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Abstract: The aim of this paper is to present the optimal design process and an optimized model for
a discontinuous armature arrangement permanent magnet linear synchronous motor (PMLSM). The
stator tooth shapes are optimized to reduce detent force. When the shape of the stator is changed
to reduce the detent force, the saturation magnetic flux density and the back electromotive force
characteristics change. Multi-objective optimization is used to search for the local lowest point that
can improve the detent force, saturation magnetic flux density, and back EMF characteristics. To
reduce the detent force generated at the outlet edge, a trapezoidal auxiliary tooth was installed
and the performance was analyzed. The experiment’s response surface methodology is used as an
optimization method and all the experimental samples are obtained from finite-element analysis. The
validity of this method is verified by comparing the optimized FEA model to the initial FEA model.

Keywords: detent force; back EMF; saturation; discontinuous arrangement; linear synchronous
motor; outlet edge

1. Introduction

A permanent magnet linear synchronous motor (PMLSM) allows the direct conversion
of electrical energy into kinetic energy during linear motion. When a PMLSM is used, gears
such as ball screws, racks, and pinions are not required for power transmission; hence,
the PMLSM has advantages such as low energy loss, simple structure, high precision,
high speed, and high thrust transportation. Additionally, its simple structure ensures
a low level of particle generation, making it suitable for a clean room environment [1].
The PMLSM has been adopted as a driving source for transportation systems in various
industries [2]. When the transportation distance increases, the overall length of the PMLSM
transportation system increases, leading to an increase in the cost and time required for
installation. A PMLSM with a discontinuous placement of armatures was proposed to
address this limitation [3]. With such a PMLSM, the quantity of armatures required is
reduced, and the material cost and installation time can be minimized; however, a challenge
is that a greater detent force can be generated owing to an increase in the number of ends of
the armatures, without the placement of the armatures [4]. The detent force is similar to the
cogging torque of a rotary motor, and it is generated by the change in the relative position
of the permanent magnet and slot teeth. In contrast to the rotary motor, the PMLSM’s
mover has a finite movement section. Accordingly, in addition to the slot effect generated
by the slot and permanent magnet, the end effect occurs, which is triggered by the opening
of both ends of the armature. The ripple components caused by the detent force may
be highly problematic for low-speed driving of the permanent magnet machine and for
precise control of the position. In addition to the increase in the detent force, the driving
performance of the motor is degraded, or vibrations or noise may be triggered [5]. Shape
optimization or the control of the stator or rotor can be implemented through machine
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design to reduce the detent force [6]. Control-based reduction requires accurate current
control and is significantly affected by the reliability of the sensor used [7]. Therefore,
machine design is more effective for suppressing the detent force [8]. A stepped double
auxiliary pole has been utilized with the armature to minimize the slot effect [9]. The
magnet skew, which has been widely used to minimize the cogging force, has been applied
to the discontinuous armature arrangement of the PMLSM to reduce the slot and end
effects [10]. Auxiliary poles or auxiliary teeth have been widely used to reduce the end
effect. The end effect can be reduced by installing auxiliary teeth at both ends of the
mover [11–13]. Ripple components are reduced by adopting a modular mover [14,15]. A
method was proposed in which the detent force was reduced by the modularization of
the mover through response surface methodology (RSM), considering multiple responses.
Additionally, the target value of the rated thrust can be achieved [16]. Most existing
studies have focused on reducing the detent force through the shape change of the stator
or rotor. With the machine-design method, according to the change in the shape of the
magnetic circuit, a disparity may exist between the characteristics of the back electromotive
force (back EMF), which is induced during the movement of the mover, and the magnetic
flux density generated in the tooth. The harmonic component of the back EMF and the
saturation of the magnetic circuit are among the major causes of the thrust ripple [17]. The
harmonic components of the back EMF and the generation of local magnetic saturation can
significantly impact thrust pulsations [18,19].

