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Abstract: The possibility of extending the tunability of Free-Electron Lasers towards short wave-
lengths has been explored through the design of devices conceived to enhance the mechanisms of
nonlinear harmonic generation. In this respect, different schemes of operation have been suggested
in the past, such as harmonic seeding, bi-harmonic undulators, and two-beam self-seeding devices.
In this paper, we discuss how these methods can be merged into a tool, extending the performance of
FEL devices.
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1. Introduction

Nonlinear harmonic generation (NLHG) is one of the key mechanisms adopted to ex-
tend the spectral tunability range of Free-Electron Laser (FEL) [1–5]. Harmonic seeding [6,7]
and NLHG have been widely exploited in the past to push the FEL and its application
towards shorter wavelengths. Other suggestions, although promising, have been carefully
studied, but have not found specific applications so far.

In this article, we discuss the possibility of combining two different proposals, de-
veloped in the past, concerning the use of devices exploiting NLHG in high-gain FEL
devices [4,8]. We deal with the harmonically coupled two-beam self-injection [9] and bi-
harmonic undulators [10,11], conceived to enhance the FEL coherent harmonic content
emission and extend the capabilities of the device itself.

(a) Nonlinear Harmonic Generation

Although the mechanism of nonlinear harmonic generation occurs in a FEL device
operating with linearly and helically polarized undulators, here we treat the linear case
only and consider undulators with on-axis field vector

~Bu ≡ B0[0, sin(kuz), 0]. (1)

The pattern to the higher harmonic emission is an intrigued interplay between all the
processes underlying the FEL lasing and involving energy modulation, bunching, coherent
emission, higher-order bunching, and saturation [7]. The relevant study is afforded by
exploiting a generalization of the FEL pendulum equations, including the evolution of the
fields of the individual harmonics, namely [1]

d2

dτ2 ζ = ∑∞
n=0|an| cos(ψn), ψn = nζ + φn,

an = |an|ei φn ,

d
dτ

an = −jn
〈
e−inζ

〉
.

(2)
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where n refers to the order of the harmonic, (a, j) are the Colson’s dimensionless amplitude
and current respectively, ζ is the dimensionless electron phase, finally the brackets 〈. . . 〉
denote averages on the initial phase distribution. The modulus of a is linked to the field
intensity (power density ) I by the identities

|a|2 = 8 π2 I
Is

,

Is =
c

8π

(
mec2

e

)2( γ

N

)4
(

λu
K√

2
fb

)−2
.

(3)

The quantity Is denotes the FEL saturation intensity, a key quantity either in FEL and
conventional lasers. It controls the onset of saturation, which starts playing a role when the
FEL intensity is close to Is [12].

The physical content of the previous set of equations can be summarized as follows.
The fundamental harmonic (n = 1) drives the bunching, which allows the growth of the
different harmonics if the corresponding dimensionless currents jn are nonvanishing. In the
case of FEL devices operating with linear undulators, this is automatically ensured by the
on-axis coupling to odd harmonics.

An example of nonlinear harmonic generation intensity growth is given in Figure 1,
drawn using the analytical formulae summarized in Equation (4). The relevant agree-
ment with numerical computation has been benchmarked with the Prometeo code [13],
as discussed below.

Figure 1. Harmonic power growth vs. the undulator length in m; (a) First Harmonic (green)
(b) Third harmonic (blue) (c) Fifth harmonic (red). The encircled region around the inflection points,
where the transition to the NLHG regime occurs, is not well reproduced by the analytical formulae.
Linear and NLHG contributions are indeed summed incoherently, namely through the sum of two
intensities (Λn(z) and Πn(z)), without including the respective phases determining at that point an
insignificant oscillation.

The process consists of two distinct parts. In the first, the fundamental (n = 1) and
higher-order harmonics (3,5) grows independently, till the bunching at higher harmonics,
induced by the fundamental, triggers the nonlinear harmonic generation mechanisms.

