
applied  
sciences

Article

Performance Analysis of Rate Splitting in Massive MIMO
Systems with Low Resolution ADCs/DACs

Roger Kwao Ahiadormey and Kwonhue Choi *

����������
�������

Citation: Ahiadormey, R.K.; Choi, K.

Performance Analysis of Rate

Splitting in Massive MIMO Systems

with Low Resolution ADCs/DACs.

Appl. Sci. 2021, 11, 9409. https://doi.

org/10.3390/app11209409

Academic Editor: Mario Marques

Da Silva

Received: 7 September 2021

Accepted: 4 October 2021

Published: 11 October 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Department of Information and Communication Engineering, Yeungnam University, Gyeongsan 38541, Korea;
rogerkwao@gmail.com
* Correspondence: gonew@yu.ac.kr

Abstract: In this paper, we propose rate-splitting (RS) multiple access to mitigate the effects of
quantization noise (QN) inherent in low-resolution analog-to-digital converters (ADCs) and digital-
to-analog converters (DACs). We consider the downlink (DL) of a multiuser massive multiple-
input multiple-output (MIMO) system where the base station (BS) is equipped with low-resolution
ADCs/DACs. The BS employs the RS scheme for data transmission. Under imperfect channel state
information (CSI), we characterize the spectral efficiency (SE) and energy efficiency (EE) by deriving
the asymptotic signal-to-interference-and-noise ratio (SINR). For 1-bit resolution, the QN is very
high, and the RS scheme shows no rate gain over the non-RS scheme. As the ADC/DAC resolution
increases (i.e., 2–3 bits), the RS scheme achieves higher SE in the high signal-to-noise ratio (SNR)
regime compared to that of the non-RS scheme. For a 3-bit resolution, the number of antennas can
be reduced by 27% in the RS scheme to achieve the same SE as the non-RS scheme. Low-resolution
DACs degrades the system performance more than low-resolution ADCs. Hence, it is preferable to
equip the system with low-resolution ADCs than low-resolution DACs. The system achieves the best
SE/EE tradeoff for 4-bit resolution ADCs/DACs.

Keywords: massive multiple-input multiple-output; rate-splitting; low-resolution digital-to-analog
converters (DACs); low-resolution analog-to-digital converters (ADCs); energy efficiency

1. Introduction

In massive multiple-input multiple-output (MIMO), base stations (BSs) are equipped
with a large number of antennas to simultaneously serve user terminals by spatial multi-
plexing [1]. Massive MIMO uses linear processing to achieve high spectral efficiency (SE)
and energy efficiency (EE) [1–3]. Massive MIMO systems can operate in the time division
duplex (TDD) mode, where the uplink (UL) is utilized for channel state information (CSI)
estimation and the downlink (DL) for data transmission [4]. However, imperfect CSI
obtained from UL training decreases the system performance.

Rate-splitting (RS) is a promising multiple access scheme that received a surge of
interest in recent years [5–7]. In RS multiple access, the transmitter splits each user’s mes-
sage into two parts namely: a common part and a private part [5]. The common messages
are encoded into one stream using a public codebook. The private messages are encoded
into individual streams. The common stream is superimposed with the private streams
of all users. It is assumed that the receivers decode the common message with zero error
probability and their corresponding private messages by applying successive interference
cancellation (SIC). Both RS multiple access and nonorthogonal multiple access (NOMA)
utilize SIC at the receivers [6–8]. However, RS multiple access is a generalized technique
that includes NOMA as a special case [6–8]. The advantage of RS over NOMA lies in the
fact that the RS scheme partially decodes interference and treats the remaining part as noise,
while the NOMA scheme needs to fully decode the interference from other users. There-
fore, the RS strategy is a robust interference management technique outperforming NOMA
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with a lower computational complexity in various network settings [6,7]. The RS scheme
also improves the achievable degrees-of-freedom (DoF) compared to that of NOMA [9].
Rate-splitting was also shown to enhance the EE of DL MISO transmission [10,11].

In massive MIMO systems, RS multiple access was first proposed in a frequency
division duplex (FDD) system to mitigate the effects of imperfect CSI [12]. The authors
derived the asymptotic sum-rate of the RS scheme. The RS scheme performs better than the
conventional non-RS schemes in terms of SE. Based on the results, a novel hierarchical rate-
splitting (HRS) scheme was proposed which exploits the DL channel statistics for additional
rate performance. The authors of [13] extended the results of [12] to a TDD massive
MIMO system, where the BS and users suffer from hardware impairments. Compared to
that of the conventional non-RS scheme, the RS scheme is able to enhance the sum-rate,
especially in the presence of hardware impairments caused by phase noise and amplified
thermal noise [13]. Furthermore, RS multiple access is a robust strategy to combat the
effects of residual self-interference (SI) and intracell pilot contamination in massive MIMO
systems [14,15].

To realize the SE and EE gains, massive MIMO systems are analyzed by assuming high-
quality perfect hardware in the literature. However, the radio-frequency (RF) components
suffer from high hardware cost and circuit power consumption due to the large number of
antennas at the BSs. Analog-to-digital converters (ADCs) and digital-to-analog converters
(DACs) are the dominant power hungry components at the BS. The power consumption of
ADCs and DACs grows exponentially as the number of quantization bits increases [16].
The use of low-resolution ADCs and DACs emerged as a possible solution to reduce the
hardware cost and power consumption in massive MIMO transceiver designs [17]. Several
works proposed and analyzed different architectures such as one bit, low bit resolution
(e.g., 1–3 bits), and variable bit resolution for massive MIMO systems [18–23]. In [18],
the authors analyzed the DL achievable rate in a one-bit massive MIMO with matched
filter (MF) precoding. The rate loss incurred can be compensated by using 2.5 times
more antennas at the BS. The work in [19] considered active eavesdropping in a secure
massive MIMO where the effects of ADC/DAC quantization are modeled by the additive
quantization noise model (AQNM). The authors proposed the use of artificial noise (AN)
to mitigate the effects of active eavesdropping. The results showed that optimal power
allocation is necessary to reduce the rate loss caused by high QN and improve the secrecy
of the system. The authors of [20] studied the performance of FD massive MIMO systems
with low-resolution ADCs/DACs. By considering perfect CSI, closed-form expressions
for the UL and DL achievable rates under Rayleigh fading were derived. The work in [20]
was extended to Rician fading channels [21] where imperfect CSI case was also analyzed.
In [22,23], the impact of quantization on the SE and EE of FD massive MIMO systems was
considered for Rician fading. However, the works in [21–23] did not account for the impact
of low-resolution ADCs on the CSI estimation. Assuming perfect CSI and regularized
zero-forcing (RZF) precoding, Xu et al. analyzed the optimal user loading in a massive
MIMO system where BS is equipped with low-resolution DACs and the users are equipped
with finite resolution ADCs [24].