Therefore, in this study, not only do we consider the detent force discussed in the
previous study but also the back-EMF distortion and local magnetic saturation, which
can have a great effect on thrust pulsations. In addition, the detent force was subdivided
into slot effect and end effect, and the effect of design parameters on each effect was
analyzed. Both effects were reduced by using different kinds of approaches. To this end,
two-dimensional (2D) finite-element analysis (FEA) and fractional factorial design were
adopted to examine the effects of the seven design parameters of the PMLSM on each
objective function. Each objective function was optimized according to the five main
parameters, which were screened through a main-effect analysis. For optimization, the
RSM with multiple responses was adopted, and the optimal shape for minimizing the
detent force and back-EMF distortion and preventing tooth saturation was derived via
the regression equation. The derived regression equation was tested through 2D FEA.
Subsequently, a trapezoidal auxiliary tooth was installed at the ends of the armatures, and
the end effect was analyzed according to the shape. The results verify that, considering
multiple responses, the RSM is an effective method for reducing the factors that cause
ripples in the PMLSM. Additionally, a PMLSM that prevents tooth saturation while having
a small detent force and a back-EMF total harmonic distortion (THD) value is proposed.

2. Structure of Discontinuous PMLSM and Analysis of Characters
2.1. Investigated Model

Figure 1a shows the PMLSM with a discontinuous armature arrangement that was
adopted in this study. It has a 15-slot, 4-pole fractional slot structure, comprising an
armature section and a mover section moving along the armature section. The armature
has a discontinuous arrangement at regular intervals and comprises a laminated core and
a coil wound through concentrated winding. The saturation magnetic flux density of the
laminated core is 1.94 T. The mover comprises a permanent magnet magnetized in the
opposite direction to the pole adjacent to the back iron. Figure 1b presents the force applied
to the mover of PMLSM, including the normal force and attractive force due to the magnet’s
attraction force, and the detent force that occurs periodically between the permanent
magnet and the teeth. If the detent force is the same as the moving direction of the mover,
the force that accelerates the mover acts with a positive value, and when the detent force
occurs in the opposite direction to the moving direction, the force that slows the mover
acts with a negative value. For the characterization of the PMLSM, COMSOL Multiphysics
was adopted, and as shown in Figure 2, a 2D FEA model comprising 73,246 elements
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was constructed. The PMLSM is shown in red lines, the rest of the domains are all air
regions. The silicon steel armature core is modeled with a nonlinear B–H Curve. The
voltage induced in the stator coils is calculated using open circuit configuration. The
thickness of the armature is 80 mm. For detent force and back EMF analysis, the mover
was moved 0.01 mm per step until it entered and exited the armature. To determine if
magnet saturation occurred, the maximum flux density value of the circuit was recorded
as the mover moved. The specifications of the PMLSM with a discontinuous armature
arrangement are presented in Table 1.
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Figure 1. Discontinuous armature arrangement PMLSM: (a) Schematic diagram of PMLSM; (b) Forces exerted
in the PMLSM.
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Figure 2. 2D finite elements analysis model.

Table 1. Specifications of the discontinuous armature arrangement PMLSM.

Symbol Unit Value

Height of PM, Ph mm 10
Width of PM, Pw mm 35

Pole pitch, Γ mm 40
Back iron height mm 10
Back iron length mm 137
Turn per phase - 300
Slot pitch, Sp mm 13

Slot opening, So mm 2
Height of tooth, Th mm 2
Armature length mm 170

Magnetic air gap, Ag mm 1
Tooth tip angle, Ta

◦ 90
Permanent magnet grade - N50SH

Material of the tooth, back iron - Sillicon Steel NGO

2.2. Analytical Analysis of Detent Force

The interval distance Ldis between armatures must satisfy the following equation [20].

Ldis =

(
n +

1
3

)
τ − Lu(n = 1, 2, 3 . . .) (1)



Appl. Sci. 2021, 11, 11066 4 of 17

Or

Ldis =

(
n +

2
3

)
τ − Lu(n = 1, 2, 3 . . .) (2)

where, Lu is the length of one stator segment and τ is the pole pitch. The electrical degree
between the two stators in Equation (1) becomes 2/3π and in Equation (2) becomes 4/3π.
Accordingly, if the stators are separated by Ldis, the same winding connection as the existing
continuous stator can be applied to the discontinuous stator PMLSM. The end effect force
of PMLSM is a major component of detent force. The discontinuous armature arrangement
PMLSM has more end edges, so the end effect has a greater impact. In the case of the ideal
slotless PMLSM, the detent force formula can be expressed as Equation (3) because energy
variation occurs [21].

