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Featured Application: Bioprocess scaling up models from experimental research, with special
focus on fungal fermentation and bioleaching processes.

Abstract: Scaling up bioprocesses from the experimental to the pilot or industrial scale involves
heuristics and scale relationships that are far from the specific phenomena and are usually not
connected to the experimental data. In complex systems, the scaling-up methodology must connect
the experimental data with the tools of engineering design. In this work, a two-stage gold bioleaching
process was used as a case study to develop a mathematical model of bioprocess scaling that combines
the design of experiments with dimensional analysis using the Buckingham Pi theorem to formulate
a predictive model that allows scaling up bioprocesses. It was found that the C/N, C/K, and T/C
ratios are dimensionless factors that can explain the behavior of a system. Using the Pearson Product–
Moment bivariate analysis, it was found that the dimensionless factors C/N and C/K were correlated
with the leaching potential of the fermented broth at 1060 cm−1. With these results, a non-linear
logarithmic model based on dimensionless parameters was proposed to explain the behavior of
the system with a correlation coefficient of R2 = 0.9889, showing that the optimal conditions to
produce fermented broth comprised a C/N ratio close to 50 and a C/K ratio close to 800, which allows
predicting the scaling of the bioprocess.

Keywords: design of experiments; dimensionless groups; ANOVA; multivariate; bioprocess scaling
up; statistics; fungal; bioleaching; FTIR; fermentation; predictive model

1. Introduction

The global bioprocess market surpassed USD 180 million in 2019 and is forecast to
be valued at USD 360 million by 2024, with an annual growth of 14.6% [1]. The number
of industrial bioprocesses is growing due to the increased market demand for the bulk
production of products developed through fermentation to produce various relevant
compounds that have applications in the chemical industry, biofuels, materials, nutritional
ingredients, health products, food, and pharmaceutical products [2]. This demand has led
to a shift from a fossil-based economy to a bioeconomic model [3].

Growing markets come with a progressive need for industrial-scale bioprocesses,
along with a demand for large and efficient bioreactors [3]. The companies in the industrial
bioprocessing market actively participate in R&D to develop high-quality products through
biotechnology, hoping that market competitiveness will be boosted [4].

One of the bioprocesses of interest is bioleaching. The global market was valued at
USD 15 million in 2020 and is projected to reach USD 23 million in 2027 with an annual
increase of 4.9% [5].

Bioleaching is a form of extraction of metals through biogenically produced metabo-
lites, representing a green technology for the recovery of metals. The predictions in
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bioleaching are difficult due to several factors and interactions that affect the process. The
bioleaching behavior varies depending on the operational conditions, such as the origin of
the microorganism, the composition of the minerals, and the temperature [6].

Bioprocesses are difficult to standardize and often lack the required efficacy when
scaled up [7]. Further, the efforts made to verify the viability of these bioprocesses are
limited by the scale of the process, the sterilization of the substrates, or the use of pure
reagents as precursors, which in turn restrict their use in large-scale applications [8].

During the development and scale-up of the bioprocess, a commercial reduction
between 10% and 30% occurs in performance, mainly associated with mass and heat
transfer issues, in addition to mixing difficulties in industrial-scale bioreactors, in which a
subpopulation of microorganisms occurs with reduced efficiency and production capacity,
a phenomenon often called “population heterogeneity”. This makes bioprocess scaling
a critical step in the development of processes due to performance losses [3] and the
involvement of microorganisms that are dynamic in nature with diverse internal control
mechanisms. Most media optimization studies treat them as a black box or are used only
for empirical data [2].

Scaling-up fermentation processes remains a difficult problem for the biotech indus-
try due to the complex interactions between operating conditions such as agitation and
aeration, the physicochemical state of the broth such as viscosity and dissolved oxygen
concentration, and the biology of microorganisms such as growth, production, and mor-
phology [9,10]. Other contributing factors are the non-linear nature of the interactions of
the biochemical network and, in some cases, incomplete knowledge about the kinetics
involved in such systems [2].

In general, for scaling, indirect criteria are used for the effect of dynamic fluid stresses
on scaling up such as peak velocity, power consumption, power dissipation/circulation
function [9], or design of experiments to study the interactions of more than five variables
and large variations in the factors [2].

In fermentation processes, the optimization of the medium involves many experiments
regardless of the selected medium, which increases the cost of labor. On rare occasions,
the data generated from the shake flask medium exactly match the fermenter studies. All
shake flask studies suffer from four main weaknesses: uncontrolled pH, reduced oxygen
transfer capabilities, improper mixing, and considerable evaporation during the process.
It is wrong to assume that the best medium obtained in the shake flask culture will be
the best medium in the bioreactor. Unfortunately, few rigorous studies have been carried
out on comparing the yields of culture media at different scales. Also, the industrial-scale
medium often suffers from problems such as batch variability, year-round availability,
price fluctuations, stability during transport time, problems associated with bulk storage,
and time [2].

