯  −  β 0  = Δ  β ¯  .      



(11)




Here,    N ¯    and      ∥ Ψ ∥  2  ¯    are the steady-state carrier density and optical power, respectively, at which the operator of the eigenvalue problem (9) is expanded (   β ¯   ,    M ¯    are the corresponding propagation factor and matrix M). The complex eigenvalue    Ω m    describes both, the frequency deviation    Re  (  Ω m  )  =  ω m  −  ω 0     (or the wavelength deviation    Δ  λ m  = Re  (  Ω m  )     d λ / d ω |   λ 0     ), and the mode damping rate    Im (  Ω m  )   . The dispersion     β D   ( z ,  Ω m  )     is given by the operator    D ( z , t )    in the frequency domain. Equation (9) has to be solved subject to the boundary conditions


       Φ m +   ( 0 )      =  r 0   Φ m −   ( 0 )         Φ m −   ( L )      =  r L   e  − 2 i  β 0  L    Φ m +   ( L )       



(12)




following from (4).



In the case of stationary eigenmodes considered here, the two-point boundary value problem (9) together with the boundary conditions (12) is in fact a quasi-linear eigenvalue problem. The point of expansion       ∥ Ψ ∥  2  ¯  ,  N ¯     of the nonlinear operator must be chosen self-consistently, i.e., it is required to satisfy the conditions (36) and (68) for the (mean) stationary state given below. Furthermore, in the presence of dispersion     β D   (  Ω m  )    , the eigenvalue problem is also nonlinear in the eigenvalue. The problem is similar to the self-consistent field method in electronic structure theory [43] and can be treated in a similar way (e.g., linearization of the optical-power and the frequency dependency of the gain dispersion and fixed-point iteration, where the point of expansion is updated to the most recent stationary state in each step). Alternatively, the system can be directly propagated in the time-domain (as it has been done in Section 10), until convergence to a suitable CW state has been achieved.



Note that different modes (eigensolutions of (9)) fulfill the orthogonality relation


   (  Φ m  ,   ∂ β   ∂ ω    Φ n  ) = 0  for  m ≠ n   



(13)




which can be derived by multiplying (9) from the left by    [  Φ n −  ,  Φ n +  ]   , the corresponding equation for    Φ n    by    [  Φ m −  ,  Φ m +  ]   , integrating along z, using (12) and subtracting both equations. Here the short notation


    ( Φ , Ψ )  =  ∫ 0 L   (  Φ +   Ψ −  +  Φ −   Ψ +  )   d z .   



(14)




denotes an inner product, distinguished from a standard Hilbert space scalar product. At an exceptional point the expansion (8) includes also a generalized eigenmode [10]. For    m = n   , the factor    ∂ β / ∂ ω   , which can be interpreted as an inverse complex-valued group velocity, is the exact derivative


     ∂ β   ∂ ω   =   n g  c  +   ∂  β D    ∂ ω    |  Ω m   .   



(15)




In the general case of    m ≠ n    this holds only approximately:


     ∂ β   ∂ ω   =   n g  c  +    β D   (  Ω m  )  −  β D   (  Ω n  )     Ω m  −  Ω n    ≈   n g  c  +   ∂  β D    ∂ ω    |  Ω m   .   



(16)







A system of ordinary differential equations for the amplitudes     f m   ( t )     can be obtained by inserting (8) into (2), using (9), multiplying from left with    [  Φ n −  ,  Φ n +  ]   , and integrating along z. In order to exploit the orthogonality relation (13) with the approximation (16), we have again to expand


    β D   (  ω ˜  )  −  β D   (  Ω m  )  =   ∂  β D    ∂ ω    |  Ω m    (  ω ˜  −  Ω m  )  ,   



(17)




where     ω ˜  = ω −  ω 0    . Note that this is consistent with the slowly varying amplitude approximation. Transforming back into the time domain yields


   ∫   β D   (  ω ˜  )  −  β D   (  Ω m  )    f m   (  ω ˜  )   e  i  ω ˜  t    d  ω ˜  =   D ^  −  β D   (  Ω m  )    f m   ( t )    



(18)




and


        ∂  β D    ∂ ω    |  Ω m   ∫  (  ω ˜  −  Ω m  )   f m   (  ω ˜  )   e  i  ω ˜  t    d  ω ˜       = −   ∂  β D    ∂ ω    |  Ω m     Ω m   f m   ( t )  + i  ∂  ∂ t   ∫  f m   (  ω ˜  )   e  i  ω ˜  t    d  ω ˜          = −   ∂  β D    ∂ ω    |  Ω m     Ω m   f m   ( t )  + i   ∂  f m    ∂ t    .      



(19)




Therefore the amplitudes    f m    fulfill


    (  Φ m  ,   ∂ β   ∂ ω    Φ m  )    ∂  f m    ∂ t   − i  Ω m   (  Φ m  ,   ∂ β   ∂ ω    Φ m  )   f m  + i  ∑ n   (  Φ m  , Δ M  Φ n  )   f n  =  (  Φ m  ,  F sp  )    



(20)




with


   Δ M = M −  M ¯  =  ( β −  β ¯  )      1   0     0   1     .   



(21)







In what follows, we employ the single mode approximation and drop the subscript m. Then (20) becomes a single differential equation for the complex-valued amplitude f of the lasing mode


     ∂ f   ∂ t   − i Ω f + i   ( Φ , Δ M Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )   f =  F f  .   



(22)




The new Langevin noise source entering (22) is given by


    F f  =   ( Φ ,  F sp  )   ( Φ ,   ∂ β   ∂ ω   Φ )   .   



(23)







For an analysis above threshold, it is beneficial to derive equations for the modulus    | f |    and the phase   φ   of f, because the fluctuations of    | f |    are damped but those of   φ   are not. For the modulus squared     | f |  2    (called intensity in the rest of the paper) it follows


      ∂ | f |  2   ∂ t   +   2 Im  ( Ω )  | f |  2  − 2 Im   ( Φ , Δ M Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )     | f |  2  = 2 Re  (  F f   f *  )  .   



(24)




An equation for the phase can be determined from


   Im    ∂ f   ∂ t    f *   −   Re  ( Ω )  | f |  2  + Re   ( Φ , Δ M Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )     | f |  2  = Im  (  F f   f *  )    



(25)




and


     ∂ f   ∂ t   =  e  i φ     ∂ | f |   ∂ t   + i f   ∂ φ   ∂ t    ⟹  Im    ∂ f   ∂ t    f *   =   | f |  2    ∂ φ   ∂ t   .   



(26)







The stochastic term on the right-hand side of (24) describes intensity noise, which does not have a vanishing expectation value anymore:    〈  F f   f *  〉 ≠ 0   . It is therefore convenient to rewrite the term by distilling out the expectation value and introducing two new real-valued Langevin forces    F   | f |  2     and    F φ    with zero mean as


   2  F f   f *  = 2  〈  F f   f *  〉  +  F   | f |  2   + 2 i   | f |  2   F φ  .   



(27)




It will be shown below that    〈  F f   f *  〉    is real-valued, see (66). Then, the final equations for the modulus squared and phase of f read


      ∂ | f |  2   ∂ t   = −   2 Im  ( Ω )  | f |  2  + 2 Im   ( Φ , Δ M Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )     | f |  2  + 2  〈  F f   f *  〉  +  F   | f |  2     



(28)




and


     ∂ φ   ∂ t   = Re  ( Ω )  − Re   ( Φ , Δ M Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )   +  F φ  .   



(29)







Now we consider small fluctuations


      N ( z , t )     = 〈 N ( z ) 〉 + δ N ( z , t ) ,      



(30)






      φ ( t )     = 〈 φ ( t ) 〉 + δ φ ( t ) ,      



(31)






       | f  ( t )  |  2     =   〈 | f |  2    〉 + δ | f  ( t )  |  2       



(32)




and expand


   β =   β (  〈 N 〉  , 〈 | f |  2   〉 )  +   ∂ β   ∂ N    |   〈 N 〉  , 〈 | f  | 2  〉   δ N +   ∂ β    ∂ | f |  2    |   〈 N 〉  , 〈 | f  | 2  〉   δ   | f |  2    



(33)




around the mean values


      〈 N ( z ) 〉     =  N ¯   ( z )  ,       〈 φ ( t ) 〉     = Re ( Ω ) t .      



(34)




The mean intensity    〈 | f  | 2  〉    is required to satisfy


     Im  ( Ω )  〈 | f |  2   〉 =   〈  F f   f *  〉  .   