The analytical procedure developed in the past [14] yields a fairly straightforward
description of the different evolution steps. The model equations are reported below, and
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we have denoted with Λn(z) and Πn(z) the terms accounting for the small-signal and
nonlinear harmonic generation parts respectively

P1 = P1(z) = P0
A(z)

1 +
P0

PF,1
[A(z)− 1]

,

A(z) =
1
9

[
3 + 2 cosh

(
z

Lg,1

)
+ 4 cos

(√
3

2
z

Lg,1

)
cosh

(
z

2Lg,1

)]
,

Pn(z) = Λn(z) + Πn(z) , n = 3, 5... Λn(z) = P0,n An(z) .

For the case with n > 1 the gain length should be replaced by

L∗g,n =
λu

4π
√

3ρ∗n
= n−

1/3Lg,n , ρ∗n = n
1/3ρn, P0,n input seed power ,

ρn ≡ n− th harmonic Pierce parameter,

ρn =

(
fb,n

fb,1

)2/3
ρ1,

fb,n = Jn− 1
2

(nξ)− Jn + 1
2

(nξ), ξ =
1
4

K2

1 +
K2

2

,

ρ1
∼=

8.63× 10−3

γ

[
J (λuK fb,1)

2]1/3.

(4)

The formula for the Pierce parameter of the harmonic (ρ1) is expressed in a practical
form, where J is given in A/m2 and λu in m. The NLHG contributions are specified by
the formulae

Πn(z) = Π0,n

exp

(
n z
Lg,1

)
1 + Π0,n

ΠF,n

[
exp

(
n z
Lg,1

)
− 1
] , Π0,n = cn

(
P0

9 ρ1PE

)n
ΠF,n , c3 = 8 , c5 = 116,

ΠF,n =
√

n
(

ρn
n ρ1

)3
PF,1 = 1√

n

(
fb,n

n fb,1

)2
PF,1,

(5)

where the saturated power PF,1 reads

PF,1 =
√

2ρ1PE (6)

and PE is the e-beam power.
We note therefore that

1. The first harmonic power grows initially by exhibiting the lethargic phase followed
by the exponential behavior, characterized by the gain length Lg,1.

2. The same occurs for the higher-order harmonics (with gain length L∗g,n), till the
bunching effects trigger the mechanism of nonlinear harmonic generation.

3. This last phase is characterized by a sudden change in the growth rate followed
by a kind of saturation. The characteristic gain length is a fraction of that of the

fundamental (namely L(NH)
n =

Lg,1
n ).
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The inflexion point (before the change in the intensity growth derivative) occurs at
z = z∗, where the Λn(z) and Πn(z) contributions balance. The dots refer to a numerical
benchmark with the code Prometeo, for a set of specific parameters. After the saturation the
figure exhibits a flat top, without displaying the characteristic power oscillations. This is an
artefact of the analytical approximations. It should be noted that, although not significant
for the present discussion, these oscillations can be included in the analytical scheme as
shown in refs. [15,16].

(b) Bi-Harmonic undulator

The use of bi-harmonic undulators [10,11] has been suggested in the past as a device
allowing the enhancement of the nonlinear harmonic generation in high-gain FEL devices.

In the case of an undulator exhibiting a field with linear orthogonal polarization,
specified by the vector

~Bu ≡ [3 B0 sin(3 kuz), B0 sin(kuz), 0], (7)

The corresponding FEL pendulum equation can be written by extending those re-
ported in (2) and reads

∂2ζx,1

∂τ2 = |ax,1| cos(ζx,1 + ϕx,1),

∂ax,3

∂τ
= −jx,3

〈
e−iζx,3

〉
,

∂ax,1

∂τ
= −jx,1

〈
e−iζx,1

〉
,

∂ay

∂τ
= −jy

〈
e−iζy

〉
; ζx,3 = ζy = 3ζx,1.

(8)

The relevant physical meaning is not dissimilar from that discussed as a comment
to Equation (2). In this case, we have considered 1st and 3rd harmonics only, with the
significant difference that two “third” harmonics, with orthogonal polarization, are driven
by the fundamental. The third harmonics bears both vertical and linear polarization
components and the relevant dimensionless amplitude are defined as

|aσ|2 = 0.8π4 Iσ

Is,σ
, (9)

where σ = x, y and Is is the associated saturation intensity

Is,σ

[
MW
cm2

]
=

6.9× 102
(

γ

Nσ

)4

[λu,σ[cm]K fb,σ(ξ)]2
. (10)