Conventional massive MIMO relies on linear precoding techniques such as MF, zero-
forcing (ZF), and RZF precoding to achieve high SE and EE performance in multiuser
systems [25]. Of the three, RZF precoding is the state-of-the-art since it offers the best
performance since it boosts the desired signal energy and mitigates the interference to
other users [25]. These linear precoding techniques were shown to mitigate the effects of
the quantization noise (QN) to some extent [18,20,21,24]. However, using low-resolution
ADCs/DACs at the transceivers causes a rate loss. In conventional non-RS schemes,
to cope with the high QN from low-resolution ADCs/DACs, the number of antennas
needs to be increased, which causes a high complexity burden to the systems [18,20,21].
Comparatively, the RS scheme was shown to be a robust strategy to enhance the SE
and mitigate interference in massive MIMO systems with imperfect CSI [12], hardware
impairments [13], and residual SI [14], respectively. However, there were no studies on
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RS multiple access in massive MIMO with low-resolution ADCs/DACs. We propose RS
multiple access as an effective alternative to this issue. By employing a properly designed
RS scheme in massive MIMO systems with low-resolution ADCs/DACs, higher SE can be
achieved compared to that of the conventional non-RS scheme, even with less number of
antennas than that of the conventional scheme.

In the paper, we consider the DL of a multiuser massive MIMO system where the BS
is equipped with low-resolution ADCs and DACs. Different from [13], where a generalized
hardware impairment model is investigated, we focus on the effect of QN due to the
low-resolution quantization bits and its impact on the SE/EE. In contrast to existing
works [21–23], we account for the impact of the low-resolution ADCs on the channel
estimates in the UL training phase [26]. In the DL, the low-resolution DACs distort the
transmit signal by introducing QN. We consider the MF beamformer and regularized
zero-forcing (RZF) precoder for the common and private messages, respectively [12–14].
While the RZF precoder was investigated in massive MIMO systems with low-resolution
ADCs/DACs [24], the results were only derived for perfect CSI. In contrast, the results in
our work are derived for the imperfect CSI case. The main contributions of this work are
summarized as follows:

• We derive the signal-to-interference-and-noise ratios (SINRs) of the common and
private messages of the RS scheme in the asymptotic regime. Numerical results
demonstrate the effectiveness of the RS scheme to achieve higher SE than the non-RS
scheme for 2–3 bit resolution ADCs/DACs. We show that the RS scheme with QN
(e.g., 3 bits) outperforms the conventional non-RS scheme with no QN (i.e., ideal
ADCs/DACs) with reduced number of antennas. For low-resolution ADCs only,
the SE of the RS scheme is an increasing function of the signal-to-noise ratio (SNR).
This trend is opposite to the conventional non-RS scheme where the SE saturates at
high SNR.

• We derive a closed-form power allocation solution for the common and private
messages. Differently from [12], the solution takes into account not only the multiuser
interference, but also the QN. From the results, low-resolution DACs have a more
dominant effect on the SE performance than low-resolution ADCs. Hence, low-
resolution ADCs are preferred to low-resolution DACs for increased SE performance.

• Contrary to existing works [12–14] where the optimal regularization parameter is
not analyzed, we derive the optimal regularization parameter for the RZF precoder
accounting for the effects of quantization.

• We introduce a power consumption model for the ADCs/DACs, and we analyze the
SE/EE tradeoff as a function of the quantization bits.

The paper is organized as follows. In Section 2, we introduce the system model
of the massive MIMO system and describe the proposed RS scheme. In Section 3, we
derive the SINRs of the common and private messages in the asymptotic regime and
the corresponding SE. Furthermore, we analyze the power allocation and regularization
parameter. Section 4 focuses on the EE analysis. In Section 5, we present the simulation
results and discussions. Finally, Section 6 concludes the paper.

Notation 1. In this paper, boldface lower and uppercase symbols denote vectors and matrices, re-
spectively. The symbols (·)H , Tr(·), and E{·}, denote the conjugate transpose, trace and expectation
operators, respectively. CN (µ, σ2) denotes a circularly symmetric complex Gaussian distribution
with mean µ and variance σ2. diag(X) returns the diagonal elements of a matrix X. The matrix
IM denotes an M×M identity matrix.

2. System Model

Consider a multiuser massive MIMO system as illustrated in Figure 1. The BS,
equipped with M antennas, serves K single-antenna users in the same time-frequency
resource. All nodes operate in the HD mode. To reduce the power consumption and
hardware complexity, the BS is fitted with low-resolution ADCs/DACs. The low-resolution
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ADCs affect the channel estimation in the UL training phase while the low-resolution
DACs affect the DL transmit signal quality. The BS uses the RS scheme for DL multiuser
transmission. We consider a block fading channel where the channel is unchanged during
the coherence interval. We assume a Rayleigh fading channel model where the channel
between the BS and all K users, H ∈ CM×K, is modeled as [27]

H = GD
1
2 , (1)

where G ∈ CM×K denotes the channel matrix containing the small scale fading having
independent and identically distributed (i.i.d.) CN (0, 1) entries. The channel matrix D ∈
CK×K is a diagonal matrix containing the large scale fading in terms of the kth diagonal
entries denoted by βk. In this work, the large scale fading coefficient, βk, is modeled in dB
scale as [28]

βk = 148 + 37.6 log10(dk) + zk, (2)

where dk is the distance from the BS to the kth user and zk denotes the shadow fading term.
The channel between the BS and the kth user is denoted by hk where hk is the kth column
of H.

antennas

hk

user

h
H
k

M

k

BS

user 1

userK

Figure 1. A massive MIMO system with M-antenna BS and K users.