(35)




Due to the extreme smallness of the spontaneous emission    〈  F f   f *  〉    going into the lasing mode, (35) can be replaced by


   Im ( Ω ) = 0   



(36)




above threshold      ( 〈 | f |  2   〉  0 )    , which will be exploited in what follows (i.e.,    Ω = Re ( Ω )   ). The intensity and phase fluctuations fulfill the equations


      ∂ δ | f |  2   ∂ t   = 2 Im    ( Φ ,   ∂ β   ∂ N   δ N Φ )  +  ( Φ ,   ∂ β    ∂ | f |  2   Φ )  δ   | f |  2    ( Φ ,   ∂ β   ∂ ω   Φ )     〈 | f |  2   〉 +   F   | f |  2     



(37)




and


     ∂ δ φ   ∂ t   = − Re    ( Φ ,   ∂ β   ∂ N   δ N Φ )  +  ( Φ ,   ∂ β    ∂ | f |  2   Φ )  δ   | f |  2    ( Φ ,   ∂ β   ∂ ω   Φ )   +  F φ  ,   



(38)




which are the basis for the derivation of the linewidth formula in the following sections.




4. Lorentzian Line Shape


The power spectral density (PSD) of the optical field at    z = 0    can be calculated utilizing the Wiener–Khinchin theorem as [44]


    S E   ( ω )  =  ∫ ∫   ∫  − ∞   + ∞     E *   ( x , y , 0 , t )  E  ( x , y , 0 , t + τ )    e  − i ω τ    d τ  d x d y   



(39)




with


    〈  E *   ( x , y , 0 , t )  E  ( x , y , 0 , t + τ )  〉  =    1 − |   r 0    |  2    2  ε 0  c n    e 2   ( x , y )   〈  f *   ( t )  f  ( t + τ )  〉    |  Φ −   ( 0 )  |  2   e  i  ω 0  τ   +  c . c .    



(40)




We do not address here technical issues regarding the non-existence of Fourier integrals of fluctuating quantities here and refer to the discussion in [44]. Hence we have to calculate the PSD


    S f   ( ω )  =  ∫  − ∞   + ∞     f *   ( t )  f  ( t + τ )    e  − i ( ω −  ω 0  ) τ    d τ   



(41)




with


    〈  f *   ( t )  f  ( t + τ )  〉  =  〈 | f  ( t )  | | f  ( t + τ )  |   e  i [ φ ( t + τ ) − φ ( t ) ]    〉 .    



(42)




Now we employ here a first approximation: We neglect in (42) the intensity fluctuations because above threshold they are damped, in contrast to the phase fluctuations, which can been seen by comparing (37) and (38), see the discussion in [45]. Therefore, we obtain


    〈  f *   ( t )  f  ( t + τ )  〉  ≈   〈 | f |  2   〉   〈  e  i  Δ τ  φ   〉   e  i Ω τ     



(43)




with


    Δ τ  φ = δ φ  ( t + τ )  − δ φ  ( t )    



(44)




and    Ω = Re ( Ω )   . The random variable     Δ τ  φ    is assumed to be Gaussian distributed [46], such that it holds


    〈  e  i  Δ τ  φ   〉  =  1   2 π Var (  Δ τ  φ )     ∫  − ∞  ∞   e  −    (  Δ τ  φ )  2   2 Var (  Δ τ  φ )      e  i  Δ τ  φ   d  Δ τ  φ =  e  −  1 2  Var  (  Δ τ  φ )    .   



(45)




The variance of the phase fluctuations is


      Var (  Δ τ  φ )      = 〈    Δ τ  φ −  〈  Δ τ  φ 〉   2  〉        = 〈   (  Δ τ  φ )  2  〉        =  〈   δ φ ( t + τ )  2  〉  − 2  〈 δ φ  ( t )  δ φ  ( t + τ )  〉  +  〈   δ φ ( t )  2  〉         = 2   〈   δ φ ( 0 )  2  〉  −  〈 δ φ  ( 0 )  δ φ  ( τ )  〉   ,      



(46)




where we exploited    〈  Δ τ  φ 〉 = 0    and the stationarity property. We introduce the PSD of phase fluctuations which is even in the frequency (    S  δ φ    (  ω ˜  )  =  S  δ φ    ( −  ω ˜  )    )


    S  δ φ    (  ω ˜  )  =  ∫  − ∞   + ∞    δ φ ( t ) δ φ ( t + τ )   e  − i  ω ˜  τ    d τ   



(47)




and the PSD of optical frequency fluctuations    δ ω  (  ω ˜  )  = i  ω ˜  δ φ  (  ω ˜  )    


    S  δ ω    (  ω ˜  )  =  ∫  − ∞   + ∞    δ ω ( t ) δ ω ( t + τ )   e  − i  ω ˜  τ    d τ =   ω ˜  2   S  δ φ    (  ω ˜  )  .   



(48)




With these spectral densities, the variance of the phase fluctuations can be written as


      Var (  Δ τ  φ )      =  1 π   ∫  − ∞  ∞   S  δ φ    (  ω ˜  )   1 −  e  i  ω ˜  τ     d  ω ˜         =  1 π   ∫  − ∞  ∞   S  δ φ    (  ω ˜  )   2  sin 2      ω ˜  τ  2   − i sin   ω ˜  τ    d  ω ˜         =  2 π   ∫  − ∞  ∞   S  δ φ    (  ω ˜  )   sin 2      ω ˜  τ  2    d  ω ˜         =   τ 2   2 π    ∫  − ∞  ∞   S  δ ω    (  ω ˜  )      sin     ω ˜  τ  2       ω ˜  τ  2    2   d  ω ˜  .      



(49)




We carry out a second approximation by noting that the function     sin 2      ω ˜  τ  2   /   (    ω ˜  τ  2  )  2     peaks strongly at     ω ˜  = 0    for large    | τ |   , and obtain


   Var  (  Δ τ  φ )  ≈   | τ |  π   S  δ ω    ( 0 )   ∫  − ∞  ∞     sin 2  x   x 2    d x =  | τ |    S  δ ω    ( 0 )  .   



(50)




In this step, we have recovered a central property of Brownian motion, as we can observe that the root mean square displacement of the phase fluctuation grows as    ∝   | τ |     . Inserting (50) into (45) and, finally, the result into (43) yields


    〈  f *   ( t )  f  ( t + τ )  〉  ≈   〈 | f |  2   〉   e  −  1 2   S  δ ω    ( 0 )   | τ |     e  i Ω τ     



(51)




and


       S f   ( ω )       ≈   〈 | f |  2   〉   ∫  − ∞   + ∞    e  −  1 2   S  δ ω    ( 0 )   | τ |  + i  (  ω 0  + Ω − ω )  τ    d τ        =   〈 | f |  2   〉     S  δ ω    ( 0 )      ω − (  ω 0  + Ω )  2  +      S  δ ω    ( 0 )   2   2    .      



(52)




This is a Lorentzian centered at    ω =  ω 0  + Ω    with the FWHM


   Δ ω =  S  δ ω    ( 0 )    



(53)




given by the PSD of the optical frequency fluctuations taken at zero Fourier frequency.



In the following sections of this paper, we will focus on the static white noise limit, where the frequency noise PSD     S  δ ω    ( ω )     is effectively approximated by a constant, such that the second approximation carried out on the step from (49) to (50) becomes in fact redundant.




5. Correlation Functions


The correlation function of the spontaneous emission noise    F f    defined in (23) is


    〈  F  f  *   ( t )   F f   (  t ′  )  〉  =   〈  (  Φ *  ,  F sp *   ( z , t )  )   ( Φ ,  F sp   (  z ′  ,  t ′  )  )  〉    ( Φ ,   ∂ β   ∂ ω   Φ )  2   .   