Please note that Nx = 3Ny, λu,x = λu,y/3.
The corresponding Bessel factors are specified below (the wavelength of the first

harmonic is λ1 = (λu/2γ2)(1 + K2). Further comments are provided in Section 3)

fb,1x = (3) J0

(
ξ, ξ

3

)
− (3) J1

(
ξ, ξ

3

)
,

fb,3x = −(3) J1(3 ξ, ξ) + (3) J2(3 ξ, ξ),

fb,3y = (3) J0(3 ξ, ξ) − (3) J2(3 ξ, ξ),

ξ = 1
4

K2

1+K2 ,

(11)
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and (m) Jn(x, y) are generalized Bessel functions defined through the generating function

+∞

∑
n=−∞

tn
[
(m) Jn(x, y)

]
= e

x
2 (t− 1

t )+
y
2 (tm− 1

tm ), (12)

and the series expansions (for further comments see ref. [17])

(m) Jn(x, y) =
+∞

∑
l=−∞

Jl(x) Jn−m l(y). (13)

In Figure 2 an example is given of bi-harmonic power growth. The 1-D simulation dis-
plays the already anticipated behavior: along with the fundamental “two” third harmonics,
with radial and vertical components, are generated through the nonlinear mechanism.

Figure 2. Power growth of main and third harmonics for a bi-harmonic undulator with,
E = 1078 Mev, λu = 6 cm, K = 0.99, ρ = 1.258 × 10−3 (numerical simulation PROMETEO).

The physical content of the figure is not different from what we have already discussed
when we commented Figure 1 and is worded as reported below. The first harmonic grows
and induces, via NLHG, two third harmonics with distinct orthogonal polarizations.
The signature for the nonlinear growth is specified by the abrupt change of the growth rate.
The two phases of the growth are characterized by the respective gain lengths, namely

L∗g,3x
= 1

31/3
λu

4 π
√

3 ρ3x
,

L∗g,y = λu
4 π
√

3 31/3ρy
,

(14)

and

L(NH)
g =

Lg,1x

3
, (15)



Appl. Sci. 2021, 11, 6462 6 of 16

where
ρ1x
∼= 8.63×10−3

γ

[
J (λuK fb,1x )

2]1/3,

ρ3x = ρ1x

(
fb,3x
fb,1x

) 3
2 ,

ρy = ρ1x

(
1
3

fb,3y
fb,1x

) 3
2
.

(16)

The y-polarized component is significantly larger than its x-counterpart and grows
almost at the level of the first.

This is an interesting result since, for the single harmonic undulator, the third exhibits
a power of two orders of magnitude below that of the fundamental.

The proposal, the design and construction of this type of undulator traces back to
more than three decades ago [18,19]. Although exploited in Storage Ring (SR) sources, they
did not find any specific application in the development of FEL, although they have been
extensively discussed in the literature [20].

It is certainly true that such a structure is not easy to design, to measure and to handle.
Possible alternatives are ensured by segmented undulators, consisting of two undulator
sections with emission frequency of the second a sub-multiple of the first [21–23]. Such a
solution, more manageable from the technical point of view, preserves some of the features
of the whole device and will be commented on in the concluding section.

A further possibility, suggested by McNeil, Robb and Poole [24] is that of the harmon-
ically coupled 2-beam FEL (HCB). In their proposal, it is foreseen the use of two beams
operating at different energies, passing through a linearly polarized undulator, to run an
FEL operating at different harmonics. The relativistic factor of the higher energy beam is
chosen in such a way that γ2 =

√
nγ1.

In loose terms, the mechanism of growth of the FEL signal can be described as reported
below. The first beam induces the bunching conditions to trigger the third harmonics,
if n = 3, which eventually seeds the first harmonic emitted by the higher energy beam.

In the forthcoming section we model the dynamics of the harmonically coupled beams
FEL, using the already quoted semi-analytical procedure [14].

2. Harmonically Coupled Two Beams and High-Gain FELs

As already underlined the HBC scheme foresees two beams with energies γ1 and
γ2 =

√
nγ1, both injected in a linearly polarized undulator. Instabilities of two-stream

nature, spoiling the FEL dynamics do not play any role because of the (large) beam energies.
The condition on the energies of beams (1) and (2), ensures that the first harmonic,

radiated by the beam (2), coincides with one of the higher-order harmonics of the first (1).
As already established, the two beams radiate independently and give rise to two

distinct FEL process, until the n-th harmonic, of the beam with lower energy, seeds that
emitted by the beam with larger energy.