2.1. Uplink Channel Estimation

Through UL training, the BS estimates the UL channel vectors of the users. The BS
can acquire the DL CSI by exploiting channel reciprocity enabled by the TDD operation.
For a coherence time interval of length τ, we use τp sequence for the channel estimation.
The remaining (τd = τ − τp) sequence is used for DL transmission In Internet of Things
(IoT) scenarios, discontinuous transmissions may exist. In this case, the coherence time
interval can be written as τ = τp + τd + τn where τn denotes the time interval when the
channel is not used. In this work, we consider the case where τn = 0 so that the rest of
the coherence time interval is used for data transmission [29]. We assume that τp ≥ K
orthogonal pilot sequences are transmitted to avoid pilot contamination.

Figure 2 shows the receiver structure of the BS in the UL channel estimation phase.
Before passing through the low-resolution ADCs in Figure 2, the received pilot signal at
the BS is expressed as

Yp =
√

τpPpHΦp + Np, (3)

where Pp and Np denote the pilot power and the additive white Gaussian noise (AWGN) at
the BS with i.i.d. CN (0, 1) elements. The mutually orthogonal pilot sequence Φp ∈ CK×τp

is transmitted from the K users such that ΦpΦH
p = IK.
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Figure 2. Receiver structure of BS for UL channel estimation.

Since the BS is equipped with low-resolution ADCs, this affects the quality of the chan-
nel estimates. We adopt the well-known AQNM to characterize the effect of low-resolution
quantizers. In MIMO systems, where the separate ADCs operate at each antenna, a lot of
quantized signals are summed to generate decision variables for data symbols. Therefore,
due to central limit theorem, the QN at the decision variable can be well approximated
Gaussian even with very low-resolution ADCs. This also holds for the QN due to low-
resolution DACs. From [30], the Gaussian approximation provides a lower capacity bound
of the quantized system. The AQNM was shown to be analytically tractable and accurate
in the low- and medium-SNR regions [16,17]. After passing through the low-resolution
ADC quantizers, the resulting signal at the BS becomes

Ŷq = Q(Ŷp) = αA
√

τpPpHΦp + αANp + Nq, (4)

where Q(·) and αA denote the quantization operation and the linear gain of the ADC
quantizer, respectively. The exact values of αA, which depend on the quantization bits, bA,
which be found in [19]. The matrix Nq denotes the quantization noise which is uncorrelated
with Yp. The covariance matrix of Nq is expressed as

RNq = E{NqNH
q } = αA(1− αA)diag

(
YqYH

q

)
. (5)

Using the minimum mean square error (MMSE) estimator [2], the channel matrix H is
decomposed as [2]

H = Ĥ + E, (6)

where Ĥ and E represent the estimated channel matrix and the estimation error matrix of
H, respectively. The channel from the BS to the kth user, hk, is further written as

hk = ĥk + ek, (7)

where the elements of ĥk and ek are independent Gaussian random variables with zero
mean and variances denoted by λk and εk, respectively, given as [19]

λk =
αAτpPpβ2

k
1 + τpPpβk

, and εk = βk − λk. (8)

2.2. Downlink Data Transmission Using Rate-Splitting Scheme

During the DL data transmission, the BS applies the RS scheme for data transmission
to the K users. The transmitter structure is depicted in Figure 3a. Denote the uncoded
messages intended for the kth user as Wk, ∀ k = {1 · · ·K}. Firstly, the BS splits each user’s
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message, Wk, into two parts: a common part, Wc,k, and a private part, Wp,k using the
message splitter. Next, the common parts from all users are encoded into a single common
stream, sc using a common codebook. This enables all users to decode the common stream
and extract their messages. Also, each private part, Wp,k is individually encoded into a
private stream, sk. Then, properly designed linear precoders are applied to the encoded
common and private streams, respectively. The linearly precoded signals then pass through
the low-resolution DACs and RF chain for transmission. The transmit signal of the RS
scheme before DAC quantization is expressed as

x =
√

Pcwcsc +
K

∑
k=1

√
Pkwksk, (9)

where x, sc ∼ CN (0, 1), and sk ∼ CN (0, 1) denote the superimposed signal, the common
stream, and the private message of the kth user, respectively [31]. Furthermore, wc and
wk represent the precoders for the common message and private message of the kth user,
respectively, and the powers allocated to the common message and the private message of
the kth user are denoted respectively by Pc and Pk. For the private message, we assume
equal power allocation to all K users. Hence, Pc and Pk can be further expressed as
Pc = P(1− t) and Pk = Pt/K , Pd ∀k where P represents the total DL power budget and
t ∈ (0, 1] is the power allocation factor.

W1

WK

Wc,1

Wc,K

Wp,1

Wp,K

Wc sc

s1

sK

Message
splitter

Message
combiner

Encoder
Linear

precoder

DAC

DAC

DAC RF

RF

RF
Low resolution

Low resolution

Low resolution

M antennas

(a)

RF
ADC

Common Stream
Decoder

SIC

Private Stream

Decoder

Message

Combiner

Ŵc,k

Ŵp,k

Ŵk

Ŵc
Splitter

Ideal resolution

(b)
Figure 3. Illustration of RS scheme at BS transmitter and user (a) Illustration of RS scheme at BS
transmitter [5] (b) Receiver structure of RS scheme at kth user.