(54)




The numerator reads


      〈  (  Φ *  ,  F sp *   ( z , t )  )   ( Φ ,  F sp   (  z ′  ,  t ′  )  )  〉       =  ∫ 0 L   ∫ 0 L     Φ  + *    F sp  − *    ( z , t )  +  Φ  − *    F sp  + *    ( z , t )     Φ +   F sp −   (  z ′  ,  t ′  )  +  Φ −   F sp +   (  z ′  ,  t ′  )     d z d  z ′        =  ∫ 0 L   ∫ 0 L    |   Φ +    |  2   〈  F sp  − *    ( z , t )   F sp −   (  z ′  ,  t ′  )  〉  +   |  Φ −  |  2   〈  F sp  + *    ( z , t )   F sp +   (  z ′  ,  t ′  )  〉    d z d  z ′        = 2  ∫ 0 L    ∥ Φ  ( z )  ∥  2   D sp   ( z )   d z  δ  ( t −  t ′  )       



(55)




with


     ∥ Φ ∥  2   = |   Φ +    |  2  +   |  Φ −  |  2    



(56)




taking into account the noise covariance functions [25,26,27] for index and absorption coupling


      〈  F sp  ± *    ( z , t )   F sp ±   (  z ′  ,  t ′  )  〉      = 2  D sp   ( z )  δ  ( t −  t ′  )  δ  ( z −  z ′  )  ,       〈  F sp  ∓ *    ( z , t )   F sp ±   (  z ′  ,  t ′  )  〉      = 0 ,       〈  F sp ±   ( z , t )   F sp ±   (  z ′  ,  t ′  )  〉      = 0 ,       〈  F sp ∓   ( z , t )   F sp ±   (  z ′  ,  t ′  )  〉      = 0      



(57)




with


   2  D sp    ( z , N , ∥ Ψ ∥  2   ) = ℏ   ω 0   n sp     ( N )  g ( z , N , ∥ Ψ ∥  2   ) ,    



(58)




where    n sp    is the population inversion factor (a Bose–Einstein distribution function multiplied by    − 1   ). The correlation functions for gain-coupling can be found in [47].



Since   Ψ   has the unit    W   ,    D sp    must have the unit Ws/m as it is. The diffusion coefficient    D   f *  f     defined by


    〈  F  f  *   ( t )   F f   (  t ′  )  〉  = 2  D   f *  f   δ  ( t −  t ′  )  .   



(59)




is therefore


    D   f *  f   =  D   f *  f     ( N , ∥ Ψ ∥  2   ) =     ∫ 0 L    ∥ Φ  ( z )  ∥  2   D sp    ( z , N , ∥ Ψ ∥  2   )  d z     ( Φ ,   ∂ β   ∂ ω   Φ )  2   .   



(60)







The correlation functions of the Langevin forces entering (37) and (38) read


      〈  F   | f |  2    ( t )   F   | f |  2    (  t ′  )  〉     = 2  D    | f |  2    | f |  2    δ  ( t −  t ′  )  = 4  D   f *  f     〈 | f |  2   〉 δ   ( t −  t ′  )  ,      



(61)






      〈  F φ   ( t )   F φ   (  t ′  )  〉     = 2  D  φ φ   δ  ( t −  t ′  )  =   D   f *  f    〈 | f  | 2  〉   δ  ( t −  t ′  )  ,      



(62)






      〈  F   | f |  2    ( t )   F φ   (  t ′  )  〉     = 2  D    | f |  2  φ   δ  ( t −  t ′  )  = 0 ,      



(63)




which can be derived using the transformation rules for the diffusion coefficients [23]


      D    | f |  2    | f |  2       =     ∂ | f |  2   ∂ f      ∂ | f |  2   ∂  f *    +    ∂ | f |  2   ∂  f *       ∂ | f |  2   ∂ f     D   f *  f   ,       D  φ φ      =    ∂ φ   ∂ f     ∂ φ   ∂  f *    +   ∂ φ   ∂  f *      ∂ φ   ∂ f     D   f *  f   ,       D    | f |  2  φ      =     ∂ | f |  2   ∂ f     ∂ φ   ∂  f *    +    ∂ | f |  2   ∂  f *      ∂ φ   ∂ f     D   f *  f   ,      



(64)




and the relations      | f |  2  =  f *  f    and    φ = −  i 2  ln  ( f /  f *  )    . Following [48], the ensemble average defined in (27) can be obtained using the formal solution of (22) in the form of


   f  t  = f  t − Δ t  +  ∫  t − Δ t  t    ∂  f *   (  t ′  )    ∂  t ′     d  t ′  ,   



(65)




where the time step    0 < Δ t ≪  γ  R   − 1      is assumed to be short in comparison to the (inverse) relaxation rate     γ R  = Im  Ω −  Φ , Δ M Φ  /  Φ ,  ∂ ω  β Φ     . Substituting (65) into    〈  F f   t   f *   t  〉    yields


      〈  F f   t   f *   t  〉     =  〈  F f   t   f *   t − Δ t  〉  +  ∫  t − Δ t  t   〈  F f   t    ∂  f *   (  t ′  )    ∂  t ′    〉   d  t ′         =  〈  F f   t  〉   〈  f *   t − Δ t  〉  − i  ∫  t − Δ t  t    Ω −   Φ , Δ M Φ   Φ , ∂ β / ∂ ω  Φ    *   〈  F f   t   f *    t ′   〉   d  t ′          =  +  ∫  t − Δ t  t   〈  F f   t   F  f  *    t ′   〉   d  t ′  ,      








where we have used (22) in the second step. The first term vanishes because of causality, since the fluctuations of     f *   t − Δ t     are not correlated with the future noise     F f   t    . Consequently, the correlation function factorizes and results in zero due to the zero-mean property of the Langevin force. The second term can be dropped since it is non-zero only over a set of measure zero (i.e., at    t =  t ′    ). Finally, we obtain with (59)


    〈  F f   t   f *   t  〉  =  ∫  t − Δ t  t   〈  F f   t   F  f  *    t ′   〉   d  t ′  =  D   f *  f   ,   



(66)




where a factor 2 is canceled by 1/2 encountered in integrating only half of the   δ  -function.




6. Effective Linewidth Enhancement Factor


Using the ansatz (8), we can approximate the rate of stimulated emission (6) as


    R st  =   g + 2 Im   β D   ( Ω )     d W ℏ  ω 0      | f |  2    ∥ Φ ∥  2  .   



(67)




The stationary mean value of the carrier density and its fluctuations satisfy


     j ( 〈 N 〉 )   e d   = R  (  〈 N 〉  )  +     g (  〈 N 〉  , 〈 | f |  2    〉 ∥ Φ ∥  2   ) + 2 Im    β D   ( Ω )     d W ℏ  ω 0      〈 | f |  2    〉 ∥ Φ ∥  2    



(68)




and


     ∂ δ N   ∂ t   +   δ N   τ d   +   ∂  R st     ∂ | f |  2   δ   | f |  2  =  F N  ,   



(69)




respectively, with the inverse differential carrier lifetime (taken at    〈 N 〉    and    〈 | f  | 2  〉   )


    1  τ d   = −  1  q d     ∂ j   ∂ N   +   ∂ R   ∂ N   +   ∂  R st    ∂ N   .   



(70)







The FWHM of the Lorentzian line shape is given by the spectral density of the frequency fluctuations at zero Fourier frequency, cf. (53). This is equivalent to setting the time derivatives of the fluctuations equal to zero (static limit)


      ∂ δ | f |  2   ∂ t   = 0   



(71)




and


     ∂ δ N   ∂ t   = 0 .   



(72)




Furthermore, we omit carrier noise (    F N  = 0   ), considering only spontaneous emission noise as mentioned in Section 2. With these approximations, the carrier density fluctuations are directly related to the intensity fluctuations by


   δ N = −  τ d    ∂  R st     ∂ | f |  2   δ   | f |  2  .   



(73)




We substitute (73) into (37) and obtain


     δ | f |  2  =   F   | f |  2      2 〈 | f |  2   〉 Im   (  h α  )      



(74)




with


    h α  =    ( Φ ,  τ d    ∂ β   ∂ N     ∂  R st     ∂ | f |  2   Φ )  −  ( Φ ,   ∂ β    ∂ | f |  2   Φ )    ( Φ ,   ∂ β   ∂ ω   Φ )   .   



(75)




Inserting (74) back into (73) yields


   δ N = −  τ d    ∂  R st     ∂ | f |  2     F   | f |  2      2 〈 | f |  2   〉 Im   (  h α  )    .   



(76)




Finally, substituting (76) into (38) results in


     ∂ δ φ   ∂ t   =   F   | f |  2    2 〈 | f  | 2  〉     Re (  h α  )   Im (  h α  )   +  F φ  ,   



(77)




which can be considered as a defining equation for the so-called effective Henry’s   α  -factor


    α  H , eff   = −   Re (  h α  )   Im (  h α  )   .   