The Pierce parameter associated with the two beams are

ρ(1) ∼= 3
√

J(1) U(λu, K),

ρ(2) ∼= 1√
n

3
√

J(2) U(λu, K),

U(λu, K) = 8.36×10−3

γ1
[λuK fb(K)]

2
3 ,

(17)

The Pierce parameters are therefore linked by

ρ(2)

ρ(1)
=

1√
n

3

√
J(2)

J(1)
. (18)
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If we assume that the two beams have the same current density, we obtain that the
Pierce parameter associated with the beam at higher energy is lower by a factor n−1/2.

The two fields grow inside the undulator independently. If E2/E1 =
√

3, the wavelength
radiated by the beam (2) is the same of the third harmonic associated with the emission
process of the beam (1). The intensities of the fields (1,2) grow independently, until NLHG
occurs, when the third harmonics of the beam (1) seeds that from (2) (see Figure 3).

Figure 3. Intensity associated with the FEL action of the low energy beam (continuous red), and of the
higher energy beam (dashed blue). The green circle stresses the same comment regarding Figure 1.
The small blue circles refer to numerical benchmark with PROMETEO.

The nonlinear harmonic growth is superimposed to the emission of the beam 2 and
after the plateau of the nonlinear harmonic generation, eventually reaches the satura-
tion which follows an exponential growth with the same gain length of the initial phase
(lethargic and exponential) L(2)

g,1 =
√

3L(1)
g,1 .

The last step, including saturation, can be figured out as a straightforward exponential
growth, namely

P(2)(z) = Πn,F

exp

[
(z−z∗)

L(2)g

]

1+
Πn,F

P(2)F

[
exp

[
(z−z∗)

L(2)g

]
−1

] ,

P(2)
F
∼=
√

2ρ(2)P(2)
E ,

P(2)
E ≡ power of the higher energy beam,

L(2)
g ≡ λu

4π
√

3ρ(2)
=
√

nL(1)
g .

(19)

If the two beams bear the same peak current (this is our assumption), the saturated
power of the two laser beams is, approximately, the same.
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Regarding the high energy part, the length of the undulator section necessary to reach
the saturation, from the first plateau, is simply given by

Πn,F exp

 ∆u
√

nL(1)
g

 ∼= P(2)
F , (20)

which yields

∆U ∼=
√

n ln

(
P(2)

F
Πn,F

)
L(1)

g,1 =
√

n
(

5
2

ln(n) + 2 ln
(

fb,1

fb,n

))
L(1)

g,1 . (21)

It is evident that we have considered a fairly idealized case. We have also assumed
that the two beams have identical current densities. This means that if the beams bear the
same current and are supposed to be round the following condition should be satisfied

β(1)ε(1) = β(2)ε(2), (22)

where β(1,2) are the associated Twiss parameters and ε(1,2) the e-beam emittances. Further-
more, including the usual scaling of the emittance with energy, we may also conjecture that

β(2) ∼= β(1)√
3

. These are qualitative statements, to be better framed within a specific design
context of the electron beams transport channel, which will be discussed elsewhere.

The presence of a non-negligible energy spread might be sources of troubles. The Pierce
parameter associated with the second beam is indeed lower by a factor

√
3, therefore the

relative energy spread σ
(2)
ε < 2√

3
ρ(1), which is a condition not hard to achieve since the

relative energy spread scales with the inverse of the energy.
The original result by McNeil, Robb and Poole is reported in Figure 4, which provides

the evolution of the first and third harmonic, according to the previously discussed pat-
terns. The analytical method reproduces the growth of the first harmonic till the onset of
the saturation (the after saturation is just replaced by the dot line superimposed to the
figure). The red and green dots denote the predictions with the semi-analytical model. We
underscore therefore the reliability of our procedure, benchmarked against an independent
numerical treatment.