For the scaling of the bioreactors, modeling and simulation are used, such as the
modified Damköhler number that considers the production and removal of relative heat at
the time of the maximum rate of heat production [11].

In bioprocesses, studies on modeling, simulation, and optimization are still limited,
despite being relevant for the evaluation of the viability and understanding of these
systems [12,13]. Recent scaling studies assisted by computational fluid dynamics and
powerful stimulus–response metabolic models have been developed [14]. These allow for
better prediction and evaluation of processes and faster scaling-up with minimal losses [3].

Computational prediction and evaluation of the performance for a biochemical process
towards process optimization require a mathematical model that represents the consump-
tion and production of species. There is a lack of understanding of many of the chemical
phenomena that take place, which makes it extremely difficult to explicitly predict the
effect of process alterations on the required processing time and product composition [15].

The development of a biological system involves numerous variables and requires a
large amount of data collection and calculations. The optimization of a system requires the
identification of the relevant factors and their influence on the desired results. However,
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repeating the experiment is costly, time-consuming, and labor-intensive, with misleading
results. Therefore, it is necessary to have a general government equation to understand
the magnitude of the effectiveness of each parameter in a biological system, such as
Buckingham’s Pi theorem [16].

Buckingham’s Pi theorem allows the performance of a known dimensional analysis
that helps to focus on the variables of interest and, at the same time, group them to form a
set of dimensionless variables with variables of interest from different fields. This theorem
helps to predict the results theoretically using only the dimensionless variables [16].

The model developed following Buckingham’s theory is achieved primarily through
a data-driven approach, which links measured data and physical models to shape the
non-dimensional parameters necessary for the description and generalization of the prob-
lem [17]. Buckingham’s Pi theorem is applied to biological systems in fuel cells [18].

In this work, a mathematical model for the scaling of bioprocesses using the design of
experiments combined with Buckingham’s Pi theorem is developed.

2. Materials and Methods
2.1. Bioprocess

The bioprocess for this study was gold bioleaching operated in two stages: in the
first stage, submerged fermentation was carried out to produce the acidic fermented broth
(bio-leaching substance) from A. niger, where the variables evaluated were controlled; in
the second stage, the gold bioleaching process was undergone using the broth fermented
from the first stage, to evaluate the response variable, as shown in Figure 1.
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Figure 1. Bioprocess system.

For the fermentation stage, the operational conditions were evaluated using a 25−2

fractional factorial design. The independent variables were carbon source (C), nitrogen (N),
potassium (K), the addition trace elements (T), and agitation (A), in terms of mechanical
or aeration mixing, as shown in Table 1. The response variables in this stage were: pH
(Mettler–Toledo pH meter), presence of protein by Biuret methodology [19], and organic
acids quantification (citric, oxalic, malic, and acetic acids) by high-performance liquid
chromatography in an HPLC (Shimadzu Corporation, USA) equipped with a UV/VIS
diode array detector—DAD at 210 nm.
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Table 1. Laboratory scale 25−2 fractional factorial design matrix.

Experiment
Number N Source C Source K Source Trace Elements Agitation

1 Urea (0.75 g/L) Sucrose (120 g/L) K2HPO4 (0.128 g/L) No Mechanical
2 (NH4)2SO4 (0.428 g/L) Sucrose (40 g/L) KH2PO4 (0.8 g/L) No Mechanical
3 (NH4)2SO4 (0.428 g/L) Sucrose (120 g/L) KH2PO4 (0.8 g/L) Yes Mechanical
4 Urea (0.75 g/L) Sucrose (40 g/L) KH2PO4 (0.8 g/L) Yes Aeration mixing
5 (NH4)2SO4 (0.428 g/L) Sucrose (120 g/L) K2HPO4 (0.128 g/L) Yes Aeration mixing
6 Urea (0.75 g/L) Sucrose (40 g/L) K2HPO4 (0.128 g/L) Yes Mechanical
7 Urea (0.75 g/L) Sucrose (120 g/L) KH2PO4 (0.8 g/L) No Aeration mixing
8 (NH4)2SO4 (0.428 g/L) Sucrose (40 g/L) K2HPO4 (0.128 g/L) No Aeration mixing

The fermentation experiments were carried out in duplicate in 300 mL Erlenmeyer
flasks, inoculated with 10% of a fungal spore solution of A. niger, and aerated with lab scale
compressors. The fermentation time was 10 days. Subsequently, samples were filtered to
obtain the fermented broth.

After obtaining the fermented broth, the bioleaching process was carried out using a
gold mineral from the mine “La Victoria” in Girardota (Antioquia). The particle diameter
was 75 µm, and samples were put in contact with each of the fermented broths resulting
from the design of experiments using a ratio of 80g of mineral per 170mL of filtered
fermented broth, for 6 h, with constant stirring at 150 rpm.