(78)







If     α  H , eff   ≠ 0   , the Langevin force resulting in fluctuations of the intensity leads also to fluctuations of the phase. By virtue of the different integrals in the numerator and denominator of (75), the carrier dependence of the propagation factor, nonlinear gain (gain compression), absorption (two-photon absorption) and index (Kerr effect) as well as gain dispersion are accounted for. The impact of longitudinal spatial hole burning and multi-section cavity structures (e.g., including Bragg gratings, passive sections or external cavities) is also correctly described. If all of these additional effects are neglected, for a Fabry–Pérot (FP) laser the   α  -factor is recovered


    α H  = −   Re    ∂ β   ∂ N      Im    ∂ β   ∂ N      = −   4 π   λ 0      ∂ Δ  n N    ∂ N      ∂ g   ∂ N   −   ∂ α   ∂ N     .   



(79)




The second equality is obtained using (3c). The minus sign in (78), resulting in a corresponding minus sign in (79), has been chosen in agreement with the usual convention ensuring positive values of    α H    around the gain peak [49]. The derivative    ∂ α / ∂ N    of the modal absorption in (79) is often neglected, cf. [49]. One should keep in mind that    α H    is not a constant but depends on the carrier density (and the wavelength) because modal index and gain vary differently with carrier density.




7. Spectral Linewidth


Collecting the results of the previous sections, we can now calculate the spectral linewidth. Rewriting (53) as


   Δ ω =  ∫  − ∞   + ∞      ∂ δ φ ( t )   ∂ t     ∂ δ φ ( t + τ )   ∂ t     d τ   



(80)




and inserting the equation of the phase fluctuations (77), we obtain


   Δ ω =    α  H , eff  2      4 〈 | f |  2    〉  2     ∫  − ∞  ∞   〈  F   | f |  2    ( t )   F   | f |  2    ( t + τ )  〉   d τ +  ∫  − ∞  ∞   〈  F φ   ( t )   F φ   ( t + τ )  〉   d τ ,   



(81)




where we have taken (63) into account. Inserting (61) and (62) results in the remarkably simple expression for the spectral linewidth


   Δ ν =   Δ ω   2 π   =   D   f *  f    2 π 〈 | f  | 2  〉    1 +  α  H , eff  2   .   



(82)







In the following, we will rewrite this expression in terms of the intra-cavity photon number


    I ph  =  1  ℏ  ω 0     ∫ 0 L  P  Re    ∂ β   ∂ ω     d z =   P 0   ℏ  ω 0       ∫ 0 L    ∥ Φ ∥  2  Re    ∂ β   ∂ ω     d z    ( 1 − |   r 0    |  2   ) |   Φ −     ( 0 )  |  2      



(83)




where


   P  ( z )  =   〈 | f |  2    〉 ∥ Φ  ( z )  ∥  2    



(84)




is the stationary optical power inside the cavity and


    P 0  =  ( 1 − |   r 0    |  2    ) 〈 | f |  2   〉 |   Φ −     ( 0 )  |  2    



(85)




is the outcoupled power at    z = 0   . Moreover, we define the rate of spontaneous emission into the lasing mode


    R sp  =    ∫ 0 L    ∥ Φ ∥  2   n sp  g  d z    ∫ 0 L    ∥ Φ ∥  2  Re    ∂ β   ∂ ω     d z     



(86)




and the longitudinal excess factor of spontaneous emission


   K =     ∫ 0 L    ∥ Φ ∥  2  Re    ∂ β   ∂ ω     d z  2    ( Φ ,   ∂ β   ∂ ω   Φ )  2   .   



(87)







Now, (82) can be written as


   Δ ν =   K  R sp    4 π  I ph     1 +  α  H , eff  2     



(88)




which is the standard form found in the literature [14,46].



The mode profile    Φ ( z )    entering (83), (86), and (87) is obtained by solving (9), (36) and (68) self-consistently above threshold. Thus,   Φ   is a mode of the active cavity affected by spatial hole burning. The expression for the K-factor generalizes the one given in [10] for non-uniform and complex-valued group velocity     ( ∂ β / ∂ ω )   − 1     and is in basic correspondence with [14,50,51], but fundamentally different from the modified K-factor introduced in [52].



At an exceptional point, the mode is orthogonal to itself, i.e.,    ( Φ ,   ∂ β   ∂ ω   Φ ) = 0   , and the K-factor approaches infinity. However, one has to keep in mind that at an exceptional point the single-mode approximation used here fails. Instead, for the description of the dynamics in the vicinity of such a point one has use at least one eigenmode and the corresponding generalized eigenmode [10].




8. Impact of a Passive Section, Chirp Reduction Factor and the Fabry–Pérot Case


In this section, we apply the general theory developed above to special configurations that allow for further simplifications (i.e., neglect of spatial hole burning, nonlinear gain and index as well gain dispersion). Thereby, it is shown that the general framework entails some well-established formulas from the literature as special cases.



8.1. Linewidth of a Laser Consisting of a Gain Chip Subject to Feedback from an External Cavity


We consider a laser consisting of one active section for    z ∈ [ 0 , l ]    with length l and an arbitrary number of passive sections (including an external cavity) for    z ∈ [ l , L ]    with total length    L − l   . The active section is of the Fabry–Pérot (FP) type having no Bragg grating (   κ = 0    for    z ∈ [ 0 , l ] )   . The passive sections may contain Bragg gratings but no excess carriers (   N = 0   ,    ∂ β / ∂ N = 0   ,     D sp  = 0   ,     R st  = 0    for    z ∈ [ l , L ]   ). The reference plane is located just inside the active section so that a possible finite reflectivity at the interface between active and passive sections belongs to the passive sections. Furthermore, we neglect spatial hole burning (i.e.,    ∂ N / ∂ z = 0   ), nonlinear gain and index (   ∂ β /   ∂ | f |  2  = 0   ,    ∂  R st  /   ∂ | f |  2  =  R st  /   | f |  2    ) and gain dispersion (    β D  = 0   ,    ∂ β / ∂ ω =  n g  / c   ). See Figure 2 for an illustration of the device.



The functions     Φ ±   ( z )     as solution of (9) are defined on the whole cavity    z ∈ [ 0 , L ]   . In the active section they are given by


    Φ ±     ( z )  |  active  =  Φ ±   ( l )   e  ∓ i  ( Δ  β ¯  +   n g  c  Ω )   ( z − l )      



(89)




and hence


    Φ +   ( z )   Φ −     ( z )  |  active  =  Φ +   ( l )   Φ −   ( l )    



(90)




holds. Furthermore we define the left and right reflectivities


    r +  =    Φ −   ( l )     Φ +   ( l )     and   r −  =    Φ +   ( l )     Φ −   ( l )    ≡  r 0   e  − 2 i l  Δ  β ¯  +   n g  c  Ω    ,   



(91)




where we exploited the fact that the     Φ ±   ( z )     are continuous at    z = l   . The derivative of    r +    can be expressed as (see Appendix B)


     ∂ ln (  r +  )   ∂ ω   = − 2 i    ∫  l  L   Φ +   Φ −    ∂ β   ∂ ω    d z    Φ +   ( l )   Φ −   ( l )    .   



(92)




Therefore,


      ( Φ ,   ∂ β   ∂ ω   Φ )      = 2  ∫ 0 l   Φ +   Φ −    ∂ β   ∂ ω    d z + 2  ∫ l L   Φ +   Φ −    ∂ β   ∂ ω    d z        = 2  Φ +   ( l )   Φ −   ( l )   l   ∂ β   ∂ ω    | active  +  i 2    ∂ ln (  r +  )   ∂ ω           = 2 l  Φ +   ( l )   Φ −   ( l )    ∂ β   ∂ ω    | active  χ      



(93)




where we introduced the parameter


   χ = 1 +   i   ∂ ln (  r +  )   ∂ ω     2 l   ∂ β   ∂ ω     = 1 + i  c  2 l  n g      ∂ ln (  r +  )   ∂ ω     



(94)




as in [14]. We omit     |  active    in what follows. Furthermore


      ( Φ ,  τ d    ∂ β   ∂ N     ∂  R st     ∂ | f |  2   Φ )      =  2   | f |  2    ∫ 0 l   Φ +   Φ −   τ d    ∂ β   ∂ N    R st   d z        =  2   | f |  2    Φ +   ( l )   Φ −   ( l )    ∂ β   ∂ N    ∫ 0 l   τ d   R st   d z      



(95)




holds. Then from (75), (78) and (79)


    α  H , eff   = −   Re     ∂ β   ∂ N     ∂ β   ∂ ω     χ *     Im     ∂ β   ∂ N     ∂ β   ∂ ω     χ *     = −   Re    ∂ β   ∂ N    χ *     Im    ∂ β   ∂ N    χ *     =   Re   α H  χ + i χ    Im   α H  χ + i χ      



(96)




and


   1 +  α  H , eff  2  =  ( 1 +  α H 2  )     | χ |  2    Im 2    α H  χ + i χ      



(97)




follow. Similarly, we obtain


       D   f *  f        =    ∫ 0 l    ∥ Φ ∥  2   D sp   d z    2  ∫ 0 l   Φ +   Φ −    ∂ β   ∂ ω    d z  2    1   χ  2   .      



