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Featured Application: The paper presents finite elements for a higher order steel–concrete com-
posite beam model that can be implemented within commercial software for structural analysis
and used for the design of composite bridges.

Abstract: This paper presents finite elements for a higher order steel–concrete composite beam model
developed for the analysis of bridge decks. The model accounts for the slab–girder partial interaction,
the overall shear deformability, and the shear-lag phenomenon in steel and concrete components.
The theoretical derivation of the solving balance conditions, in both weak and strong form, is firstly
addressed. Then, three different finite elements are proposed, which are characterised by (i) linear
interpolating functions, (ii) Hermitian polynomial interpolating functions, and (iii) interpolating
functions, respectively, derived from the analytical solution expressed by means of exponential
matrices. The performance of the finite elements is analysed in terms of the solution convergence rate
for realistic steel–concrete composite beams with different restraints and loading conditions. Finally,
the efficiency of the beam model is shown by comparing the results obtained with the proposed finite
elements and those achieved with a refined 3D shell finite element model.

Keywords: beam finite element; consistent interpolation; higher order steel–concrete composite
beam; interdependent interpolation; shear deformability; shear-lag

1. Introduction

Steel–concrete composite bridge decks are employed worldwide over medium span
viaducts and bridges owing to their versatility and capability of properly exploiting pecu-
liar material properties. Among several typologies, the most common are characterised
by structural steel twin-girders or U-shaped girders connected by means of stud shear
connectors to wide-cast in situ reinforced concrete slabs. Structural steel components are
used to resist tensile stresses and vertical shear forces, whereas the concrete slab is used
to resist compression stresses; as for torsion, this is resisted with different mechanisms
depending on the overall cross-section layout (twin-girder or box-girder). Furthermore,
the concrete slab guarantees a great in-plane stiffness.

The design of steel–concrete composite bridge decks requires to assess the structure
behaviour with respect to both serviceability and ultimate limit states [1]; these include the
control of the deflection under traffic loads and of stresses in both the steel plates and the
concrete slab; furthermore, fatigue assessment of structural steel components and shear
connectors has to be carried out. An accurate design of composite bridge decks generally
requires refined finite element models, often based on shell elements, with high costs in
terms of time to develop the model and run the analysis. On the contrary, analytical models
(e.g., 1D beam models) have the merit of requiring a less important computational effort,
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making it possible to investigate alternative design solutions, especially in the preliminary
calculations aimed at sizing and optimizing the steel girders.

To provide sufficiently accurate results, theoretical models have to account for several
peculiarities that characterize the behaviour of steel–concrete composite bridge decks.
For straight beams, the most important issues are (i) the longitudinal deformability of
steel connectors, which implies a partial interaction between the concrete slab and steel
girder; (ii) the shear deformability of the composite cross section, which significantly
affects the deflection for vertical loads, especially in the case of multi-supported continuous
beams; and (iii) the in-plane shear deformability of the concrete slab and the flanges of the
structural steel girder, which causes a non-uniform distribution of normal stresses within
the elements (i.e., shear-lag effects). A wide range of scientific-technical literature covering
all features relevant to design and modelling of composite systems is available nowadays.
A state-of-the-art review is beyond the scope of this work and only a brief overview of some
important papers selected among those published over the last two decades is presented in
the following to introduce topics involved in this paper.

The composite beam model proposed in this paper is among those aimed at capturing
the effects of the shear connection deformability. A pioneering work about this topic was
done by Newmark [2], who described the partial interaction behaviour of a composite beam
by considering two Euler–Bernoulli beams connected with a shear deformable layer. The
Newmark model was used to investigate many features connected to particular material
properties such as the time-dependent behavior of the concrete and the nonlinear behavior
of materials or of the shear connection. Among many other authors, Nguyen et al. [3]
proposed a 1D finite element for beams subjected to bending in which the concrete of the
slab is assumed to be an age-dependent viscoelastic material; the solution is achieved in the
time domain by means of a step-by-step integration and in the space domain by exploiting
the exact closed form of the stiffness matrix. Ranzi and Bradford [4] adopted a closed form
solution of the problem of composite beams subjected to transverse load in the framework
of the direct stiffness method by adopting algebraic expressions for the time-dependent
stress–strain concrete constitutive relationships. Gara et al. [5] investigated the effectiveness
of various integration techniques in the space domain (finite elements, finite differences,
direct stiffness, and exact solution), focusing on the discretization needed to get converge
and to limit errors below established thresholds; even in this case, beams subjected to
transverse loads are considered by adopting the age-adjusted effective modulus method to
take into account the concrete creep. The Newmark model was demonstrated to also be very
versatile in analyzing the effects of construction phases of bridges; Dezi et al. [6] proposed
a model capable of accounting for creep and shrinkage of the early age concrete, as well as
for the complex change of the static scheme due to the fractionated slab pouring by means
of a step-by-step time integration procedure. Gara et al. [7] exploited the Newmark model
in combination with specific time-dependent concrete effective modulus to investigate the
effectiveness of various casting techniques in order to avoid early cracking of concrete
slabs in composite bridges. Another field deeply investigated by means of the Newmark
model is the nonlinear behavior of composite beams. Ranzi and Bradford [8] proposed a
direct stiffness approach in an iterative procedure based on the secant stiffness method; the
model was validated against several experimental cases, focusing on discretization issues.
Among others, Virtuoso and Vieira [9] also investigated the combined effects of mechanical
nonlinearity and time-dependent behavior of concrete. Dall’Asta and Zona [10] proposed a
mixed finite element formulation for the nonlinear analysis of composite beams to improve
the solution for problems usually characterized by bad convergence of usual finite element
approaches.

Typical kinematic assumptions of the Newmark beam model were progressively
relaxed, improving the analysis capabilities and the accuracy of new models. The first
improvements regard the connection system, for which the multidirectional behaviour
was introduced into 1D beam models; among others, Gara et al. [11] and Ranzi et al. [12]
developed finite elements for two-layered composite beams capable of accounting for the
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deformability of the slab–girder shear connection in the longitudinal and transverse-vertical
directions. Partial interaction in both the longitudinal and transverse-lateral directions
was instead introduced by Taig and Ranzi [13] in a very sophisticated model capable
of capturing the behavior of elements such as bridge composite box girders, in which
cross-section deformation occurs. Discrete connections were also considered by Nguyen
et al. [14] by considering friction arising at the interface of the two components in the
contact areas. Zero-thickness interface elements were developed by da Silva and Suasa [15]
to account for partial composite actions in the simulation of steel–concrete composite
elements, layered beams, or other structural systems in which components are connected
with the possibility of interlayer slip.

One of the features that makes the Newmark model sometimes inaccurate is neglecting
the shear deformability of elements [16]. The solution of partial interaction composite
beams based on the Timoshenko beam theory [17] was discussed by Xu and Wang in [18],
pointing out when the evaluation of the flexural-slip-shear deformation is affected by
shear deformability of components. The static behavior of composite beams with refined
shear deformation theories is presented by Vo and Thai [19], accounting for all coupling
coming from the material anisotropy of layers composing the beam. Zona and Ranzi [20]
proposed finite element models for the nonlinear analysis of steel concrete composite
beams, in which Timoshenko beams are used for both the steel and concrete elements,
and pointed out situations in which the interaction between bending and shear plays
a substantial role. Nguyen et al. [14] developed a finite element for shear-deformable
two-layer beams by exploiting exact stiffness matrices derived by analytical solutions of
the problem. Ranzi and Zona [21] proposed a steel–concrete composite beam model with
partial interaction in which a Timoshenko element was used for the steel component; by
means of a wide parametric analysis, they determined conditions requiring the modelling
of the shear deformation of the steel components. An analytical solution of two-layer beam
was derived by Schnabl et al. [22] considering the interlayer slip and the shear deformation
of elements, demonstrating their importance for high shear connection stiffness, for beams
with small length/height ratios, and for beams with high normal/shear moduli ratios.

