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Abstract: The focus of this paper is the effect of thickness stretching on the static and dynamic
behaviors of functionally graded graphene reinforced composite (FG-GRC) plates. The bending
and free vibration behaviors of FG-GRC plates under simply supported conditions are studied
based on two plate theories, with or without taking into account the thickness stretching effect,
respectively, and the effect of thickness stretching on FG-GRC plates is analyzed by comparing
the calculated results of the two types of plate theories. The properties of composite materials are
estimated by the modified Halpin-Tsai model and rule of mixture, Hamilton’s principle is used to
construct its governing equation, and the Navier solution method is used to find the closed solution.
The numerical results show that the effect of thickness stretching depends mainly on the transverse
anisotropy of the FG-GRC plates, and the FG-GRC plates are most significantly affected by the
thickness stretching when the graphene nanoplatelets (GPLs) are asymmetrically distributed, and the
effect of thickness stretching tends to increase as the total number of layers and the weight fraction of
GPLs increase.

Keywords: thickness stretching; graphene nanoplatelet; functionally graded materials; bending;
free vibration

1. Introduction

The concept of functionally graded materials has been proposed by Japanese materials
scientists since 1984 [1], among which traditional metal-ceramic functionally graded mate-
rials have been widely used in aerospace engineering. Owing to their excellent thermal
insulation and high strength, functionally graded materials can be used to make high-
performance parts in spacecraft [2,3]. This paper deals with a new class of functionally
gradient materials, which enhance the mechanical properties by adding reinforcement to
the matrix materials.

Graphene nanoplatelets (GPLs) have attracted a significant amount of attention from
researchers since their discovery by Novoselov et al. in 2004 [4]. Owing to the high
Young’s modulus and high strength of GPLs, we can obtain composites with excellent
mechanical properties by incorporating GPLs into the matrix materials. Since GPLs have a
larger specific surface area than carbon nanotubes (about three times greater than carbon
nanotubes), the mechanical properties of GPLs-reinforced composites are considerably
improved over the previously studied carbon nanotubes reinforced composites [5]. The
excellent performance of GPLs-reinforced composites gives them a very broad range of
application scenarios in aerospace, civil engineering, biomedical, etc. Therefore, it is
important to study the mechanical behaviors of functionally graded graphene reinforced
composites (FG-GRC).

Some researchers have chosen classical plate theory [6] (Kirchhoff theory) for the
analysis of FG-GRC. Yang et al. [7] investigated the critical buckling load of spinning
FG-GRC cylindrical shells by using classical plate theory. Gao et al. [8] studied the FG-GRC
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porous plates using classical plate theory and solved the nonlinear free vibration of the
plates using the differential quadrature method. Li et al. [9] investigated the nonlinear
vibration of FG-GRC sandwich porous plates based on classical plate theory.

Classical plate theory neglects the effects of shear and normal deformation and is only
applicable to thin FG-GRC sheet/shell, so more researchers have adopted first-order shear
deformation plate theory (FSDPT) [10] and third-order shear deformation plate theory
(TSDPT) [11]. Song et al. [12] analyzed the free and forced vibrations of FG-GRC plates
employing FSDPT. Garcia-Macias et al. [13] calculated the bending and free vibration of
FG-GRC plates based on FSDPT using the finite element method, and also calculated
the mechanical behaviors of carbon nanotube reinforced plates for comparison purposes.
Mohammod et al. [14] performed a free vibration analysis of FG-GRC curved nanobeams
on Pasternak foundation based on the displacement field described by FSDPT. Guo et al.
calculated nonlinear bending [15] and free vibration [16] of an FG-GRC quadrilateral plate
based on FSDPT, using the element-free IMLS-Ritz method. Reddy et al. [17] used FSDPT
and finite element method to analyze the free vibration characteristics of FG-GRC plates
under various boundary conditions.

Due to the assumption of a constant transverse shear strain in the transverse section,
the FSDPT must be shear-corrected, and this correction factor is not only related to the
materials and geometric parameters, but also to the loads as well as to the boundary
conditions. Since the shear correction factor is difficult to determine, TSDPT becomes the
favored choice of many researchers. The advantage of TSDPT is that it does not need to
consider the shear correction factor, and the calculation result of TSDPT is also closer to
the 3D solution than FSDPT. Shen et al. [18] established geometric nonlinear equations
of motion with von Karman strain form based on higher-order shear deformation plate
theory to study the significant amplitude vibration in FG-GRC plates under an elastic
foundation and thermal environment. Kiani [19] used Reddy-based TSDPT to obtain
the total strain energy and performed thermal post-buckling analysis on FG-GRC plates.
Gholami et al. [20] investigated the geometrically nonlinear harmonically excited vibration
of FG-GRC rectangular plates under different edge conditions using TSDPT. Li et al. [21]
studied the bending, buckling and free vibration of FG-GRC plates using isogeometric
analysis based on FSDPT and TSDPT.

In addition to FSDPT and TSDPT, there are some articles that use other plate theories.
Thai et al. [22] investigated the bending, buckling and free vibration behaviors of FG-
GRC plates based on refined shear deformation plate theory. Gholami and Ansari [23]
performed a large-deflection geometric nonlinear analysis of FG-GRC plates based on
sinusoidal shear deformation plate theory. Based on sinusoidal shear deformation plate
theory, Arefi et al. [24] reported the effect of small-scale effects on the natural frequencies
of FG-GRC nanoplates on elastic foundations.

All the plate theories mentioned in the above review do not take into account the
effect of thickness stretching, which can lead to large errors when we calculate moderately
thick and thick plates. To compensate for the disadvantages of those theories, many
researchers have proposed plate theories that take into account the effect of thickness
stretching. For example, Zenkour [25] proposed a quasi-3D higher-order shear deformation
plate theory based on sinusoidal functions of in-plane and transverse displacements, while
the quasi-3D theory [26] is based on the parabolic function of transverse displacement and
the cubic function of in-plane displacement. Both of the above two plate theories contain
six unknown quantities in the displacement field. There are also three high-order shear
deformation plate theories with nine unknowns proposed by Neves [27-29].

Senthilnathan et al. [30] simplified the TSDPT by dividing the transverse displacement
into bending and shear components so that the number of unknowns was reduced by one
compared to the TSDPT. They applied this assumption to the analysis of the isotropic plates
and proposed a refined plate theory (RPT). This hypothesis of dividing the displacement
into a bending part and a shear part was first proposed by Huffington [31]. Shimp [32]
published a detailed analysis of homogeneous plates based on RPT in 2002 and proposed
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two extended theories based on RPT. Mechab [33] first extended RPT to the analysis of
functionally graded materials. Since then, a large number of documents [34—40] have
analyzed and studied the mechanical behaviors of functionally graded materials based on
RPT, which showed the good applicability of RPT in the mechanical analysis of functionally
graded materials.