The response variable to determine the action of the fermented broth on the min-
eral was estimated with the infrared spectroscopy technique (FTIR, Shimadzu), obtain-
ing the value of the absorbance of the infrared spectrum at wavenumbers between 400
to 4000 cm−1.

2.2. Mathematical Model

For the synthesis of a mathematical model that facilitates the scaling of gold extraction
using fermented broths, the incidence of each of the dimensionless parameters obtained
from the Buckingham Pi theorem on gold bioleaching was initially evaluated using the
infrared spectrum at a wavenumber of 1060 cm−1. The dimensionless parameters were
calculated with the data previously obtained in the experimental design. A multivari-
ate analysis was performed to estimate Pearson’s Product–Moment correlations using
Centurion XVIII Statgraphics.

Finally, the relevant parameters of the multivariate analysis were correlated with
data obtained from bioleaching of gold, using the infrared spectrum at a wavelength of
1060 cm−1, using a regression routine of 3D scalar functions in Python, and using, as the
objective function, the sum of the squares of the absolute errors.

The dimensional analysis was carried out using Buckingham’s Pi theorem to obtain
the dimensionless groups of this study and correlate the composition of the fermented
broth in terms of the source of Carbon (C), Nitrogen (N), Potassium (K), and Traces (T); the
agitation speed and the airflow rate were independent variables, using the results of the
response variable for the bioleaching of gold using the infrared spectrum at wavelength λ1.

With dimensional analysis, the target model can be expressed according to Equation (1)

λ1 = f (C, N, K, T, A, Q), (1)

where:

C: Carbon Source Concentration (kg/m3);
N: Nitrogen Source Concentration (kg/m3);
K: Potassium Source Concentration (kg/m3);
T: Trace Source Concentration (kg/m3);
A: Agitation speed (rad/s);
Q: Air flow for aeration (m/s);
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λ1: Wavenumber (nm).

These seven parameters (n) were represented with three dimensions (m) to obtain
n − m = 7 − 3 = 4 mutually independent dimensionless parameters. The Gaussian elimina-
tion method was used to solve or find said dimensionless parameters from the dimensional
matrix, following the methodology proposed by Pritchard et al. [16].

The Algorithm 1 used for Gaussian elimination method was as follows:

Algorithm 1. Gaussian Elimination method

1 Start
2 Declare the matrix. Where q is the number of unknown variables
3 Take the coefficients of the linear equation as:
Do for k = 1 to n
Do for j = 1 to n + 1
Read a[k][j]
End for j
End for k
4 Do for k = 1 to q − 1
Do for i = k + 1 to n
Do for j = k + 1 to q + 1
a[i][j] = a[i][j] − a[i][k]/a[k][k] * a[k][j]
End for j
End for i
End for k
5 Compute x[q] = a[q][q + 1]/a[q][q]
6 Do for k = q − 1 to 1
sum = 0
Do for j = k + 1 to q
sum = sum + a[k][j] * x[j]
End for j
x[k] = 1/a[k][k] * (a[k][q + 1] − sum)
End for k
7 Display the result x[k]
8 Stop

3. Results and Discussion
3.1. Bioprocess

In this work, 25−2 fractional factorial design of experiments were applied to evaluate
the relevant factors in the fermentation stage. The use of design of experiments as statistical
methods for the optimization of culture media in the fermentation process can overcome
the limitations of the classical methodology, which evaluates one factor at a time and can
be a valuable tool for the optimization of the production of metabolites. Fisher proposed a
basic theory of experimental design that shows how changing more than one component
in the medium at a time can be more efficient than changing only one factor at a time [2].

Although there are different types of design of experiments, in this study the fractional
factorial is applied, and not the full factorial. The first design was composed of five factors,
equivalent to eight trials plus the replicates. In contrast, in the second design, 25 trials plus
the replicates were evaluated. Statistical analysis for both cases was similar.

The response surface design was preferably not used in this study since more than
three variables and qualitative factors were used in the experiments [20]. The factorial
experiment design method is an appropriate technique to study the influence of the main
bioprocess parameters on the response factors by significantly reducing the number of
experiments and, henceforth, saving time, energy, and money [21].

The response variables that were monitored as a control in the fermented broths due
to their relevance in the bioleaching processes were pH, the presence/absence of proteins,
and organic acids.
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Organic acids are released to reduce the environmental pH, which promotes the
growth of fungi and inhibits the growth of some bacteria [22]. Similarly, the catalytic
properties of the enzyme molecule are determined by its amino acid sequence, presenting
a bioleaching effect on minerals [23].

Table 2 presents the design matrix, with the results, the control variables, and the
response variables. This table shows the eight trials without the replicas because they were
reproducible; therefore their behavior over time was similar in each of the tests and their
corresponding replication.

Table 2. Laboratory scale 25−2 fractional factorial design matrix with results. A1 (Oxalic acid), A2 (Citric acid), A3 (Malic
acid), A4 (Acetic acid).