As known, for composite systems characterized by elements with a high width/thickness
ratio, the assumption of preservation of plane cross section, on which the Bernoulli and
Timoshenko theories are based, is no longer valid, and warping of cross section was introduced
by many researchers to capture nonuniform stress distributions within the elements. Dezi
et al. [23] proposed a theoretical model for steel concrete composite bridge decks by including
shear lag in the reinforced concrete slab and partial interaction between steel and concrete
components; the same authors [24] demonstrated how the shear lag phenomenon is important
over the whole length of the beam, mainly when vertical loads are applied, whereas shrinkage
and other kinds of actions like support settlements and prestressing produce effects only
in limited regions [25]. Macorini et al. [26] proposed a finite element analysis to evaluate
long-term concrete slab effective width by also considering the concrete cracking in hogging
regions (i.e., with negative bending moments). Gara et al. demonstrated the versatility of a
specific finite element derived by the theoretical model in analyzing real structural systems
like cabled stayed bridges [27] or arch bridges [28].

The most recent and advanced models, in terms of enhanced kinematics, are those
developed in the framework of the generalized beam theory and those denoted as higher
order models. Taig and Ranzi [13] presented a two-layer composite beam model capable of
capturing cross-sectional deformations and partial interaction in both the longitudinal and
transverse directions by introducing a set of deformation modes derived by modal analysis
of planar frames representing the cross sections. Similarly, Gonçalves and Camotim [29]
presented a model able to capture the effects of cross-sectional deformation for a wide range
of analyses including vibration and lateral-torsional-distortional buckling of composite
cross sections typical for bridge applications. Gara et al. [30] presented a higher order
model suitable for the analysis of composite bridge decks accounting for the overall shear
deformability, warping of the slab cross section and of the steel beam, and partial shear
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interaction. Chakrabarti et al. [31] proposed a finite element beam model that includes
shear warping and considers longitudinal and vertical partial interaction between the
components.

As also mentioned in the above discussion, solving methods can be roughly divided
into two large classes: (i) methods providing the “exact” solution, such as closed-form
expressions or analytical formulations such exponential matrix method; and (ii) methods
providing approximated solutions, such as the finite difference method and the finite
element method. Despite their name, “exact” solutions are affected by approximations
due to precision of calculators and often by numerical issues deriving from the adopted
algorithms; furthermore, analytical solutions, especially the closed-form ones, are only
available for specific cases (e.g., specific geometric, loading, and restraint conditions). On
the other hand, numerical solutions, although approximated, offer a wider versatility,
being able to account for generic geometry as well as generic restraint systems and loading
conditions. Before adopting a model with its relevant solving approach, it is imperative to
know not only its theoretical applicability, but also the expected degree of approximation of
the solution. The latter depends not only on the accuracy of the analytical model, because
of the assumed admissible displacement field, but also on the numerical approach adopted
for the solution (e.g., locking problems for finite elements).

A further issue is the efficiency of the numerical approach to achieve a desired degree
of precision, which reflects on the computation time depending on the refinement of the
geometric discretization and the computation capacity.

In this paper, three new finite elements for the numerical solution of a theoretical
higher order model developed by the authors [30] for the analysis of steel–concrete com-
posite beams (Figure 1) are presented. The model, which accounts for the overall shear
deformability and the shear-lag phenomenon on both steel and concrete members of com-
posite beams, is firstly recalled providing a formulation that simplifies the subsequent
numerical implementation. Both the kinematics (i.e., the assumed displacement field) and
the active stresses field (according to linear elastic laws for the materials) are reported; the
balance conditions in both weak and strong forms are provided.
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Figure 1. Examples of steel–concrete bridge decks: (a) continuous twin-girder multi-span viaduct-Serra Cazzola viaduct,
AG, Italy; (b) continuous box-girder multi-span bridge on the Cesano River, at Mondolfo, PU, Italy.

Then, three finite elements characterised by different interpolating functions are
developed, namely, a general finite element (GFE) (a 16 degrees of freedom (dof) element
with linear shape functions); a consistent interpolation finite element (CIFE) (a 25 dof
element with polynomial functions whose degree is chosen to avoid locking problems);
and an interdependent interpolation finite element (IIFE), adopting shape functions derived
from the closed-form solution.
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The performance of the proposed finite elements is analysed in terms of the rate of
convergence, considering realistic steel–concrete composite beams with different restraints
and loading conditions and assuming as a benchmark the solution obtained with the IIFE
and a refined discretization. Finally, the overall efficiency of the proposed beam model in
capturing the behaviour of a composite bridge deck is shown by comparing the results of
the model (implementing all the finite elements) with those achieved with a refined 3D
finite element (FE) model developed with SAP2000® [32].

The theoretical higher order model for the analysis of composite beams is briefly
recalled in Section 2 and different finite elements to solve the problem numerically are
developed in Section 3, discussing their effectiveness as a function of the beam discretiza-
tion. In Section 4, the overall efficiency of the beam model in capturing the behaviour of
a composite bridge deck is shown through comparisons with the results from a refined
three-dimensional FE model developed with a commercial software.

2. Recall of the Analytical Model

The analytical model by Gara et al. [30] is herein recalled, providing an alternative
formulation to make the subsequent numerical implementation easier.

A generic prismatic steel–concrete composite beam of length L with a symmetric cross
section is considered and an orthonormal global reference frame {0, X, Y, Z}, having the
Z axis along the beam longitudinal direction, is assumed (Figure 2a); u, v, and w denote
displacements along coordinate directions X, Y, and Z, respectively. The cross section is
assumed to be symmetric with respect to the YZ plane; it is constituted by a concrete slab,
with width B and thickness hc, including longitudinal reinforcements and pre-stressing-
wires, and by a steel girder. The connection between the reinforced concrete slab and
steel girder is assumed to be uniformly distributed along lines at the coordinate (xn, y), as
shown in Figure 2a.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 5 of 29 
 

with polynomial functions whose degree is chosen to avoid locking problems); and an in-
terdependent interpolation finite element (IIFE), adopting shape functions derived from the 
closed-form solution. 

The performance of the proposed finite elements is analysed in terms of the rate of 
convergence, considering realistic steel–concrete composite beams with different re-
straints and loading conditions and assuming as a benchmark the solution obtained with 
the IIFE and a refined discretization. Finally, the overall efficiency of the proposed beam 
model in capturing the behaviour of a composite bridge deck is shown by comparing the 
results of the model (implementing all the finite elements) with those achieved with a 
refined 3D finite element (FE) model developed with SAP2000® [32]. 

The theoretical higher order model for the analysis of composite beams is briefly re-
called in Section 2 and different finite elements to solve the problem numerically are de-
veloped in Section 3, discussing their effectiveness as a function of the beam discretization. 
In Section 4, the overall efficiency of the beam model in capturing the behaviour of a com-
posite bridge deck is shown through comparisons with the results from a refined three-
dimensional FE model developed with a commercial software. 