(98)







Hence, the product of (97) and (98) is given by


    D   f *  f    1 +  α  H , eff  2   =    ∫ 0 l    ∥ Φ ∥  2   D sp   d z    2  ∫ 0 l   Φ +   Φ −    ∂ β   ∂ ω    d z  2     1 +  α H 2     Im 2    α H  χ + i χ      



(99)




and the spectral linewidth can be written as


   Δ ν =   Δ  ν FP    F 2     



(100)




with the chirp reduction factor


      F      = Im   α H  χ + i χ         = 1 −  c  2  n g  l   Im    ∂ ln (  r +  )   ∂ ω    +  α H   c  2  n g  l   Re    ∂ ln (  r +  )   ∂ ω         



(101)




and


   Δ  ν FP  =    ∫ 0 l    ∥ Φ ∥  2   D sp   d z     2 π 〈 | f |  2   〉    2  ∫ 0 l   Φ +   Φ −    ∂ β   ∂ ω    d z  2     1 +  α H 2     



(102)




being the linewidth of a FP laser having the cavity length l and the reflection coefficient     r +   ( Ω )     at the rear facet. Equation (101) agrees with [53,54] as well as [16,55] if the differently chosen harmonic time dependence (   e  i  ω 0  t     as used here versus    e  − i  ω 0  t    ) is observed. The relation to the static frequency chirp is given in Appendix C. Introducing an effective length of the passive cavity


    l p  = −  c  2  n  g , p     Im    ∂ ln (  r +  )   ∂ ω    ,   



(103)




the chirp reduction factor can be written as


   F = 1 +    n  g , p    l p     n g  l   +  α H   c  2  n g  l   Re    ∂ ln (  r +  )   ∂ ω    .   



(104)




Thus the second term on the right-hand side of (101) can be interpreted as the ratio of the round-trip times in the passive and active sections. The chirp reduction factor allows an estimation of the reduction of the linewidth by a passive section or an external cavity for given group index, length and Henry’s   α  -factor of the active section.




8.2. Linewidth of the Fabry–Pérot Laser Cavity


We start from (88) and employ the same approximations resulting in (100) and (101). The rate of spontaneous emission into the lasing mode (86) is


    R sp   ( N )  =    ∫ 0 l    ∥ Φ  ( z )  ∥  2   n sp   ( N )  g  ( N )   d z    ∫ 0 l    ∥ Φ  ( z )  ∥  2  Re    ∂ β   ∂ ω     d z   =  c  n g    n sp   ( N )  g  ( N )  .   



(105)




The expression (105) should be compared with


     R ˜  sp   ( N )  =  β sp  V  R rad   ( N )    



(106)




often used in rate equation based modeling [56], where    β sp    is the dimensionless spontaneous emission factor (ratio between the spontaneous emission going into the lasing mode and the spontaneous emission into all modes), V the volume of the active region and     R rad  = B  N 2     the rate of radiative spontaneous recombination (B bimolecular recombination coefficient). Equalizing (105) and (106) at the lasing threshold yields


    β sp  =  c  n g      n sp   (  N th  )  g  (  N th  )    V  R rad   (  N th  )    ,   



(107)




which is of the order    10  − 5     for typical edge-emitting lasers. The photon number (83) can be written as


       I ph       =   P 0   ℏ  ω 0       ∫ 0 l    ∥ Φ  ( z )  ∥  2  Re    ∂ β   ∂ ω     d z    ( 1 − |   r 0    |  2   ) |   Φ −     ( 0 )  |  2           =   n g  c    P 0   ℏ  ω 0    ( 1 − |   r 0    |  2   ) |   Φ −     ( 0 )  |  2      ∫ 0 l    |   Φ +     ( 0 )  |  2   e  2 Im (  β ¯  ) z   +   |  Φ −   ( 0 )  |  2   e  − 2 Im (  β ¯  ) z     d z        =   n g  c    P 0   ℏ  ω 0       |   r 0    |  2    e  2 Im (  β ¯  ) l   − 1  −  e  − 2 Im (  β ¯  ) l   + 1   2 Im  (  β ¯  )   ( 1 − |   r 0    | 2  )    .      



(108)




The complex mode frequencies of the FP cavity (obtained from (89) applying the boundary conditions (12) at    z = 0    and    z = l   ) are the solutions of


    Ω m  =  c  n g      m π  l  −  β ¯  −  i  2 l   ln   r 0   r +   (  Ω m  )      



(109)




with    m ∈ Z   . To ensure    Im ( Ω ) = 0    for the lasing mode, (109) leads to the usual threshold condition


    α out  ≡ −  1 l   ln ( |   r 0   r +   ( Re  ( Ω )  )   | )  = 2 Im  (  β ¯  )  ≡ g − α .   



(110)




In what follows, we set     r l  =  r +   ( Ω )     (reflectivity seen by the laser at    z = l   ). From (110) it follows


    I ph  =   n g  c    P 0   ℏ  ω 0       |   r 0    |  2    1   |   r 0   r l   |    − 1  −  |  r 0   r l  |  + 1   2 Im  (  β ¯  )   ( 1 − |   r 0    | 2  )    =   n g  c    P out   ℏ  ω 0   α out    ,   



(111)




where we used the relation between outcoupled power    P 0    and total output power    P out   


    P 0  =   P out   1 +    1 − |   r l    |  2     1 − |   r 0    |  2       |   r 0   |     |   r l   |      .   



(112)




The final result is


   Δ  ν FP  =   K FP   4 π     c 2   n g 2     ℏ  ω 0   n sp   ( α +  α out  )   α out    P out    1 +  α H 2   ,   



(113)




where Petermann’s K-factor


   K =     ∫ 0 l    ∥ Φ ∥  2  Re    ∂ β   ∂ ω     d z  2    2  ∫ 0 l   Φ +   Φ −    ∂ β   ∂ ω    d z  2     



(114)




of the FP cavity can be similarly derived as


    K FP  =      ( |   r 0   | + |   r l   | ) ( 1 − |   r 0   r l   | )     2 |   r 0   r l   | ln ( |   r 0   r l   | )     2    



(115)




in agreement with [9,27]. Equation (113) together with (112) was used by several authors, e.g., [12,55,57]. However, one should be aware of the approximations involved in the derivation.



The original Schawlow–Townes formula [1] is obtained by setting     K FP  = 1   ,     n sp  = 1   ,    α = 0   ,     α H  = 0   , and relating the outcoupling losses    α out    to the spectral FWHM of a cavity resonance by    Δ  ν cav  = c /  n g  ·  α out  / 2 π    to


   Δ  ν ST  =   π ℏ  ω 0    P out     ( Δ  ν cav  )  2  .   



(116)




There are two reasons why this differs from the original formula by a factor of 4. First, in [1] the half widths instead of full widths are used (factor of 2). Second, in [1] the sub-threshold case is considered resulting in a further factor of 2, which can be seen as follows: Below threshold the spectral density can be directly calculated from (22) for    Δ M = 0    by Fourier transformation via


    〈  f *   ( ω )  f  (  ω ′  )  〉  = 2 π  S f   ( ω )  δ  ( ω −  ω ′  )    



(117)




with the result


    S f   ( ω )  =   2  D   f *  f       ω − Re ( Ω )  2  +   Im ( Ω )  2    =   2  D   f *  f       ( ω − Re  ( Ω )  )  2  +     D   f *  f    〈 | f  | 2  〉    2    ,   



(118)




where we have used (35) and (66). This is a Lorentzian with the FWHM


   Δ  ν subthr  =   D   f *  f    π 〈 | f  | 2  〉   ,   



(119)




which is a factor of 2 larger than (82) (for     α  H , eff   = 0   ). See [6] for a more thorough discussion.