Figure 4. Growth of the first harmonic and of the higher-order self-injected contributions (courtesy
of McNeil, Robb and Poole). z̄ and |A|2 are normalized longitudinal coordinate and field intensity
respectively, the subscript 1,3 denote the harmonic order. The encircled region marks the transition
between linear and NLHG, with a characteristic oscillation. The red and green dots refer to the
semi-analytical benchmark.



Appl. Sci. 2021, 11, 6462 9 of 16

Apart from the assumption that the initial seeds are different, the analytical picture we
have exploited captures well the physics of the process, as previously described. The nu-
merical analysis of ref. [9] has been accomplished using an ad-hoc developed numerical
code, the model developed in this article has been benchmarked with PROMETEO [13].

We have illustrated two different concepts, both based on the NLHG mechanism.
At first glance, they might be viewed as equivalent, but this is not true. The two harmonic
undulator uses one beam only and the effect of the FEL induced energy spread determines
the saturation of the fundamental and of the higher harmonics. On the other side in the
HCB scheme the second beam is fresh, while the first is not completely burnt.

The two schemes are complementary and in the forthcoming section we will see how
the two mechanisms can be combined to obtain a device offering further flexibilities for
new FEL architectures.

3. FEL Operating with HCB and Bi-Harmonic Undulators

In the present section, we show how HCB and bi-harmonic undulators can be com-
bined to obtain a laser beam with different harmonics and polarizations.

The idea we would like to present is that of two beams with different energies injected
in an undulator displaying the following on-axis magnetic field

~Bu ≡ [d B0 sin(h kuz), B0 sin(kuz), 0], (23)

where h is an integer and d is a numerical factor, smaller or larger than unit and not
necessarily an integer.

The spectral content of the on-axis emitted radiation is fairly rich [25] and the order of
the harmonics depend on the polarization of the emitted harmonics, we have indeed

λn,x = λu
2 nγ2

[
1 + K2

2

(
1 + d2

h2

)]
,

λn,y = λu
2 (hn)γ2

[
1 + K2

2

(
1 + d2

h2

)]
.

(24)

The derivation of the FEL evolution equations involves a rather awkward algebra,
partially alleviated by the use of multi-variable Bessel functions, which become an efficient
tool to evaluate the associated Pierce parameter.

The advantage of the bi-harmonic undulator is that we are not obliged to consider odd
harmonics of the fundamental only. If we keep h = 2 in Equation (23) we expect higher
harmonics of even order. According to Equation (24) λ1,y is the second harmonic of the
fundamental, with y polarization.

The general expression of the Bessel factor terms reads

fb, nx = (−1)
n−1

2
[
(h) J n−1

2

(
n ξ , (−1)h+1 d2

h2

(
n ξ
h

))
− (h) J n+1

2

(
n ξ , (−1)h+1 d2

h2

(
n ξ
h

)) ]
,

fb,(hn)y
= d

h (−1)
(n−1)h

2

[
(h) J h(n−1)

2

(
hnξ, (−1)h+1 d2

h2 nξ
)
+ (−1)h(h) J h(n+1)

2

(
hnξ, (−1)h+1 d2

h2 nξ
)]

,

ξ = 1
4

K2

1+ K2
2

(
1+( h

d )
2) .

(25)

Regarding therefore h = 2, d = 2 we obtain for the Bessel factors

fb, 1x =
[
(2) J0

(
ξ , − ξ

2

)
− (2) J1

(
ξ , − ξ

2

) ]
,

fb,2y =
[
(2) J0(2 ξ, −ξ) + (2) J2(2 ξ, −ξ)

]
,

fb, 3x = −
[
(2) J1

(
3 ξ , −

(
3 ξ
2

))
− (2) J2

(
3 ξ , −

(
3 ξ
2

)) ]
(26)
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and for the Pierce parameters

ρ3x =
(

fb,3x
fb,1x

) 2
3
ρ1x ,

ρy =

(
fb,2y

2 fb,1x

) 2
3
ρ1x ,

ρ1x = U(λu, K) 3
√

J ( fb,1x (K))
2
3 ,

U(λu, K) = 8.36×10−3

γ [λuK]
2
3 .

(27)

We consider the same parameter in Figure 2 which for h = 2 yields three harmonics at
saturation, with wavelengths 13.36 nm (x-pol), 6.68 nm (y-pol) and 4.43 (x-pol).