Consequently, the received signal at the kth user is given by

yk = hH
k x + nk, (10)

where nk is the AWGN at the kth node distributed as nk ∼ CN (0, 1).
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Since the BS is equipped with low-resolution DACs, the transmit signal, x, is distorted
by quantization noise. Using the AQNM, the transmit signal after DAC quantization, x̂,
takes the form

x̂ = Q(x) = αDx + nD, (11)

where Q(·) denotes the quantization operation and αD is a linear gain which depends on
the number of quantization bits, bD. Please see Table 1 for values of αD [19]. The additive
Gaussian quantization noise denoted by nD is uncorrelated with x. The covariance matrix
of nD is expressed as

RnD = αD(1− αD)diag
(
E{xxH}

)
,

= αD(1− αD)diag

(
PcwcwH

c + Pd

K

∑
k=1

wkwH
k

)
. (12)

To satisfy the power constraint of the signal before quantization x, a normalization
factor of 1/

√
αD is applied to (11) [19].

At the kth user, the transmitted signal is decoded as shown in Figure 3b. Firstly,
the user decodes the common stream by treating all private streams as noise. Then, the user
can recover its common message. Next, the user removes the decoded common message
from the composite signal by SIC. After this, the user decodes its own private message.
Using this process, each user obtains its desired message by combining the decoded
common and private messages. To facilitate the analysis, we rewrite (10) by using (9) and
(11) as

yk =
√

αDPchH
k wcsc +

√
αDPdhH

k wksk +
K

∑
j 6=k

√
αDPdhH

k wjsj + hH
k nD + nk. (13)

From (13), the achievable rates of the common and private message for the kth user
are respectively expressed as

Rk,c =
τ − τp

τ
log2(1 + SINRk,c), (14)

and

Rk =
τ − τp

τ
log2(1 + SINRk,p), (15)

where SINRk,c and SINRk,p denote the SINRs of the common and private messages, respec-
tively. The SINRs of the common message and the private message of the kth user are
respectively given by

SINRk,c =
αDPc

∣∣hH
k wc

∣∣2
αDPd

K
∑

k=1

∣∣hH
k wk

∣∣2 + hH
k RnD hk + 1

, (16)

and

SINRk,p =
αDPd

∣∣hH
k wk

∣∣2
αDPd

K
∑

j 6=k

∣∣hH
k wj

∣∣2 + hH
k RnD hk + 1

. (17)
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The SE for the system under consideration is obtained as [13]

RSE = Rc +
K

∑
k=1

Rk, (18)

where Rc = mink∈K Rk,c since the common message must be decoded at all users.

3. Performance Analysis

In this section, we analyze the SE of the rate-splitting based massive MIMO system
with low-resolution ADCs/DACs. We consider the results in the asymptotic regime where
K and M grow to infinity but the ratio θ = K/M remains constant. Firstly, we derive the
asymptotic SINRs of the common and private messages, respectively. The asymptotic
results enable us to draw useful insights into the impact of the various system parameters
such as the number of BS antennas, quantization bits, and the number of users, respectively.
Next, to obtain the full benefits of the RS scheme, the power allocation to the common
and private messages needs to be carefully considered. Using the asymptotic SINR results,
we derive an analytic power allocation solution and the optimal regularization parameter.
We show that the power allocation depends on the low-resolution ADCs/DACs and
highlights the rate gain of the RS scheme over the conventional non-RS scheme in the
massive MIMO system.

3.1. Asymptotic Analysis

In this section, we derive the asymptotic SINRs for the common and private messages
of the kth user, respectively. Due to the TDD protocol, the precoders wc and wk are designed
using the estimated channel obtained in the UL training phase. Similar to [12–14], we
consider the MF beamformer and RZF precoders for the common and private messages,
respectively. In the asymptotic regime, when the number of BS antennas tends to infinity,
the common message precoder is designed as a linear combination of the estimated channel
vectors between the BS and the users [32]. The BS can assign different weights to the
channel vectors to maximize the precoder performance. In this work, we consider the MF
beamformer with equal weights to all users for analytic tractability [12]. The common
message precoder is given by

wc = $f̂c, (19)

where f̂c =
K
∑

k=1
ĥk and $ = 1/

√
E{||f̂c||2} denotes the normalization constant.

For the private messages, we use the RZF precoder to strike a balance between the
desired signal energy and the amount of interference leakage to other users. If we define a
precoder matrix W such that the kth column of W is equal to wk, then the RZF precoder is
expressed as

W = κ(ĤĤH + MδIM)−1Ĥ, (20)

where δ is the regularization parameter that minimizes the interference to other users.
A typical value of δ is δ = K/(MP) [12]. This parameter will be optimized in later section.
The normalization constant, κ, is given by

κ =

√
K

Tr{ĤH(ĤĤH + MδIM)−2Ĥ}
. (21)

Based on the precoders, it is difficult to derive the SINRs in finite system dimensions.
Therefore, we analyze the SINRs in the large system limit where K and M→ ∞ but the
user loading ratio θ = K/M remains fixed [33]. Closed-form solutions for the asymptotic
SINRs are derived in the following theorem.
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Theorem 1. By considering the effect of low-resolution DACs and ADCs at the BS and imper-
fect CSI, the asymptotic SINRs of the common message and private message of the kth user are
respectively derived as

SINRk,c =
αDPc$2M2λ2

k(1 + f (θ, ξ))2

KαDPdλk f (θ, ξ)
[
1 + ξ

θ (1 + f (θ, ξ))2
]
+ KαDPdλk

[
1 + εk

λk
(1 + f (θ, ξ))2

]
+ Ω

, (22)

and

SINRk,p =
KαDPdλk f (θ, ξ)

[
1 + ξ

θ (1 + f (θ, ξ))2
]

KαDPdλk

[
1 + εk

λk
(1 + f (θ, ξ))2

]
+ Ω

, (23)

where

f (θ, ξ) =
1
2

[√
(1− θ)2

ξ2 +
2(1 + θ)

ξ
+ 1 +

(1− θ)

ξ
− 1

]
, (24)

Ω = [(1− αD)Pβk + 1](1 + f (θ, ξ))2, $ = 1/
√

M ∑K
k=1 λk, and ξ = δ/M, respectively.