2. Recall of the Analytical Model 
The analytical model by Gara et al. [30] is herein recalled, providing an alternative 

formulation to make the subsequent numerical implementation easier. 
A generic prismatic steel–concrete composite beam of length L with a symmetric 

cross section is considered and an orthonormal global reference frame ሼ0, ܺ, ܻ, ܼሽ, having 
the Z axis along the beam longitudinal direction, is assumed (Figure 2a); ݒ ,ݑ, and ݓ de-
note displacements along coordinate directions X, Y, and Z, respectively. The cross section 
is assumed to be symmetric with respect to the ܻܼ plane; it is constituted by a concrete 
slab, with width ܤ  and thickness ℎ௖ , including longitudinal reinforcements and pre-
stressing-wires, and by a steel girder. The connection between the reinforced concrete slab 
and steel girder is assumed to be uniformly distributed along lines at the coordinate (̅ݔ௡,  .ത), as shown in Figure 2aݕ

The steel element, because of its peculiar dimensions, is assumed to be a thin-walled 
beam composed by ݊ plane walls; for the i-th wall, with constant thickness ݐ௜ and length ݈௜, the local abscissa ߦ௜ ∈ ሾ0, ݈௜ሿ is introduced, assuming ߙ௜ to be the direction cosine of 
the local abscissa with respect to the ܻ axis (Figure 2b). 

 

0 

X 

Y 

Z 
L 

-B/2 

B/2 

hc 

X 

Y 

yi 

ξi 

ti 

li 

x1 
_ 

x2 
_ 

y 
_ 

αi 

 
(a) (b) 

Figure 2. (a) Cross-section geometry; (b) local abscissa of the i-th wall. 

2.1. Kinematics 
The beam kinematics is characterised by null displacements in the X direction, 

namely the beam transverse bending and torsion are not included in the model. Further-
more, the slab–girder detachment is considered to be prevented by the shear connection, 

Figure 2. (a) Cross-section geometry; (b) local abscissa of the i-th wall.

The steel element, because of its peculiar dimensions, is assumed to be a thin-walled
beam composed by n plane walls; for the i-th wall, with constant thickness ti and length
li, the local abscissa ξi ∈ [0, li] is introduced, assuming αi to be the direction cosine of the
local abscissa with respect to the Y axis (Figure 2b).

2.1. Kinematics

The beam kinematics is characterised by null displacements in the X direction, namely
the beam transverse bending and torsion are not included in the model. Furthermore,
the slab–girder detachment is considered to be prevented by the shear connection, which
is assumed to be stiff in the vertical direction. The displacement field of the composite
beam is approximated by superimposing warping components, due to shear flows in the
elements, to the overall longitudinal displacements and bending rotations [30].
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With reference to the cross section of Figure 2a, adopting subscripts c, s, and r for
referring to the concrete slab, the steel girder, and the slab reinforcements, respectively, the
following admissible displacement field is considered:

wc(x, y, z) = wc(z)·ac(x, y) (1)

ws(ξi, z) = ws(z)·as(ξi) i = 1, . . . , n (2)

v(x, y, z) = v0(z) (3)

where wc is the longitudinal displacement of the slab and the included steel reinforcements
(steel–concrete perfect bond assumption), ws is the longitudinal displacement of the steel
girder, and v0 is the axis deflection. Furthermore,

wT
c (z) =

[
wc0(z) Φc(z) fc(z)

]
(4)

wT
s (z) =

[
ws0(z) Φs(z) fsv(z) fsh(z)

]
(5)

are vectors grouping together the generalized longitudinal displacements wc0 and ws0
measured at the origin of the Z axis, the rotation Φc and Φs with respect of the X axis, the
slab warping intensity fc, and the steel girder warping intensities fsv and fsh. Furthermore,

aT
c (x, y) =

[
1 y ψc(x)

]
(6)

aT
s (ξi) =

[
1 y(ξi) ψsv(ξi) ψsh(ξi)

]
(7)

appearing in Equations (1) and (2), are geometric vectors in which ψc is a known warping
function of the concrete slab, which is assumed to be constant within the thickness, and
ψsv and ψsh are the known steel girder warping functions. Slab and steel girder warp-
ing functions are derived through the procedure proposed by Dezi et al. [24], assuming
each member as a thin-walled element separated from the others and subjected to self-
equilibrated elementary loading schemes of pure shear and longitudinal constant flow at
the shear connection. Finally, from Equations (1) and (2), the slab–steel girder interface slip
may be readily obtained as follows:

Γ(z) = ws·as −wc·ac (8)

where the symbol • denotes quantities calculated at the interface.

2.2. Active Stress Field

A linear elastic behaviour is assumed for materials in both tension and compression
(uncracked concrete under tensile stress). Eα, να, and Gα = Eα/2(1 + να) are the relevant
Young, Poisson, and shear moduli of materials (α = c, s, r), while ρ is the stiffness per unit
length of the slab–steel girder connection.

According to the linear theory, the admissible displacement field defined by Equa-
tions (1)–(3) leads to the following relationships between stresses and overall displacements:

σcz(x, y, z) = Ec
(
w′c·ac − εcz

)
τcxz(x, y, z) = Gc (wc·ac,x) (9)

τcyz(x, y, z) = Gc
(
wc·ac,y + v′0

)
σsz(ξi, z) = Es

(
w′s·as − εsz

)
(10)

τsξz(ξi, z) = Gs
(
ws·as,ξ + v′0 αi

)
σrz(x, y, z) = Er

(
w′c·ac − εrz

)
(11)

where σαz (α = c, s, r) are the longitudinal normal stresses; τcxz and τcyz are the slab shear
stresses on XZ and YZ planes, respectively; and τsξz is the steel girder shear stress in the
plane of the i-th wall. In Equations (9)–(11), primes denote total derivatives with respect
to z, whereas commas denote partial derivatives. Furthermore, term εαz (α = c, s, r) in
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Equations (9)–(11) are stress-independent strains that may represent thermal, concrete slab
shrinkage, or wire pre-stressing; these are defined as

εαz = εα·ac =

 εαz
καx
µαz

·ac α = c, r (12)

εsz = εs·as =


εsz
κsx
µsv
µsh

·as (13)

where ε, κ, and µ are overall stress-independent longitudinal strains given by

εα = I−1
α

∫
Aα

ε̃αaα dA α = c, r (14)

εs = I−1
s

n

∑
i=1

ti

∫ li

0
ε̃sas dξi (15)

in which ε̃c, ε̃r, and ε̃s are generic nonlinear stress-independent longitudinal strain fields
in concrete, reinforcements, and structural steel, respectively. Iα and Is appearing in
Equations (14)–(15) are inertia terms of the cross section of the beam components, as de-
tailed in Appendix A. It is worth mentioning that active stresses of Equations (9)–(11), i.e.,
relevant to strains descending from the admissible displacement field according to consti-
tutive relationships, do not satisfy the local equilibrium, which also requires additional
non-vanishing stress components, called reactive stresses. The latter do not appear in the
virtual work theorem expression and can be estimated by means of the local equilibrium
conditions. These components are significant in the case of shear stresses, while normal
stresses can be obtained with negligible errors from Equations (9)–(11). Expressions of the
total shear stresses τcxz and τsξz are available in Appendix B.