Experi-
ment

Factors Response Variables

N Source
(FN)

C Source
(FC)

K Source
(FK)

Trace
Ele-

ments
Agitation pH A1

(g/L)
A2

(g/L)
A3

(g/L)
A4

(g/L)

λ1
1060
cm−1

λ2
1456
cm−1

1 Urea (0.75 g/L) Sucrose (120 g/L) K2HPO4 (0.128 g/L) No Mechanical 3.192 0.222 0.252 6.503 0.034 0.095 0.0720
2 (NH4)2SO4 (0.428 g/L) Sucrose (40 g/L) KH2PO4 (0.8 g/L) No Mechanical 2.820 0.009 0.291 0.964 0.011 0.066 0.0630
3 (NH4)2SO4 (0.428 g/L) Sucrose (120 g/L) KH2PO4 (0.8 g/L) Yes Mechanical 2.942 0.002 0.101 5.627 0.024 0.098 0.0686

4 Urea (0.75 g/L) Sucrose (40 g/L) KH2PO4 (0.8 g/L) Yes Aeration
mixing 3.119 0.002 0.019 3.470 0.102 0.053 0.0599

5 (NH4)2SO4 (0.428 g/L) Sucrose (120 g/L) K2HPO4 (0.128 g/L) Yes Aeration
mixing 2.552 0.006 0.107 6.091 0.131 0.096 0.0683

6 Urea (0.75 g/L) Sucrose (40 g/L) K2HPO4 (0.128 g/L) Yes Mechanical 3.152 0.007 0.784 0.972 0.030 0.063 0.0614

7 Urea (0.75 g/L) Sucrose (120 g/L) KH2PO4 (0.8 g/L) No Aeration
mixing 2.771 0.015 0.428 3.446 0.036 0.066 0.0672

8 (NH4)2SO4 (0.428 g/L) Sucrose (40 g/L) K2HPO4 (0.128 g/L) No Aeration
mixing 2.472 0.007 0.140 1.177 0.117 0.068 0.0638

Note: in all the tests, the presence of proteins was evidenced. FN: N Source; FC: C Source; FK: K Source.

In fermentation, the bio acid in the leach solution is formed in situ in the presence
of the metal-laden solid. The nutrients added to the mixture can be any suitable carbon
source, such as sucrose or molasses. In the in situ process, the metabolism of nutrients
leads to the growth of the organism and the production of the organic bio acid metabolite
in parallel with the chemical dissolution of the metal, that is, leaching [24].

Another type of fermentation occurs when the bio acid is generated ex situ in the
absence of the metal-loaded solid in a microbial or synthetic way. The bio acid produced in
this ex situ process is then contacted with the solid [24]. The nature and amount of organic
acids excreted by fungi are influenced by the pH of the medium.

Maintaining a low pH is essential for maximum citric acid production. The initial
pH required depends on the carbon source used. Generally, a pH below 2.0 is required
for optimal production. A low initial pH has the advantage of controlling contamination
and inhibiting the formation of oxalic acid [25]. At a pH of four or higher, the formation
of oxalic acid accelerates due to the high buffering capacity of the medium [26]. A pH of
2.2 was optimal for fungus growth, as well as citric acid production, while a higher pH,
around 5.4 to 6.5, is optimal for the production of citric acid in molasses medium [27]. In
a study of citric acid production from beet molasses in continuous culture, Roukas and
Harvey found that, at a pH value of 2.5, gluconic acid is the main product and citric acid is
the main product product at low pH [28].

3.1.1. Estimated Effects

All statistical calculations were generated using the STATGRAPHICS Centurion XVIII
software to analyze the estimated effects, the t-test (Pareto chart), the regression coefficient,
and the optimal values of the factors.

To analyze data in the STATGRAPHICS software it is necessary to provide quantitative
factors (parameters or variables). When there is at least one qualitative factor, it is required
to be encoded by a number: +1.0 or −1.0. These values correspond to the levels, that is, the
range in which the factor is evaluated (upper and lower); thus +1.0: upper level and −1.0:
lower level. In the case of this study, the qualitative variables were N source, K source,
traces, and agitation.
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The effect of a factor is defined as the change in response produced by a change in its
level. This also refers to the main effect because it refers to the primary factors of interest in
the experiment.

Table 3 shows the values of the estimated effects of each factor and some interactions,
according to a linear statistical model for a wavelength of 1060 and 1456 cm−1 [20], as well
as the associated standard errors, which measure the sampling error. These are based on
the total error with eight degrees of freedom.

Table 3. Estimated Effects for the 25−2 Fractional Factorial.