Fden =
π2Le f

2µ0τ
vAva

(
Gµasinµkx + Gµpcosµkx

)
(3)

where Ava is the Fourier coefficient of magnetization vector harmonic component, Gµa is
the relative permeability in the gap, µ is the harmonic order k = π/τ, and Lef is the length
of the lamination stack that provides rigidity to the stator. Using Equations (1) and (2), the
detent force can be expressed as Equation (4).

Fdet(x) = Fden(x) + Fden
(
x + 2

3 τ
)
+ Fden

(
x − 2

3 τ
)

Fden(x)sin(nθ)
(
1 + 2cos

( 2πn
3

))
(4)

As shown in Equation (4), when µ is (3 m), the 3 m order harmonic components are
amplified three times as Fdet (x) = 3Fden (x).

2.3. Characteristics of Investigated Model

If the armature is aligned when the mover is in operation, a slot effect occurs. When
the mover enters the end edge, it is subjected to a force owing to the end effect. Figure 2 illus-
trates the detent force and harmonic component generated with the movement of the mover.

As shown in Figure 3a, when the mover is aligned with the armature, a slot effect
of ±0.96 N is generated; moreover, as the movers enters the end of the armature, an
end effect of ±9.33 N is generated. The detent force due to the ends is approximately
9.7 times larger than that when the armature is aligned. Because the period of the end
force is г, the multiple components of the 2nd-order harmonic component are primarily
generated by the end effect. As indicated by Equation (4), the multiple components of the
3rd-order harmonic component are amplified by a factor of three, and the other harmonic
components are suppressed. As shown in Figure 3b, the 6th-order harmonic component is
demonstrated to be significantly larger, owing to the amplification of the 2nd-order and
3rd-order harmonic components.

Figure 4 presents the analysis results for the back EMF and harmonics when the
speed of the mover was 0.2 m/s. The THD value was 2.03%. The field distribution
and flux density contours of the stator teeth are presented in Figure 5. The maximum
magnetic flux density generated in the circuit was 1.32 T, confirming that the circuit was
properly designed.
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3. Multipurpose Optimal Design of PMLSM Using the Design of Experiments
3.1. Screening

The primary parameters that affected each objective function were selected to mini-
mize the detent force and the THD of the back EMF due to the slot effect and to prevent the
saturation of the circuit. Through screening, the parameters with insignificant main effects
were pooled. The fractional factorial design method was adopted to identify the main
effect, and a small number of interaction effects with a small number of simulations and
7 shape parameters were screened to identify 7 main effects and 14 two-factor interaction
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effects. Figure 6 presents an overview of the optimization process. The constraints of the
shape parameters are presented in Table 2.
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Table 2. Design variables and boundary of the stator and the mover.

Item Lower Bound Reference Upper Bound

Height of PM, Ph (mm) 2 10 15
Width of PM, Pw (mm) 28 35 45
Slot Opening, So (mm) 1 2 5

Height of tooth, Th (mm) 10 20 25
Tooth tip angle, Ta (◦) 30 90 70

Tooth tip height, Tth (mm) 1 3 5
Tooth width, Tw (mm) 1 7 8

Constraints on the shape of permanent magnets and armature were set in considera-
tion of the distance between the mover and the stator, the distance between the stators, the
ratio between the slot and the pole, and the winding area. In this study, 33 simulation runs
were performed using fractional factorial design. The simulation conditions and results for
each shape parameter are presented in Table 3.

Table 3. Fractional factorial design and results.

Run
Order Ph Ph Th So Ta Tth Tw

Detent
Force (N)

Back EMF
THD (%)

Magnetic Flux
Density (T)

1 28 15 25 5 30 1 8 1.03 0.50 2.31
2 28 15 10 5 70 5 1 0.43 28.78 2.44
3 28 2 25 1 30 1 8 0.69 1.63 0.83
4 28 2 10 5 30 1 1 0.20 23.88 2.04
5 45 2 25 1 30 5 1 0.82 63.65 1.87

...
29 28 15 25 1 70 5 8 0.51 0.54 1.27
30 45 15 10 1 30 5 8 0.31 1.83 1.75
31 45 15 25 5 30 5 1 16.02 50.31 2.41
32 28 15 10 1 70 1 8 0.51 0.65 1.26
33 45 15 25 1 30 1 8 0.12 4.98 1.78
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The parameters not significant to the detent force or the THD of the back EMF due to
the slot effect, as well as the magnetic flux density of the tooth, i.e., the objective functions, to
the error terms were pooled. Subsequently, a Pareto chart was plotted, as shown in Figure 7.
The main effect based on an analysis of variance (ANOVA) is illustrated in Figure 8.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 7 of 18 
 

The parameters not significant to the detent force or the THD of the back EMF due to 
the slot effect, as well as the magnetic flux density of the tooth, i.e., the objective functions, 
to the error terms were pooled. Subsequently, a Pareto chart was plotted, as shown in 
Figure 7. The main effect based on an analysis of variance (ANOVA) is illustrated in 
Figure 8. 