9. Population Inversion Factor


The population inversion factor (sometimes misleadingly called ‘spontaneous emission factor’) introduced in (58) and used in (86) and (113) is given by [28]


    n sp   ( N )  =  1  1 − exp    ℏ  ω 0  − q  U F   ( N )     k B  T      ,   



(120)




where    U F    is the Fermi voltage (spacing of quasi-Fermi potentials of holes and electrons), q the elementary charge,    k B    the Boltzmann constant and T the temperature. It has a singularity at the transparency density    N tr   , where    ℏ  ω 0  =  U F   (  N tr  )     and    g (  N tr  ) = 0   . Therefore, the replacement


    r sp   ( N )  ≡  n sp   ( N )  g  ( N )  =  n sp   ( α +  α out  )    



(121)




with constant    n sp    often employed is critical because for high-Q-cavities with low   α   and    α out    the spontaneous emission is underestimated. We calculated the modal gain, the spontaneous emission into the lasing mode and the inversion factor employing a numerical simulation based on a    8 × 8   k · p    band structure calculation and a free carrier theory for the optical response functions with phenomenological corrections for many-body effects such as band-gap renormalization, Coulomb enhancement and transition broadening [58]. The results for a 5 nm thick InGaAs quantum well emitting around    1064    nm embedded into an AlGaAs-based waveguide structure are compared with analytical models in Figure 3. The increase of the absorption (negative gain) at small increasing carrier densities observed in the simulation is caused by band-gap narrowing, shifting the absorption edge to longer wavelengths [59].



The gain at a fixed wavelength is modeled as


   g =  g ′   N tr  ln    max ( N ,  N cl  )   N tr      



(122)




and the modal spontaneous emission as


    r sp  =    g ′   N tr   2  ln  1 +    N  N tr    2     



(123)




with differential gain     g ′  = 19 ·  10  − 22     m 2    , transparency density     N tr  = 1.7·  10 24    m  − 3      and gain clamping density     N cl  = 7 ·  10 23    m  − 3     . Equation (123) exhibits the correct asymptotic behavior     r sp  ∝  N 2     for    N ≪  N tr     and     r sp  = g    for    N → ∞   . The agreement of    r sp    between simulation and model is remarkably good without the need of introducing any new parameters. The singularity of the inversion factor at    N =  N tr     is clearly visible in Figure 3. If a constant value of     n sp  = 2    is used, the spontaneous emission is considerably under- or over-estimated (depending on the respective carrier density).




10. Numerical Results for a DBR Laser


In the simulations described below we study a simple two-section DBR laser as sketched in Figure 1 and Figure 2. It consists of a 1 mm long active gain section (without Bragg grating) and a 3 mm long passive Bragg reflector section (without active layer) with a coupling coefficient of    κ = 2   cm  − 1     . The full set of parameters characterizing the simulated DBR laser is listed in Table 1. The usage of such DBR lasers having long reflector sections with low coupling coefficients was suggested in Ref. [16] for the first time. In fact, in Ref. [57] an intrinsic linewidth of 2 kHz at an output power of 180 mW was reported. This device had a 3 mm long gain section and a 1 mm long reflector section, where the active layer extended over the whole cavity (i.e., including the reflector section). The device studied here resembles the one presented in Ref. [60], where an intrinsic linewidth of 4 kHz at an output power of 73 mW was reported. Experimentally, the intrinsic linewidth is determined from the plateau of the frequency noise spectrum, as in the theory [61].



Within the active section, we assume the logarithmic gain model (122) supplemented with the nonlinear gain saturation factor


     g ( z , N , ∥ Ψ ∥  2   ) =   g ′   ( z )   N tr   ( z )  ln    max ( N ,  N cl   ( z )  )    N tr   ( z )      1  1 +   ∥ Ψ ∥  2  /  P sat   ( z )    ,   



(124)




and the refractive index model with square-root-like dependency on the carrier density


   Δ  n N  = −    λ 0    α ˜  H   g ′   N tr    2 π       max ( N ,  N cl  , i )   N tr    − 1  .   



(125)




Note, that at the transparency carrier density    N tr   , the fixed parameter     α ˜  H    agrees with the   α  -factor    α H    from (79), whereas    Δ  n N     vanishes. The   α  -factor correspondingly increases for    N >  N tr    . The value of      α ˜  H  = 1    was chosen in agreement with simulations [58] and is in basic agreement with measurements, where   α  -factors between 1 and 2 for a highly-strained InGaAs quantum well were obtained, depending on the detuning [62].



Other changes of the refractive index, including self-heating-induced self- and cross-heating contributions, are modeled by [30]


   Δ n  ( z )  = Δ  n 0   ( z )  + Δ  n T   ( z )  ,  Δ  n T   ( z )  =       ν s  I ,     z ∈ [ 0 , l ]        ν c  I ,     z ∈ [ l , L ]      ,   



(126)




where I is the injection current into the active (gain) section. We employ the commonly used cubic model for the rate of non-radiative and spontaneous recombination of the carriers in the active section


   R  ( N )  = A N + B  N 2  + C  N 3  ,   



(127)




is approximated by describing Shockley–Read–Hall recombination, direct band-to-band recombination and Auger recombination. Finally, the current density (7) in the gain section is approximated by


   j  ( z , N )  =  I  W l   −   d  U F    d N      N −  1 l   ∫  0  l  N  d z   W l  R s    ,   



(128)




where the derivative of the Fermi voltage    d  U F  / d N    is taken at a fixed carrier density.



The numerical solution of the coupled-wave Equations (2), (4), (5) and (A1) in the time domain were performed with the software package LDSL-tool developed at the Weierstrass Institute [63].



Several characteristics of the steady states obtained in the numerical simulations of the DBR laser with an upsweep of bias current are shown in Figure 4. The almost-periodic jumps towards the steady-state defined by the adjacent longitudinal optical mode and corresponding changes of the state characteristics are induced by the self-and cross-heating modeled according to (126). While the self-heating of the active section is mainly responsible for the fast shift of the lasing wavelength to longer values and periodic jumps to the shorter-wavelength state, the cross-heating induces a reduced shift of the peak wavelength of the DBR reflectivity and, therefore, the corresponding shift of the mean lasing wavelength, see Figure 4c. The maximum emitted optical power, see Figure 4a, and the minimal (averaged) carrier density, see Figure 4e, within each period coincide well with the maximum field reflection provided by the Bragg grating shown in Figure 4g.



The overall decay of the estimated spectral linewidth, see Figure 4b, reflects its inverse proportionality to the field intensity, see (82). The decay of the linewidth within each period is consistent with the decrease of the modulus of the effective linewidth enhancement factor    α  H , eff    , see Figure 4d, the increase of the chirp reduction factor F shown in Figure 4f, and the behavior of Petermann’s K-factor plotted in Figure 4h. The narrowest linewidth within each period is observed at the long-wavelength flank of the DBR reflectivity just before the transition to the neighboring state. The dependence of F and    α H    on the deviation of the lasing wavelength from the peak wavelength of the DBR reflectivity confirms earlier findings [16,64,65] that F increases and    α  H , eff     decreases at the long-wavelength flank of the reflection spectrum.




11. Outlook


The theory presented can be easily extended to take into account carrier noise. Including the source     F N  ≠ 0   , we obtain instead of (73) the relation


   δ N =  τ d   F N  −  τ d    ∂  R st     ∂ | f |  2   δ   | f |  2  .   



(129)




Substituting this expression into (37) yields a simple modification of the Langevin force


    F   | f |  2   →  F   | f |  2   + 2 Im   ( Φ ,   ∂ β   ∂ N    τ d   F N  Φ )   ( Φ ,   ∂ β   ∂ ω   Φ )     〈 | f |  2   〉 ,    



(130)




leading to two additional additive contributions to the linewidth due to carrier noise and the cross-correlation between carrier and intensity noise. The same procedure can be applied to the calculation of the modulation of amplitude and frequency in response to an external modulation of the current injection term in (5).



In case of gain coupling, (21) has to be replaced by


   Δ M =       β ¯  − β      κ ¯  − κ        κ ¯  − κ      β ¯  − β        



(131)




and (33) has to be supplemented by


   κ = κ  (  〈 N 〉  )  +   ∂ κ   ∂ N   δ N .   



(132)




Note that for loss or gain coupling or for higher order gratings there are additional contributions to the imaginary part of   β  . Furthermore, the rate of stimulated recombination (6) has to be modified [66] and the diffusion coefficient (60) is varied because of non-vanishing    〈  F sp  − *    ( z , t )   F sp +   (  z ′  ,  t ′  )  〉 ≠ 0    and its complex conjugate [22,47].



Fluctuations of the shape of the power profile can be accounted for by a linearization of (2) and (5) around a steady state, performing a Fourier transformation and solving for the fluctuations    δ Ψ   , e.g., by the Green’s function method [22] to calculate the noise spectral densities     S ξ   (  ω ˜  )     from


    〈  ξ *   (  ω ˜  )  ξ  (   ω ˜  ′  )  〉  = 2 π  S ξ   (  ω ˜  )  δ  (  ω ˜  −   ω ˜  ′  )  ,   



(133)




where   ξ   is the variable of interest (e.g., phase or intensity).