Factor Factor Bioleaching of Gold Using
the Infrared Spectrum at 1060 cm−1

Factor Bioleaching of Gold Using
the Infrared Spectrum at 1456 cm−1

Estimated ± standard error Estimated ± standard error

Average 0.0749 ± 0.00061 0.0647 ± 0.000441
A: FN + BD + CE 0.0133 ± 0.00122 0.0020 ± 0.000883
B: FC + AD 0.0255 ± 0.00122 0.0064 ± 0.000883
C: FK + AE −0.0093 ± 0.00122 −0.0016 ± 0.000883
D: Trace + AB 0.0043 ± 0.00122 −0.0009 ± 0.000883
E: Mixing + AC 0.0118 ± 0.00122 0.0018 ± 0.000883
BC + DE −0.0046 ± 0.00122 −0.0006 ± 0.000883
BE + CD 0.0047 ± 0.00122 0.0003 ± 0.000883

The first order factors were: FN: N Source; FC: C Source; FK: K Source; Trace; Mixing and other combinations.

The effects of each of the factors are shown, as well as of certain contrasts (linear
combinations) of their interactions. Because the design was fractionated, the effects of the
variable interactions are confused in pairwise sums.

In this case, all the estimated effects of the factors interacted. They represent the
deviations from the mean between the upper and lower levels for each of them.

For example, A is the mixed interaction between the Factor FN plus BD and CE,
whereas B is the mixed interaction between the Factor FC plus the interaction between A
and D. According to these results, this system has complex levels of interaction between
the factors.

Phenomenologically speaking, these results show the interactions between the primary
factors and the combinations between them, which means that the variables interact in the
bioprocess. From a physical point of view, they have interaction nodes, which is common
in bioprocesses, since metabolic, physicochemical, and thermodynamic aspects converge.
Consequently, the traditional polynomial mathematical models provided in statistical
software do not fit the actual behavior of the system.

The signs of the estimated effects indicate the level of the control variable. These also
apply to interactions because the analysis of these is not direct. It is about contrasts instead
of separate interactions.

3.1.2. t-test and Analysis

After estimating the effects of the factors, the significant factors affecting the efficiency
of the bioleaching process were determined by Student’s t-test, which allows assessing
whether the calculated effects are significantly different from zero. If the absolute value
of the standardized effect is greater than the value of t, with a probability of 1 − α/2 and
with the same degrees of freedom of the error, then this effect is statistically significant.
The Pareto charts are shown in Figures 2 and 3, where the factors and their interactions are
ordered according to the absolute values of their standardized effects.
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For the bioleaching of gold using the infrared spectrum at a wavenumber of 1060 cm−1,
all the contrasts are statistically significant, while, for the bioleaching of gold using the
infrared spectrum at a wavenumber 1456 cm−1, they were not significant. The contrasts
B: FC + AD are statistically representative. First-order factors are not presented, demon-
strating the nonlinearity behavior and the influence of strong interactions between the
bioprocess variables.

The value of the regression coefficient R2 for the bioleaching of gold using the infrared
spectrum at a wavenumber of 1060 cm−1 was 98.95%, and for the bioleaching of gold using
the infrared spectrum at a wavenumber of 1456, it was 89.31%; the above shows that there
is reproducibility in the experimental data.

3.1.3. Optimal Values of the Factors

Table 4 shows the optimal values of the studied factors for bioleaching, according to
the 25−2 fractional factorial design of experiments.

From Table 4, for the bioleaching of gold using the infrared spectrum absorbances at a
wavenumber 1060, the regression shows an increase of 9.64% above the 1456 wavenumber.
Therefore, to carry out a bioleaching process, the following parameters should be used:
nitrogen source: urea; carbon source: sucrose in a concentration of 120 g/L; source of
potassium phosphate: K2HPO4, with trace elements and mechanical stirring.
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Table 4. Optimal values of the studied factors, according to the 25−2 fractional factorial design of
experiments.

Factor
Factor Bioleaching of Gold Using

the Infrared Spectrum at 1060 cm−1

(R2 = 0.9895)

Factor Bioleaching of Gold Using
the Infrared Spectrum at 1456 cm−1

(R2 = 0.8931)

Coded Level Coded Level

FN (g/L) 0.96 Urea 1.0 Urea
FC (g/L) 0.97 120 0.97 120
FK (g/L) −1.0 K2HPO4 −1.0 K2HPO4

Traces 1.0 Yes −0.99 No
Agitation 0.92 Mechanical 0.98 Mechanical

Because the biological process is a complex multivariate system, the results of the
analysis of the experiment design yielded values for the second and third level contrasts
and their combination, in no case for the first level factors, which do not allow for gener-
ating, in a simple, fast, and reliable way, a mathematical model for the prediction of the
bioprocess, which makes its scaling difficult. Therefore, similarity models are required,
such as Buckingham’s Pi theorem, to scale it.