2.3. Balance Conditions

The weak form of the equilibrium conditions is derived by means of the virtual work
theorem by considering the displacement field previously introduced and the constitutive
laws (9)–(11) (Appendix A). By grouping the generalized displacements in the vector,

dT =
[

wc0 Φc fc ws0 Φs fsv fsh v0
]

(16)

the following equilibrium conditions in weak form can be obtained:∫ L

0
[K Dd− n]·Dd̂ dz =

∫ L

0
p·d̂ dz +

(
Pα·d̂

)∣∣
α=0,L ∀d̂ 6= 0 (17)

where d̂ is the variation of the displacement field and D is a formal linear differential
operator defined as

Dd(z) =
[

d
d′

]
(18)
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In Equation (17),
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instabilities due to the numerical computation of the exponential matrix in the case of long 
beams. The procedure is herein recalled because it will be later exploited to develop one 
of the proposed finite elements. 
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(19)

is a matrix that contains inertia terms of the cross section of the beam components and
those due to the interface connection (Appendix A). Furthermore,

pT(z) =
[

qcz mcx ωcy qsz msx ωsy ωsx qy
]

(20)

PT
α =

[
Nczα Mcxα Wcyα Nszα Msxα Wsyα Wsxα Qyα

]
(21)

are the vectors grouping resultants of the external forces along the beam axis and at the
beam end cross sections. In detail, the above vectors contain longitudinal forces (q and N),
bending moments (m and M), bi-moments (ω and W), and vertical loads (q and Q). Finally,
in Equation (17),
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(22)

is the vector grouping resultants of stresses due to the restrained stress-independent strains.
By integrating parts and considering the fundamental theorem of variational calculus, the
following strong form of the equilibrium conditions can be obtained:

−K2,2d′′ + (K1,2 −K2,1)d′ + K1,1d = p− n′2 (23)

with the relevant boundary conditions[
−K2,1d−K2,2d′ + n2 − P0

]
·d̂
∣∣
0 = 0 ∀d̂ (24)[

K2,1d + K2,2 d′ − n2 − PL
]
·d̂
∣∣
L = 0 ∀d̂ (25)

2.4. Analytical Solution

The strong form of equilibrium condition (23) has been used by Gara et al. [30] to
obtain a closed form solution of the problem, exploiting properties of exponential matrices.
This approach has the advantage of avoiding a spatial discretization, but may lead to
instabilities due to the numerical computation of the exponential matrix in the case of long
beams. The procedure is herein recalled because it will be later exploited to develop one of
the proposed finite elements.

By defining s(z) = Dd, Equations (23)–(25) can be rewritten in the canonical form

s′ − Bs = c (26)

[−C s + n2 − P0]·d̂
∣∣
0 = 0 ∀d̂ (27)

[C s− n2 − PL]·d̂
∣∣
L = 0 ∀d̂ (28)
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where

B(z) =
[

0 I
K−1

2,2 K1,1 K−1
2,2 (K1,2 −K2,1)

]
(29)

and
C(z) =

[
K2,1 K2,2

]
(30)

are matrices containing stiffness terms of the composite beam cross section and

c(z) =
[

0
−K−1

2,2 (p− n′2)

]
(31)

is a vector depending on loads and stress-independent strains distributed along the beam
axis. Equation (26) is a linear system of ordinary differential equations with constant
coefficients having the solution

s = E(z) b + E(z)
∫

E(z)−1 c(z) dz (32)

obtained by summing the complementary solution (i.e., of the homogeneous problem) to
a particular one of the non-homogeneous problem. In Equation (32), E is the exponential
matrix defined by the series expansion

E(z) =
∞

∑
k=0

1
k!

Bkzk (33)

and b is the vector of the integration constants obtained by imposing boundary conditions.
The derivations of displacements relevant to beams with imposed end displacements
(homogenous problem with non-homogenous boundary conditions) and beams with
clamped ends subjected to distributed loads (non-homogenous problem with homogenous
boundary conditions) will be necessary in the next section and are provided below.

2.4.1. Beam with Imposed End Displacements

The case of an unloaded beam with non-homogeneous boundary conditions is repre-
sentative of a composite beam subjected to generic end displacements. By setting c = 0
and assuming that u0 and uL are the known beam end-displacements, Equation (32) yields

sh(z) = E(z)RU (34)

in which

R =

[
∪ E(0)
∪ E(L)

]−1

U =

[
u0
uL

]
(35)

2.4.2. Beam with Distributed Loads

The case of a beam subjected to distributed loads with homogeneous boundary
conditions (U = 0) is representative of a beam with fixed ends. For the sake of simplicity,
a linearly distributed load c(z) = c0 + c1z along the axis is considered. Considering the
following properties of the exponential matrix:∫

E−1dz = −B−1E−1
∫

E−1 z dz = −(B−1)
2
E−1(Bz + I) (36)

after some manipulations, Equation (32) yields

sp(z) = E (R Q0c0 + R Q1c1)− EB−1E−1c0 − E(B−1)
2
E−1(Bz + I)c1 (37)
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where

Q0 =

[
∪ (E(0)B−1E(0)−1)

∪ (E(L)B−1E(L)−1)

]
(38)

Q1 =

[
∪ (E(0)(B−1)

2E(0)−1)

∪ (E(L)(B−1)
2E(L)−1(BL + I))

]
(39)

3. Proposed Higher Order Finite Elements

As already mentioned, the closed form solution proposed in Gara et al. [30] suffers for
numerical instability problems due to the computation of the exponential matrix in the case
of long beams; in this case, a discretization of the beam axis is necessary to consider beam
sections of reduced lengths. Furthermore, a closed form approach requires the computation
of the particular solution, which depends on the specific load distribution. Finally, the beam
discretization is required in the case of beams partially loaded along the axis, or in the case
of beams with varying cross section properties. Consequently, a finite element approach
for the problem solution, through numerical integration of the equilibrium condition in
weak form (17), appears convenient considering its versatility to manage the above issues.

By dividing the beam axis into ne finite elements, the displacement d(η) within the
generic element may be obtained by

d(η) ∼= Ne(η) ve (40)

where η is the local abscissa, ve is the vector of the unknown nodal displacements, and
Ne(η) is a matrix containing known interpolating functions.

Taking into account Equation (40), the equilibrium condition (17) leads to the following
global equilibrium system obtained by assembling contributions of all elements:

K v = fp + fn (41)

where v is the vector of nodal displacements of the whole model, suitably assembled from
ve of all the elements. In Equation (41),

K =
ne∧

e=1

∫
le
(DN)T

e K DNe dη (42)

is the global stiffness matrix of the composite beam and

fp =
ne∧

e=1

∫
le

NT
e p dη fn =

ne∧
e=1

∫
le
(DN)T

e n dη (43)

are nodal force vectors due to external loads and stress-independent strains, respectively,
obtained by assembling the relevant matrices and vectors defined for the single finite
element.

3.1. Definition of the Beam Finite Elements

In finite element applications, the solution accuracy is strongly related to the mesh
of nodes where unknown displacements have to be calculated, and to the interpolating
functions, which are necessary to approximate displacement fields within each element. In
this paper, three types of finite elements are developed, hereafter referred to as GFE, CIFE,
and IIFE [33], each characterised by different interpolating functions.

3.1.1. Linear Interpolating Functions

The GFE adopts linear interpolating functions for the displacements, resulting in
a 16-dof higher order composite beam finite element (Figure 3). The vector of nodal
displacements is
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vT
e =

[
wc01, Φc1, fc1, ws01, Φs1, fsv1, fsh1, v01, wc02, Φc2, fc2, ws02, Φs2, fsv2, fsh2, v02

]
(44)

and the interpolating functions matrix is

Ne =
[

µI7×7 λI7×7
]

(45)

where I7×7 is the identity matrix of dimension 7 and

µ = 1− η

le
λ =

η

le
(46)

are the linear interpolating functions in which η is the longitudinal abscissa of the finite
element of length le.
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Figure 3. (a) Nodal generalized displacements of the general finite element (GFE), (b) interpolation along its abscissa.