The calculation result of RPT is very close to TSDPT [30], and because it reduces one
degree of freedom, the calculation process is greatly simplified. However, RPT does not
consider the effect of thickness stretching, so its shortcomings are the same as TSDPT. In
order to make up for the shortcomings of RPT, Thai [41] proposes an improved refined
plate theory (IRPT) that takes into account the effect of thickness stretching. IRPT corrects
the disadvantage of RPT in the calculation of moderately thick and thick plates by adding
a thickness stretching effect term in the displacement field. The calculation results [41]
in functionally graded materials show that the IRPT that takes into account the effect of
thickness stretching is more accurate than the RPT that does not consider the effect of
thickness stretching. Compared with the previously mentioned plate theories that consider
the effect of thickness stretching, IRPT contains the least number of unknowns [41].

The importance of the effect of thickness stretching for the analysis of the mechanical
behaviors of metal-ceramic functionally graded plates was emphasized by Carrera et al. [42].
Usually, the effect of thickness stretching can be disregarded for thin isotropic plates, but
due to the specificity of the structure of the functionally graded materials, ignoring the
effect of thickness stretching in the analysis of mechanical behaviors may lead to inaccurate
calculation results [42]. For moderately thick and thick plates, neglecting the effect of
thickness stretching produces non-negligible errors, which is evident in both multilayered
composite plates and metal-ceramic functionally graded plates.

To the authors’ knowledge, few researchers have further studied the effect of thickness
stretching on the mechanical behaviors of FG-GRC plates in detail. In the present paper,
attention is focused on the effect of thickness stretching on the static and dynamic behaviors
of FG-GRC plates. The novelty of this paper is reflected in the fact that the importance of
the thickness stretching effect is investigated by comparing the numerical results based
on two plate theories, with or without taking into account the thickness stretching effect,
respectively. In this paper, RPT and IRPT are used to study the bending and free vibration
behaviors of FG-GRC plates. The properties of composite materials are estimated by the
modified Halpin-Tsai model and rule of mixture. Hamilton’s principle is used to construct
its governing equation, and the Navier solution method is used to find the closed solution.
The effects of thickness stretching, distribution modes of GPLs, and some parameters,
such as the total number of layers Nj, and weight fraction fg of GPLs on frequencies and
deflections of the FG-GRC rectangular simply supported plates are discussed in detail.

2. Effective Material Properties

Consider an FG-GRC plate with length a4, width b, and thickness h (Figure 1) using
the cartesian coordinate system x, y, z, with plane z = 0, coinciding with the midplane of
the plate. Ny, is the total number of layers of FG-GRC plates, and it is worth noting that
this paper is only for FG-GRC plates with an even number of layers. GPLs are used as
fillers and four distribution patterns proposed by Song et al. [12,43] are used in this paper.
In Figure 2, taking the plate with N; = 6 as an example, a schematic diagram of the four
distribution modes of GPLs is given [12,43].
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Figure 1. Mode of a functionally graded graphene reinforced composite (FG-GRC) plate.
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Figure 2. Different distribution modes of graphene nanoplatelets (GPLs).

In the UD mode, the GPLs content is uniformly distributed. In the FG-O mode, the
GPLs content decrease from the middle surface to the surface of the plate. In the FG-X
mode, the distribution is opposite to in the FG-O mode, and the GPLs content decreases
from the surface to the middle surface of the plate. In the FG-A mode, the GPLs content
increases from the upper surface to the lower surface.

The effective Young’s modulus of the kth layer of the FG-GRC plates, E‘gk), can be
calculated based on the Halpin-Tsai micromechanics model [44] and Voigt-Reuss model [45],
as follows:

(k) k)
1 v, 1 |4
Egk):ng’h(gngngxﬁW—W(ngM (1)
1-—- ﬂLVG 1- WWVG
where
(Eg/Em) —1 (Ec/Em) —1

M= Ea/Ew) + &' ™ = (Ec/Em) + tw @)

k=1,2,..., Ny, and Eg, Ep represent Young’s modulus of GPLs and polymer matrix,
respectively. {1, and ¢ are the parameters associated with the geometry and size of the

GPLs, defined as
(%6 & —of e

aw=2(5) e =2(;¢) @
with I, wg, and kg being the average length, width, and thickness of the GPLs. In addition,
the volume fraction Vék) of GPLs in the kth layer is defined as follows:

(k)
k
v Jc @)

B fék) + (oG /om) (1 - fék))

where fék) is GPLs weight fraction of the kth layer, py and pg denote the mass densities of
the polymer matrix and GPLs, respectively.

According to the rule of mixture, the effective density and Poisson’s ratio of the kth
layer of the FG-GRC plates are defined as follows:

ol = o6V + on (1= V) 1 =Vl 4+ v (1- V) (5)
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vG and vy are Poisson’s ratios of GPLs and polymer matrix, respectively. Assuming N as
an even number, the GPLs weight fraction of the kth layer for the four distribution modes
is as follows [43]:

fo UD
afc (Mt — k=22 ) /24 Ny) FG -0
Afq %+‘k—NL2HD/(2+NL) FG — X
2kf/ (N +1) FG — A

& = (6)

in which fg is the total weight fraction of GPLs in the FG-GRC plates.

3. The Plate Theories (RPT and IRPT)
Consider the rectangular plate shown in Figure 1, using the assumptions shown below:

(1) In-plane displacement and transverse displacement consists of bending and shear
components.

(2) The bending component of the in-plane displacement is assumed to be analogous to
the displacement that is given by classical plate theory.

(3) The shear part of the in-plane displacement causes a parabolic change in the shear
strain, thereby generating shear stress through the thickness of the plate so that the
shear stress on the top and bottom surfaces disappears.

Based on the above three assumptions, the displacement field of RPT is defined as
follows [32,41]:

ui(x,y,z,t) = u(x,y,t) —Zza% —f(z)aa%
uy(x,y,z,t) = v(x,y,t) — Zalyb —f(z)aa% @

w3 (%, 9,2, 1) = wy(x,, 1) + ws(x,,1)

where f(z) = —z/4 + 523 /3h?; (u1,up, u3) are the displacements along the (x,y,z) axis
direction, respectively. u and v represent the displacements of a point on the middle
surface of the plate along the x-axis and y-axis; wy, is the bending part of the transverse
displacement; and w;s is the shear part of the transverse displacement. k indicates the
thickness of the plate.