Microbial processes, being biological in nature, contain a relatively large number of
natural variations. The networks associated with microbial reactions are complex, and
various factors affect different parts of the networks. The rational experimental design
and the statistical evaluation of the results increase the knowledge about the reliability
of the information obtained during the experiments. By using an experimental design,
the number of experiments required to obtain a reliable optimization of the process is
reduced [2,20]. Likewise, multivariate analysis of bioprocess data has the potential to
reveal hidden characteristics of the process and provide new insights into factors that affect
process performance [29].

In biological processes, media optimization remains one of the most critically inves-
tigated phenomena performed before any large-scale metabolite production, and it also
presents several challenges. Before the 1970s, culture media optimization was done using
classical methods, which were expensive, time-consuming, and involved many experi-
ments with compromised precision. With the advent of modern mathematical/statistical
techniques, media optimization has become more vibrant, effective, efficient, economical,
and robust in delivering results. To design a production medium, the most suitable fer-
mentation conditions, for example, pH, temperature, and stirring speed, among others,
and the appropriate medium components such as carbon and nitrogen, must be identified
and optimized [2].

The response surface methodology (RSM), although widely used with great success,
has some limitations in the prediction of responses based on second-order polynomial
equations. The models are often limited to low levels and result in a poor estimation of
optimal formulations and complex variable interactions such as the metabolic complexity
of the microorganisms. When it comes to many variables, developing rigorous models
for a given biological reaction system on a physical and chemical basis remains a critical
challenge, probably due to the non-linear nature of the biochemical network interactions
and, in some cases, incomplete knowledge about the kinetics involved in such systems.
Furthermore, it is a challenge to study the interactions of more than five variables, and
large variations in the factors can give misleading results, possibly due to errors, biases, or
lack of reproducibility [2,20].

Therefore, similarity models are required, which can be obtained with mathematical
analysis tools, such as Buckingham’s Pi theorem, to scale-up. This theorem is applied when
there is little knowledge of the system’s behavior, but the variables that are related to it are
known. The grouping in dimensionless packages simplifies the experimental runs.
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3.2. Dimensional Analysis Using the Buckingham Pi Theorem

In this work, Buckingham’s Pi theorem was applied because it allows defining correla-
tions between variables of a specific physical problem through its dimensional analysis. In
this way, a physical law can be reformulated that interconnects some physical quantities as
a function of dimensionless numbers. The objective of the Pi theorem is to define significant
non-dimensional parameters, which can be representative of the problem considered and
can be used to scale the variables involved on specific physical assumptions [30,31].

Chong et al. [16] applied Buckingham’s Pi theorem in a biological system concerning
a microbial fuel cell (MFC) because they are complex and involve numerous variables.
They also require countless data collection and calculations. Repeating the experiment is
expensive, time-consuming, and labor intensive, with misleading results.

In this study, the composition of the fermented broth was correlated in terms of
carbon source (C), nitrogen (N), potassium (K), traces (T), the stirring speed, and the
airflow rate. The oxygen was included in the correlation according to the findings of the
design of experiments. The models based on the KLa coefficient show that the airflow and
agitation speed have a statistically representative influence on biotechnological processes,
for example, to produce fermented broths to be used in bioleaching stages [32,33].

From the point of view of dimensional analysis, this engineering problem refers to a
system of three-dimensional parameters: [M, L, T], as presented in Table 5.

Table 5. Variables and dimensions used in the application of Buckingham’s Pi theorem.

Experiment Number N Source C Source K Source

Carbon Source
Concentration C kg m−3 ML−3

Nitrogen source
concentration N kg m−3 ML−3

Potassium source
concentration K kg m−3 ML−3

Trace concentration T kg m−3 ML−3

Agitation A rad s−1 T−1

Air flow for aeration Q m3 s−1 L3T−1

Wavelength λ1 m L

The seven parameters (n), shown in Table 5, were represented with three dimensions
(m) to obtain n − m = 7 − 3 = 4 mutually independent dimensionless parameters.

For the formulation of these parameters, the following variables were selected as
repeated variables: C, Q, and A, since these represent together all the fundamental dimen-
sions present in the study. The obtaining of each dimensionless parameter is shown in
Equations (2)–(11)

Π1 = Ca1 ∗ Qb1 ∗ Ac1 ∗ λ1 (2)

M0 ∗ L0 ∗ T0 =

(
M
L3

)a1

∗
(

L3

T

)b1

∗
(

1
T

)c1

∗ L1 (3)

0 = a1 a1 = 0 (4)

0 = −3a1 + 3b1 + 1 b1 = −1
3

(5)

0 = −b1 − c1 c1 =
1
3

(6)

Π1 =
A1/3 ∗ λ1

Q1/3
= 3

√
A
Q

∗ λ1 (7)

Π2 = Ca2 ∗ Qb2 ∗ Ac2 ∗ N (8)
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M0 ∗ L0 ∗ T0 =

(
M
L3

)a2

∗
(

L3

T

)b2

∗
(

1
T

)c2

∗ M
L3 (9)

0 = a2 + 1 a2 = −1
0 = −3a2 + 3b2 − 3 b2 = 0

0 = −b2 − c2 c2 = 0
(10)

Π2 =
N
C

(11)

Analogous to the parameter Π2, the dimensionless parameters Π3 and Π4 are obtained,
as shown in Equations (12) and (13).