12. Summary


We have derived in a self-contained manner the spectral linewidth of edge-emitting multi-section semiconductor lasers starting from the time-dependent coupled-wave equations with a Langevin noise source. For this, we have expanded the forward and backward propagating fields into the longitudinal modes of the open cavity and have obtained very general expressions for the effective linewidth enhancement factor    α H    and the longitudinal excess factor of spontaneous emission (K-factor), including the effects of nonlinear gain (gain compression) and index (Kerr effect), gain dispersion, longitudinal spatial hole burning for multi-section cavity structures. We have shown that the general linewidth expression contains the effect of linewidth narrowing due to an external cavity by the chirp reduction factor F. Finally, we have investigated the dependence of the population inversion factor on the carrier density and proposed a new analytical formula. Based on the derived expressions, the spectral linewidth as well as    α H   , K, and F have been calculated for a two-section DBR laser as functions of the injection current and the optical output power, taking into account the thermal detuning between gain and reflector sections. The mode jumps appearing with increasing current are accompanied by sudden rises of the spectral linewidth due to the rise of the modulus of    α H    and the drop of F.
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	power spectral density



	FWHM
	Full width at half maximum
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Appendix A. Dispersion Operator


The dispersion operator     D ^   ( z , t )     in the coupled-wave equations (2) models the frequency dependence of the gain and associated refractive index. The approach followed here is based on approximating the material gain spectrum locally around the gain peak by a Lorentzian, see Figure A1, and supplementing the time-domain coupled-wave equations (2) with additional dynamical equations for auxiliary polarizations [31,36,37]


    ∂  ∂ t   P  ( z , t )  =  i  ω D   ( z )  −  γ D   ( z )   P  ( z , t )  +  γ D   ( z )  Ψ  ( z , t )  ,   



(A1)




where    ω D    is the detuning between the peak gain frequency    ω p    and the reference frequency    ω 0   ,    γ D    is the half width at half maximum (HWHM) of the gain curve and


   P  ( z , t )  =       P +   ( z , t )         P −   ( z , t )       .   








The corresponding dispersion operator in (2) reads


    D ^   ( z , t )  Ψ  ( z , t )  = −  i 2   g D   ( z )   Ψ ( z , t ) − P ( z , t )  ,   



(A2)




where    g D    describes the difference between the maximum amplitude gain    g ( z , N , ∥ Ψ  ∥ 2  )   , see (3c), and the gain at the reference frequency. The parameters    ω D   ,    γ D   , and    g D    are obtained from a fit to a microscopically computed gain spectrum or experimental data.



A Fourier transformation of (A2) yields, together with the frequency domain solution of the polarization Equation (A1), an expression for the dispersion factor (complex Lorentzian)


    β D   z , Ω  =    g D   ( z )   2    Ω −  ω D   z    i  Ω −  ω D   z   +  γ D   z    .   



(A3)




The associated effective gain spectrum entering the rate of stimulated emission (67) reads


       g eff    ( z , N , ∥ Ψ ∥  2   , Ω )      =   g ( z , N , ∥ Ψ ∥  2   ) + 2 Im    β D   ( z , Ω )          =   g ( z , N , ∥ Ψ ∥  2   ) −   g D     Ω −  ω D   z   2     Ω −  ω D   z   2  +  γ  D  2   z    ,      



(A4)




which is maximal at    Ω =  ω D    , i.e., if the laser operates at the peak gain frequency.
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Figure A1. Illustration of the Lorentzian fitted (effective) gain spectrum and labeling of the dispersion parameters    ω D   ,    γ D   , and    g D   . The peak gain is denoted by     g eff   Ω =  ω D   = g    and     g eff   Ω = 0     is the effective gain at the reference frequency    ω 0   . 
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An alternative representation of (A2) is obtained with the help of the Green’s function of the polarization Equation (A1) as


    D ^   z , t  Ψ  z , t  = −  i 2   g D   ( z )   Ψ  z , t  −  γ D   ( z )   ∫  0  t   e   i  ω D   ( z )  −  γ D   ( z )   τ   Ψ  z , t − τ   d τ  ,   



(A5)




where dispersion is induced via the convolution of the memory kernel with the time-delayed field amplitude (we omitted the quickly decaying initial value term here).




Appendix B. Calculation of Derivative of r+


To derive (92) we have to calculate


    ∂ ω  ln  (  r +  )  =  1  r +    ∂ ω   r +  =  1  Φ −    ∂ ω   Φ −  −  1  Φ +    ∂ ω   Φ +  ,   



(A6)




where we abbreviated    ∂ / ∂ ω ≡  ∂ ω    . The coupled-wave Equation (9) together with their derivatives with respect to frequency can be written as


       ∂  ∂ z    Φ +   ( z )      = − i  β ^   ( Ω )   Φ +   ( z )  − i κ  Φ −   ( z )  ,       −  ∂  ∂ z    Φ −   ( z )      = − i  β ^   ( Ω )   Φ −   ( z )  − i κ  Φ +   ( z )  ,        ∂  ∂ z    ∂ ω   Φ +   ( z )      = − i  β ^   ( Ω )   ∂ ω   Φ +   ( z )  − i κ  ∂ ω   Φ −   ( z )  − i  ∂ ω  β  ( Ω )   Φ +   ( z )  ,       −  ∂  ∂ z    ∂ ω   Φ −   ( z )      = − i  β ^   ( Ω )   ∂ ω   Φ −   ( z )  − i κ  ∂ ω   Φ +   ( z )  − i  ∂ ω  β  ( Ω )   Φ −   ( z )  ,      



(A7)




where     β ^   ( Ω )  = Δ  β ¯   ( z )  +  β D   ( Ω )  +  n g  Ω / c    and     ∂ ω  β  ( Ω )     is defined in (15). By multiplying the left- and right-hand sides of these equations by     ∂ ω   Φ −    ,     ∂ ω   Φ +    ,    −  Φ −    , and    −  Φ +    , respectively, we get


       ∂ ω   Φ −    ∂  ∂ z    Φ +      = − i  β ^   ( Ω )   Φ +    ∂ ω   Φ −  − i κ  Φ −    ∂ ω   Φ −  ,       −  ∂ ω   Φ +    ∂  ∂ z    Φ −      = − i  β ^   ( Ω )   Φ −    ∂ ω   Φ +  − i κ  Φ +    ∂ ω   Φ +  ,       −  Φ −    ∂  ∂ z    ∂ ω   Φ +      = i  β ^   ( Ω )   Φ −    ∂ ω   Φ +  + i κ  Φ −    ∂ ω   Φ −  + i  ∂ ω  β  ( Ω )   Φ −    Φ +  ,        Φ +    ∂  ∂ z    ∂ ω   Φ −      = i  β ^   ( Ω )   Φ +    ∂ ω   Φ −  + i κ  Φ +    ∂ ω   Φ +  + i  ∂ ω  β  ( Ω )   Φ +    Φ −  .      



(A8)




Adding all these equations implies


    ∂  ∂ z     Φ +    ∂ ω   Φ −  −  Φ −    ∂ ω   Φ +   = 2 i  ∂ ω  β  ( Ω )   Φ +    Φ −  .   



(A9)




An integration over the passive sections corresponding to the coordinate interval    [ l , L ]    yields


     Φ +    ∂ ω   Φ −  −  Φ −    ∂ ω   Φ +    |  l  L  = 2 i  ∫  l  L   ∂ ω  β  ( Ω )   Φ +    Φ −  d z .   



(A10)




Due to the reflecting boundary condition, the expression     Φ +    ∂ ω   Φ −  −  Φ −    ∂ ω   Φ +     vanishes at    z = L    and


   −  Φ +   ( l )    ∂ ω   Φ −   ( l )  +  Φ −   ( l )    ∂ ω   Φ +   ( l )  = 2 i  ∫  l  L   ∂ ω  β  ( z , Ω )   Φ +   ( z )   Φ −   ( z )  d z   



(A11)




follows. Dividing by    −  Φ +   ( l )   Φ −   ( l )     finally yields


    ∂ ω  log  (  r +  )  = − 2 i    ∫  l  L   ∂ ω  β  ( z , Ω )   Φ +   ( z )   Φ −   ( z )  d z    Φ +   ( l )   Φ −   ( l )    .   