Considering the effect of thickness stretching based on RPT, we can obtain the dis-
placement field of IRPT as follows [41]:

uy(x,y,2,t) = u(x,y,t) — jT — flz) %
up(x,y,z,t) = o(x,y,t) — zg—‘;’] —f(z)ag;S 8)
uz(x,y,z,t) = wy(x,y,t) + ws(x,y,t) + g(z)wz(x,y, t)

where ¢(z) =1 — f'(z). w; is the unknown displacement function with respect to the effect
of thickness stretching.
The linear relationship between strain and displacement is as follows:

u 2w *w
Ex = g —Z axzb —f(Z) axzs )

v o%wy, ?w
&y = @ - ayz _f( ) ay; (10)
e =g (z2)w, (11)

ou v 0%wy, 92w
')’Xy - @ + a - zzaxay - Zf(Z) axay (12)
ow ow

7 =86) (G2 + 57 13)
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ows  ow,
= 14
If the effect of thickness stretching is neglected, Equation (11) becomes ¢, = 0.
The relationship between strain and stress is as follows:
[ k) k) ~(K) T
AT B D, o o ()
K T | I
Oz _ | G G G Ok 0 0 €22 (15)
Tay o o o c® o o Tay
Tz o o o o cf o Tz
T
v 0o 0 0o o o ch]tT
where Cl-(jk) is the three-dimensional elastic constant as follows:
(1-v)El
o =cly =cff) = : : (16)
(1 —ZVC( )) <1+VC( )>
(k) p (k)
ve 'E
Gy =iy =G5l = oy (17)
(1 — 2vc(k)> (1 + vc(k))
(k)
E
-l == B w
2(1+ ")

If the thickness stretching effect is neglected, the stress—strain relationship is shown below.

- k -
Oxx ® 1k UC( | 0 0 0 Exx ®
” . O T 0 0 .
vy X L vy
Tay — 7(1{) 5 0 0 25 0 . 0 Yxy (19)
Txz 1-— [l/c } 0 0 175/5 ) 0 Yz
Tyz 1y Yyz
L 0 0 0 0 > |
The virtual strain energy of the system is as follows:
Zk 1
JU = /Q / (oWl + iy self) + ool + 7fo0ly) + ¥or ) + oyl ) dzdy (20)
k=1"%k

The variation in work carried out by the external forces g is as follows:

/Q /Zk+1 (6wy, + dws + g(z)dw,)dzdxdy (21)

where g represents the external load in the transverse direction.
The virtual kinetic energy of the system is as follows:

g Z,
/ o u&u + 060 4+ wéw)dzdxdy (22)
JQO k=1 Zj

In this paper, the dot-superscript convention denotes the differential with respect to
the time variable.
If the effect of thickness stretching is ignored, then:
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N / Zk“ xx (Se + Uy(y)(is(y ) + T,Ely‘) (S'y,(cy) + T,SZ)(S%(CZ) + Téz)éfyéz))dzdxdy (23)
k=1"%k

Zk+1
/ / q(6wy + Sw;)dzdxdy (24)
Q Zk

zZ
/ o uéu + 060 4+ wéw)dzdxdy (25)
(@) k=1 Zk
Hamilton’s principle is as follows:
T
/ S(U+V —K)dt =0 (26)
0

Substituting the expressions from Equations (20)—(22) into Equation (26), we obtain
the governing equations under IRPT as follows:

A119 axz + A%a Y+ (Ap+ Aéé)axay B ® ax3 (B12 +2366)axay

B3y 5% — (B, +2B36) ity + Xus %2 = it — Iy 5 — J1 % )
Ap? ayz + Ag6 LY + (Ar2 + Ags) & axay — B a/ — (Bia +2Bgg) 2 axzay 28)
B 5% — (B, +2B3) 2iss + Xoa %z = Iop — h 5 — 1%
B11gi§‘ + (B12 +2B66) (axayz + 8x28y) + BzZay — Dyy? ax4 Dzzaa;%
2(D12 +2D66)ax28y — D5, % — g, aaywq —2(D3, +2D5,) aizg“;z+ (29)
Y132 axzz + Y bl a +q = Ip(@wp + ws) + Jow: + I (a” + al) — LV2Wy, — [, V2,
By 55 + (Bi + 2B )(axay + axzay) 8323; Dil e
Diyyt —2(Diy +2D) s — Hiy Gk — Hia G-
2(H;, +2H) 52 axza )+ AR T Aifay@ + (Y5 + Ag) P (30)
(Y5 + A3) 5 +q+N§3x(aaj;;b +Zu) NG, (T4 T =

Io(d)b +ii)5) + Jowz + 1 (% + %;) — ]zvzibb — sz wWs

a 2
— X133 — Xp3 o T Y13 axzb + Y355 wb + (Y93 + A3 )aafﬁs + (Y55 + Al )a s
a X aZ 2
Ass aafiz + Al aayuﬁz — Za3w; + g9 + gNSx( o+ aa;gb) + 8Ny, (Vu;b + aayués) G
= Jo(wp + Ws) + Kot

where

A AS. B BS. Di: DS HS Y[R 2 2 £ 2\, (Mg 32
z]r l]’ l]/ ij’ 1]/ ijs — Z : /g /errz /fzrf 1j 4 ( )
k=1"*k

Zk+1 2
(Xl]I Yl]/ Yl]/Z kzl/Zk g/glzrg/f/g/ )Clj(k)dz (33)
NL z
(o, k) = Y. / o (1.2,22)pMdz (34)
k=1"%k

NL
o, J1 J2) = / )o®) dz (35)
k=1"%k
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NL

(Ko, K2) = Y / e (gz, fz) oMz (36)

k=1"%

4. Closed Solutions

Consider an FG-GRC plate with four sides simply supported, as shown in Figure 1.
The transversal load g acts on the surface of the FG-GRC plate. The Navier solution is used
to solve the closed solution of Equations (27)—(31). According to the Navier solution, the
solution form is assumed to be as follows:

u(x,y,t) = %1 il(ursei“’t cos ax sin By )
r=1s=
v(x,y,t) = gl il(Vrsei“’t sin ax cos By)
r=1s=
wy(x,y,t) = ﬁl il(wbrsei“’t sinax sin By) (37)
r=1s=
Ws (x/ ]// t) = gl il (Wsrseiwt Sin ax sin ﬁy)
r=15=
wy(x,y,t) = %1 il(Wzrsei“’t sin ax sin By)
r=1s=

where Uys, Vs, Wys, Wers, and Wy,s are unknown coefficients, while r and s are the half-
wave numbers in the x and y directions, respectively. w is the natural frequency. In addition,

i:\/—llazg’ﬁ:g (38)
a b
The form of transversal load g is assumed to be as follows:
R S
q(x,y) = Z Z Qys sinax sin By (39)
r=1s=1

For the bending analysis in the following, it is necessary to consider a uniformly
distributed transverse load q(x,y) = Fy, in which case [43],

Qrs = 4AsFy/ (EmrsT?) (40)

where
Ars :17(71)r7(71)5+(71)r+s (41)

Substituting Equations (37) and (39) into Equations (27)—(31), the closed solutions can
be derived from the following equation.

i ji2 13 14 Jis myip 0 myz myg O Uys 0

iz 2 J23 Joa Jos 0 mp mpyz my 0 Vis 0

f13 j3 ja3 jaa jas | —w?| my; mzp mzy mas mgs Wis ¢ =19 Qs (42)
14 o4 J3a Jaa Jas My Mgy Myz Mgq  Mys Wers Qrs