  
(a) (b) (c) 

Figure 7. Pareto chart of the standardized effects: (a) Detent force; (b) Back EMF; (c) Magnetic flux density. 

 
(a) 

  
(b) (c) 

Figure 8. Main effects plot for objective functions obtained from the fractional factorial design: (a) Detent force; (b) Back 
EMF; (c) Magnetic flux density. 

The tooth width, tooth height, tooth tip height, and tooth tip angle exhibited 
significance with respect to the detent force, and interactions existed between the 
permanent magnet height, and the tooth width, tooth tip height, and tooth tip angle. For 
the THD of the back EMF, the tooth width, tooth height, and tooth tip angle exhibited 
significance, and an interaction existed between the tooth height and tooth width. For the 
magnetic flux density of the tooth, the tooth width, permanent magnet height, and tooth 
tip height exhibited significance. Hence, the five control parameters that affected each 
objective function were selected, as shown in Figure 9. 

Figure 7. Pareto chart of the standardized effects: (a) Detent force; (b) Back EMF; (c) Magnetic flux density.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 7 of 18 
 

The parameters not significant to the detent force or the THD of the back EMF due to 
the slot effect, as well as the magnetic flux density of the tooth, i.e., the objective functions, 
to the error terms were pooled. Subsequently, a Pareto chart was plotted, as shown in 
Figure 7. The main effect based on an analysis of variance (ANOVA) is illustrated in 
Figure 8. 

  
(a) (b) (c) 

Figure 7. Pareto chart of the standardized effects: (a) Detent force; (b) Back EMF; (c) Magnetic flux density. 

 
(a) 

  
(b) (c) 

Figure 8. Main effects plot for objective functions obtained from the fractional factorial design: (a) Detent force; (b) Back 
EMF; (c) Magnetic flux density. 

The tooth width, tooth height, tooth tip height, and tooth tip angle exhibited 
significance with respect to the detent force, and interactions existed between the 
permanent magnet height, and the tooth width, tooth tip height, and tooth tip angle. For 
the THD of the back EMF, the tooth width, tooth height, and tooth tip angle exhibited 
significance, and an interaction existed between the tooth height and tooth width. For the 
magnetic flux density of the tooth, the tooth width, permanent magnet height, and tooth 
tip height exhibited significance. Hence, the five control parameters that affected each 
objective function were selected, as shown in Figure 9. 

Figure 8. Main effects plot for objective functions obtained from the fractional factorial design: (a) Detent force; (b) Back
EMF; (c) Magnetic flux density.

The tooth width, tooth height, tooth tip height, and tooth tip angle exhibited signif-
icance with respect to the detent force, and interactions existed between the permanent
magnet height, and the tooth width, tooth tip height, and tooth tip angle. For the THD
of the back EMF, the tooth width, tooth height, and tooth tip angle exhibited significance,
and an interaction existed between the tooth height and tooth width. For the magnetic
flux density of the tooth, the tooth width, permanent magnet height, and tooth tip height
exhibited significance. Hence, the five control parameters that affected each objective
function were selected, as shown in Figure 9.
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4 8.5 17.5 50 3 4.5 11.21 0.47 1.83  
5 2 17.5 50 3 1 47.33 0.36 2.02  ⋮  

42 2 10 50 3 4.5 3.62 0.04 1.23  
43 8.5 25 70 3 4.5 12.72 0.45 1.78  
44 8.5 10 30 3 4.5 8.48 0.35 1.91  
45 8.5 17.5 70 1 4.5 8.74 1.27 1.86  
46 8.5 17.5 50 3 4.5 11.21 0.47 1.83  
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3.2. Multi Objective Optimization Based RSM

In design optimization, thousands of iterative computations may be required before
convergence to the optimal value. If a numerical analysis is performed for every process,
the computation time is long. Therefore, design optimization, by constructing an approxi-
mation model between the design parameters and the objective functions, would be an
efficient approach. In this study, the experiment was designed using the Box–Behnken
design (BBD) method for optimization. Table 4 presents the obtained simulation results
based on the five parameters (permanent magnet height, tooth height, tooth tip angle, tooth
tip height, and tooth width) described in Section 3.1.