Proof. Please refer to Appendix A.

Remark 1. From (22) and (23), we observe the impact of the various parameters on the SINRs of
the common and private messages, respectively. As expected, the SINRs of the common and private
messages are an increasing function of the number of BS antennas, linear gain of the ADC/DAC
resolution, and transmit power of the common message. The SINR of the common message is a
decreasing function of the number of users. Therefore, the performance of the RS scheme degrades
rapidly for higher number of users and high-QN. Since the QN is coupled with the transmit power,
the SINRs of both common and private messages saturate at high-SNR and -QN.

3.2. Power Allocation

Here, we analyze the power allocation for the private and common messages, respec-
tively. We obtain the power allocation factor, t, based on the metric developed in [12]. We
obtain a closed-form closed-form solution based on the asymptotic results and show how
the RS scheme outperforms the conventional non-RS scheme in massive MIMO. The main
idea of this heuristic technique is to allocate power to the private messages to achieve ap-
proximately the same SE as the non-RS scheme. Then, the remaining power is allocated to
the common message to enhance the SE. For the massive MIMO system with low-resolution
ADCs/DACs, the solution takes into account not only the multiuser interference but also
the QN. The SE gain of the RS scheme over the conventional scheme with RZF precoding
is quantified as [12]

∆R = Rc +
K

∑
k=1

(Rk,p − Rk,RZF), (25)

where Rk,RZF is the rate for the non-RS scheme where the BS uses RZF precoder and zero
power is allocated to the common message in (9). The power allocation factor for the
private messages , t, is derived as

t = min{Ψ, 1}, (26)
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where

Ψ =
K + (1− αD)KPβk

αDPεk + (1− αD)Pβk + (1− αD)KPβk
. (27)

Remark 2. From (27), when the QN is high, more power is allocated to the private messages.
Hence, the rate gain of the RS scheme which depends on the common message cannot be improved.
Consequently, the rate gain of the RS scheme over the non-RS scheme is degraded for an increasing
number of users and for low-resolution ADCs/DACs. Also, the QN due to low-resolution DACs
has a more dominant effect on the SE performance than that of the low-resolution ADCs.

3.3. Optimal Regularization Parameter

In this section, we derive the optimal regularization parameter, ξ, for the RZF precoder
and study the impact of low-resolution ADCs/DACs. To derive the optimal regularization
parameter, we rewrite the SINR of the private message in (23) as

SINRk,p =
ρ f (θ, ξ)

[
1 + ξ

θ (1 + f (θ, ξ))2
]

ρ + (1 + f (θ, ξ))2 , (28)

where ρ is expressed as

ρ =
αDPdλk

αDPdεk + (1− αD)Pβk + 1
. (29)

By setting the derivative of (28) with respect to ξ to zero
(

∂SINRk,p
∂ξ = 0

)
and with some

algebraic manipulations, the optimal regularization parameter is derived as [34]

ξopt =
θ

ρ
. (30)

Remark 3. From the result in (30), the optimal regularization parameter is a function of the user
loading ratio, and the resolutions of ADCs and DACs. As the QN due to the low-resolution DACs
increases, ρ decreases. Hence, there is a corresponding increase in ξopt to mitigate the effect of QN
introduced by the low-resolution ADCs/DACs.

4. Energy Efficiency Analysis

In this section, we analyze the EE of the massive MIMO with low-resolution ADCs/DACs.
The ADCs and DACs are one of the high power consuming components of the RF chains at
the BS and the power consumption grows exponentially with the number of quantization
bits. Although high-resolution ADCs and DACs enhance the SE, the EE suffers as a result of
the high power consumption. Equipping the massive MIMO systems with low-resolution
ADCs/DACs sacrifices the SE performance but the EE can be improved. Therefore, it is
imperative to study the EE in the proposed RS massive MIMO system. From [35], the EE is
defined as

EE =
B× RSE

Ptotal
bit/Joule, (31)

where RSE and Ptotal denotes the SE given by (18) and B represents the system bandwidth.
We set a system bandwidth of B = 20 MHz. Moreover, Ptotal is the total power consumption
at the BS. We consider the power consumption model in [16,22,35]. The Ptotal is expressed as

Ptotal =M[Pmix + Pfilt] + 2Psyn

+ M[PLNA + Pmix + PIFA + Pfilr]

+ M[(ζA + ζD)PAGC + PDAC + PADC], (32)
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where PPA, Pmix, Pfilt, Psyn, PLNA, PIFA, Pfilr, PAGC, PDAC, and PADC denote the power
consumption of the power amplifier (PA), the mixer, the active filters at the transmitter
side, the frequency synthesizer, low-noise amplifier (LNA), the intermediate frequency
amplifier, the active filters at receiver side, the automatic gain control (AGC), DACs,
and ADCs, respectively [35]. Furthermore, ζA and ζD are the flags related to the bit
resolution of the DACs and ADCs, respectively, where ζA(ζD) = 0 if bA(bD) = 1 and
ζA(ζD) = 1 if bA(bD) > 1. The power consumption of the DACs and ADCs are related to
the bit resolution by [35]

PDAC =
1
2

Vdd I0(2bD − 1) + bDCp(2B + fcor)V2
dd, (33)

and

PADC =
3V2

ddLmin(2B + fcor)

10−0.1525bA++4.838 , (34)

where Vdd, I0, Cp, fcor, and Lmin denote the power supply of converter, the unit current source
corresponding to the least significant bit (LSB), the parasitic capacitance of each switch in
the converter, the corner frequency of the 1/ f noise, and the minimum channel length for
the given complementary metal oxide semiconductor (CMOS) technology, respectively [35].
In the simulation results, we set the following values to calculate the EE [35]: Pmix = 30.3 mW,
Pfilt = Pfilr = 2.5 mW, Psyn = 50 mW, PLNA = 20 mW, PIFA = 3 mW, PAGC = 2 mW, Vdd = 3 V,
I0 = 10 µA, Cp = 1 pF, fcor = 1 MHz, and Lmin = 0.5 µA, respectively.