J15 Jjo5 J3s5  Jas  Jss 0 0 msz msy mss Wars 0
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where

j11 = A1na® 4 Aee %, 12 = (A12 + Ass)ap, j1i3 = —Br1a® — (B1p + 2Bgg)ap?

j1a = —B5 a3 — (B3, + 2B, )ap?, j15 = — X130, joo = Aeod® + Axf?

jo3 = —Bafp® — (Bia +2Bee)aB, jos = —B3p° — (B, + 2B )a*B, jo5 = — X3
ja3 = Duia* +2(D1y + 2Dge)a*B* + Dy, jas = (Y55 + Als)a® + (V35 + AY) B°
jas = D§yat +2(D3, + 2D )a? B2 + D5, % jss = Agsa® + AP + Zs3

jas = Y130 + Vo3 %, jus = Hiyo* + 2(Hj, + 2Hgg)a? > + H3pp* + Agsn® + AL, B2
my = lp,mi3 = —aly, myy = —ajy, mo = Iy, myz = —Bly, mog = —BJ

maz = I+ L (a® + B?),mag = Io + J1 (a® + B?), mas = Jo, mag = Iy + Ko (a® + p?)
may = Io + Ky (a® 4 B?), mys = Jo, mss = Ko

To solve for the bending deflection, just take w = 0, and we can find Uys, Vis, Wy, Wers,
and Wy, and then the deflection value using Equation (42). The free vibration frequency
can be found by simply substituting Equation (42) for Q,s = 0.

If the effect of thickness stretching is neglected and the same procedure as IRPT is
used, the closed solutions of RPT can be obtained from the following equation.

. ji2 13 Jjia myp 0 myz my Uys 0
jz 2 3 joa | _ 2| O M2 maz oy Vis L _) O (43)
13 J23 j33 Ja4 miz  mp3 M3z M3y Wys Qrs
J14  J24 ]34 J44 M4 Mp4 M34  My4 Wers Qrs
where

. U O o
ju = A+ B ) i = P Aup o = A(l 7o’ + B

j1s = —Ba(a® + ), juu = —Ba(a® + p?), jos = —Bp(a® + B?)

jou = —B°B(a? + B?), jzs = D (e + B7)°, jaa = D* ( + p2)?

jaa = H(a® + ﬁz)z + AS (a2 + B?), myy = myp = Iy, myz = —aly, myg = —afy, moz = —Bh
Moy = —BJ1,mzz = I+ L (a* + B?), mzg = Iy + [ (a* + B?)

Myy = Io + Kz(l’é + ﬁz)

( )
(A,B,B5,D,DS,H 2 S Lz £,2%2f, f2) Fodz, A° = E S

2(1 2(14+00)
The process of solving RPT is similar to solving IRPT.

5. Results and Discussion

In this section, the bending and free vibration behaviors of the FG-GRC plates are
investigated in detail, with special attention on the effects of the distribution pattern of
GPLs, weight fraction of GPLs, length-to-thickness ratio of FG-GRC plates, and a total
number of layers Ny on the mechanical behaviors of FG-GRC plates when the effect of
thickness stretching are considered. It should be noted that since the reinforcing materials
can be considered as uniformly distributed in the horizontal direction, several composite
plates mentioned below (FG-GRC plates, Al/(ZrO,)-1 plates and Al/Al,O3 plates) can be
considered as quasi-isotropic material plates, and their material properties only produce
gradient changes in the transverse thickness direction.

5.1. Static Bending

A functionally graded square plate composed of Al/(ZrO;)-1 is used as an example
to verify the effectiveness of the current method. The material properties are shown below

Al: El =70 GPa, V1 = 0.3
(ZrO,)-1: Ey = 200 GPa, v, = 0.3
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The plate has Al on the upper surface and (ZrO;)-1 on the lower surface with an
intermediate gradient distribution. The effective material properties are shown below [46]:

P(z) :P1+(P2P1)(1+Z)n(n>0) (44)

2 h
where P; and P, represent the material properties of Al and (ZrO,)-1, such as Young's
modulus, density, etc., respectively. n is the volume fraction index. The functionally graded
plate is divided into N layers of isotropic plates along the thickness direction. The total
material properties of the functionally graded plates are superimposed on the material
properties of each layer in the thickness direction, and the equivalent material property

Pég) for the kth layer is defined as follows [47]:

Z
Pé](;) :/k+l P(Z) dzl(k:1/2//NL) (45)
% Zk+1 T Zk
The dimensionless deflection is defined as follows and the uniformly distributed
transverse load Fy= 500 kPa.

we = 100wE 13/ [12(1 - v%) Foaﬂ (46)

The effects of different truncation levels R and S and Nj on the dimensionless de-
flection are given in Table 1. 7 is the volume fraction index. The results show that the
dimensionless deflection is close to convergence when the truncation levels R and S of
Equation (37) are taken as 10 for the different total numbers of layers. Therefore, the use of
R =5 =10 for all subsequent bending deflection-related calculations balances accuracy and
calculation costs.

Table 1. Dimensionless central deflection values of Al/(ZrO,)-1 functionally graded square plates at
different truncation levels. (n = 0.5).

R=S§=1 R=5=10 R=5=20
N =10 RPT 0.2402 0.2313 0.2312
IRPT 0.2550 0.2462 0.2462
Nr =20 RPT 0.2407 0.2318 0.2317
IRPT 0.2556 0.2467 0.2467
Nr =30 RPT 0.2408 0.2319 0.2318
IRPT 0.2557 0.2468 0.2468

The dimensionless central deflection values for Al/(ZrO;)-1 functionally graded
square plates at a/h = 5, N; = 10, and R = S = 10 are given in Table 2, where 7 is the
volume fraction index. By comparing with the finite element method [48] and the meshless
local Petrov—Galerkin method [49], it can be seen that RPT and IRPT are in good agreement
with the available literature in terms of results.

Table 2. Dimensionless central deflection values of Al/(ZrO;)-1 functionally graded square plates
under a transverse uniform load. (R = S =10, N; = 10,a/h = 5).

n
0 0.5 1 2
Ref. [48] 0.1703 0.2232 0.2522 0.2827
Ref. [49] 0.1671 0.2505 0.2905 0.3280
RPT 0.1716 0.2313 0.2715 0.3140

IRPT 0.1830 0.2462 0.2883 0.3327
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Next, consider an FG-GRC plate. The epoxy is selected for the matrix material, and its
material properties are shown below.

epoxy : Em = 3.0 GPa, vy = 0.34, py = 1.2 g/cm?
GPLs : Eg = 1.01 TPa, vg = 0.186, pg = 1.06 g/cm?®

The geometric dimensions of GPLs are: Ig = 2.5 um, wg = 1.5 um, hg = 1.5 nm. If
not specified, the default is taken as fg = 1.0% and Ny = 10.