In Figure 5 we have reported the behavior of the Pierce parameters vs. K and in
Figure 6 the growth of the three harmonics vs. the undulator length for E2/E1 =

√
3. The

second harmonic (with y-polarization) grows at the same level of the first and the third,
seeds (with x-polarization) the first associated with the higher energy beam.

We have so far shown that the mechanism of two harmonic undulators and of har-
monically coupled beams, works, at least in principle. In the forthcoming section we will
add further elements, stressing the prospective usefulness of these concepts.

Figure 5. Pierce parameter ( ρn
U(λ,K) ) vs. K; (a) (1)x continuous line (b) (2)y dot line (c) (3)x dash line.
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Figure 6. Evolution of the first, second and third harmonics. The third harmonic is further amplified
by the second beam at higher energy and brought at the same level of the first.

4. Final Comments

In the previous section we have discussed the possibility of merging two concepts,
regarding FEL devices, which can operate with “harmonic” beams and undulators. The
concepts we have developed can be framed within analogous efforts discussed in the past
involving the use of undulators with orthogonal polarizations [20,26,27] and segmented
undulators [28], as well.

Regarding this last point, we note that FELs operating with segmented undulators in
the SASE mode employ two (or more) undulator sections, tuned at a sub-harmonic of the
preceding one.

Pn(z) = PL
b,nFL

n (z) + PB
b,n

FB
n (z)

1+
PB

b,n
ΠF,n

FB
n (z)

, n = 3, 5

PL
b,3 = 9

2 |b3,0|2, PL
b,5 = 5

2 |b5,0|2, PB
b,n = |bn,0|2ΠF,n,

F(z) = 2
[
cosh

(
z

Lg,1

)
− cos

(
z

2Lg,1

)
cosh

(
z

2Lg,1

)]
,

(28)

where FL
n (z) and FB

n (z) are given by F(z) with Lg,1 substituted by L∗g,n and Lg,1/n respec-
tively. An idea how the segments can be arranged is given in Figure 7. The figure reports
the evolution of the laser power in three different undulator sections. The first harmonic
grows till a certain point, where the undulator is cut. In the second section the field growth
is dominated by the induced bunching. The same happens if the cut occurs further in the
longitudinal coordinate.

The third harmonic behaves in a similar way. In the last section it grows, according to
the mechanism discussed in the previous sections, to the levels fixed by ΠF,n.

If the undulator is cut at z = 8 m and the missing section, from 8 to 12 m, is replaced
by an undulator tuned at the third harmonic of the first it would act as a radiator, with an
emission pattern similar to the green line (dot and continuous) reported in Figure 7. The
solid lines in the figure follow from the numerical computation, the superimposed dashed
line is the result of the analytical approximation, which regarding the last part dominated
by the bunching yields a qualitative agreement only.
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Figure 7. First and third harmonic evolution, in a segmented undulator. At each undulator segment
(4 and 8 m) the field growth is dominated by the bunching acquired during the interaction inside the
undulator segment. The red and green lines represent the growth with the inclusion of the intensity
(considered to be a kind of seeding). The final section, where nonlinear harmonic generation occurs,
is dominated by the bunching, when the second beam is superimposed the power intensity grows
according to the usual pattern.

The saturated power can however be increased by injecting a second beam according
to the prescription reported below.

The power emitted in the last section can be enhanced using a second beam not
necessarily harmonically coupled to the first or with larger energy.

We consider indeed a FEL operating in the SASE regime with a first undulator section
with λ

(1)
u ∼= 2.8 cm, K(1) ∼= 2.133, a first beam energy of E(1) ∼= 346 MeV, an associated

resonant wavelength λ(1) ∼= 100 nm and the remaining parameters arranged to have a
Pierce parameter ρ(1) ∼= 2.64 × 10−3.

A second undulator section is foreseen to have a period λ
(2)
u ∼= 1.4 cm, K(2) ∼= 1,

the energy of the second beam is supposed to be E(2) ∼= 288 MeV and therefore the
wavelength emitted in the second part is tuned at the third harmonic of the first.