5. Simulation Results

In this section, we present numerical results to evaluate the SE/EE performance of
the massive MIMO system. All numerical results are obtained using MATLAB. Unless
otherwise stated, we set the following parameters M = 100 and K = 2, respectively.
Furthermore, we assume a coherence interval of τ = 200 symbols with τp = K for channel
estimation. The pilot power is set as Pp = 2 dB. The transmit SNR is defined as SNR , P.
We assume that the users are randomly distributed in a cell of dimensions 500 m × 500 m.
The users are at least 35 m from the BS. The large scale fading coefficient is modeled as (2)
and a standard deviation of 7 dB is set for zk. In all simulation results, the RS scheme is
compared to the non-RS scheme, which is RZF linear precoding [12–14].

In Figure 4, we investigate the performance of the power allocation solution obtained
in (26). We plot the power allocation factor, t, against the bit resolution for different number
of users (i.e., K = 2 and K = 5). When the QN is very high i.e., bA(bD) = 1, the RS scheme
achieves the same SE as that of the non-RS scheme since all power is allocated to the private
messages. As the bit resolution increases, the fraction of power allocated to the common
message (i.e., 1-t) is increased. Hence, the rate gain of the RS scheme over the non-RS
scheme can be realized. In addition, when the number of users increases from K = 2 to
K = 5, the power allocated to the common messages is reduced, which in turn degrades
the performance of the RS scheme.

Figure 5 shows the SE versus the transmit SNR. We compare the performance of the
RS scheme to that of the conventional non-RS scheme for different number of users when
bA(bD) = 3. The SE for RS scheme is plotted by substituting (22) and (23) into (18). The SE
for non-RS scheme is obtained by setting Pc = 0. From Figure 5a, the asymptotic results
are very tight compared to that of the simulation results verifying the accuracy of our
analysis. The RS scheme achieves a higher SE than that of the non-RS scheme. The SE of
both schemes saturates at high SNR due to the multiuser interference and QN. In Figure 5b,
we show in detail the SE performance of the private and common messages. For the RS
scheme, power is allocated to the private messages to achieve almost the same SE as that
of the non-RS scheme. In the high SNR region, the remaining power is allocated to the
common message to enhance the SE. The power allocation factor is obtained using the
closed-form expression in (26). Furthermore, as the number of users increases from K = 2



Appl. Sci. 2021, 11, 9409 12 of 21

to K = 5, the SE increases for both schemes due to the spatial multiplexing gains. For the
RS scheme, increasing the number of users decreases the power allocation to the common
message in the high-SNR region. The rate gain reduces but the RS scheme still performs
better than the non-RS scheme.
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Figure 4. Power Allocation versus bit resolution (M = 100, Pp = 2 dB, and τ = 200).
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Figure 5. SE versus transmit SNR for different number of users (a) Comparison of RS and non-
RS schemes (b) Comparison of common and private messages (M = 100, τ = 200, Pp = 2 dB,
and bA(bD) = 3).
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Figure 6 depicts the SE versus the transmit SNR. For Figure 6a, we fix the resolution
of the DACs and vary the resolution of the ADCs. The effect of the low-resolution ADCs is
captured only in the quality of channel estimates. This is reflected as the factor αA in (8).
For the RS and non-RS schemes, the SE increases for increasing ADC quantization bits.
The proposed RS scheme overcomes the effect of the multiuser interference and the SE
increases at high-SNR. This is opposite to the non-RS scheme where the SE saturates at
high-SNR due to multiuser interference. Furthermore, we observe the rate gain of the
RS scheme over that of the non-RS scheme. For bA = 2 and at 25 dB, the RS scheme
shows a gain of about 2.5 bps/Hz (34% increase) over the non-RS scheme. For Figure 6b,
we fix the resolution of the ADCs and vary the resolution of the DACs. The effect of
the low-resolution DACs is captured in the factor αD and the QN term hH

k RnD hk in (16)
and (17), respectively. For the same level of quantization, the performance of RS scheme
with low-resolution DACs only (i.e., 2 bit to 1 bit) degrades faster and saturate at high
SNR due to the combined effect of multiuser interference and the QN term. Therefore,
low-resolution DACs have a more dominant effect on the SE performance than that of
low-resolution ADCs.
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Figure 6. SE versus transmit SNR (a) Fixed bD and varying bA (b) Fixed bA and varying bD (M = 100,
K = 2, τ = 200, and Pp = 2 dB).

Next, Figure 7 illustrates the SE versus the transmit SNR for different bit resolution
of ADCs/DACs. We assume equal ADC/DAC quantization bits in the evaluation. When
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the QN is high (i.e., bA(bD) = 1), the RS scheme is unable to overcome the QN and
multiuser interference of the low-resolution ADCs/DACs. Hence, the rate gain is negligible.
As bA(bD) increases, the RS scheme can still outperform the non-RS scheme under the
effects of QN. The RS scheme with quantization achieves bigger SE compared to that of
the conventional non-RS scheme with no quantization. For example, the RS scheme for
bA(bD) = 3 outperforms the non-RS scheme with bA(bD) = ∞ by 22% in terms of the SE.
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Figure 7. SE versus transmit SNR for different ADCs/DACs (M = 100, K = 2, Pp = 2 dB,
and τ = 200).