3.1.2. Polynomial Interpolating Functions

The CIFE implements polynomial functions of suitable orders to avoid locking prob-
lems; this is achieved by adopting interpolating functions such that contributions to defor-
mation, due to each nodal displacement, are approximated by polynomials of the same
degree. Second order Hermitian polynomials can be used for longitudinal displacements,
rotations, and warping intensities by adding an intermediate node, while third-order poly-
nomials are used for vertical displacements (Figure 4). This implies a 25-dof finite element
characterised by the nodal displacements vector

vT
e = [wc01, Φc1, fc1, ws01, Φs1, fsv1, fsh1, v01, wc02, Φc2, fc2, ws02, Φs2, fsv2, fsh2, v02,

wc03, Φc3, fc3, ws03, Φs3, fsv3, fsh3, v′01, v′02
] (47)

and the relevant interpolating function matrix

Ne =

[
µ1I7×7 07×1 µ2I7×7 07×1 µ3I7×7 07×1 07×1
01×7 ν1 01×7 ν2 01×7 υ1 υ2

]
(48)

in which
µ1 = 2λ2 − 3λ + 1 µ2 = 2λ2 − λ µ3 = −4λ2 + 4λ (49)

ν1 = 2λ3 − 3λ2 + 1 ν2 = −2λ3 + 3λ2 (50)

υ1 = leλ3 − 2 leλ2 + leλ υ2 = leλ3 − leλ2 (51)
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3.1.3. Interdependent Interpolating Functions

For the IIFE, nodal displacements are approximated with functions deriving from
the analytical solution of the homogeneous problem of a beam subjected to generic end-
displacements (34).

Considering solution (34) for the single finite element and U ≡ ve, the interpolating
functions matrix

Ne(η) = ∪ E(η) R (52)

can be derived. The IIFE provides exact values of displacements for homogeneous
problems, namely for beams subjected to end cross-section displacements. For non-
homogeneous problems (c 6= 0), the contribution of the particular integral of the analytical
solution has to be added to displacements when post-processing results, according to

d(η) = Ne(η) de + ∪ sp(η) (53)

where sp(η) is derived by (37).

3.2. Convergence Analysis of the Proposed Finite Elements

In this section, the results of applications carried out with the proposed beam finite
elements are presented and discussed to compare their rate of convergence. Analyses are
performed with reference to a steel–concrete composite bridge deck with a constant box
cross section, having the geometry and mechanical properties reported in Figure 5, which
are representative of a concrete grade C25/30 and structural steel (European grade S). The
three static schemes reported in Figure 6b are considered; S1 is representative of single span
simply supported bridge decks, while S2 and S3 are representative of edge and inner spans
of continuous bridges, respectively. Furthermore, four loading conditions are analysed
(Figure 6a); these include a uniformly distributed load (UDL), a concentrated load (CL),
the concrete slab shrinkage (SS), and the prestressing of wires in the concrete slab (PW).
Hereafter, analysis cases will be labelled combining the static scheme with the loading
condition (e.g., S1-UDL refers to simply supported beam with uniformly distributed load).

Appl. Sci. 2021, 11, x FOR PEER REVIEW 13 of 29 
 

values). The above coefficient is representative of the overall error within the beam, nor-
malised with respect to a quantity proportional to the area of the graph of the generic 
response parameter. 

 
Figure 5. Cross section adopted in the applications. 

 
(a) (b) 

Figure 6. (a) Load conditions and (b) static schemes considered in the applications. UDL, uniformly distributed load; CL, 
concentrated load; SS, concrete slab shrinkage; PW, prestressing of wires in the concrete slab. 

Figure 7 plots the considered response parameters along the non-dimensional beam 
length z/L for case study S2-UDL. The results are normalised with respect to the maximum 
absolute value of the relevant quantity of the reference solution. In detail, Figure 7a refers 
to the GFE, while Figure 7b refers to the CIFE; for both cases, the results obtained by dis-
cretizing the beam length into 2, 4, 8, 16, and 50 elements are reported. The solution ob-
tained by implementing the IIFE is not shown as it is almost exact, independently of the 
beam discretization, provided that enough elements are used to avoid computational is-
sues in the numerical evaluation of the exponential matrix [34]. With reference to stress 
resultants ௖ܰ and ܯ௦, trends within the elements are constant and linear for the GFE and 
the CIFE, respectively, consistent with the adopted interpolating functions. 

Overall, convergence for the CIFE is faster than that relevant to the GFE, especially 
for displacements for which good results can be obtained with very few CIFEs. The rate 
of convergence of each finite element is presented through the COV in Figure 7c as a func-
tion of the beam discretization; in this case, results considering up to 150 finite elements 
are shown and results relevant to the IIFE are addressed. The COVs confirm the faster 
convergence of the CIFE over the GFE, especially for displacements, and show that the 

Figure 5. Cross section adopted in the applications.



Appl. Sci. 2021, 11, 568 13 of 28

Appl. Sci. 2021, 11, x FOR PEER REVIEW 13 of 29 
 

values). The above coefficient is representative of the overall error within the beam, nor-
malised with respect to a quantity proportional to the area of the graph of the generic 
response parameter. 

 
Figure 5. Cross section adopted in the applications. 

 
(a) (b) 

Figure 6. (a) Load conditions and (b) static schemes considered in the applications. UDL, uniformly distributed load; CL, 
concentrated load; SS, concrete slab shrinkage; PW, prestressing of wires in the concrete slab. 

Figure 7 plots the considered response parameters along the non-dimensional beam 
length z/L for case study S2-UDL. The results are normalised with respect to the maximum 
absolute value of the relevant quantity of the reference solution. In detail, Figure 7a refers 
to the GFE, while Figure 7b refers to the CIFE; for both cases, the results obtained by dis-
cretizing the beam length into 2, 4, 8, 16, and 50 elements are reported. The solution ob-
tained by implementing the IIFE is not shown as it is almost exact, independently of the 
beam discretization, provided that enough elements are used to avoid computational is-
sues in the numerical evaluation of the exponential matrix [34]. With reference to stress 
resultants ௖ܰ and ܯ௦, trends within the elements are constant and linear for the GFE and 
the CIFE, respectively, consistent with the adopted interpolating functions. 

Overall, convergence for the CIFE is faster than that relevant to the GFE, especially 
for displacements for which good results can be obtained with very few CIFEs. The rate 
of convergence of each finite element is presented through the COV in Figure 7c as a func-
tion of the beam discretization; in this case, results considering up to 150 finite elements 
are shown and results relevant to the IIFE are addressed. The COVs confirm the faster 
convergence of the CIFE over the GFE, especially for displacements, and show that the 

Figure 6. (a) Load conditions and (b) static schemes considered in the applications. UDL, uniformly distributed load; CL,
concentrated load; SS, concrete slab shrinkage; PW, prestressing of wires in the concrete slab.

The rate of convergence of models implementing the presented finite elements is
analyzed by progressively increasing the number of finite elements adopted to discretize
the bridge deck and by comparing the beam response with the reference one obtained
considering the IIFE and a high number of finite elements (200 elements). For the sake
of brevity, only some of the response parameters are monitored; the selected set includes
displacements (vertical displacement v0 of the composite beam, longitudinal displacement
ws,in f of the steel girder bottom flange, warping intensity fc), stress resultants (axial force
Nc on the concrete slab, bending moment Ms on the steel girder), and the slab–girder
interface slip Γz. Furthermore, in order to discuss the rate of convergence of the solutions,
the following coefficient of variation (COV) is calculated for each response parameter by
varying the beam discretization:

σ∗p =
1

µ|p|,ex

√
1
n

n

∑
i=1
|pi − pi,ex|2 (54)

where p denotes the generic response parameter, n is the number of nodes of the discretiza-
tion, pi is the value of the p-th response parameter at the i-th node, pi,ex is the relevant value
of the reference solution (exact), and µ|p|,ex is the arithmetic mean of the absolute values
of the reference solution (i.e., the arithmetic mean of the absolute pi,ex values). The above
coefficient is representative of the overall error within the beam, normalised with respect
to a quantity proportional to the area of the graph of the generic response parameter.