Figures 3 and 4 investigated the effects of the total number of layers Nj and the GPLs
weight fraction fg on the percentage deflection ratio w./wy of the FG-GRC square plates
under four different distribution patterns of GPLs using the plate theories IRPT and RPT,
respectively. w, is the center deflection of FG-GRC plates and w) is the center deflection of
plates without GPLs reinforcement (matrix material plates).

40 40
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Figure 3. Effect of the total number of layers Ny on the deflection ratio w./wy; of FG-GRC plates
under RPT and IRPT.
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Figure 4. Effect of GPLs weight fraction fg on the deflection ratio w./wy of FG-GRC plates under
RPT and IRPT.

It can be clearly seen that when the GPLs are asymmetrically distributed (FG-A), the
difference between the results obtained from the two plate theories (RPT and IRPT) is very
obvious. When the GPLs are symmetrically distributed within the FG-GRC plates (UD,
FG-O, and FG-X), the difference between the results calculated by the two plate theories is
very small. This is due to the asymmetric distribution of GPLs in the transverse thickness
direction, resulting in a more significant transverse anisotropy in FG-A-type FG-GRC plates.
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That is to say, the more significant transverse anisotropy of the FG-A-type FG-GRC plates
compared to the symmetrically distributed modes of GPLs leads to a significant difference
in its deflection ratio in the calculated results of RPT and IRPT, and this difference is evident
in both thick plates with a/h = 4 and moderately thick plates with a/h = 10.

It can also be seen from Figures 3 and 4 that the difference in deflection ratio w./wy
decreases with decreasing a/h values for different distribution modes, and the effect of
thickness stretching tends to increase as the total number of layers Ni, and the weight
fraction fg of GPLs increase. However, as the total number of layers N; and the weight
fraction fg of GPLs increase, the difference due to the effect of thickness stretching tends to
stabilize.

5.2. Free Vibration

Firstly, metal-ceramic functionally graded materials are calculated to verify the validity
of current methods. A simply supported Al/Al,Os functionally graded square plate with
a total number of layers N = 10 is considered. The material properties of Al and Al,O3
are shown in the following equations.

Al: E; = 70.0 x 10° N/m?,v; = 0.3, p; = 2702 kg/m°
AlyO3: E; = 380 x 10° N/m?, v, = 0.3, 0, = 3800 kg/m°>

The effective material properties of the functionally graded plates are determined by
Equations (45) and (46), which follow the same procedure as when bending is considered.
n is the volume fraction index. The dimensionless natural frequency of the FG-GRC plates
is defined by the following equation.

we = why/p2/E3 (47)

As shown in Table 3, the results of RPT and IRPT are in good agreement with those of
higher-order shear deformation plate theory [50].

Table 3. Dimensionless fundamental frequencies of Al/Al,O3 functionally graded t square plates.

alh n
0.0 0.5 1.0 4.0 10.0
2 Ref. [50] 0.9400 0.8232 0.7476 0.5994 0.5460
RPT 0.9297 0.8126 0.7366 0.5919 0.5393
IRPT 0.9420 0.8267 0.7529 0.6053 0.5479
5 Ref. [50] 0.2121 0.1819 0.1640 0.1383 0.1306
RPT 0.2113 0.1811 0.1634 0.1375 0.1293
IRPT 0.2122 0.1829 0.1662 0.1406 0.1310
10 Ref. [50] 0.05777 0.04917 0.04426 0.03811 0.03642
RPT 0.05769 0.04914 0.04427 0.03795 0.03611
IRPT 0.05777 0.04950 0.04495 0.03878 0.03656

Next, we will analyze the FG-GRC plates. The material parameters of the epoxy matrix
materials and GPLs are the same as those in the bending analysis. Where the dimensionless
natural frequencies are defined as shown below.

we = why/pm/ Em (48)

in which w, and wy; are the natural frequencies of FG-GRC square plates and pure epoxy
square plates, respectively.

The dimensionless natural frequencies and relative frequency increase (w. — wn)/wm
of FG-GRC plates are given in Table 4. Each distribution mode of the FG-GRC square plates
was calculated. The results of the calculations for the pure epoxy plates are also included
in Table 4. The dimensionless natural frequencies and relative frequency increases in RPT
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and IRPT were compared. The role played by the effect of thickness stretching in the free
vibration process of FG-GRC plates can be seen by comparing the results of RPT and IRPT
calculations.

Table 4. Dimensionless natural frequencies of pure epoxy square plates and FG-GRC square plates
with various mode shapes. (N; = 10, fg = 1.0%).

alh r,s Theories EI;:)l:y UD FG-O FG-X FG-A
0.6548 0.5728 0.6967 0.6093

4 L1 RPT 03146 10g1%)  (821%) (1215%)  (93.7%)
0.6595 0.5784 0.7006 0.6250

IRPT 03169 (1081%)  (825%)  (121.1%)  (97.2%)

1.3706 1.2433 1.3941 1.2904

21 RPT 06584 1082%)  (88.8%)  (111.7%)  (96.0%)
1.3879 1.2663 1.4069 1.3272

IRPT 06668 (108.1%)  (90.0%)  (111.0%)  (99.0%)
1.9350 1.7918 1.9227 1.8352

2,2 RPT 09294 (1082%)  (92.8%)  (106.9%)  (97.5%)
1.9654 1.8352 1.9444 1.8903

IRPT 09441 1082%)  (044%)  (106.0%)  (100.2%)
2.2615 2.1145 2.2241 2.1530

31 RPT LOB62  1082%)  (94.7%)  (1048%)  (98.2%)
2.3003 2.1719 2.2514 2.2189

IRPT L1050 o809y (96.6%)  (103.7%)  (100.8%)
2.7006 2.5528 2.6267 2.5826

32 RPT L2970 1082%)  (96.8%)  (1025%)  (99.1%)
2.7514 2.6309 2.6621 2.6633

IRPT 13216 1082%)  (99.1%)  (1014%)  (101.5%)
3.3389 3.1957 3.2092 3.2108

33 RPT L6034 10g2%)  (993%)  (100.1%)  (100.2%)
3.4079 3.3068 3.2577 3.3130

IRPT 16368 1082%)  (1020%)  (99.0%)  (102.4%)
0.1216 0.1023 0.1366 0.1118

10 L1 RPT 0.084  1082%)  (752%)  (133.9%)  (91.4%)
0.1218 0.1025 0.1368 0.1144

IRPT 00585 (108.2%)  (75.2%)  (133.8%)  (95.6%)