Table 4. Box–Behnken design and results for each process.

Run Order Ph Th Ta Tth Tw
Detent

Force (N)
Back EMF THD

(%)
Magnetic Flux

Density (T)

1 15 17.5 50 3 8 1.41 0.03 1.97
2 8.5 17.5 50 3 4.5 11.21 0.47 1.83
3 8.5 17.5 70 3 1 36.75 1.17 2.39
4 8.5 17.5 50 3 4.5 11.21 0.47 1.83
5 2 17.5 50 3 1 47.33 0.36 2.02

...
42 2 10 50 3 4.5 3.62 0.04 1.23
43 8.5 25 70 3 4.5 12.72 0.45 1.78
44 8.5 10 30 3 4.5 8.48 0.35 1.91
45 8.5 17.5 70 1 4.5 8.74 1.27 1.86
46 8.5 17.5 50 3 4.5 11.21 0.47 1.83

ANOVA was performed using the data presented in Table 4, and the results are
presented in Tables 5–7. After the simulation, the results for each level were analyzed
using Minitab. The coefficient of determination (R2) can be defined as the ratio of the
explained amount of variation to the total valuation. It is a measure of the goodness-of-fit
of the model equation. For an R2 value closer to 100%, the experimental model equation
is closer to the real values. The R2 values of the objective functions based on the shape
parameters (excluding the non-significant terms) were 66.67% for the detent force, 97.40%
for the back EMF THD, and 97.08% for the tooth magnetic flux density, validating the
significance within 5% of the significance level. These results indicate that the regression
model properly explains the relationship between the performance parameters and the
design variables. A regression analysis was performed to predict the objective functions
according to the level change of the five control parameters, and the result obtained from
calculating the value of the equation for the quadratic polynomial regression curve is
presented as follows:
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Detent f orce = 50.50 + 0.703Ph + 10.651Th − 0.425Ta − 17.23Tw + 1.2596Tw ∗ Tw (5)

BackEMFTHD = 52.50 + 0.703Ph + 1.651Th − 0.425Ta − 0.2545Th ∗ Tw + 0.0717Ta ∗ Tw (6)

Magnetic f luxdensity = 2.007 + 0.1259Ph − 0.00583Th − 0.2855Tw − 0.005307Ph ∗ Ph
+0.1898Tw ∗ Tw + 0.00396Ph ∗ Ph

(7)

Table 5. Analysis of variance of the detent force.

Source DF Adj SS Adj MS F-Value p-Value

Model 4 348.641 87.16 13.41 0
Linear 2 186.199 93.1 14.32 0

Tth 1 50.729 50.729 7.8 0.008
Tw 1 135.47 135.47 20.84 0

Square 1 53.534 53.534 8.23 0.006
Tw*Tw 1 53.534 53.534 8.23 0.006

2-Way
Interaction 1 108.907 108.907 16.75 0

Tth*Tw 1 108.907 108.907 16.75 0
Error 41 266.56 6.501

Lack-of-Fit 36 266.56 7.404
Pure Error 5 0 0

Total 45 615.2

Model summary

S R-sq R-sq (adj) R-sq (pred)
2.54979 66.67% 62.44% 50.06%

Table 6. Analysis of variance of the back-EMF THD.

Source DF Adj SS Adj MS F-Value p-Value

Model 7 12,361.8 1765.97 203.37 0.000
Linear 4 9598.1 2399.53 276.33 0.000

Ph 1 333.8 333.78 38.44 0.000
Th 1 230.8 230.81 26.58 0.000
Ta 1 66.7 66.72 7.68 0.009
Tw 1 8966.8 8966.81 1032.63 0.000

Square 1 2484.4 2484.36 286.1 0.000
Tw*Tw 1 2484.4 2484.36 286.1 0.000

2-Way
Interaction 2 279.3 139.64 16.08 0.000

Th*Tw 1 178.5 178.47 20.55 0.000
Ta*Tw 1 100.8 100.82 11.61 0.002

Error 38 330 8.68
Lack-of-Fit 33 330 10
Pure Error 5 0 0

Total 45 12,691.7

Model summary

S R-sq R-sq (adj) R-sq (pred)
2.94678 97.40% 96.92% 95.28%
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Table 7. Analysis of variance of the magnetic flux density.