In Figure 8, we show a 3D surface plot of the SE as a function of ADC and DAC
quantization bits. We consider only the asymptotic results and compare the SE perfor-
mance of the RS and non-RS schemes. For both schemes, the lowest SE is achieved when
bA(bD) = 1. In this case, the RS scheme offers no gain over the non-RS scheme. As the
quantization bits of the ADCs and DACs increase, the rate gain of the RS scheme over the
non-RS scheme becomes evident. The highest SE is achieved for high-resolution ADCs and
DACs i.e., bA(bD) = 10. From the figure, the low-resolution DACs play a more dominant
role in determining the SE performance compared to that of the low-resolution ADCs. This
is because the rate gain decreases more with the low-resolution DACs than that of the
low-resolution ADCs. Hence, it is preferable to equip the massive MIMO system with
low-resolution ADCs than low resolution DACs.

Figure 8. 3D plot of SE versus ADC and DAC quantization bits (M = 100, K = 2, Pp = 2 dB,
SNR = 30 dB, and τ = 200).
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Figure 9 plots the SE against the number of BS antennas. We investigate the impact
of the BS antennas on the SE performance for different quantization bits. From the figure,
the SE performance is improved for more BS antennas for both schemes. For higher
quantization bits, the RS scheme shows better performance than that of the non-RS scheme
and can achieve the same SE with a lower number of BS antennas. Compared to that of
the non-RS scheme, the number of antennas needed to achieve an SE of 7 bps/Hz in the
RS scheme reduces by about 11% when bA(bD) = 2. For bA(bD) = 3, number of antennas
decreases by about 27%. Compared to that of the non-RS scheme, the RS scheme can
achieve the same SE with fewer quantization levels. From the figure, the RS scheme can
achieve an SE of 8 bps/Hz for bA(bD) = 3 and M = 80. On the other hand, the non-RS
scheme achieves the same SE for a higher quantization level with an even larger number of
antennas, i.e., bA(bD) = ∞ and M = 95. Therefore, the QN effect can be compensated by
the proposed RS scheme instead of deploying more antennas.
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Figure 9. SE versus number of BS antennas for different quantization bits (K = 2, Pp = 2 dB,
SNR = 20 dB, and τ = 200).

Figure 10 shows the SE performance versus the number of quantization bits. As shown
in the figure, the RS scheme performs better than the non-RS scheme as the bit resolution
of the ADCs/DACs increases. Furthermore, as the number of users increases, the power
allocated to the common message decreases and the rate gain of the RS scheme is degraded.
Therefore, the bit resolution of the ADCs/DACs needed for the RS scheme to outperform
the non-RS scheme increases. For K = 2, the 2 bit resolution ADCs/DACs are required.
This increases to 3 bits when K = 5 for the RS scheme to outperform the non-RS scheme.

In Figure 11, we plot the SINR of the private message against the regularization
parameter for different quantization bits. We check the accuracy of the derived optimal
regularization parameter, ξopt, obtained in (30). We observe that the derived solution
is accurate since it maximizes the SINR. Moreover, the results confirm the observation
in (29) and (30). As the quantization bit decreases, ρ in (29) decreases and the optimal
regularization parameter is increased. For instance, the optimal regularization parameter
increases from 0.0607 to 0.101 when the quantization bit decreases from bA(bD) = 3 to
bA(bD) = 2.

Figure 12 shows the SE performance of the RS scheme versus the transmit SNR. We
investigate how the optimal regularization parameter, obtained by (30), can increase the
SE. In this plot, we consider different level of quantization bits. The optimal ξ improves
the SE performance especially in the high-SNR region, where the multiuser interference is
dominant. With low-resolution ADCs/DACs, the QN is considered in deriving the optimal
regularization parameter which shows an increase in SE for bA(bD) = 1 and bA(bD) = 2.
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Figure 10. SE versus quantization bits for different number of users (M = 100, Pp = 2 dB, SNR =

30 dB, and τ = 200).
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Figure 11. SINR of private message versus regularization parameter (M = 100, K = 10, Pp = 2 dB,
and τ = 200).
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Figure 12. SE of RS scheme versus transmit SNR M = 64, K = 16, Pp = 2 dB, and τ = 200).
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Figure 13 presents the EE versus the number of quantization bits. From the plot, the EE
first increases and then decreases as the quantization bits increases. This is due to the fact
the higher quantization bits increases the power consumption, which in turn decreases the
EE performance. There exists an optimal value of the quantization bits where the EE of the
system is maximum. In the figure, maximum EE is achieved when bA(bD) = 4 for the RS
scheme irrespective of the number of BS anetnnas, M. For the non-RS scheme, maximum
EE is achieved at bA(bD) = 3. The EE of the RS scheme is improved compared to that of
the non-RS scheme. Furthermore, the BS with a higher number of antennas shows a lower
EE since the power consumption increases with the number of BS antennas.
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Figure 13. Energy efficiency versus quantization bits for different number of BS antennas (K = 2,
Pp = 2 dB, SNR = 30 dB, and τ = 200).

Figure 14 presents the EE/SE trade-off performance by plotting the EE against the SE
for different number of quantization bits. The SE and EE are evaluated for the quantization
bits from bA(bD) = 1 to bA(bD) = 10. From the figure, we observe that the system
with lower number of BS antennas (i.e., M = 50) shows the highest EE. However, this
comes at the expense of lower SE. For M = 100, the EE decreases due to increased power
consumption of the additional BS antennas. Moreover, the RS scheme performance better
than the non-RS scheme in terms of EE and SE. For M = 100, a comparison of the SE and
EE is provided in Table 1.
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Figure 14. Energy efficiency versus spectral efficiency (K = 2, Pp = 2 dB, SNR = 30 dB, and τ = 200).
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Table 1. Comparison of RS and non-RS schemes for various quantization bits.