0.2895 0.2470 0.3188 0.2674

21 RPT 01391 (1081%)  (77.6%)  (1292%)  (92.2%)
0.2906 0.2481 0.3198 0.2737

IRPT 0139 1082%)  (777%)  (129.1%)  (96.1%)
0.4437 0.3828 0.4809 0.4111

2,2 RPT 02132 (qo81%)  (795%)  (125.6%)  (92.8%)
0.4460 0.3854 0.4829 0.4212

IRPT 02143 (1081%)  (79.8%)  (1253%)  (96.5%)
0.5402 0.4691 0.5803 0.5015

31 RPT 02596 (108.1%)  (80.7%)  (1235%)  (93.2%)
0.5435 0.4729 0.5831 0.5141

IRPT 02612 1081%)  (81.0%) (1232%)  (96.8%)
0.6770 0.5930 0.7190 0.6302

32 RPT 03253 (1081%)  (82.3%)  (121.0%)  (93.7%)
0.6820 0.5990 0.7231 0.6465

IRPT 03277 (08.1%)  (828%)  (1207%)  (97.3%)

0.8877 0.7870 0.9284 0.8294

3,3 RPT 04265 (1081%)  (845%) (117.7%)  (94.5%)
IRPT 0.4304 0.8958 0.7971 0.9348 0.8517

(108.1%)  (852%)  (117.2%)  (97.9%)

Note: The values in parentheses indicate the relative frequency increase (w, — wy)/wy, in which w, and wy are
the natural frequencies of FG-GRC square plates and pure epoxy square plates, respectively.
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As seen in Table 4, the RPT underestimates the dimensionless natural frequency of the
FG-GRC plate compared to the IRPT because the effect of thickness stretching is neglected.
The calculated results for FG-A-type FG-GRC plates with asymmetric distribution of GPLs,
including the dimensionless natural frequencies and relative frequency increases, are
significantly affected by the effect of thickness stretching. This is because the transverse
anisotropy of the FG-GRC plates with FG-A-type distribution is more significant than the
other three distributions. It can also be seen from Table 4 that the FG-GRC plate with
FG-X-type distribution has the best ability to improve the free vibration response of the
plates among the four distribution modes. The UD-type distribution of FG-GRC plates
is almost unaffected by the effect of thickness stretching, which is consistent with our
expected results due to the isotropic nature of the UD-type distribution in the transverse
displacement direction. We can also conclude that when the value of a/h decreases, that
is, when the FG-GRC plates become thicker, the free vibration frequency of the FG-GRC
plates increases significantly.

The effects of the total number of layers Ny, and the weight fraction fg of GPLs on the
fundamental frequency change in FG-GRC square plates ata/h = 4 and a/h = 10 are given
in Figures 5 and 6, respectively. The relative frequency change is equal to (w; — wn) / W
Figure 5 is calculated by taking fg = 1.0% and Figure 6 is calculated by taking N; = 10.
All four distribution modes of the FG-GRC plate were considered and the results of the
RPT and IRPT calculations are compared in Figures 5 and 6.
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Figure 5. Relative frequency change in FG-GRC plates for a/h = 4and a/h = 10 (fg = 1.0%).
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Figure 6. Relative frequency change in FG-GRC plates for a/h =4 and a/h = 10 (N = 10).
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Among the four distribution modes, GPLs symmetrically distributed UD-type, FG-O-
type, and FG-X-type FG-GRC plates showed little difference in the calculated results under
the two plate theories (RPT and IRPT). The calculated results for the FG-A-type FG-GRC
plate with asymmetric distribution of GPLs are significantly different under RPT and IRPT.
Compared with the IRPT results, the RPT results without considering the effect of thickness
stretching are significantly lower, which is caused by the more significant anisotropy in
the transverse displacement direction of the FG-A-type distribution than the other three
GPLs symmetrically distributed FG-GRC plates. From Figures 5 and 6, we can also see that
the effect of thickness stretching becomes more significant as the total number of layers
(Nr) and the weight fraction (fg) of GPLs increase. From Figures 36, it can be seen that
for the calculated results of bending deflection and free vibration fundamental frequencies
of FG-GRC plates, the difference in results between the four distribution modes of GPLs
decreases significantly as the value of a/h decreases.

6. Conclusions

Based on two types of plate theories considering (IRPT) and not considering (RPT)
the thickness stretching effect, the effect of thickness stretching on the bending and free
vibration behaviors of FG-GRC plates was investigated. The governing equations of the
FG-GRC plates are derived by Hamilton’s principle. The Navier solution method is used to
obtain the closed solutions for the percentage deflection ratio, dimensionless free frequency,
and the relative frequency change in the FG-GRC rectangular simply supported plates.
The effects of a/h value, the total number of layers N;, and weight fraction fg of GPLs are
investigated by comparing the two plate theories. It is found that:

(1) The effect of thickness stretching depends on the transverse anisotropy of FG-
GRC plates. FG-GRC plates with asymmetric distribution of GPLs are most significantly
affected by the effect of thickness stretching. Even for the moderately thick FG-GRC plates
(a/h = 10) with asymmetric distribution of GPLs, the effect of thickness stretching cannot
be neglected when considering their bending and free vibration behaviors.

(2) When the value of a/h decreases, the dimensionless natural frequencies of the
FG-GRC plates increase significantly.

(3) The difference in bending and free vibration of FG-GRC plates due to different
distribution patterns of GPLs decreases significantly as the value of a/h decreases.

(4) The effect of thickness stretching becomes more obvious as the total number of
layers of FG-GRC plates (Ny) and the weight fraction of GPLs (fg) increase.

Author Contributions: Conceptualization, Z.W. and L.M.; methodology, Z.W. and L.M.; writing—
original draft preparation, Z.W.; writing—review and editing, Z.W. and L.M. All authors have read
and agreed to the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (11862012,12062010)
and the Shandong Provincial Natural Science Foundation of China (ZR2020KA006).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare no conflict of interest.

1. Koizumi, M. FGM activities in Japan. Compos. Part B Eng. 1997, 28, 1-4. [CrossRef]

2. Zhou, W,; Ai, S,; Chen, M,; Zhang, R.; He, R.; Pei, Y,; Fang, D. Preparation and thermodynamic analysis of the porous
ZrO2/(ZrO2+ Ni) functionally graded bolted joint. Compos. Part B Eng. 2015, 82, 13-22. [CrossRef]

3. Zhou, W,; Zhang, R.; Fang, D. Design and analysis of the porous ZrO2/(ZrO2+ Ni) ceramic joint with load bearing—heat insulation
integration. Ceram. Int. 2016, 42, 1416-1424. [CrossRef]


http://doi.org/10.1016/S1359-8368(96)00016-9
http://doi.org/10.1016/j.compositesb.2015.07.018
http://doi.org/10.1016/j.ceramint.2015.09.085

Appl. Sci. 2021, 11, 11362 16 of 17

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

Novoselov, K.S.; Geim, A.K.; Morozov, S.V,; Jiang, D.-E.; Zhang, Y.; Dubonos, S.V.; Grigorieva, 1.V.; Firsov, A.A. Electric field effect
in atomically thin carbon films. Science 2004, 306, 666—-669. [CrossRef]

Zhao, S.; Zhao, Z.; Yang, Z.; Ke, L.; Kitipornchai, S.; Yang, ]. Functionally graded graphene reinforced composite structures: A
review. Eng. Struct. 2020, 210, 110339. [CrossRef]

Kirchhoff, G. Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe. |. Reine Angew. Math. (Crelles ].) 1850, 1850,
51-88.