Source DF Adj SS Adj MS F-Value p-Value

Model 6 4.53492 0.75582 216.38 0
Linear 3 3.25095 1.08365 310.23 0

Ph 1 1.9321 1.9321 553.12 0
Th 1 0.03062 0.03062 8.77 0.005
Tw 1 1.28822 1.28822 368.79 0

Square 2 1.25157 0.62578 179.15 0
Ph*Ph 1 0.51278 0.51278 146.8 0
Tw*Tw 1 0.55114 0.55114 157.78 0

2-Way
Interaction 1 0.0324 0.0324 9.28 0.004

Ph*Tw 1 0.0324 0.0324 9.28 0.004
Error 39 0.13623 0.00349

Lack-of-Fit 34 0.13623 0.00401
Pure Error 5 0 0

Total 45 4.67115

Model summary

S R-sq R-sq (adj) R-sq (pred)
0.0591023 97.08% 96.63% 94.35%

Figure 10 shows the effect of each design variable. For detent force, tooth width and
tooth tip height and tooth width had an effect, and tooth tip height had an effect in the
form of a quadratic function. For back-EMF THD, all design variables except tooth tip
height were affected among the five variables, and tooth width was affected in the form of a
quadratic function. For magnetic flux density, permanent magnet height, tooth height, and
tooth width were affected, and permanent magnet height and tooth width were affected
in the form of quadratic functions. Figure 11 shows the response surface for terms with
interactions. As shown in Figure 11a, the detent force decreased as the tooth tip height
was lower and the tooth width was wider. In addition, the detent force was decreased
even when the tooth tip height was high and the tooth width was narrow. As shown in
Figure 11b, both tooth width and permanent magnet height showed a curvature effect on
magnetic flux density. As shown in Figure 11c, the back-EMF THD decreased as the tooth
height decreased and the tooth tip angle increased, and showed a curvature effect on the
tooth width.
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For the optimization of each objective function, a multi-objective optimization-based
RSM was adopted. As shown in Table 8, the objective functions were optimized by varying
the target values for each case.

Table 8. Control factors and targets for each cases.

Item Case1 Case2 Target

Setup
Detent Force Minimize Minimize Minimize
BackEMF THD Maximize Maximize Minimize
Magnetic Flux
Density Minimize 1.0 (T)–1.5 (T) 1.3 (T)

Response

Detent Force 2.56 0.74 Minimize
BackEMF THD 6.94 1.16 Minimize
Magnetic Flux
Density 1.08 1.3 1.3 (T)

Ph (mm) Min 3.3 -
Th (mm) Max 18.6 -
Ta (◦) Min Min -
Tth (mm) Min Min -
Tw (mm) Max 6.1 -

In Case 1, if the value of the magnetic flux density is minimized, the detent force and
THD value of the back EMF exceed the values in the initial model. Therefore, Case 2, in
which the magnetic flux density is limited between 1.0 and 1.5 T, is selected as the optimal
value. For this case, the derived results were as follows: the height of the permanent magnet
was 3.3 mm; the height of the tooth was 25 mm; the tooth tip angle and tooth tip height
had minimum values of 30◦ and 1 mm, respectively; and the tooth width was 6.1 mm.
Figure 12 illustrates the detent force relative to the slot effect of the optimized shape.
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Figure 12. Detent force by slot effect of initial model and optimized model.