Figure 7 plots the considered response parameters along the non-dimensional beam
length z/L for case study S2-UDL. The results are normalised with respect to the maximum
absolute value of the relevant quantity of the reference solution. In detail, Figure 7a refers
to the GFE, while Figure 7b refers to the CIFE; for both cases, the results obtained by
discretizing the beam length into 2, 4, 8, 16, and 50 elements are reported. The solution
obtained by implementing the IIFE is not shown as it is almost exact, independently of
the beam discretization, provided that enough elements are used to avoid computational
issues in the numerical evaluation of the exponential matrix [34]. With reference to stress
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resultants Nc and Ms, trends within the elements are constant and linear for the GFE and
the CIFE, respectively, consistent with the adopted interpolating functions.
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solution.

Overall, convergence for the CIFE is faster than that relevant to the GFE, especially
for displacements for which good results can be obtained with very few CIFEs. The
rate of convergence of each finite element is presented through the COV in Figure 7c as
a function of the beam discretization; in this case, results considering up to 150 finite
elements are shown and results relevant to the IIFE are addressed. The COVs confirm
the faster convergence of the CIFE over the GFE, especially for displacements, and show
that the slab–girder interface slip Γz is characterised by the lowest rate of convergence.
Furthermore, overall errors lower than 5% can be achieved by using few CIFE (about 10,
excluding Γz, or about 25, including Γz), while a higher number of GFEs is needed to get
errors of a similar magnitude, due to locking problems (about 60, excluding Γz, or about
125, including Γz).
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Finally, as already stated, the solution obtained through the IIFE is practically exact
for the minimum number of finite elements avoiding computational issues [34]; in this
framework, it is interesting to observe that, at least with reference to displacements, a
sufficiently accurate solution can be obtained through CIFE by adopting a lower number of
elements than that required to avoid computational issues. It is worth stating that the IIFE
does not suffer for the usual higher errors in the force evaluation.

Figure 8 shows the selected normalised beam response parameters for case study
S3-CL. Figure 8a refers to the GFE, while Figure 8b refers to the CIFE. With respect to the
previous case, the number of finite elements (equal to 3, 4, 8, 16, and 51) is slightly changed
for the need of applying the concentrated load. The previous considerations generally
hold. COVs reported in Figure 8c once again demonstrate that the CIFE is overall highly
competitive with respect to the IIFE. Figure 9, similarly to previous ones, refers to case
study S2-SS. Discretizations involving 2, 4, 8, 16, and 50 elements are considered. Overall,
the previous observation concerning the performance of the CIFE holds even if the IIFE
performs better below 50 elements.
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Finally, Figure 10 reports the results obtained for case study S3-PR. It is worth stating
that, in these three last cases, the convergence rate of the GFE and CIFE for forces and
interface slippage is sensibly lower than that of the IIFE, which provides the exact solution
with very few elements.

Figure 11 shows the COVs evaluated for all the case studies (derived from the combi-
nation of the static schemes with the loading conditions) and for all the kinematic response
parameters. Each plot, referring to a specific case study, is further subdivided into three
subplots of different colours, relevant to the results obtained considering the GFE, the CIFE,
and the IIFE. Overall, it was found that, independent of the adopted finite element, the steel
girder warping intensities ( fsv and fsh) present higher COVs than the remaining parameters;
thus, in each plot, a synthetic representation of results is proposed adopting shaded areas
to trace envelops of COVs of all response parameters, excluding the steel girder warping
intensities, while specific symbols are used for the latter. As expected, analyses show that
the IIFE provides the best solution with the lower number of finite elements (i.e., the one
necessary to achieve a numerical evaluation of the exponential matrix); independent of the
static scheme, for both uniformly distributed (UDL) and concentrated loads (CL), about 10
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elements are necessary to obtain an almost exact solution, also with reference to the steel
girder warping intensities. The number of necessary finite elements rises to about 50 if
wires prestressing (PW) or concrete shrinkage (SS) are considered.
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solution.

The CIFE is overall able to assure a sufficiently accurate solution for engineering
purposes with a moderate number of elements, independent of the static scheme and the
load condition. Solutions with errors no greater than 5% can be obtained with about 25
elements for all the response parameters, except for the steel girder warping intensities, for
which 75 elements are required.

To achieve below 1% errors, 50 elements are required for all the response parameters,
except for the steel girder warping intensities, for which 100 elements are needed (in the
worst case represented by the SS load case). Worse results are obtained with the GFE, which
suffers from locking problems and fails to reach the exact solution even by discretizing the
axis of the beam with a large number of elements.
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4. Numerical Comparison with More Complex Models

In this section, the overall efficiency of the proposed beam model in capturing the
behaviour of a composite bridge deck is shown by comparing the results with those
achieved with a refined three-dimensional FE model developed in SAP2000® [32]. For
this purpose, all the analysis cases previously presented, including loading conditions and
static schemes, are investigated.

Components of the beam cross section are modelled with four node homogenous
thin shell elements that combine membrane and plate-bending behaviour and adopt a
four-point numerical integration formulation. The actual position of their relevant mid
planes is suitably taken into account and preliminary convergence analyses are performed
on the developed FE models to define the suitable mesh dimension. In detail, the concrete
slab is schematized with elements of dimensions 0.5 × 0.5 m, whereas upper flanges, webs,
and bottom flanges of the steel girder are divided into 5, 6, and 12 elements, respectively.

The shear connection is modelled with two node frame elements connecting nodes of
the concrete slab and the upper steel flanges, located in the relevant mid planes. Two beam



Appl. Sci. 2021, 11, 568 19 of 28

elements are adopted, pinned in correspondence of the slab–steel girder interface, having
properties suitably calibrated to assure a translational stiffness equal to the one used in the
previous applications. A pictorial view of the developed model is reported in Figure 12.
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Figure 12. 3D finite element (FE) model.

Figure 13 shows the vertical deflection v0, the slab–girder interface slip Γz, and the
longitudinal displacements of the upper (ws,sup) and bottom flanges (ws,in f ) of the steel
girder obtained for case studies S2-UDL, S3-CL, S2-SS, and S3-PW. The results obtained
considering the different beam elements (GFE, CIFE, and IIFE) are reported with lines
of different colours and are compared with those achieved by the refined 3D FE model,
represented by black dots.
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Figure 13. Comparison between the proposed beam model and the refined 3D FE model for some case studies in terms of
vertical displacement v0; interface slip Γz; and the longitudinal displacement of the steel girder bottom and upper flanges,
ws,in f and ws,sup.

Concerning the proposed beam model, a suitable number of elements is considered,
on the basis of the previous applications, to assure the analysis convergence and accuracy.
In detail, 200, 100, and 50 elements are considered for the GFE, the CIFE, and the IIFE,
respectively. It can be observed that the results from the proposed beam finite elements are
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practically superimposed and all perfectly match the solution achieved with the refined 3D
FE model.