Π3 =
C
K

(12)

Π4 =
T
C

(13)

In many biotechnological processes, the relationship between the amount of carbon
and other nutrients such as nitrogen has been reported as a relevant variable to charac-
terize the nutritional balance for microorganisms, especially in fermentation processes;
previous studies show how the C/N ratio must be close to 42 to optimize the produc-
tion of organic acids or for bioremediation processes [34,35]. With the results obtained
from the dimensional analysis, the functional relationship [36] is presented in the form
of Equation (14).

3

√
A
Q

∗ λ1 = f
(

C
N

,
C
K

,
T
C

)
(14)

3.3. Experimental Results Obtained from the Correlation of the Mathematical Model

Using the results of the experimental design that were presented in Table 2 and
Figure 1, in which it was found that the source of carbon, nitrogen, potassium, and the
presence of trace elements are relevant variables for the bioleaching of gold at a wavelength
of 1060 cm−1 after obtaining π dimensionless parameters, the effect of the C/N, C/K, and
T/C ratios was analyzed using multivariate statistical analysis. The data are presented
in Table 6.

Table 6. Fermentation data. Independent variables: C/N and C/K ratios; dependent variable: ab-
sorbance at 1060 cm−1.

Experiment C/N Ratio C/K Ratio T/C Ratio Absorbance
(1060 cm−1)

1 160.00 937.50 0.00 0.0952
2 93.46 50.00 0.00 0.0656
3 280.37 150.00 208.33 0.0981
4 53.33 50.00 625.00 0.0532
5 280.37 937.50 208.33 0.0961
6 53.33 312.50 625.00 0.0630
7 160.00 150.00 0.00 0.0662
8 93.46 312.50 0.00 0.0681

The Pearson Product–Moment correlation matrix was estimated to find dependency
relationships between the dimensionless parameters C/N, C/K, T/C, and the absorbance
at 1060 cm−1. Of the parameters evaluated, only C/N and C/K have a correlation coef-
ficient greater than 0.60, which reflects a representative functional relationship between
these relationships and absorbance. Since the dimensionless parameter T/C presented a
comparatively lower Pearson coefficient, it was not considered for the subsequent fit of a
mathematical model.
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The analysis of the Pearson Product–Moment correlations is a bivariate statistical
technique that aims to determine the degree of relationship or joint variation existing
between two continuous variables, and the correlation index is expressed in the interval
between −1 to +1. As the relationship approaches one, the relationship between the
variables will be strong. The Pearson Product–Moment correlations are shown in Figure 4.
Independent variables: C/N ratio, C/K ratio; dependent variable: absorbance at 1060 cm−1.
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Although the design of experiments allows establishing a functional relationship
between the studied factors, these relationships, also known as combined effects, are second
and third-order polynomial models whose topology limits the mathematical representation
of complex or highly non-linear relationships between the independent variables and the
response variable. Additionally, Buckingham’s Pi theorem reduces the number of model
parameters by formulating dimensionless parameters Π, as indicated in Equation (12),
which allows a mathematical model to be reconstructed with greater precision between
said parameters.

3.4. Results of the Mathematical Model

To establish the mathematical model for the functional relationship between the
dimensionless parameter C/N and C/K at a wavelength of 1060 cm−1, a calculation routine
to fit models using multilinear regression in Python was used. The sum of the squares of
the absolute errors was the objective function. The model is shown in Equation (15), which
has a total absolute error of 5.03 × 10−5 and a correlation coefficient R2 of 0.9889.

Absorbance = a + b(C/N) +
c

Ln(C/K)
+ d(C/N)2 +

f

[Ln(C/K)]2
+ g

(C/N)

Ln(C/K)
(15)

This model shows the non-linearity existing between the absorbance and the opera-
tional conditions that were used to produce the fermented broth acting on the mineral. The
C/N and C/K ratios present in the culture medium affect the composition of the fermented
broth and, therefore, the potential to leach metallic species present in the minerals.

The adjustment coefficients obtained for the model are summarized in Table 7.
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Table 7. Model coefficients obtained for the mathematical model representing the functional relation-
ship between the absorbance at 1060 cm−1 with the dimensionless parameter C/N and C/K.