For the optimized model, a detent force of 0.62 N was generated, which was reduced by
approximately 35% compared with the initial model. As shown in Figure 13a, the maximum
value of the back EMF of the optimized shape increased from 27.3 V (initial model) to
30.89 V. Although the height of the permanent magnet decreased, it was considered that
the back EMF increased according to the change in the air gap. In the optimized model, as
shown in Figure 13b, the 3rd-order back EMF harmonic component decreased. The THD
decreased by 0.57%. As shown in Figure 14, the maximum magnetic flux density generated
in the optimized circuit was 1.18 T, indicating that the circuit was adequately designed.
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4. Optimal Design of the End Edge Auxiliary Teeth
4.1. Setting of Design Parameter

A significant change in the air gap generated at the end edge induces a greater detent
force than when the mover is aligned with the armature. Therefore, auxiliary teeth in a
trapezoidal shape, which can induce a gradual change in the air gap at the end edge of the
armature, were installed, and each shape parameter was optimized. Figure 15 illustrates
the shape of these auxiliary teeth.
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Figure 15. End edge auxiliary teeth.

The auxiliary teeth were installed as far apart as the width of the armature and slot.
Additionally, the length of the top of the tooth (At), the length of the tooth in the moving
direction of the mover (Ab), and the height of the bottom of the tooth (Ae) were selected
as the main shape parameters. The auxiliary teeth were composed of laminated silicon
steel, similar to the armature core. The range of the shape parameters was set as 0–30 mm,
considering the tooth height and armature spacing.

4.2. Auxiliary Teeth Shape Optimization Using RSM

For design optimization using the approximate model, 15 simulation runs were
conducted using the BBD method. The results are presented in Table 9. The impact of
each shape parameter obtained from Table 9 is illustrated in Figure 16. As shown, At
significantly impacts the detent force, and there is an interaction between this parameter
and the detent force. Ae also affects the detent force, while Ab in the direction of movement
has a negligible impact on the detent force. Therefore, Ab was fixed at the maximum value
of 30 mm.
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Table 9. Design variables and boundary of the auxiliary teeth.

Run Order At Ab Ae Detent Force [N]

1 15 15 15 6.55
2 15 15 15 6.55
3 30 0 15 10.26
4 30 30 15 10.23
5 0 15 0 8.06

...
11 15 30 0 6.34
12 0 30 15 8.32
13 30 15 30 10.48
14 15 30 30 6.62
15 0 0 15 9.33

Figure 17 shows the response surface for each design variable affecting the detent
force. At is in the form of a quadratic curve; in the range of At = 10–15 mm, the detent force
due to the end effect is minimized when Ae is minimized.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 14 of 18 
 

Table 9. Design variables and boundary of the auxiliary teeth. 

Run Order At Ab Ae Detent Force [N] 
1 15 15 15 6.55 
2 15 15 15 6.55 
3 30 0 15 10.26 
4 30 30 15 10.23 
5 0 15 0 8.06 ⋮ 

11 15 30 0 6.34 
12 0 30 15 8.32 
13 30 15 30 10.48 
14 15 30 30 6.62 
15 0 0 15 9.33 

Figure 17 shows the response surface for each design variable affecting the detent 
force. At is in the form of a quadratic curve; in the range of At = 10–15 mm, the detent force 
due to the end effect is minimized when Ae is minimized. 

  
Figure 17. Response surface of At (mm) vs. Ae (mm), Detent force (N). 

Table 10 shows the ANOVA results for each shape parameter affecting the objective 
functions. The R2 value, i.e., the coefficient of determination of the objective function 
according to the shape parameters, excluding the non-significant terms, was 99.87%, 
confirming that the results were within 5% of the significance level. It can be deduced that 
the regression model adequately explains the relationship between the performance 
parameters and the design variables. The results obtained from calculating the values of 
the equation for the quadratic polynomial regression curve are as follows: 𝐷𝑒𝑡𝑒𝑛𝑡𝑓𝑜𝑟𝑐𝑒ሺ𝑒𝑛𝑑ሻ = 8.1054 − 0.30204𝐴௧ + 0.01367𝐴 + 0.012180𝐴௧ ∗ 𝐴௧ (8) 

Table 10. Analysis of variance of end edge detent force. 