Quantization Bits
SE [bps/Hz] EE [Mbit/J]

RS Non-RS RS Non-RS

1 5.55 5.55 11.01 11.01

2 8.22 7.52 14.95 13.68

3 10.13 8.14 17.27 13.90

4 11.48 8.33 18.01 13.06

5 12.21 8.38 17.22 11.82

6 12.48 8.40 15.38 10.35

7 12.56 8.40 13.13 8.78

8 12.58 8.40 10.79 7.21

9 12.59 8.41 8.58 5.72

10 12.59 8.41 6.60 4.41

6. Conclusions

In this paper, we analyzed the performance of a rate-splitting multiple access scheme
in a massive MIMO system with low-resolution ADCs and DACs. Under imperfect CSI, we
characterized the SE and EE derived by the asymptotic SINRs of the common and private
messages, respectively. Our results are verified by Monte Carlo simulations. We showed
that the proposed RS scheme achieves higher SE than that of the non-RS scheme for low-
resolution ADCs and DACs (i.e., 2–3 bits) with an even lower number of antennas. The SE
performance is more degraded under the effects of low-resolution DACs compared to that
of low-resolution ADCs. Finally, we showed that the best SE-EE trade-off is obtained for
the 4-bit resolution ADCs/DACs. For future work, rate-splitting can be considered in the
context of mixed ADCs/DACs systems. To extract further gains, hierarchical rate-splitting
can also be investigated for massive MIMO with low-resolution ADCs/DACs.

Author Contributions: Conceptualization, methodology, and original draft preparation, R.K.A.;
supervision, validation, writing—review and editing, K.C. Both authors have read and agreed to the
published version of the manuscript.

Funding: This work was partly supported by the Technology development Program of MSS
[S2967489], the National Research Foundation of Korea (NRF) grant funded by the Korean Govern-
ment (MSIT) under Grant 2021R1A2C1010370, and the 2021 Yeungnam University Research Grant.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Proof of Theorem 1

Firstly, we derive the asymptotic SINR associated with the common message. Based
on (7) and (16), the desired signal power of the common message is derived as [33]

|hH
k wc|2 = |{$hH

k f̂c}|2,
(a)
= |{$(ĥH

k + eH
k )f̂c}|2,

= $2M2λ2
k . (A1)

where we use wc = $f̂c and $ is defined as $ = 1/
√

M ∑K
k=1 λk [33]. Step (a) follows from

(7) where hk = ĥk + ek. We obtain the result in (A1) based on the fact that the estimated
and error channels are uncorrelated.
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To derive the term associated with interference from the private messages, we first
rewrite the interference term as

K

∑
k=1
|hH

k wk|2 = |hH
k wk|2 +

K

∑
j 6=k
|hH

k wj|2. (A2)

We derive the first part of (A2), |hH
k wk|2, as

|hH
k wk|2 = κ2|hH

k Σĥk|2,

(a)
= κ2

∣∣∣∣∣ hH
k Σkĥk

1 + hH
k Σkĥk

∣∣∣∣∣
2

,

(b)
= κ2

∣∣∣∣∣ ĥH
k Σkĥk

1 + ĥH
k Σkĥk

∣∣∣∣∣
2

,

= κ2 A2
k

(1 +Ak)2 , (A3)

where Σ , (ĤĤH + δIM)−1, Σk , (ĤĤH − ĥkĥH
k + δIM)−1, and Ak = ĥH

k Σkĥk, respec-
tively. We used the definition of the RZF precoder in (20). Therefore, wk is expressed as
wk = Σĥk. Step (a) is derived by using the matrix inversion lemma [33]. Step (b) follows
directly from (7) and the fact that the estimated and error channels are uncorrelated.

Next, we derive the second part of (A2),
K
∑

j 6=k
|hH

k wj|2, as

K

∑
j 6=k
|hH

k wj|2 = κ2
K

∑
j 6=k

E{|hH
k Σĥk|2},

= κ2|hH
k ΣĤk|2,

(a)
= κ2 hH

k ΣkĤkĤH
k Σkhk

(1 + ĥH
k Σkĥk)2

,

= κ2 (Bk + Ek)

(1 +Xk)2 , (A4)

where Ĥk = ĤĤH− ĥkĥH
k , Bk = ĥH

k ΣkĤkĤH
k Σkĥk, and Ek = eH

k ΣkĤkĤH
k Σkek, respectively.

Step (a) is derived by using the matrix inversion lemma [33].
Based on the results in [34,36], in the large system limit where K and M→ ∞ but the

user loading ratio θ = K/M is constant, Ak converges to a deterministic value given by
f (θ, ξ) in (24). f (θ, ξ) is obtained as the solution of the equation

f (θ, ξ) =
1 + f (θ, ξ)

θ + ξ(1 + f (θ, ξ))
. (A5)

Following the similar approach [34,36], we can show that

Bk = f (θ, ξ) + ξ
∂

∂ξ
f (θ, ξ), (A6)

Ek =
εk
λk

(1 + f (θ, ξ))2
[

f (θ, ξ) + ξ
∂

∂ξ
f (θ, ξ)

]
, (A7)

κ2 =
K

f (θ, ξ) + ξ ∂
∂ξ f (θ, ξ)

, (A8)
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where

∂

∂ξ
f (θ, ξ) = − f (θ, ξ)(1 + f (θ, ξ))2

θ + ξ(1 + f (θ, ξ))2 . (A9)

Using (12), the QN term due to the effect of the low-resolution DACs is written as

hH
k RnD hk = (1− αD)hH

k diag
(

PcwcwH
c

)
hk︸ ︷︷ ︸

Γ1

,

+ (1− αD)hH
k diag

(
Pd

K

∑
k=1

wkwH
k

)
hk︸ ︷︷ ︸

Γ2

. (A10)

For Γ1 and Γ2, we derive the analytic results in the asymptotic regime. In the asymp-
totic regime, Γ1 can be approximated as

Γ1 = (1− αD)hH
k diag

(
PcwcwH

c

)
hk,

= (1− αD)Pcβk. (A11)

For Γ2, we have

Γ2 = (1− αD)hH
k diag

(
Pd

K

∑
k=1

wkwH
k

)
hk,

(a)
= (1− αD)KPdβk. (A12)

Step (a) follows from using the asymptotic property in [Lemma 5] [24]. By substituting
(A1)–(A10) into (16), we can obtain the SINR of the common message in (22). Finally,
by combining (A3)–(A10), we have the SINR of the private message given by (23). This
completes the proof.
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