Yang, J.; Dong, J.; Kitipornchai, S. Unilateral and bilateral buckling of functionally graded corrugated thin plates reinforced with
graphene nanoplatelets. Compos. Struct. 2019, 209, 789-801. [CrossRef]

Gao, K.; Gao, W.; Chen, D.; Yang, J. Nonlinear free vibration of functionally graded graphene platelets reinforced porous
nanocomposite plates resting on elastic foundation. Compos. Struct. 2018, 204, 831-846. [CrossRef]

Li, Q.; Wu, D.; Chen, X;; Liu, L.; Yu, Y.; Gao, W. Nonlinear vibration and dynamic buckling analyses of sandwich functionally
graded porous plate with graphene platelet reinforcement resting on Winkler-Pasternak elastic foundation. Int. J. Mech. Sci. 2018,
148, 596-610. [CrossRef]

Mindlin, R.D. Influence of rotatory inertia and shear on flexural motions of isotropic, elastic plates. J. Appl. Mech. 1951, 18, 31-38.
[CrossRef]

Reddy, ].N. A simple higher-order theory for laminated composite plates. J. Appl. Mech. 1984, 51, 745-752. [CrossRef]

Song, M.; Kitipornchai, S.; Yang, J. Free and forced vibrations of functionally graded polymer composite plates reinforced with
graphene nanoplatelets. Compos. Struct. 2017, 159, 579-588. [CrossRef]

Garcia-Macias, E.; Rodriguez-Tembleque, L.; Saez, A. Bending and free vibration analysis of functionally graded graphene vs.
carbon nanotube reinforced composite plates. Compos. Struct. 2018, 186, 123-138. [CrossRef]

Arefi, M,; Bidgoli, EM.-R.; Dimitri, R.; Tornabene, F.; Reddy, . Size-dependent free vibrations of FG polymer composite curved
nanobeams reinforced with graphene nanoplatelets resting on Pasternak foundations. Appl. Sci. 2019, 9, 1580. [CrossRef]

Guo, H; Cao, S.; Yang, T.; Chen, Y. Geometrically nonlinear analysis of laminated composite quadrilateral plates reinforced with
graphene nanoplatelets using the element-free IMLS-Ritz method. Compos. Part B Eng. 2018, 154, 216-224. [CrossRef]

Guo, H;; Cao, S.; Yang, T.; Chen, Y. Vibration of laminated composite quadrilateral plates reinforced with graphene nanoplatelets
using the element-free IMLS-Ritz method. Int. ]. Mech. Sci. 2018, 142, 610-621. [CrossRef]

Reddy, RM.R.; Karunasena, W.; Lokuge, W. Free vibration of functionally graded-GPL reinforced composite plates with different
boundary conditions. Aerosp. Sci. Technol. 2018, 78, 147-156. [CrossRef]

Shen, H.-S.; Xiang, Y.; Lin, FE. Nonlinear vibration of functionally graded graphene-reinforced composite laminated plates in
thermal environments. Comput. Methods Appl. Mech. Eng. 2017, 319, 175-193. [CrossRef]

Kiani, Y. NURBS-based isogeometric thermal postbuckling analysis of temperature dependent graphene reinforced composite
laminated plates. Thin-Walled Struct. 2018, 125, 211-219. [CrossRef]

Gholami, R.; Ansari, R. Nonlinear harmonically excited vibration of third-order shear deformable functionally graded graphene
platelet-reinforced composite rectangular plates. Eng. Struct. 2018, 156, 197-209. [CrossRef]

Li, K;; Wu, D.; Chen, X,; Cheng, J.; Liu, Z.; Gao, W.; Liu, M. Isogeometric analysis of functionally graded porous plates reinforced
by graphene platelets. Compos. Struct. 2018, 204, 114-130. [CrossRef]

Thai, C.H.; Ferreira, A.; Tran, T.; Phung-Van, P. Free vibration, buckling and bending analyses of multilayer functionally graded
graphene nanoplatelets reinforced composite plates using the NURBS formulation. Compos. Struct. 2019, 220, 749-759. [CrossRef]
Gholami, R.; Ansari, R. Large deflection geometrically nonlinear analysis of functionally graded multilayer graphene platelet-
reinforced polymer composite rectangular plates. Compos. Struct. 2017, 180, 760-771. [CrossRef]

Arefi, M.; Bidgoli, E.M.-R.; Dimitri, R.; Tornabene, F. Free vibrations of functionally graded polymer composite nanoplates
reinforced with graphene nanoplatelets. Aerosp. Sci. Technol. 2018, 81, 108-117. [CrossRef]

Zenkour, A. Benchmark trigonometric and 3-D elasticity solutions for an exponentially graded thick rectangular plate. Arch. Appl.
Mech. 2007, 77, 197-214. [CrossRef]

Mantari, J.; Soares, C.G. Generalized hybrid quasi-3D shear deformation theory for the static analysis of advanced composite
plates. Compos. Struct. 2012, 94, 2561-2575. [CrossRef]

Neves, A.; Ferreira, A.; Carrera, E.; Cinefra, M.; Roque, C.; Jorge, R.; Soares, C. A quasi-3D hyperbolic shear deformation theory
for the static and free vibration analysis of functionally graded plates. Compos. Struct. 2012, 94, 1814-1825. [CrossRef]

Neves, A.; Ferreira, A.; Carrera, E.; Roque, C.; Cinefra, M.; Jorge, R.; Soares, C. A quasi-3D sinusoidal shear deformation theory
for the static and free vibration analysis of functionally graded plates. Compos. Part B Eng. 2012, 43, 711-725. [CrossRef]

Neves, A.; Ferreira, A.; Carrera, E.; Cinefra, M.; Roque, C.; Jorge, R.; Soares, C.M. Static, free vibration and buckling analysis
of isotropic and sandwich functionally graded plates using a quasi-3D higher-order shear deformation theory and a meshless
technique. Compos. Part B Eng. 2013, 44, 657-674. [CrossRef]

Senthilnathan, N.; Lim, S.; Lee, K.; Chow, S. Buckling of shear-deformable plates. AIAA . 1987, 25, 1268-1271. [CrossRef]
Huffington, N.J., Jr. Response of elastic columns to axial pulse loading. AIAA J. 1963, 1, 2099-2104. [CrossRef]

Shimpi, R.P. Refined plate theory and its variants. AIAA . 2002, 40, 137-146. [CrossRef]