Source DF Adj SS Adj MS F-Value p-Value 
Model 3 35.6044 11.8681 2846.15 0 

Linear 2 35.1074 17.5537 4209.63 0 
At 1 34.7708 34.7708 8338.55 0 
Ae 1 0.3366 0.3366 80.71 0 

Square 1 28.0395 28.0395 6724.27 0 
At*At 1 28.0395 28.0395 6724.27 0 
Error 11 0.0459 0.0042   

Lack-of-Fit 9 0.0459 0.0051   
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Table 10 shows the ANOVA results for each shape parameter affecting the objective
functions. The R2 value, i.e., the coefficient of determination of the objective function
according to the shape parameters, excluding the non-significant terms, was 99.87%, con-
firming that the results were within 5% of the significance level. It can be deduced that
the regression model adequately explains the relationship between the performance pa-
rameters and the design variables. The results obtained from calculating the values of the
equation for the quadratic polynomial regression curve are as follows:

Detent f orce(end) = 8.1054 − 0.30204At + 0.01367Ae + 0.012180At ∗ At (8)

As indicated by the response optimization graph presented in Figure 18, when At was
12.42 mm and Ae was at the minimum value, a detent force of 6.23 N was generated.

Figure 19a shows the detent force of the PMLSM with the installation of the optimized
auxiliary teeth. In the absence of the auxiliary teeth, a detent force of ±9.33 N was
generated when the mover entered or exited the armature; however, with the installation
of the auxiliary teeth, a detent force of ±6.49 N, with a 30.44% reduction, was generated.
Figure 19b shows a comparison between the harmonic components of the initial and
optimized models. As shown, all the components except for the 1st- and 5th-order harmonic
components decreased; additionally, the 6th-order component (with the largest value)
significantly decreased.
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Table 10. Analysis of variance of end edge detent force.

Source DF Adj SS Adj MS F-Value p-Value

Model 3 35.6044 11.8681 2846.15 0
Linear 2 35.1074 17.5537 4209.63 0

At 1 34.7708 34.7708 8338.55 0
Ae 1 0.3366 0.3366 80.71 0

Square 1 28.0395 28.0395 6724.27 0
At*At 1 28.0395 28.0395 6724.27 0
Error 11 0.0459 0.0042

Lack-of-Fit 9 0.0459 0.0051
Pure Error 2 0 0

Total 14 35.6503

Model summary

S R-sq R-sq (adj) R-sq (pred)
0.0645747 99.87% 99.84% 99.72%
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4.3. Analysis of Optimized Results

Table 11 shows the initial value and the optimized estimate result for each objective
function, as well as the FEA result values obtained, using the optimized shape parameters.

Table 11. Optimized results.

Initial Value Optimized
Estimate Result FEA Result Error (%)

Slot Effect (N) 0.96 0.74 0.62 19.4%
End Effect (N) 9.33 6.23 6.49 4.0%
BackEMF THD
(%) 2.03 1.16 1.46 0.3%

Magnetic Flux
Density (T) 1.32 1.30 1.18 10.2%

For slot effect and end effect, there were differences of 19.4% and 4.0% in the estimate
and FEA results, respectively. For back EMF THD and magnetic flux density, there were
differences of 0.3% and 10.2%, respectively. Shape optimization reduced slot effect by 55%,
end effect by 44%, and back-EMF THD by 0.57%. In the case of the slot effect, the R2 (pred)
value, indicating the predicted response of the regression equation, was relatively small
(50.06%); however, a comparison with the FEA results confirmed that the regression model
exhibited optimal prediction performance for the simulation result.

5. Conclusions

Shape optimization of the armature core was performed to reduce the detent force
and back EMF harmonic components that act as thrust ripple in a PMLSM system with a
discontinuous armature arrangement, degrading the operating performance of the system
and preventing tooth saturation. Additionally, auxiliary teeth in a trapezoidal shape were
installed to reduce the detent force generated at the ends of the armature, and an optimal
shape was determined for minimizing the detent force. First, seven dimensions for the
shape of the armature core were set as design parameters, and the boundary was deter-
mined. Next, five major shape parameters were derived using the fractional factorial design
method. The derived main shape parameters were optimized through the multi-objective
optimization based on the RSM. Through the optimization, the detent force and THD of
the back EMF were decreased. The maximum value of the magnetic flux density generated
by the armature core was 1.18 T, which was within the appropriate range. Subsequently,
auxiliary teeth were installed to reduce the detent force generated at the end edge, and the
shape was optimized. The BBD method was used to derive two shape parameters affecting
the detent force among the three shape parameters; additionally, a response surface was
constructed. When the optimized auxiliary teeth were installed, the end edge detent force
was reduced by approximately 30% compared with the case without the auxiliary teeth.
Based on the results obtained in this study, it is expected that the operation performance
can be improved in the discontinuous armature arrangement PMLSM.
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