Figure 14 compares the normal stresses on the concrete slab mid plane, on the steel
girder web, and on the steel girder bottom flange obtained from the proposed beam
model with those resulting from the refined 3D FE model, for case study S2-UDL. As the
results from the beam models are almost superimposed, for the sake of simplicity, only
those relevant to the IIFE are reported in red. The results from the refined FE model are
reported with black lines. Because the response of the slab is symmetric with respect
to the longitudinal middle axis, comparisons between the beam and shell finite element
models are made by dividing the plot of Figure 14a into two parts, and by presenting the
distribution of stresses for half of the slab.
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Figure 14. (a) Longitudinal normal stress on the slab mid plane, (b) on the steel girder web, and (c)
on the steel girder bottom flange for case study S2-UDL.

The beam model is able to capture very well the slab normal stresses with very few
differences in the bridge deck section characterised by the maximum positive bending
moment and at the fixed support. Comparisons of normal stresses in the box-girder web
are presented in Figure 14b by superimposing the results from the beam and shell models;
normal stresses obtained by the shell model are closely reproduced with minor differences
at the fixed support and in correspondence of the bridge deck section in which the overall
bending moment passes from hogging to sagging. Finally, normal stresses in the bottom
flange of the box-girder are compared in Figure 14c, adopting the strategy used for the
concrete slab; even in this case, the beam model performs very well, furnishing results
superimposed to those of the shell model.

Figure 15 compares the normal stresses on the slab mid plane, on the steel girder
web, and on the steel girder bottom flange for case study S3-CL. As for the concrete slab
(Figure 15a) and the box-girder bottom flange (Figure 15c), normal stresses of the refined
shell model are closely reproduced with very small differences in the neighborhood of the
applied concentrated load. Normal stresses acting on the web of the steel girder are more
sensitive to the concentrated load and significant differences are observed between the
proposed beam model and the refined 3D FE model (Figure 15b).
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Figure 15. (a) Longitudinal normal stress on the slab mid plane, (b) on the steel girder web, and (c)
on the steel girder bottom flange for case study S3-CL.

Figure 16 compares the same response parameters for case study S2-SS. Stresses in the
concrete slab (Figure 16a) and the box-girder bottom flange (Figure 16c) resulting from the
refined 3D FE model are well reproduced, with exception of only the bridge deck sections
near the supports, particularly the pinned one. However, it should be remarked that
stresses vanish at the pinned support, thus differences are of limited significance. Normal
stresses on the web of the steel girder predicted with the proposed beam model are in very
good agreement with those of the shell model, with minor discrepancies near the supports
(Figure 16b).
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Finally, Figure 17 refers to case study S3-PW. Stresses in the concrete slab (Figure 17a)
and the box-girder bottom flange (Figure 17c) obtained from the refined shell model are
well reproduced, except for the bridge deck section subjected to the local effects induced
by the pre-stressing. Normal stresses on the web of the steel girder are also well captured,
even in the region affected by the pre-stressing local actions (Figure 17b).

Appl. Sci. 2021, 11, x FOR PEER REVIEW 22 of 29 
 

Finally, Figure 17 refers to case study S3-PW. Stresses in the concrete slab (Figure 17a) 
and the box-girder bottom flange (Figure 17c) obtained from the refined shell model are 
well reproduced, except for the bridge deck section subjected to the local effects induced 
by the pre-stressing. Normal stresses on the web of the steel girder are also well captured, 
even in the region affected by the pre-stressing local actions (Figure 17b). 

 

Figure 17. (a) Longitudinal normal stress on the slab mid plane, (b) on the steel girder web, and (c) 
on the steel girder bottom flange for case study S3-PR. 

5. Conclusions 
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sented in this paper. The model, which is particularly suitable for the analysis of bridge 
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for the overall shear deformability and the shear-lag phenomenon, which strongly char-
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Finite elements characterised by different interpolating functions are developed, im-
plementing linear, polynomial, and exponential shape functions; the latter are derived 
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5. Conclusions

Finite elements for a higher order steel–concrete composite beam model were pre-
sented in this paper. The model, which is particularly suitable for the analysis of bridge
decks, includes the partial interaction between concrete and steel members and accounts for
the overall shear deformability and the shear-lag phenomenon, which strongly characterise
the response of both steel and concrete elements.

Finite elements characterised by different interpolating functions are developed, im-
plementing linear, polynomial, and exponential shape functions; the latter are derived from
an analytical solution that exploits exponential matrices. The performance of the presented
finite elements is investigated in terms of the solution convergence rate with reference to
realistic steel–concrete composite beams with different restraints and loading conditions.
The efficiency of the proposed finite elements in providing a reliable prediction of the
structural response of composite beams is also addressed through comparison of the results
with those achieved with a refined 3D numerical model developed using conventional
shell finite elements.

The following remarks can be drawn:

• The finite element based on linear shape functions (GFE) suffers from locking prob-
lems and requires a highly refined discretization to reach an accurate solution of the
problem;

• The finite element implementing cubic and quadratic polynomial shape functions
(CIFE) avoids locking problems and is characterised by a higher converge rate than
that based on linear shape functions (GFE);

• The finite element with exponential shape functions (IIFE) is the most performant and
furnishes an almost exact solution, independent of the beam discretization, provided
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that enough finite elements are adopted to avoid issues in the numerical evaluation of
the exponential matrix;

• The CIFE is highly competitive with respect to the IIFE, especially in predicting beam
displacements and rotations; in some cases, if very accurate solutions are not required,
the former may provide results with a lower number of finite elements than that
necessary to avoid instabilities in the computation of the exponential shape functions
of the IIFE;

• In the case of distributed or concentrated loads, the convergence rate relevant to
warping intensities of the steel components is much lower than that relevant to the
other response parameters; differences in the convergence rate attenuate in the cases
of prestressing or concrete shrinkage.

Provided that a proper discretization of the beam axis is used, depending on the
adopted finite element, the beam model is able to capture very well the structural response
of composite beams subjected to different loads and restraint conditions obtained from a
refined 3D model. In particular, both displacements, stresses, and stress resultants of the
3D model are reproduced by the proposed beam model, which foresees a number of dofs
about thirty times lower.
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Appendix A

Stress Resultants and Inertial Components

The complete (i.e., non-compact) form of balance conditions (17), which includes
stress resultants of the beam components as well as external stresses and forces, assumes
the form

∫ L
0

[
(Fc + Fr)·ŵ′c + Scx ·ŵc + Scy·ŵc + Fs·ŵ′s + Ssξ ·ŵs + V v̂′0

]
dz +

∫ L
0 q (ŵs·as − ŵc·ac)dz

=
∫ L

0 (pcz·ŵc + psz·ŵs + py·v̂0)dz + (Pczff ·ŵc + Pszff ·ŵs + Pya·v̂0)|α=0,L
(A1)

where

Fc =
∫

Ac
σcz ac dA =

 Nc
Mc
Wc

 (A2)

Scx =
∫

Ac
τcxz ac,x dA =

 0
0

Qcx

 (A3)

Scy =
∫

Ac
τcyz ac,y dA =

 0
Vc
0

 (A4)

Fr =
∫

Ar
σrz ac dA =

 Nr
Mr
Wr

 (A5)
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Fs =
n

∑
i=1

ti

∫ li

0
σsz as dξi =


Ns
Ms
Wsy
Wsx

 (A6)

Ssξ =
n

∑
i=1

ti

∫ li

0
τsξz as,ξ dξi =


0
Vs

Qsy
Qsx

 (A7)