(A12)








Appendix C. The Relation to Static Frequency Chirp


Here we justify the naming of the factor F defined in (101). We start from the roundtrip condition


    r +   (  ω ˜  , g )   r −   (  ω ˜  , g )  = 1   



(A13)




following from (91) which can be transformed into equations for the modulus


   Re  ln (  r −   (  ω ˜  , g )  )  + Re  ln (  r +   (  ω ˜  )  )  = 0   



(A14)




and the phase


   h  (  ω ˜  , g )  ≡ Im  ln (  r −   (  ω ˜  , g )  )  + Im  ln (  r +   (  ω ˜  )  )  = 2 π m   



(A15)




with     ω ˜  = ω −  ω 0     and    m ∈ Z   . As a result of the solution of (A13) or, equivalently, (A14) and (A15), we obtain the real-valued frequency    Ω =  ω ˜     and the gain g of the steady lasing state.



Let the modal index in the active section vary due to a fluctuation of some parameter such as carrier density or temperature. Equation (A15) establishes a relation between the index fluctuation    δ Δ n    and the frequency fluctuation    δ ω   ,


   δ h =   ∂ h   ∂ ω   δ ω +   ∂ h   ∂ n   δ n = 0 ,   



(A16)




where    δ n ≡ δ Δ n    and    1 / ∂ n ≡ 1 / ∂ Δ n   . The   ω  -derivative of h is


     ∂ h   ∂ ω   = Im    ∂ ln (  r −  )   ∂ ω    + Im    ∂ ln (  r +  )   ∂ ω    + Im    ∂ ln (  r −  )   ∂ g      ∂ g   ∂ ω   .   



(A17)




The   ω  -derivative of the lasing gain g can be determined from (A14),


     ∂ g   ∂ ω   = −   Re    ∂ ln (  r −  )   ∂ ω    + Re    ∂ ln (  r +  )   ∂ ω      Re    ∂ ln (  r −  )   ∂ g      = −  1 l  Re    ∂ ln (  r +  )   ∂ ω      



(A18)




taking into account


     ∂ ln (  r −  )   ∂ ω   = − 2 i l   n g  c    



(A19)




and


     ∂ ln (  r −  )   ∂ g   = l  ( 1 + i  α H  )  ,   



(A20)




following from (91) and (11), such that


     ∂ h   ∂ ω   = − 2 l   n g  c  + Im    ∂ ln (  r +  )   ∂ ω    −  α H  Re    ∂ ln (  r +  )   ∂ ω      



(A21)




is obtained. Furthermore, (91) and (11) imply


     ∂ ln (  r −  )   ∂ n   = − 2 i l   2 π   λ 0     



(A22)




and


     ∂ h   ∂ n   = −   4 π l   λ 0   .   



(A23)




Therefore,


   δ h = − 2 l   n g  c   1 −  c  2  n g  l   Im    ∂ ln (  r +  )   ∂ ω    +  α H   c  2  n g  l   Re    ∂ ln (  r +  )   ∂ ω     δ ω −   4 π l   λ 0   δ n = 0   



(A24)




and


   δ ω = −  ω 0    δ n   n g    F  − 1     



(A25)




is gained. For the solitary laser with     r +   (  ω ˜  )     taken at a fixed     ω ˜  = Ω   , the same analysis results in


     ∂ h   ∂ ω   = − 2 l   n g  c    



(A26)




and


   δ  ω s  = −  ω 0    δ n   n g   .   



(A27)




Therefore in a laser with a passive section or an external cavity, fluctuations of the frequency    δ ω    due to a fluctuation of some parameter in the active section are reduced (or enhanced) by the factor


     δ ω   δ  ω s    =  1 F    



(A28)




compared to a the solitary laser, as stated in, e.g., [16,17]. If the active section is not a single FP cavity, the chirp reduction factor can be generalized to [67]


   F = 1 + Re   ( 1 − i  α H  )     ∂ ln (  r +  )   ∂ ω     ∂ ln (  r −  )   ∂ ω     .   



(A29)
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Figure 1. Schematic view of a two-section DBR laser consisting of an electrically biased gain section and a passive Bragg reflector section, exemplifying an edge-emitting multi-section semiconductor laser. 
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Figure 2. Schematic illustration of a two-section DBR laser featuring an active gain section and a passive Bragg grating as considered in Section 8. 
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Figure 3. (a) Modal gain (blue) and rate of spontaneous emission (green), left axis, and population inversion factor (red), right axis, versus carrier density obtained from a microscopic simulation (symbols) and the analytic models (122), (123) and     n sp  =  r sp  / g    (solid lines) for a fixed wavelength     λ 0  = 1064  nm   . The dashed green line is the spontaneous emission computed using a constant population inversion factor     n sp  = 2   . See the Appendix A for the consideration of the gain at a fixed wavelength within the framework of the present model. (b) Microscopically computed gain spectra for carrier densities ranging from    N = 1 ·  10 18    cm  − 3      to    1 ·  10 19    cm  − 3     . The position of the fixed wavelength    λ 0    is shown by a blue line, the peak gain position is indicated by a red line. 
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Figure 4. Simulated characteristics of the DBR laser as functions of the upsweeped injection current I. Dotted and dashed lines indicate mode jumps and maxima of the DBR reflectivity, respectively. (a) Output power    P 0   , (b) spectral linewidth    Δ ν   , (c) deviation from reference wavelength    λ −  λ 0    , (d) effective   α  -factor     α  eff , H     , (e) stationary carrier density    〈 N 〉   , (f) chirp reduction factor F, (g) reflection coefficient     |   r +    |  2    , and (h) Petermann K-factor. 
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Table 1. Parameters of the simulated DBR laser.
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Parameter

	
Symbol

	
Unit

	
Value

	
First Used






	
reference wavelength

	
   λ 0   

	
m

	
   1.064·  10  − 6     

	




	
front facet reflectivity

	
    |   r 0    |  2    

	

	
   0.3  

	
(4)




	
rear facet reflectivity

	
    |   r L    |  2    

	

	
0

	
(4)




	
internal optical loss (both sections)

	
  α  

	
m−1

	
60

	
(3c)




	
group index (both sections)

	
   n g   

	

	
3.9

	
(2)




	
built-in index detuning (both sections)

	
   Δ  n 0    

	

	
0

	
(126)




	
Active section




	
length

	
l

	
m

	
   1 ·  10  − 3     

	




	
differential gain

	
   g ′   

	
m2

	
   18.62·  10  − 22     

	
(122)




	
  α  -factor

	
    α ˜  H   

	

	
1

	
(79)




	
transparency carrier density

	
   N tr   

	
m−3

	
   1.7·  10 24    

	
(122)




	
self-heating induced index tuning

	
   ν s   

	
A−1

	
   9.16·  10  − 3     

	
(126)




	
gain clamping density

	
   N cl   

	
m−3

	
   0.8·  10 24    

	
(122)




	
index clamping density

	
    N cl  , i   

	
m−3

	
   0.01·  10 24    

	
(125)




	
gain saturation power

	
   P sat   

	
W

	
   5.866  

	
(124)




	
dispersion peak amplitude

	
   g D   

	
m−1

	
50

	
(A3)




	
dispersion peak frequency detuning

	
   ω D   

	
rad s−1

	
0

	
(A3)




	
dispersion HWHM

	
   γ D   

	
rad s−1

	
   83.25·  10 12    

	
(A3)




	
thickness of active region

	
d

	
m

	
   4 ·  10  − 6     

	
(5)




	
width of active region

	
W

	
m

	
   10 ·  10  − 9     

	
(6)




	
series resistance

	
   R s   

	
  Ω  

	
1

	
(7)




	
Fermi voltage derivative

	
    d  U F    d N    

	
Vm3

	
   3 ·  10  − 26     

	
(128)




	
defect recombination coefficient

	
A

	
s−1

	
   4 ·  10 8    

	
(127)




	
bimolecular recombination coefficient

	
B

	
m3 s−1

	
   1 ·  10  − 16     

	
(127)




	
Auger recombination coefficient

	
C

	
m6 s−1

	
   4 ·  10  − 42     

	
(127)




	
injection current

	
I

	
A

	
    [ 0 , 300 ]  ·  10  − 3     

	
(7)




	
Passive section




	
length

	
   L − l   

	
m

	
   3 ·  10  − 3     

	




	
coupling coefficient

	
  κ  

	
m−1

	
200

	
(10)




	
cross-heating induced index tuning

	
   ν c   

	
A−1

	
   1.83·  10  − 3     

	
(126)
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