Model Coefficient Mean Value Min Value Max Value

a 6.307 × 10−1 5.32997 × 10−1 7.28467 × 10−1

b −8.941 × 10−4 −1.12021 × 10−3 −6.68058 × 10−4

c −5.181 −6.06245 −4.29899
d 4.233 × 10−7 1.64967 × 10−7 6.81627 × 10−7

f 11.07 9.14895 13.0008
g 4.950 × 10−3 3.98539 × 10−3 5.91491 × 10−3

The method of regression analysis estimated the relationship between each dimen-
sionless variable or variables, referring to the value of the regression coefficient (R2).
Commonly, the data with R2 values above 0.90 can be accepted as accurate predictions,
and the effectiveness of the mathematical model can be assumed [16].

Figures 5 and 6 show the fit of the data, represented as black dots, to the response
surface generated by the mathematical model. The proximity between these points and
the surface makes it possible to accurately predict the effect that the C/N ratio and the C/K
ratio will have on the absorbance of the fermented broth after treatment with the mineral.
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Figure 7 shows, in detail, the contour lines of the response surface in a two-dimensional
plane, with lines of constant absorbance in the form of envelopes that validate the results
of the dimensional analysis and the bivariate Pearson correlations, where the C/N and C/K
ratios, as dimensionless parameters, have a significant effect on the bioleaching of gold
using fermented broths. The highest absorbance of the evaluated region was 0.096, which
is achieved by producing a fermented broth with a C/N ratio close to 50 and in the vicinity
of a C/K ratio close to 800.

A similar result was obtained by [35], in which the C/N ratio presented a statistically
significant effect in the optimization of a medium for the production of organic acids in
submerged fermentation of A. niger.
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3.5. Bioprocess Scale-Up

In scaling bioprocesses, dimensionless parameters serve as the basis for formulating
scale factors. Similarity models can be developed based on equality of the π parameters
found or combined with other parameters used in the hydrodynamic study of systems
such as the Reynolds number, Froude number, and Weber number, among others [16].

Given that, in this biotechnological process, it was decided to operate the bioreactor at
a low Reynolds number to avoid significant damage to the fungal biomass and considering
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the solubility of oxygen in the culture medium used in the experimental designs, the mass
transfer of oxygen into the fluid was used as the controlling phenomenon for scaling, as
shown in Equations (16)–(18) [37].

KLaExperimental = KLaPilot (16)

KLa = 0.99
(

Q2.56

D5

)0.778

(17)

Q2 = Q1

(
D2

D1

)2.56
(18)

where:

D: Bioreator diameter (m);
Q: Bioreactor Airflow (m3/s).

One refers to the experimental bioreactor, and two refers to the pilot bioreactor
Equation (16) shows the criteria for bioreactor scale-up. The equality of the mass

transfer of oxygen. Equation (17) represents the common correlation for mass transfer of
oxygen in cylindrical bioreactors, which derives in Equation (18), as a guide to estimate the
bioreactor airflow during the process scale-up.

A similar conclusion was developed by [30] in the scaling of photobioreactors for the
cultivation of microalgae, in which, using Buckingham’s π theorem, the authors managed
to develop a mathematical model of similarity between the laboratory and pilot scales. In
this study, the dimensionless parameters were related directly to the agitation speed and
the aeration flow through Equation (5), previously presented.

4. Conclusions

In this study, a methodology was proposed that combines statistical analysis by the
design of experiments with Buckingham’s Pi theorem to formulate a predictive model
for bioprocess scale-up. This bioprocess, as a system, was found to be complex due to its
multivariate nature, and, through a 25−2 fractional factorial design, the ANOVA analysis of
variance showed that the interactions between the factors are highly relevant as opposed
to the individual factors.

Using Buckingham’s Pi theorem, it was found that the C/N, C/K, and T/C ratios are
dimensionless factors that explain the potential of the fermented broth for the bioleaching
process and allow an analytical basis for scaling-up. Using the Pearson Product–Moment
bivariate technique, the dimensionless factors C/N and C/K correlate with the leaching
potential of the fermented broth at 1060 cm−1.

A non-linear logarithmic model was formulated based on dimensionless parameters
explaining the behavior of the system. The obtained correlation coefficient R2 was 0.9889,
and a total absolute error of 5.03 × 10−5 was found, allowing the prediction of the scaling
of the bioprocess.

The contour lines of the response surface were developed in a two-dimensional plane,
with lines of constant absorbance in enveloping shape that validate the results of the
dimensional analysis and the bivariate Pearson correlations. The highest absorbance was
0.096 to produce fermented broth, with a C/N ratio close to 50 and a C/K ratio close to 800.
Finally, this combined methodology between the design of experiments and Buckingham’s
Pi Theorem can be developed for strategies for multivariate and non-linear bioprocesses
scale-up, with high dependence between their factors.

5. Patents

A patent resulting from the work reported in this manuscript was issued from the
Colombian patent office (Superintendencia de Industria y Comercio). Title: “Composition
for the separation and recovery of metals in solid matrices through leaching that includes
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carboxyl acid, monosaccharides, disaccharides, amino acids, fatty acids, alcohols and
phenolic compounds and processes” (2019). Code: NC2019/0013648.
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