Ssξ =
n

∑
i=1

ti

∫ li

0
τsξz as,ξ dξi =


0
Vs

Qsy
Qsx

 (A8)

are the generalized stress resultants,

pcz =
∫

Ac ∪ Ar
bz ac dA +

∫
∂Ac ∪ ∂Ar

sz ac dl =

 qcz
mcx
ωcy

 (A9)

pcz =
∫

Ac ∪ Ar
bz ac dA +

∫
∂Ac ∪ ∂Ar

sz ac dl =

 qcz
mcx
ωcy

 (A10)

qy =
∫

Ac ∪ Ar
by dA +

∫
∂Ac ∪ ∂Ar

sy dl +
n

∑
i=1

ti

∫ li

0
by dξi +

n

∑
i=1

∫ li

0
sy dl (A11)

are the resultants of forces applied along the beam, and

Pczα =
∫
(Ac ∪ Ar)α

sz ac dA =

 Fczα

Mcxα

Wcyα

 con α = 0, L (A12)

Pszα =
∫
(As)α

sz as dA =


Fszα

Msxα

Wsxα

Wsyα

 con α = 0, L (A13)

Qyα =
∫
(Ac ∪ Ar)α

sy dA +
∫
(As)α

sy dA con α = 0, L (A14)

are the resultants of the forces applied at the beam end cross sections. Inertia of the beam
cross section, constituting the global stiffness matrix K, is

Ic =
∫

Ac
ac ⊗ ac dA (A15)

Jc =
∫

Ac
ac,x ⊗ ac,x + ac,y ⊗ ac,y dA (A16)

Lc =
∫

Ac
ac,y dA (A17)

Ir =
∫

Ar
ac ⊗ ac dA (A18)

Is =
n

∑
i=1

ti

∫ li

0
as ⊗ as dξi (A19)



Appl. Sci. 2021, 11, 568 25 of 28

Js =
n

∑
i=1

ti

∫ li

0
as,ξ ⊗ as,ξ dξi (A20)

Ls =
n

∑
i=1

ti

∫ li

0
as,ξ y,ξ dξi (A21)

ms =
n

∑
i=1

ti

∫ li

0
y2

,ξ dξi (A22)

Aαβ = aα ⊗ aβ α, β = c, s (A23)

Appendix B

Stress State

Stresses of Equations (9)–(11), relevant to strains descending from the admissible
displacement field according to constitutive relationships, are usually referred to as ac-
tive stresses and can be used to compute normal longitudinal stresses σcz, σsz, and σrz
with negligible errors (Equations (9)–(11)). However, active stresses do not satisfy the
local equilibrium, which also requires additional non-vanishing stress components, called
reactive stresses. The latter do not appear in the virtual work theorem expression and
can be estimated by means of the local equilibrium conditions. These components are
significant in the case of shear stresses. By assuming concrete and steel members as thin-
walled elements, the total shear stresses τcxz and τsξz may be calculated separately for the
concrete slab and the steel girder, starting from the local equilibrium. For the steel girder,
by considering the constitutive law in Equation (10), the local equilibrium condition with
null body forces provides

σ′sz + τsξz, ξ = 0 (A24)

which, integrated along the local curvilinear abscissa ξ, yields

τsξz(ξ, z) = τ̃sξz − Es w′′s
∫ ξ

0
asdξ + Es

∫ ξ

0
ε′sz dξ (A25)

Equation (A25) is valid for each wall of the steel girder; τ̃sξz is an integration constant
that has to be evaluated by imposing equilibrium conditions at the wall edges. As for the
concrete slab, reinforcements are assumed to be smeared within the slab so that shear stress
discontinuities only occur at the slab–girder connection. Thus, the slab is divided into
different panels, each one characterised by a curvilinear abscissa ξ and by the relevant shear
stresses τcξz. The local equilibrium condition is provided by the following relationship:∫

hc
σ′czdy +

∫
hr

σ′rz dy + τcξz, ξ hc = 0 (A26)

where hc is the thickness of the slab and hr is the notional thickness of the smeared rein-
forcements. By considering constitutive laws in Equation (9) and Equation (11), integration
along the local abscissa ξ yields

τcξz(ξ, z) = τ̃cξz − 1
hc

Ec w′′c
∫ ξ

0

∫
hc

acdξdy + 1
hc

Ec
∫ ξ

0

∫
hc

ε′cz dξdy

− 1
hc

Er w′′c
∫ ξ

0

∫
hr

acdξdy + 1
hc

Er
∫ ξ

0

∫
hr

ε′rzdξdy
(A27)

where, analogously to the steel girder, τ̃sξz is an integration constant that has to be evaluated
by imposing equilibrium conditions at the wall edges.
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Appendix C

Notations

The following symbols are used in this paper:

0 origin of Cartesian coordinate system;
A matrix containing stiffnesses of the beam cross section;
A area;
a geometric vector;
B matrix containing stiffnesses of the beam cross section;
b vector of the integration constants;
B concrete slab width;
C matrix containing stiffnesses of the beam cross section;
c vector of loads and stress-independent strain along the beam;
d vector of all unknown displacements;
d differential operator;
E exponential matrix;
E Young’s modulus;
f vector of nodal forces;
fc, fsh, fsv warping intensity functions;
G shear modulus;
hc slab thickness;
I inertia matrix or identity matrix;
J inertia matrix;
K stiffness matrix of the beam element;
k, i indexes;
L length of the beam;
l length of the beam plane walls;
le length of the finite element;
L inertia matrix;
M bending moment at the beam end cross section;
m bending moment along the beam axis;
N longitudinal force at the beam end cross section;
Ne matrix of interpolating functions;
n vector of resultants of forces due to restrained stress-independent strain;
n number of the plane steel walls;
ne number of finite elements
p resultants of external forces along the beam axis;
P resultants of external forces at the beam end cross section;
Qv resultant of vertical loads at the beam end cross section;
qc, qs longitudinal forces along the beam axis;
qv resultant of vertical loads along the beam axis;
R inverse of matrix of exponential matrices evaluated at beam ends;
s vector grouping unknown displacements and their first derivative;
ti thickness of the i-th plane steel wall;
∪ linear matrix operator;
U displacement of the two end cross sections of the beam;
u displacement of the end cross section of the beam;
u transverse displacement, along coordinate direction X;
ve vector of the unknown nodal displacements;
v assembled vector of the nodal displacements of all the elements;
v vertical displacement of the cross section, along coordinate direction Y;
W bi-moment at the beam end cross section;
w longitudinal displacement, along coordinate direction Z;
w vector grouping the generalised displacements;
X, Y, Z coordinate axes;
x, y, z coordinates;
x, y coordinates of the slab–girder interface connection;
α direction cosine of the local abscissa;
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ε, k, µ overall stress-independent strain;
ε vector of stress-independent strains;
ε stress-independent strain;
ε̃ generic nonlinear stress-independent longitudinal strain field;
Φ rotation;
Γ beam–slab interface slip;
η local abscissa of the finite element;
λ normalised abscissa of the finite element
µ interpolating function;
ν Poisson’s ratio; interpolating function
ρ stiffness per-unit-length of the shear connection;
σz normal stress;
τ shear stress;
υ interpolating function;
ω bi-moment along the beam axis;
ξ local abscissa of the beam plane walls;
ψc slab warping function;
ψsh steel warping function due to longitudinal shear flow;
ψsv steel warping function due to shear force.
Subscripts
c concrete part of the composite beam;
e finite element;
r steel reinforcement part of the composite beam;
s steel part of the composite beam;
0 referred to the origin of coordinate system;
, partial derivatives.
Symbols and Superscripts
T concrete part of the composite beam;
′ derivative with respect to z variable;
D formal linear differential operator;
ˆ variation;
· scalar product.
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