If the first undulator is cut at the onset of the saturation induced at the third harmonic
of the first section (Z ∼= 10 m) and if the parameters are arranged in such a way that
ρ(1) ∼= ρ(2) the FEL power at 33 nm, seeded by the maximum field in the first section,
reaches the same power level of the field at 100 nm (as already noted we have managed
to have equal Pierce parameters in the two sections this means current of the order of
hundreds of Amperes and beam power ranging around 104 MW).

It is evident that such a configuration is not too much realistic for an actual FEL opera-
tion; however, it shows that sophisticated FEL architectures using multi-beam configuration
can be exploited, which may also involve oscillator FEL devices.

The use of two-beam oscillator FELs has not been explored so far, in a forthcoming
investigation we will discuss the possible advantages offered by a solution of this type.
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As a matter of facts, FEL is a device of pivotal importance in applied sciences. The ex-
treme versatility in terms of tunability, pulse duration, peak and average power. . . of fourth
generation synchrotron radiation X-ray sources is the reason of their spectacular success in
materials science, chemistry and biology [29].

Following the successful operation of Flash [30] and LCLS [31] and justified by their
unique achievements, further XFEL facilities have been operated or are under construction
around the world with different peculiarities of operation modes [32–38].

The elements of discussion outlined in this article suggest the use of pulses at different
colors, with different polarizations. These additional elements foresee the assembling of
hybrid FEL architectures, with characteristics useful for users, interested in applications
demanding for polarization control of the laser light and/or in spectrally resolved pump
and probe experiments. In these studies, a chemical reaction, an excitation or a structural
change on the surface of a solid, is triggered by a first pulse with a fixed frequency and,
after a delay, a second pulse, at a different frequency, records the previous event. In this
way, following its time evolution, information on pathways, barriers and transition states
of the phenomenon can be accessed.

X-ray FEL beams, consisting of colored (not necessarily harmonics) pair pulses, are
suited to conduct experiments on structural dynamics, designed to probe the ultrafast evo-
lution of atomic, electronic and magnetic structures [39–41]. The control of the polarization
offers a further degree of freedom for selective excitation of species.

The use of two-color laser pulses, with orthogonal polarizations of comparable inten-
sities, allows the selective excitation of the molecular fluorescence and opens the possibility
of controlling the internal organization and space orientation of molecules, thus pro-
viding a significant improvement of techniques based on fluorescence anisotropy and
dichroism [42,43].

FEL schemes capable of producing dual frequency beams have been tested in the
past [44–50]. Other interesting proposals to generate two-color FEL emission in the X-ray
region have been discussed in the literature [51–53].

Along with these efforts, further research work has been focused on the study of
X-FEL beams with tunable polarization [26,54–57]. Within this respect different schemes
have been proposed and developed, they include crossed-planar undulators [26,54] and
elliptical permanent undulators in after-burner [55,56].

The drawback of the first scheme is associated with the relatively low degree of
polarization, the elliptical undulators, on the other side, produce FEL pulses with well-
defined polarizations.

This is indeed the case of the Delta-like undulator, installed at LCLS and at SPARC [58].
Experiments have shown that the radiation from the Delta undulator exhibits an extremely
high degree of circular polarization compared to crossed-planar undulators. Even though
the switching of the polarization at KHz rate appears problematic.

We have mentioned that the schemes we have proposed are by no means straight-
forward regarding either the electron beam (s) handling and the undulator construction.
The effective implementation of a bi-harmonic device is not straightforward, cheap and
the relevant magnetic characterization is by no means an easy task, but largely within the
present technology.

The same comment applies to the production and use of beams with different energies.
The proposal of high repetition rate X-ray FELs driven by superconducting Linacs, and the
significant improvements of fast kickers and pulses timing open the possibility of designing
systems producing “bunch-to-bunch energy-changed beams”. The proposal of multi-beam
energy operation [59] at SHINE [60] is extremely promising. Without commenting on
the relevant specific issues, we report the sketch of Figure 8. It exhibits an achromatic
and isochronous delay system, inserted before the last accelerating section. Consequently,
the arrival time of the electron beam at the last accelerating section is changed, which
means a different accelerating phase and eventually beams with different energies. This
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device combined with undulators of bi-orthogonal type can produce high repetition rate
multicolor/variable polarization pulses.

Figure 8. Sketch of multi-beam energy device proposed at SHINE (ϕ ≡ accelerating phase).
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