Mechab, I.; Atmane, H.A.; Tounsi, A.; Belhadj, H.A.; Bedia, E.A.A. A two variable refined plate theory for the bending analysis of
functionally graded plates. Acta Mech. Sin. 2010, 26, 941-949. [CrossRef]


http://doi.org/10.1126/science.1102896
http://doi.org/10.1016/j.engstruct.2020.110339
http://doi.org/10.1016/j.compstruct.2018.11.025
http://doi.org/10.1016/j.compstruct.2018.08.013
http://doi.org/10.1016/j.ijmecsci.2018.09.020
http://doi.org/10.1115/1.4010217
http://doi.org/10.1115/1.3167719
http://doi.org/10.1016/j.compstruct.2016.09.070
http://doi.org/10.1016/j.compstruct.2017.11.076
http://doi.org/10.3390/app9081580
http://doi.org/10.1016/j.compositesb.2018.08.018
http://doi.org/10.1016/j.ijmecsci.2018.05.029
http://doi.org/10.1016/j.ast.2018.04.019
http://doi.org/10.1016/j.cma.2017.02.029
http://doi.org/10.1016/j.tws.2018.01.024
http://doi.org/10.1016/j.engstruct.2017.11.019
http://doi.org/10.1016/j.compstruct.2018.07.059
http://doi.org/10.1016/j.compstruct.2019.03.100
http://doi.org/10.1016/j.compstruct.2017.08.053
http://doi.org/10.1016/j.ast.2018.07.036
http://doi.org/10.1007/s00419-006-0084-y
http://doi.org/10.1016/j.compstruct.2012.02.019
http://doi.org/10.1016/j.compstruct.2011.12.005
http://doi.org/10.1016/j.compositesb.2011.08.009
http://doi.org/10.1016/j.compositesb.2012.01.089
http://doi.org/10.2514/3.48742
http://doi.org/10.2514/3.2000
http://doi.org/10.2514/2.1622
http://doi.org/10.1007/s10409-010-0372-1

Appl. Sci. 2021, 11, 11362 17 of 17

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.

47.

48.

49.

50.

Thai, H.-T.; Kim, S.-E. Free vibration of laminated composite plates using two variable refined plate theory. Int. J. Mech. Sci. 2010,
52, 626-633. [CrossRef]

Benachour, A.; Tahar, H.D.; Atmane, H.A.; Tounsi, A.; Ahmed, M.S. A four variable refined plate theory for free vibrations of
functionally graded plates with arbitrary gradient. Compos. Part B Eng. 2011, 42, 1386-1394. [CrossRef]

Bouiadjra, M.B.; Ahmed Houari, M.S.; Tounsi, A. Thermal buckling of functionally graded plates according to a four-variable
refined plate theory. J. Therm. Stresses 2012, 35, 677—694. [CrossRef]

Bourada, M.; Tounsi, A.; Houari, M.S.A.; Bedia, E.A.A. A new four-variable refined plate theory for thermal buckling analysis of
functionally graded sandwich plates. J. Sandw. Struct. Mater. 2012, 14, 5-33. [CrossRef]

Thai, H.-T.; Choi, D.-H. Levy solution for free vibration analysis of functionally graded plates based on a refined plate theory.
KSCE J. Civ. Eng. 2014, 18, 1813-1824. [CrossRef]

Thai, H.-T.; Choi, D.-H. A refined shear deformation theory for free vibration of functionally graded plates on elastic foundation.
Compos. Part B Eng. 2012, 43, 2335-2347. [CrossRef]

Thai, H.-T.; Park, T.; Choi, D.-H. An efficient shear deformation theory for vibration of functionally graded plates. Arch. Appl.
Mech. 2013, 83, 137-149. [CrossRef]

Thai, H.-T.; Choi, D.-H. Improved refined plate theory accounting for effect of thickness stretching in functionally graded plates.
Compos. Part B Eng. 2014, 56, 705-716. [CrossRef]

Carrera, E.; Brischetto, S.; Cinefra, M.; Soave, M. Effects of thickness stretching in functionally graded plates and shells. Compos.
Part B Eng. 2011, 42, 123-133. [CrossRef]

Song, M.; Yang, J.; Kitipornchai, S. Bending and buckling analyses of functionally graded polymer composite plates reinforced
with graphene nanoplatelets. Compos. Part B Eng. 2018, 134, 106-113. [CrossRef]

Aftdl, ].H.; Kardos, J. The Halpin-Tsai equations: A review. Polym. Eng. Sci. 1976, 16, 344-352. [CrossRef]

De Villoria, R.G.; Miravete, A. Mechanical model to evaluate the effect of the dispersion in nanocomposites. Acta Mater. 2007, 55,
3025-3031. [CrossRef]

Ma, L.; Wang, T.]. Axisymmetric post-buckling of a functionally graded circular plate subjected to uniformly distributed radial
compression. In Materials Science Forum; Trans Tech Publications Ltd.: Freienbach, Switzerland, 2003; pp. 719-724.

Aksoylar, C.; Omercikoglu, A.; Mecitoglu, Z.; Omurtag, M.H. Nonlinear transient analysis of FGM and FML plates under blast
loads by experimental and mixed FE methods. Compos. Struct. 2012, 94, 731-744. [CrossRef]

Nguyen-Xuan, H.; Tran, L.V.; Nguyen-Thoi, T.; Vu-Do, H. Analysis of functionally graded plates using an edge-based smoothed
finite element method. Compos. Struct. 2011, 93, 3019-3039. [CrossRef]

Gilhooley, D.; Batra, R.; Xiao, J.; McCarthy, M.; Gillespie, J., Jr. Analysis of thick functionally graded plates by using higher-order
shear and normal deformable plate theory and MLPG method with radial basis functions. Compos. Struct. 2007, 80, 539-552.
[CrossRef]

Matsunaga, H. Free vibration and stability of functionally graded plates according to a 2-D higher-order deformation theory.
Compos. Struct. 2008, 82, 499-512. [CrossRef]


http://doi.org/10.1016/j.ijmecsci.2010.01.002
http://doi.org/10.1016/j.compositesb.2011.05.032
http://doi.org/10.1080/01495739.2012.688665
http://doi.org/10.1177/1099636211426386
http://doi.org/10.1007/s12205-014-0409-2
http://doi.org/10.1016/j.compositesb.2011.11.062
http://doi.org/10.1007/s00419-012-0642-4
http://doi.org/10.1016/j.compositesb.2013.09.008
http://doi.org/10.1016/j.compositesb.2010.10.005
http://doi.org/10.1016/j.compositesb.2017.09.043
http://doi.org/10.1002/pen.760160512
http://doi.org/10.1016/j.actamat.2007.01.007
http://doi.org/10.1016/j.compstruct.2011.09.008
http://doi.org/10.1016/j.compstruct.2011.04.028
http://doi.org/10.1016/j.compstruct.2006.07.007
http://doi.org/10.1016/j.compstruct.2007.01.030

	Introduction 
	Effective Material Properties 
	The Plate Theories (RPT and IRPT) 
	Closed Solutions 
	Results and Discussion 
	Static Bending 
	Free Vibration 

	Conclusions 
	References

